L

View metadata, citation and similar papers at core.ac.uk brought to you byf/\i CORE

provided by Elsevier - Publisher Connector

Available online at www.sciencedirect.com -
JOURNAL OF

-
*»” ScienceDirect Functior}al
Analysis

ELSEVIER Journal of Functional Analysis 254 (2008) 1702-1720 —_—
www.elsevier.com/locate/jfa

Relative oscillation theory for
Sturm-Liouville operators extended *

Helge Kriiger®', Gerald Teschl >*

& Faculty of Mathematics, Nordbergstrasse 15, 1090 Wien, Austria
Y International Erwin Schrodinger Institute for Mathematical Physics, Boltzmanngasse 9, 1090 Wien, Austria

Received 24 July 2007; accepted 25 October 2007

Communicated by L. Gross

Abstract

We extend relative oscillation theory to the case of Sturm-Liouville operators Hu = 1 (—(pu'Y +qu)
with different p’s. We show that the weighted number of zeros of Wronskians of certain solutions equals
the value of Krein’s spectral shift function inside essential spectral gaps.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

In [5] we have developed an analog of classical oscillation theory for Sturm-Liouville oper-
ators which, rather than measuring the spectrum of one single operator, measures the difference
between the spectra of two different operators. Hence the name relative oscillation theory. The
main idea behind this extension is to replace zeros of solutions of one operator by weighted zeros
of Wronskians of solutions of two different operators. That zeros of the Wronskian are related to
oscillation theory is indicated by an old paper of Leighton [6], who noted that if two solutions
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have a non-vanishing Wronskian, then their zeros must intertwine each other. Their use as an
adequate tool for the investigation of the spectrum of one single operator is due to Gesztesy,
Simon, and one of us [1].

The purpose of this paper is to extend relative oscillation theory for two different Sturm-—
Liouville equations

1 d d
Y r( dxp] dx +qj>’ =0 (LD

In [5] we considered the case pg = p1, here we want to extend relative oscillation theory to the
case po # p1. In particular, for H;, j =0, 1, self-adjoint operators associated with 7;, we want
to show that the weighted number of zeros of Wronskians of certain solutions equals the value
of Krein’s spectral shift function £(A, Hy, Hp) inside essential spectral gaps. To do this, and to
make sure that the spectral shift function is well defined, we will need to find a continuous path
connecting the operators Hy and H; in the metric introduced by the trace norm of resolvent
differences.

In Section 2 we will recall the necessary background and fix our notation. Moreover, we will
present the basic result for the case of regular operators. In Section 3 we have a quick look at
Sturm’s classical comparison theorem for zeros of solutions and its extension to zeros of Wron-
skians of solutions. Section 4 is concerned with relative oscillation theory for singular operators
and contains our key result, Theorem 4.11, which connects the weighted zeros of Wronskians
with Krein’s spectral shift function. The remaining sections contain the proofs for our main re-
sults and Appendix A collects some facts on the spectral shift functions plus some abstract results
which form the functional analytic core of the proof of our main theorem.

2. Weighted zeros of Wronskians, Priifer angles, and regular operators

We begin by fixing our notation and reviewing some simple facts from [5]. In particular, we
refer to [5] for further details.
We will consider Sturm—Liouville operators on L2((a, b),rdx) with —oco <a < b < o0 of

the form
1 d d
t=~(-—p—+q), @1

where the coefficients p, g, r are real-valued satisfying
P q.r € Lig(a,b), p,r>0. (2.2)

We will use 7 to describe the formal differentiation expression and H for the operator given by
7 with separated boundary conditions at a and/or b.

If a (respectively b) is finite and ¢, p~!, r are in addition integrable near a (respectively b),
we will say a (respectively b) is a regular endpoint. We will say t respectively H is regular if
both a and b are regular.

For every z € C \ 0ess(H) there is a unique (up to a constant) solution ¥_(z, x) of tu = zu
which is in L? near a and satisfies the boundary condition at a (if any). Similarly there is such a
solution ¥4 (z, x) near b.
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One of our main objects will be the (modified) Wronskian

Wy (uo, u1) = uo(x) p1 (x)u’y (x) — po(x)ug(x)uy (x) (2.3)

of two functions u¢, 11 and its zeros. Here we think of ug and u as two solutions of two different
Sturm-Liouville equations

1 d d
: dx” ' dx '

Under these assumptions W (uq, u1) is absolutely continuous and satisfies

1 1
W' (ug, u1) = (g1 — qo)uou1 + <— - —>P0M6P1M/1- (2.5)
po D1
Next we recall the definition of Priifer variables p,, 6, of an absolutely continuous function u:

u(x) = (@) sin(6,(1)),  po)u'(x) = pu(x) cos (6 (x)). 2.6)

If (u(x), p(x)u’(x)) is never (0, 0) and u, pu’ are absolutely continuous, then p, is positive and
6, is uniquely determined once a value of 6, (x¢) is chosen by requiring continuity of 6,,.
Notice that

Wa (1, ) = =0y () py (X) $IN(Ay 4 (X)), Ay (x) = Oy (x) = Oy (x). 2.7

Hence the Wronskian vanishes if and only if the two Priifer angles differ by a multiple of 7. We
will call the total difference

#(c.a) (o, ur) = [Aro(d)/m| — | Aro(e)/m | — 1 (2.8)

the number of weighted sign flips in (c, d), where we have written Ay o(x) = A, 4, for brevity.

We take two solutions u;, j = 1,2, of Tju; = A;u; and associated Priifer variables p;, 0;.
Since we can replace ¢ — g — Ar it is no restriction to assume Ag = A; = 0. We remark, that in
(2.6) one has to take p; as p foru;, j =0, 1.

Lemma 2.1. Abbreviate A o(x) = 01(x) — 0p(x) and suppose Ay o(xo) =0 mod 7. If go(x) —
q1(x) and po(x) — p1(x) are (1) negative, (ii) zero, or (iii) positive for a.e. x € (xg, xo + ¢€),
respectively for a.e. x € (xo — €, Xq), then the same holds true for (A,0(x) — Ay,0(x0))/(x — x0).

Proof. By (2.5) we have

Wi (uo, u1) = —po(x) p1(x) sin( A1 ,0(x))

X

= —/<(610(t) — q1(0))uo()ur () + (

X0

L1
P pot)

)Pouﬁ(t)plu’l(t)) dt.

2.9)
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Case (ii) follows. For (i) and (iii), first note that if u;(xo) =0, j =0, 1, we have that u; and
p ju’j, Jj =0, 1, have the same sign close to x¢, and thus the result follows.

Now, look at P(ug,u1) = Z—?W(Mo, u1) (compare (3.1) below) (respectively P(u1,up)) and
note that uo/u has constant sign near xg. The result now follows using the fact that the derivate
P’(ug, up) is always negative by the Picone identity (3.2) below. O

Hence # 4y(uo, u1) counts the weighted sign flips of the Wronskian Wy (1o, u1), where a
sign flip is counted as +1 if go — g1 and pp — p; are positive in a neighborhood of the sign flip,
it is counted as —1 if go — g1 and pg — p; are negative in a neighborhood of the sign flip. In
particular, we obtain

Lemma 2.2. Let ug, uy solve tju; =0, j =0,1, where po — p1 > 0 and qo — q1 = 0. Then
#(a.p) (U0, U1) equals the number sign flips of W (ug, u1) inside the interval (a, b).

Finally, we have the following extension of [5, Theorem 2.3] to the case pg # p1.

Theorem 2.3. Let Hy, H| be regular Sturm—Liouville operators associated with (2.4) and the
same boundary conditions at a and b. Then

dimRan P(_og ;) (H1) — dimRan P_og 501 (Ho) = #(a,p) (V0,2 (h0), ¥1,+(A1)).  (2.10)
The proof will be given in Section 5.
3. Sturm’s comparison theorem

One of the core ingredients of oscillation theory is Sturm’s comparison theorem for zeros of
solutions. We begin by recalling this classical result.

Let u; solve tju; = Aju;, where without loss of generality we assume A9 = A1 = 0. For x
with u1 (x) # 0 we introduce

uo(x)

ui(x)

sin(fp (x)) sin(A1,0(x))

sin(61 (x)) G-

Py (ug,u1) = Wx(uo,ul)Z—pg(x)

Obviously P(ug,u1) is zero if either ug or the Wronskian W (ug, 1) vanishes. Moreover,
a straightforward computation, verifies the Picone identity (see [13, (2.6.4)])

2
uou
P’ (uo, u1) = (q1 — qo)ud + (p1 — po)uy> — p (ug— ml) , (3.2)

which shows that P (ug, u1) is a nonincreasing function if ¢; < go and 0 < p1 < po.

Theorem 3.1 (Sturm’s comparison theorem). Let g9 — q1 = 0, po — p1 = 0, with once strict
inequality, and tju; =0, j =0, 1. Then between any two zeros of ug or W(ug, u1), there is a
zero of uy.

Similarly, between two zeros of ui, which are not at the same time zeros of ug, there is at least
one zero of ug or W(ug, uy).
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Proof. Assume that u; has no zero, P(ug,u;) would be well defined on the closed interval
between the zeros, and be zero at its end points. This contradicts monotonicity of P (uq, u1). The
second claim is similar. O

Note that this version is slightly more general then the one usually found in the literature (cf.,
e.g., [13]) since it includes the case of zeros of Wronskians. For the case pg = p; this was already
pointed out in [1]. Moreover, in this case one can also allow zeros of the Wronskian at singular
endpoints [1, Corollary 2.3].

Next, the comparison theorem for Wronskians from [5] carries over to the case py # pi
without modifying the proof.

Theorem 3.2 (Comparison theorem for Wronskians). Suppose u; satisfies tju; = Ajuj, j =
0,1,2, where hor — qo < A1r —q1 < Aar — q2, po 2 p1 2 P2.

If ¢ < d are two zeros of Wy (ug, u1) such that Wy (ug, u1) does not vanish identically, then
there is at least one sign flip of Wx(ug,uz) in (c,d). Similarly, if c < d are two zeros of
Wi (uy, uz) such that Wy (uy, uz) does not vanish identically, then there is at least one sign flip
of Wy (ug, uz) in (¢, d).

4. Relative oscillation theory

After these preparations we are now ready to extend relative oscillation theory to the case
po # p1. Except for Lemma 4.7 and our key result Theorem 4.11, all results in this section are
straightforward modifications of the analog results in [5] and hence we omit the corresponding

proofs.

Definition 4.1. For 7, 71 possibly singular Sturm—Liouville operators as in (2.4) on (a, b), we
define

#(uo, u1) = liminf # 4)(uo, u1) and  #(uo, u1) = limsup# 4)(uo, u1), 4.1
dtb,cla dtb,cla

wheretjujz)»juj,ij,l. B
We say that #(ug, u) exists, if #(ug, u1) = #(ug, u1), and write

#(uo, ur) = #(ug, ur) =#uo, uy) 4.2)
in this case.

By Lemma 2.1 one infers that #(ug, u1) exists if po — p1 and go — Aor — g1 + A1r have the
same definite sign near the endpoints a and b.

Theorem 4.2 (Triangle inequality for Wronskians). Suppose uj, j =0, 1,2, are given functions
with u , p.,'u’j absolutely continuous and (uj(x), p; (x)u/j (x)) # (0, 0) for all x. Then

#(uo, ur) +#wr,uz) — 1 <H#uo, uz) <#@wo, ur) +#u,uz) +1 4.3)

and similarly for # replaced by #.
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We recall that in classical oscillation theory 7 is called oscillatory if a solution of T« = 0 has
infinitely many zeros.

Definition 4.3. We call t; relatively nonoscillatory with respect to 7o, if the quantities #(uo, u1)
and #(uo, u1) are finite for all solutions 7;u; =0, j =0, 1. We call 7| relatively oscillatory with
respect to 7o, if one of the quantities #(uo, u1) or #(ug, u1) is infinite for some solutions 7;u ; =0,
j=0,1.

Note that this definition is in fact independent of the solutions chosen as a straightforward
application of our triangle inequality (cf. Theorem 4.2) shows.

Corollary 4.4. Let tju;j =tjv; =0, j =0, 1. Then
[#(uo, up) — #wo, vD)| <4, [Fluo,u1) —H#(vo, v1)| <4. (4.4)
The bounds can be improved using our comparison theorem for Wronskians to be < 2 in the
case of perturbations of definite sign.

If 7o is nonoscillatory our definition reduces to the classical one.

Lemma 4.5. Suppose tg is a nonoscillatory operator, then 11 is relatively nonoscillatory (respec-
tively oscillatory) with respect to 1, if and only if T is nonoscillatory (respectively oscillatory).

To demonstrate the usefulness of Definition 4.3, we now establish its connection with the
spectra of self-adjoint operators associated with 7;, j =0, 1.

Theorem 4.6. Let H; be self-adjoint operators associated with tj, j =0, 1. Then
(1) to — Ao is relatively nonoscillatory with respect to to — A1 if and only if
dimRan P, ;) (Hop) < o0.

(i1) Suppose dimRan Py, ;,)(Ho) < oo and t1 — A is relatively nonoscillatory with respect to

To — A for one A € [Lg, A1]. Then it is relatively nonoscillatory for all ) € Lo, A1] if and only

if dimRan P, ;) (H1) < oo.

For a practical application of this theorem one needs of course criteria when t; — A is relatively

nonoscillatory with respect to tp — A for A inside an essential spectral gap. Without loss of
generality we only consider the case where one endpoint is regular.

Lemma 4.7. Let Hy be bounded from below. Suppose a is regular (b singular) and

() limepr@) " Hgo(x) — g1 (x)) =0, qr—" is bounded near b, and
(i) limy_p p1(x)po(x)~' = 1.

Then oess(Ho) = 0ess(H1) and T1 — X is relatively nonoscillatory with respect to Ty — A for every
A € R\ 0ess (Hp).
The analogous result holds for a singular and b regular.
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The proof will be given in Section 5.
Our next task is to reveal the precise relation between the number of weighted sign flips and
the spectra of H; and Hy. The special case Hy = H is covered by [1]:

Theorem 4.8. (See [1].) Let Hy be a self-adjoint operator associated with ty and suppose
[0, A1 N oess(Hy) = 0. Then

dimRan Pg, 1) (Ho) = #(¥0,+(R0), 0.+ (A1)). (4.5)
Combining this result with our triangle inequality already gives some rough estimates.

Lemma 4.9. Ler Hy, Hy be self-adjoint operators associated with ty, T1, respectively, and sepa-
rated boundary conditions. Suppose that (Ao, A1) C R\ (0ess(Hp) U 0ess (H1)), then

dimRan P, »,)(H;) — dimRan Py, ;,)(Ho)
<#(Y1, £ ), Yo,£(01)) — #(v1,5(h0), Yo,+ (o)) +2, (4.6)

respectively,

dimRan P 3,)(H1) — dimRan P, 3,)(Ho)
> #(W1,5 0, Yo+ 0n)) — #(¥1.500), Yo,£000)) — 2. @7

To extend Theorem 2.3 to the singular case, we need to require the following hypothesis
similar to [5, H.3.15].

Hypothesis 4.10. Suppose Hy and H; are self-adjoint operators associated with 7y and 71 and
separated boundary conditions (if any). Introduce

1 d
Ao =~(rpo)'/*—,
r dx

D(Ao) ={f € L*((a,b),rdx) | f € ACioc(a,b), /Pof' € L*(a,b)} (4.8)

(i) r~!qo is infinitesimally form bounded with respect to A§Ao.
@) r~! (g1 — qo) is infinitesimally form bounded with respect to Hy.
(iii) There is a C1 > 1 such that Cl_l < po(x)_lpl(x) < C for all x.
i) r~Yr(po—p1)|'/? %RH0 (z) and [r~'(q1 —qo)|"?> Ry, (z) are Hilbert-Schmidt for one (and
hence for all) z € p(Hyp).

We note that the conditions of the last hypothesis are for example satisfied for periodic oper-
ators if the coefficients are continuous and p, - pl_1 and gog — g1 are integrable.

It will be shown in Appendix A that these conditions ensure that we can interpolate between
Hp and H using operators H, ¢ € [0, 1], such that the resolvent difference of Hy and H is
continuous in & with respect to the trace norm. Hence we can fix the spectral shift function
&E(A, Hy, Hy) by requiring ¢ — &(\, H,, Hp) to be continuous in L'(R, (A2 + 1)~'dxr), where
we of course set £ (A, Hy, Hp) = 0 (see Lemma A.7). While £ is only defined a.e., it is constant on
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the intersection of the resolvent sets R N p(Hy) N p(H1), and we will require it to be continuous
there. In particular, note that by Weyl’s theorem the essential spectra of Hy and H; are equal,
Oess (Hp) = 0ess (H1).

Theorem 4.11. Let Hy, Hy satisfy Hypothesis 4.10. Then for every . € p(Hp) N p(H1) NR, we
have

E(k, Hy, Ho) =#(0,+ (1), Y1, (V). 4.9)
5. Proofs of Lemma 4.7 and the regular case
To prove Lemma 4.7, we need the following modification of [5, Lemma 3.9]:

Lemma 5.1. Let (o, +1) € R\0ess(Ho), & € (ko, 1) If po = p1 and ro <" (g1 —g0) =2 < &y
(at least near singular endpoints), then t1 — A is relatively nonoscillatory with respect to Ty — A.

Proof. Using our comparison theorem, we have that from #(uo(Xo), #g(A1)) < 00, we obtain
#(uo(11), u1 (V) < oo, #(10(ro), u1 (1)) > —o0.
Now the result follows as in [5, Lemma. 3.9] by
#(uo (1), ur (L)) <H#H(uo(W), uo(h1)) + #(uo(h1), ur1 (1)) + 1

as follows from the triangle inequality for Wronskians [5, Theorem 3.4 and Theorem 3.8(1))]. O

Our next proof will require the following resolvent relation for form perturbations. It is a
special case from [3, Section VL.3] (see in particular Eq. (VI.3.10); compare also Section I1.3
in [8]).
Lemma 5.2. Let Hy be a self-adjoint operator which is bounded from below and let ). be below

its spectrum. Let V be relatively form bounded with respect to Hy and with bound less than one.
Then, we have that H = Hy + V is self-adjoint and for its resolvent we have

—1
Ri(@) =Ry (W) (1 = @ = MRy +C) Ry (). (5.1)
Here C is the bounded operator associated with the quadratic form
¥ (R 00V VR OY) (5.2)

We remark, that here and in what follows sums of operators have to be understood as forms
sums. Now we come to the

Proof of Lemma 4.7. We first show that oegs(H) = 0ess(H1). First of all, note that imposing an
additional Dirichlet boundary condition at some point b, € (a, b) implies that the resolvents of
the original and the perturbed operator differ by a rank one perturbation (cf., e.g., [11]). Further-
more, the perturbed operator decomposes into a direct sum of two operators, one regular part on
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(a, b,) and one singular part on (b, b). Since the resolvent of a regular Sturm—Liouville operator
is Hilbert—Schmidt, the only interesting part for the essential spectrum is the singular operator on
(b, b). Denote the corresponding operators by H j’?, j=1,20e, H ]’? is H; restricted to (b, b)
with a Dirichlet boundary condition at b,,). Then it suffices to show that the resolvent difference
of H{' and Hjy can be made arbitrarily small by choosing b, close to b.

Recall the definition of Ay from (4.8) and note that since 470 is bounded (for b, sufficiently

large), AORL/OQ(—)») is bounded for —A < o (Hp). By virtue of Lemma 5.2 we conclude

-1
Ryr () = Ryp ()" (1+C") 7 Ryp )2

for A below the spectrum of Hj, where
1 0 11—
C" = (A§ Ry ') E L2 (AL Rigg GO ) - Rigg (025 Ry 0012

and Ag denotes the restriction of Ag to (b,, b) with a Dirichlet boundary condition at b,,.

By assumption, 2 1;017 0, respectively £—%, and thus ||C"|| can be made arbitrarily small.
Hence (1 + C")~! — 1 and the first claim follows.

Now, we come to the proof of the relatively nonoscillation part. Our condition on p1/pg imply
that

po)(1 —e—(») < p1(x) < po) (1 +e4(»), x>y,

where

e+(y) =+ sup(£(p1(x)/po(x) — 1)) = 0, y—b.

xzy

Now it follows, from our comparison theorem, that solutions u4 of t u+ =0 on (y, b), where

1 d d
T+ = ;(— E(l%—ei(y))pog +q1 —Ar),

satisfy #(u_, ug) = #(uy, ug) = #(uy, ug). Since uy also solve truy =0 on (y, b), where

. 1 d d n q1— \r
Tt=—|—-—pp— + — |,
U T T rer )

the result follows from our previous lemma since

g1 —qo) —ex (g0 — 1)
1+ex(y)

r_lql —A
1+ex(y)

—(r'go—2) = -0

asy—b. O
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Our next aim is to prove Theorem 2.3. The main ingredient will be Priifer variables and the
formula (2.5) for the derivative of the Wronskian. Let us suppose that 7y 1 are both regular at a
and b with boundary conditions

cos(a) f(a) — sin(e) pj(a) f'(a) =0,

cos(B) f(b) — sin(B) p; (b) f' () =0, =1 (5.3)

Abbreviate p; = po + e(p1 — po). Note that p; !'is locally integrable, since

P <max(py pyt)-

Hence we can choose ¥+ (X, x) such that ¥_ (A, a) = sin(x), pg(a)zﬁ/_’g()», a) = cos(a), re-
spectively ¥4 (A, b) =sin(B), ps (b)w_/i_’g()\., b) = cos(B). In particular, we may choose

0_(A,a)=ac|0,m), —04(A,b)=m—B€[0,m). (54)

Next we introduce

I d d ge =q0 +£(q1 — q0),
= (- ta ) 5.5
% =70+ &(71 — 7o) r < dx P dx qs) Pe = po+&(p1 — po), (5-3)

and investigate the dependence with respect to € € [0, 1].
If u, solves t.u, = 0, then the corresponding Priifer angles satisfy

_ Wy (ug, tie)

6. () =
2 Pp2(x)

(5.6)

where the dot denotes a derivative with respect to ¢.
Asin [5, Lemma 5.1], we obtain by integrating (2.5) and using this to evaluate the correspond-
ing difference quotient the following lemma.

Lemma 5.3. We have

120 = i) We + ()2 dt

+ 27 0 = py ) el L ()2 d1,
— [ (o) — q1 () re,—(1)* dt

+ [0 = py L) perl (1) dt,

Wy (Yot Ve t) = (5.7)

where the dot denotes a derivative with respect to &, e +(x) = ¥ +(0,x), and pe. = po +
e(p1 — po)-

Since we assumed a and b to be regular, all integrals exist.
Denote the Priifer angles of ¥ +(x) = ¥ +(0, x) by 8¢ +(x). The last lemma implies for
90 —q1 =0, po — p1 =0, that

Oe+(x) <0, 6 _(x)>0. (5.8)
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Now we are ready to investigate the associated operators Hy and Hj. In addition, we will
choose the same boundary conditions for H, as for Hy and H;. The next lemma follows as in [5,
Lemma 5.2].

Lemma 5.4. Suppose qo — q1 = 0, po — p1 = 0 (respectively both < 0). Then the eigenvalues of
H; are analytic functions with respect to € and they are decreasing (respectively increasing).

In particular, this implies that dimRan P(_« 3)(H;) is continuous from below (respectively
above) in ¢ for every A. Now we are ready for the

Proof of Theorem 2.3. Without restriction it suffices to assume Ao = A; = 0 and to prove the
result only for #(o,+, Ye,—).
We can split go — g1, po — p1 in the form

9 —q91=9+—q-, q+,9— =0,

2
2

pPo—p1=p+—p-, P+ p-20,

and introduce the operator

(. ( ) d +( )
T_=—\|—— — _)— — _ .
o po—p dx q0 —4q
Now 7_ is a negative perturbation of 7¢ and 7] is a positive perturbation of 7_.

Furthermore, define t, by

. 0 + 2e(t_ — 10), e€l0,1/2],
fe= { 42— 1/t —1), sell/21].

Let us look at

N@©) =#Wpo4+,Ve—) =[AcD) /7| — |Ac@) /7| =1, Ac(x)=Ayg, .y ()

and consider ¢ € [0, 1/2]. At the left boundary A.(a) remains constant whereas at the right
boundary A, (b) is increasing by Lemma 5.3. Moreover, it hits a multiple of 7 whenever 0 €
o (Hg). So N(¢) is a piecewise constant function which is continuous from below and jumps by
one whenever 0 € o (H;). By Lemma 5.4 the same is true for

P(S) =dimRan P(—oo,O) (Hg) — dimRan P(_oo’()](H())

and since we have N(0) = P(0), we conclude N(e) = P(e) for all ¢ € [0, 1/2]. To see the
remaining case ¢ = [1/2, 1], simply replace increasing by decreasing and continuous from below
by continuous from above. O
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6. Approximation in trace norm

Now we begin with the result for singular operators by proving the case where g — go and
P1 — po have compact support.

Lemma 6.1. Let H;, j =0, 1, be Sturm—Liouville operators on (a, b) associated with t;, and
suppose that r~Y (g1 — qo) and p\ — po have support in a compact interval [c, d] C (a, b), where
a < c if a is singular and d < b if b is singular. Moreover, suppose Hy and Hy have the same
boundary conditions (if any).

Suppose Ay < infoess(Hp). Then

dimRan P_ 3) (H1) —dimRan P_ 3, (Hp) = #(1//1;()»0), I/f()’j:()\,())). (6.1)
Suppose cess(Ho) N [Ao, A1] = 0. Then
dimRan Py, 5,)(H;) — dimRan P, 3,1(Hop)
= #1200 Yo (A1) — #(¥1.5£(R0). Yo, (o). (6.2)
Proof. Define H, = ¢H; + (1 — ¢)Hp as usual and observe that ¥, _(z,x) = %9, _(z, x) for
x < ¢, respectively ¥, 4+ (z, x) = Yo, +(z, x) for x > d. Furthermore, ¥ 4+ (z, x) is analytic with

respect to ¢ and A € 0, (H,) if and only if Wy (0,4 (1), ¥, —(A)) = 0. Now the proof can be
done as in the regular case. O

Lemma 6.2. Suppose Hy, H; satisfy the same assumptions as in the previous lemma and that

there is a constant C1 > 1 such that Cfl < pl(x)po(x)’] < Cq for all x € (a, b). Furthermore,
set Ho =¢H| + (1 — e)Hy. Then

Va0~ aulRn )], <€, e el0.1 )

and

d
Hv Ip1— P0|d_RHg (2)
X

<C(z), €€][0,1]. (6.4)
N

In particular, Hy and Hy are resolvent comparable and
£(h, Hi, Ho) = #(y1,+ (M), Yo0,£.(V) (6.5)

for every . € R\ (0 (Hp) U o (Hy)). Here E(Hy, Hy) is assumed to be constructed such that
e +— &(H,, Hy) is a continuous mapping [0, 1] — Ll(()\2 + D~ tan).

Proof. Denote by

Wa,f(z, x<), 1/f8,+(zv ys)

GE(Z,X,y)Z(He_Z)_l(xv Y): W(We —(2), Ye.+(2))

’
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where x. = min(x, y), y= = max(x, y), the Green’s function of H,. As pointed out in the proof
of the previous lemma, ¥, +(z, x) is analytic with respect to ¢ and hence a simple estimate shows

b b

/ / 1Ge (oo P Ir )™ (@1 0) — g0 ) |r () dx r(y) dy < C(2)°

a a

for ¢ € [0, 1], which establishes the first claim.
For the second claim, we need to show that

b b
f/|[788x
<C(z)/

is uniformly bounded in ¢ € [0, 1]. However, this follows here from the integrand being inte-
grable, since

2| p1(x) — po(x)

20 r(x)dxr(y)dy

p1(x) po(x)

TR0 ‘| ') = prl0]r(x) dx

O<— Cq, O<ﬂ<C1.
Pe Pe

Moreover, a straightforward calculation (using (2.5)) and

¢+,s(6) = '(//—&-,s/ (c) Wc(w+,8» w—,s’) - 1//—,5/ (c) Wc(w-‘r,& 1uﬁ-‘r,g’)

shows

Go(z,x,y) =Gelz,x,y)

+(8—8/)/Gs/(z,x,t)r_l(t)(m(t)—qo(t))Gs(Z,t,y)r(t)dt

b
9G(cx.) 9G. (a1,
=) [ PEEEED 0 (p10) - o) O,

Hence Ry, (z) — Rp,(z) can be written as the sum of two products of two Hilbert—Schmidt
operators, whose norm can be estimated by the first claims:
|Ru, @) = R )| ;, <le' = elC(2)*. (6.6)

Thus e — &(H,, Hp) is continuous. The rest follows from (A.4). O

Before proving Theorem 4.11, we still need to transform Hypothesis 4.10 in a form such that
we can apply our operator theoretic results from Appendix A. The next lemma will do the job.
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Lemma 6.3. Assume Hypothesis 4.10, and introduce
Q={feL*((ab),rdx)| fe€ACuocla,b), Vpof €L*(a,b)}. (6.7)

Furthermore, introduce the following operators on Q with N = [sup, (p1(x) po )T =D+

Aim— o po2L o1 N (6.8)
]_N1/2 p() p1+ dx’ J_ 9y L) .
d
An+1=lg0 — q1I'?, Ant2=(po— pl)lf/za’ (6.9)
St,....Sv=1, SN+1=sgn(go — q1), Syy2=—L (6.10)

Then Hypothesis A.4 is satisfied with these operators and Hy, Hy are self-adjoint extensions of
70, T1, respectively.

Proof. By Lemma A.6, it is sufficient to check the form bounds with respect to the form of 7y
with gg = 0, since we have by [5, Lemma 4.1], that gg, g1 will be infinitesimally form bounded.

To see the claims on the other operators, note that pé/ 2 f" e L? implies | p; — pol'/? ' € L2,

since p, v 2| p1 — pol'/? is essentially bounded by assumption. We are left with computing the
form bounds, but again (1< j < N,u €Q)

1, —ip 12 172 12 _ supx(po(x)~Ipi(x) = 1)
A jul® = po Ppo— PP < =2 5 +

(u, A$A0u>
which shows that the form bound with respect to AjAy is less then one. By Lemma A.6 the same
is true with respect to Hy.

Boundedness from below follows by noting, that the quadratic forms are bounded from below,
by the bounds on go (respectively g1). O

Now we come to the

Proof of Theorem 4.11. We first assume that we have compact support near one endpoint, say a.
Define by K, the multiplication operator by x4 p,] With be 1 b. Then K, satisfies the assump-
tions of Lemma A.7. The last lemma guarantees that Hypothesis 4.10 implies Hypothesis A.4,
so we can apply Lemma A.3 by Lemma A.7.

Denote by

S _ip 4 Pe = Po+ X(a.b:1(P1 = P0)>
‘ dx" " dx e =40+ X(a.b:1(q1 — q0)-

and by v, _ the corresponding solutions satisfying the boundary condition at . By Lemma A.7
we have that £(H,, Hp) is constant and equal to £(H, Hp) once ¢ is greater then some &g.

Now let us turn to the Wronskians. We first prove the #(1 — (L), ¥0,+(X)) case. By
Lemma 6.2 we know

E(h, He, Ho) = #(ve.— (L), Y0+ (1))
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for every ¢ < 1. Concerning the right-hand side observe that

W (Ve,— (W), 0,4+ W) = Wa (¥1,- V), 0,4+ (V)

for x < b, and that W (Y —(A), Yo 4 (1)) is constant for x > b.. This implies that for ¢ > g9 we
have

E(\, Hy, Ho) =&(\, He, Ho) = #(ve.— (M), 0,4 (1))
=#a.b) (Ve L), Y0,4 W) = #a ) (¥1,- (W), Yo+ (1)).

In particular, the last item #, 5,)(¥1,— (1), ¥o,+(A)) is eventually constant and thus has a limit
which, by definition, is #(y1, — (1), Yo, +(1)).

For the corresponding #(v1 +(A), Yo,— (X)) case one simply exchanges the roles of Hp
and H;.

Hence the result holds if the perturbation has compact support near one endpoint. Now one

repeats the argument to remove the compact support assumption near the other endpoint as
well. O

Appendix A. The spectral shift function

In this appendix we collect some facts on Krein’s spectral shift function which are of relevance
to us. Most results are taken from [12] (see also [9] for an easy introduction). The first part closely
follows the appendix in [5].

Two operators Hy and H; are called resolvent comparable, if

Ry, (2) — Ry (2) (A.D)

is trace class for one z € p(H1) N p(Hp). By the first resolvent identity (A.1) then holds for all
z € p(H1) N p(Ho).

Theorem A.1. (See Krein [4].) Let Hy and Hy be two resolvent comparable self-adjoint opera-
tors, then there exists a function

£\, Hy, Ho) € L' (R, (A2 +1) " dn) (A2)

such that
tr(f(H)) — f(Ho)) = / &(x, Hy, Ho) f' (M) dA (A.3)

for every smooth function f with compact support.

Note. Equation (A.3) holds in fact for a much larger class of functions f. See [12, Theo-
rem 9.7.1] for this and a proof of the last theorem.
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The function £(X) = &§(A, Hi, Hp) is called Krein’s spectral shift function and is unique up
to a constant. Moreover, £(A) is clearly constant on every interval (A9, A1) C p(Hp) N p(HY).
Hence, if dimRan P, ;)(H;) < oo, j =0, 1, then £(2) is a step function and

dimRan P, ,)(H) — dimRan P, ;) (Ho) = 18%(5(,\1 —e)—E(o+e). (A4

This formula clearly explains the name spectral shift function.

Before investigating further the properties of the SSF, we will recall a few things about trace
ideals (see for example [10]). First, for 1 < p < oo denote by J? the Schatten p-class, and by
Il - | 7» its norm. We will use || - || for the usual operator norm. Using [|A|| 7» = o0 if A ¢ J?,
we have the following inequalities for all operators:

[ABl7r < |ANIBl g, [AB| 71 < |All 721 Bl 72-

Furthermore, we will use the notation of 7 ”-converges to denote convergence in the respective
norm. The following result from [2, Theorem I'V.11.3] will be needed.

Lemma A.2. Let p >0, A, AN A T, T, S, 3 S sequences of strongly convergent bounded
linear operators, then:

| T AnS; = TAS*|| ;, — 0. (A5)
Here || - || 7» are the norms of the Schatten p-classes JP.

We will also need the following continuity result for €. It will also allow us to fix the unknown
constant. The second part is [5, Lemma 7.3], the first from [12].

Lemma A.3. Suppose Hy, ¢ € [0, 1], is a family of self-adjoint operators, which is continuous in
the metric

p(A, B) = | Ra(z0) — Rp(z0)| 1 (A.6)

Jfor some fixed zo € C\ R and abbreviate &, = £(H, Hy). Then there exists a unique choice of &,
such that € — &, is continuous [0, 1] — LY R, 02 + 1)~ Ldr) with & =0.

If Hy > Lo is bounded from below, we can also allow zg € (—00, Ag).

For ) € p(Hy) N R, we have that there is an &g such that &.(A) = &1 () for &€ > &.

Proof. We just need to proof the third part. For ¢ close to 1 a whole neighborhood of A is in
p(Hg) N R, since the resolvent sets converge. Furthermore, we know from this that the &, is
integer valued near 1 in a neighborhood of A. Now the claim follows from the convergence of
& — & in L'R, W2+ D~ 1dr). O

Our final aim is to find some conditions which allow us to verify the assumptions of this
lemma. To do this, we derive some properties of relatively bounded operators multiplied by
strongly continuous families of operators.



1718 H. Kriiger, G. Teschl / Journal of Functional Analysis 254 (2008) 1702—-1720

Hypothesis A.4. Suppose Hj is self-adjoint and bounded from below. Let A;, j =1,...,n,
be closed operators and S;, j = 1,...,n, be bounded operators with ||S;| < 1. Furthermore,
suppose that these satisfy for j =1,...,n — 1 that:

@) AjA j 1s relatively form bounded with respect to Hy with relative form bound less than one
and §; is positive, or
(i AjA j 1s infinitesimally form bounded with respect to Hp.
Suppose for j = n, that
(i) A’/‘.A j is relatively form bounded with respect to Hy with relative form bound less than one.
Note that condition (i) implies that A;*.S jA j 1s a positive operator.

We recall that A* A being form bounded with respect to Hy means that we have Q(A*A) 2
Q(Hp) and

(W, A*AY) <a(y, Hoy) +blly >, Yy € Q(Ho) (A7)

for some 0 < a < 1, 0 < b. The form bound is the infimum over all a such that (A.7) holds.

The next lemma is modified from [5, Lemma 7.5], to be able to deal with differential operators
and sums of operators.
Lemma A.S. Let € 5 [0, 1] = K, be a strongly continuous family of self-adjoint bounded oper-
ators which satisfy 0 = Ko < K < K1 = 1.

Let

(1) &+ Hg satisfy the assumptions of Lemma A.3,

(i) S be a bounded operator with || S| < 1, and
(iii) A be a closed operator such that A* A is relatively bounded with respect to Hg with uniform

in & bound less then one, and ARy, (z) € J? forone z€ C\R.

Then Hy, = H, + A*K.SA also satisfies the assumptions of Lemma A.3. Furthermore, for form
bounded B with BRy, (z) € J?, we have BRI-L (2) € J? forall € € [0, 1].

Proof. We will abbreviate V. = A*K:SA, He = He + Ve, Re(2) = Ry, (2), and Re (2) = Rz (2).
By the KLMN theorem [7, Theorem X.17], I:IE is self-adjoint since

|(W, Veyr)| < [(AY, K SAY) | < (¥, A*AY), ¢ e Q(Ve).

Moreover, using (A.7) we obtain
1/2)2 b
|[AR:(=0)'* | <a, = <.
a

For A > % we have by Lemma 5.2
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Re(—=2) = Re(=1)"2(1+ Co) 7' Re(=1)'/2,
Ce = (AR:(—2)"/?)" (K. SAR.(—1)'/?).

Hence, a straightforward calculation shows

Re(—3) = Re(—=2) — (AR (=2)) (1 + Co) ' (K: SAR (—1)),
Ce = (KeSAR:(—1) /%) (AR (=) /%), (A.8)

By~||C~’g|| < a < 1, we have that (1 + C,)~! exists. Furthermore, note that (A.8) implies, that
BR,(—\) € J?, since:

BR.(—1) = BRe(—1) — BR.(—1) "2 (AR (—1)'/?)" (1 + Co) ™ (K SAR(—1)),
and AR, (—1) € J?%. Now, look at

Doy =(-Cc(1+Co) ' = Co(1+Co) Ny
= (Cer — Ce)(1+Ce) 'Y — Co D o1,
where
Deg=(1+Co) ' —(1+CcH7".

Taking norms we obtain

)

1
1Deetrll = T— [(Cor—Corl+Co) 'y

where the last term converges to 0 as ¢’ — ¢. This implies, that (1+C,)~! is strongly continuous.
Now, we obtain from (A.8) for the difference of resolvents

Re(—1) — Rer(—3) = (AR (=) (1 + Co) 'K — (1 4+ Co) "' Ko/ ) (SAR: (—1))

Jl—cgnverge§ to 0 as ¢ — &’ by Lemma A.2 and by AR, (—A) € J2. This way we also obtain
that H, and H, are indeed resolvent comparable. O

We also recall the following well-known fact on quadratic forms.

Lemma A.6. Let v, s,t be quadratic forms, such that s is positive and symmetric, and v is
infinitesimal form bounded with respect to s, and t is form bounded with bound less then 1 with
respect to s. Then t is also form bounded with bound less then 1 with respect to s + v.

Proof. Using [v(¢)| <es(y) +Clly % for arbitrary small & > 0, a direct calculation shows

1
1—¢

C
Isw) +v)| + Sy 2.

1—¢

s(P) <
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Denoting by a the s bound of ¢, it follows that ¢ is s 4+ v bounded with bound less then a /(1 —¢),
implying that the bound is again less then one. O

Lemma A.7. Let ¢ 3 [0, 1] — K, be a strongly continuous family of self-adjoint bounded oper-
ators which satisfy 0 = Ko < K < K1 = 1.
Assume Hypothesis A.4. Then

n
He=Ho+ ) AIK:S;Aj (A.9)
j=1

are self-adjoint operators such that the assumptions of Lemma A.3 hold.

Proof. Introduce H" = Hy+ V", m =0, ...,n, where V" = ZT:I A}ngSjAj. Since all but
the last perturbations are either positive or infinitesimal (in which case on has to use Lemma A.6),
we can assume that A% K. S, A, is relatively form bounded with uniform bound less then one
with respect to H! with [ < m.

Now, the result follows by applying the previous lemma with H = H"™ ', H = H" , A = A,,,
S=Snand B=B;,l=m+1,...,n and letting m going up from 1 ton. 0O
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