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1. Introduction

The purpose of this paper is to establish the existence of nontrivial solutions for the following singular m-point boundary
value problem (BVP, for short) with a sign-changing nonlinear term

(Lu)(t) + h(t)f(t,u) =0, O0<t <1,

m—2
u0 =0, u(l)=Y  aue) (1)
i=1

where (Lu)(£) = (BOU' (D) +qOu().0 < & < & < - < &ms < 1.a; € [0, +00) with 37> @iy (61) < 1 (¢ will
be given in Lemma 2.1), f : [0, 1] x (—o00, +00) — (—00, +00) is a continuous sign-changing function and f may be
unbounded from below, h : (0, 1) — [0, +00) is continuous and is allowed to be singular att = 0, 1.
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Over the last thirty years, boundary value problems have attracted extensive attention due to their wide range of
applications in applied mathematics, physics, biology and engineering (see, for example, [1,4,7,8,11-14] and references
therein for more details). To our knowledge, most papers in the literature concern mainly the existence of positive solutions
for the cases in which the nonlinear term is nonnegative. Results for the existence of solutions when the nonlinear term is
sign-changing are rarely seen except for a few special cases [2,3,6,10].

Sun and Zhang [10] studied the following Sturm-Liouville problem

—(Lu)(t) = h(Hf (u(t)), 0<t <1,
{Rl(u) = a1u(0) + B/ (0) = 0, (12)
Ro(u) = apu(1) + Bou'(1) = 0,

in which f is bounded from below and is not necessarily nonnegative. By means of the topological degree theory, the authors
established the existence of nontrivial solutions and positive solutions of the problem (1.2).

In [6], Han and Wu improved the results in [10] and obtained a new result on the existence of nontrivial solutions for the
following BVP

—u"(t) =h(fw®), 0<t<1,
{u(O) =0=u(1), (1.3)

where f is allowed to be unbounded from below. However, Han and Wu'’s results are limited to the cases in which the Green
function of the boundary value problem is symmetric and the following condition (A}) holds.
(A7) There exist three constants b > 0, ¢ > 0 and « € (0, 1) such that

fu) > —b—clul®, foranyu € R.

Inspired by the above work, the aim of this paper is to establish some simple criteria for the existence of nontrivial
solutions to BVP (1.1) under some weaker conditions. The new features of this paper mainly include the following aspects.
Firstly the nonlinear term f of BVP (1.1) is allowed to be sign-changing and unbounded from below and the above condition
(A}) is weakened to condition (A;) given in Section 3. Secondly, the Green function is not necessarily symmetric, and thus
our work improves the results in [6] and can be applied to more general problems. Thirdly, h has singularity att = 0
and/or t = 1 and BVP (1.1) possesses the first-order derivative. Obviously, the problem in question is different from those
in [1-4,6-13]. Finally, the main technique used here is the topological degree theory. To cope with the difficulties caused
by the nonsymmetry of Green function, a special linear operator is sought and based on its first eigenvalue and positive
eigenfunction, a linear continuous functional and a special cone are constructed for the study of the existence of nontrivial
solutions.

The rest of the paper is organized as follows. Some preliminaries and a number of lemmas useful to the derivation of
the main results are given in Section 2, then the proofs of the theorems are given in Section 3, followed by an example, in
Section 4, to demonstrate the validity of our main results.

2. Preliminaries and lemmas

In this section, we present some preliminaries and lemmas that are useful to the proof of our main results.

Let E = C[0, 1] be a Banach space with the maximum norm ||u|| = maxXo<<1 |u(t)| for u € C[0, 1], E* be the dual space
of E. Define P = {u € C[0, 1] | u(t) > 0,t € [0, 1]} and B, = {u € C[0, 1] | |lu|| < r}. Then P is a total cone in E, that is,
E = P — P. Let P* be the dual cone of P, namely, P* = {g € E* | g(u) > 0, forall u € P} (see [5]).

For the sake of convenience, we first give the following assumptions:

(Hy) p(t) € C'[0, 1], p(t) > 0, q(t) € C[0, 1], q(t) < 0, t € [0, 1].

(Hy) h: (0, 1) — [0, +00) is continuous, h(t) # 0 and

1
/ p(s)h(s)ds < o0,
0

- L EPs)
where p(t) = 575 exp (fo o ds).
(Hs) Z:’:lz a;p1(&) < 1, where ¢(t) is the unique solution of BVP (2.1) given below.

Lemma 2.1. Assume that (H,) is satisfied. Then

(Lp)(t) =0, O0<t<1,
{qﬁ](é) =0, $»i(D)=1, (2.1)

and

(Lpy)(t) =0, O0<t <1,
$2(0) =1, ¢»(1) =0,
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have solutions ¢ and ¢, respectively, and
(i) ¢ is strictly increasing on [0, 1];
(ii) ¢, is strictly decreasing on [0, 1].

Proof. We will give a proof for (i). The proof for (ii) follows in a similar manner.
First we claim that ¢;(t) > 0on [0,1]. If not, there is some 7y € (0, 1) such that ¢;(7p) < 0. Then there exists t; € (0, 1)
such that

¢1(11) = [21[132] ¢1(t) < 0.

As aresult, ¢} (1) = 0and ¢ (71) > 0. On the other hand, from (H;) and (Lg,)(t) = 0 it follows that

$!(x1) = _Q(TI)(pl(TI) <0
p(T1)
This is a contradiction.

Next we show ¢1(t) # 0 fort € (0, 1]. On the contrary, 7, is the first point in (0, 1] such that ¢(z) = 0. Then there
exists a point 73 € (0, 72) such that ¢ (t3) = maXc(o,r,] ¢1(t) > 0. Thus it follows that ¢;(r3) = 0 and ¢{(r3) < 0.0n the
other hand,

q(t3)P1(73)

¢1 (13) = —W > 0.

This is a contradiction.

Since ¢1(0) = 0 and ¢4(t) > 0Vt € (0, 1], $7(0) > 0.

Finally we show that ¢](t) # 0 on (0,1]. If not, we suppose that t, is the first point in (0,1] such that ¢7(to) = 0. Then,
by integrating the differential equation in (2.1) and using ¢1(t) > 0 and q(t) < 0 on (0,1], we have

to
_B(0)§,0) = — / 4O (D)dt > 0.
0

On the other hand, —p(t)¢/(0) < 0.This is a contradiction. Hence, ¢ (t) > 00on[0,1) holds, and so ¢ (t) is strictly increasing
on[0,1]. O

Lemma 2.2. Assume that (H;) and (Hs) are satisfied. Then, for any y € C[0, 1], the boundary value problem
Lw®) +yt)=0, 0<t<1,

m—2

u©0 =0, u(l)=Y au(),
i=1

is equivalent to the integral equation

1m=2

u(t) = / G 9w+ 010 [ PMLERVNELS
0

where
N - _ 1 [(Oa(s), 0<t<s<1,
D=1-2 ah@. Gr9=_ {¢1<s)¢>§(r>, 0<s<t=1.
and
p=¢;0) >0 O
Define an operator A : E — E as follows:
1 1m=2
(Au)(t) =/ G(t,S)p(S)h(S)f(S,u(S))dS+D’1¢1(t)/ Zaic(é‘i,S)P(S)h(S)f(S,U(S))dS- (2.2)
0 0 =1

If u is a fixed point of A, then u is a solution of BVP (1.1) by means of Lemma 2.2.
Foranyu € E, t € [0, 1], let us define two linear operators K, T : E — E by

1m-2

(Ku)(t)_f G(t, s)p(s)h(s)u(s)ds + D~ ¢>1(t)/ Zac(é,,s)p(s)h(s)u(s)ds (2.3)
0
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and

1 m—2 1
(Tu)(t) = / G(z, t)p(v)h(r)u(r)dr + D! ZaiG(&s f)/ $1(Dp(Dh(D)u(r)dr. (2.4)
0 i=1 0

Lemma 2.3. Assume that (H;)-(Hs) hold. Then linear operators K, T : E — E, defined by (2.3) and (2.4) respectively, are
completely continuous positive linear operators.

Proof. By Lemma 2.1, we know that 0 < ¢¢(t) < 1,t € [0, 1] and by Lemma 2.2, we have
G(s,s) = G(t,s), G(t,t) > G(t,s), fort,se[0,1].

From (H,) and Lemma 2.2 we know f01 G(s, s)p(s)h(s)ds < %f()]p(s)h(s)ds < 4o00. Then by (H3), for any r > 0 and
ueB.,tel0,1]

m—2 1
|(Ku)(0)] < (1 +D! Zaf) lul / G(s, $)P(s)h(s)ds < +00,
0

i=1

1 m—2 1

(Twy©)] < u] ( | e omnwadz +07 Y a6t 6 [ p(r)h(r)dr) < too.
0 i=1 0

Therefore K, T : E — E are well defined. As G(t, s) are nonnegative for any t, s € [0, 1] we have K(P) C P, T(P) C P. Thus,

K and T are positive linear operators. Next we shall show that K and T are completely continuous. For any natural number

n(n > 2), we set

1
inf,_,_1h(s), O0=<t=<-—,
= n
1 n—1
ha(t) = | h(0), —-=t= ) (2.5)
n n
. n—1
infa_1_;_, h(s), <t=<1

Then h,, : [0, 1] — [0, +00) is continuous and h, (t) < h(t),t € (0, 1).Fort € [0, 1], let

1 m—2 1
(Taw)(£) = / G(z, Op(Dhy(Du()ds + D71 Y " aG(&, t) f $1(D)p(D)hy(T)u(r)dr. (2.6)
0 i=1 0

It is obvious that T;, : C[0, 1] — C[0, 1] is completely continuous. For every r > 0 and B;, by (2.5), (2.6) and the absolute
continuity of the integral, we have

1
/ GGz Op() (h(x) — ha(D)) u(r)dr

lim ||T,u — Tu|| = lim max
n—-oo 0

n—o0 te[0,1]

m—2 1
+D7 Y " aiG(E, 1) / ¢1(0)p(x) (h(7) — ha(7)) u(r)de
i=1 0

IA

1
[[ull lim </ G(z, )p(7) (h(r) — hy(7)) dT
n—oo 0

m—2

1
D7) a6 6) [ SR () — ho() dr)
i=1 0

IA

r lim (f G(z, ©)p(t) (h(t) — hy(1))dt
e(n)

n—oo

m—2
+ D7) 4G, &) / , BHOPE) (1) — () dr)
i=1 e(m)

< r lim (/ G(t, T)p(r)h(r)dr
e(n)

m—2
+ 07 Y acE 8 [ | )@(r)p(r)h(r)dr)
i=1 e(n

=0,
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where e(n) = [0, 1/n] U [(n — 1)/n, 1]. Then by the approximating theorem of completely continuous operators, T : E — E
is completely continuous. In the same way, it is easy to prove that K : E — E is completely continuous. O

Lemma 2.4. Assume that (H1)-(Hs) hold. Then the special radii r(K) # 0, r(T) # 0, and K and T have positive eigenfunctions
corresponding to their first eigenvalues A, = (r(K))~" and A= (r(T))~! respectively.

Proof. By (H,), there is t; € (0, 1) such that G(ty, t1)p(t;)h(t;) > 0. The continuity of G, p and h tells us that there
exists [a, 8] C (0, 1) such that t; € (a, ) and G(t, s)p(s)h(s) > O, for t,s € [«, B]. Take u € C[0, 1] such that
u(t) >0,t €[0,1],u(t;) > 0andu(t) =0, t ¢ [«, B]. Then for any t € [«, B], we have

1m-—2

1
(Ku)(t) / G(t, 9)PSh(s)u(s)ds + D~ ¢1 (1) / > aiG(&, s)p(s)h(s)u(s)ds
0 0 =1

v

1 B
/ G(t, s)p(s)h(s)u(s)ds > / G(t, s)p(s)h(s)u(s)ds > 0,
0 o

(Tu)(t)

1 m—2 1
f G(r,t)p(r)h(r)u(r)errD‘lZaiG(Si,t)/ $1(D)p(D)h(T)u(r)de
0 i=1 0

v

1 B
/ G(z, tH)p(r)h(t)u(r)dr > / G(z, t)p(t)h(r)u(r)dr > 0.
0 o

So there exists a constant ¢ > 0 such that c(Ku)(t) > u(t), c(Tu)(t) > u(t), t € [0, 1]. According to the Krein—-Rutman
theorem, we know that the special radii r(K) # 0, r(T) # 0 and K, T have positive eigenfunctions corresponding to their
first eigenvalues A1 = (r(K))~'and A} = (r(T)) "' respectively. O

Let @1 and ¢, denote the positive eigenfunctions of K and T respectively, i.e.
MKor =91, AT = . (27)
Let K* be the dual operator of K and T* be the dual operator of T. If there exists g € P* \ {6} satisfying that

MK'g =g, (28)
choose a number § > 0 such that
P(g,8) ={ueP|g) > dull}, (2.9)

then P(g, §) is a cone in E and the following lemma (Lemma 2.5) holds.

Lemma 2.5. Assume that (H{)-(H3) hold. Further, the following assumptions are satisfied:
(Cq) There exist @1, ¢, € P\ {0}, g € P*\ {#} and § > 0 such that (2.7), (2.8) hold and K maps P into P(g, 3).
(Cy) H : E — P is a continuous operator and satisfies that
Hu
\Hull _

im
lull =00 [jul|

(C3) F : E — E is a bounded continuous operator and there exists ug € E such that Fu + ug + Hu € P forallu € E.
(C4) There exist vy € E and ¢ > 0 such that

KFu > ), (1+ ¢)Ku — KHu — v, forallu € E.
Let A = KF, then there exists R > 0 such that
deg(l — A, Bg,0) =0,
where Bg = {u € E | ||u|| < R} is an open ball with radius R in E.

Proof. Choose a constant Ly = (8)\’1)*1(1 +Z7YH)gll + K|l > 0.From (C,), forany 0 < & < L', there exists Ry > 0 such
that ||u|| > R; implies that

|Hu| < e|lu]|. (2.10)
Now we shall show that
u # KFu + ey, foranyu € 0By, (2.11)

provided that R is sufficiently large.
In fact, if (2.11) is not true, then there exist u; € dBg and w; > 0 satisfying

u; = KFuy + H1¢1. (212)
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By (C4), (2.7) and the definition of conjugate operators, we get
g(ur) = g(KFuy) + p1g(e1)
> g(KFuy)
> M1+ $)gKuy) — g(KHur) — g(vo)
= 21+ ) (K*g)(ur) — (K*g) (Hur) — g(vo)
(1+ 0)gur) — () ~'g(Huy) — g(vo).

Thus,

guy) < (¢A)~'g(Hur) + ¢ 'g(vo). (2.13)
It follows from (2.7), (2.13) and (2.10) that

g(uy + KHuq + Kug) = g(uy) + (gK)(Huy) + (8K) (uo)

= g(u) + (M) 'g(Huy) + (M) g (uo)

(¢A) g (Huy) + (W) g (Huy) + (M) g (wo) + ¢ g (vo)
< e+ HODMghlurll + W) ') + ¢ 'g(vo)
e(14+ ¢ HAD gl ll + Ly, (2.14)

A IA

where L; = (1)) 7'g(up) + ¢ ~'g(vp) is a constant.
(C3) shows Fuq + ug + Huy € P. Then (C;) implies p1¢1 = 111K, € P(g, §). (C1) and (2.12) tell us that

uq + KHuq + Kuy = KFuq + w191 + KHuy 4 Kug
= K(Fuy + Huy + o) + p1¢1 € P(g, 9).
By virtue of the definition of P(g, §), we have
g(ur + KHuq + Kug) > 8llur + KHuy + Kuo|l > 8ljus|l — 8[|KHuq || — 8[|Kuol. (2.15)
From (2.14) and (2.15), we know that
R= ||| = 8 'g(us 4+ KHuy + Kuo) + ||[KHuy || + [|Kuo||

e@AD A+ D lgugll + Lis™" + ellKluall + | Kuol|
elollurll + Lz,

IA

where L, = ||Kug|| + L;8~! > 0is a constant.
Since €Ly < 1, we obtain that (2.11) holds provided that R is sufficiently large. According to the property of omitting a
direction for the Leray-Schauder degree, we have

deg(l —A,Bg,0) =0. O

Remark 2.1. It is worth mentioning that Lemma 2.5 is in essence different from Theorem 2.1 in paper [6]. Obviously g is
closely related to the first eigenvalue of T. Secondly, in Lemma 2.5 the Green function of K is not necessarily symmetrical.
In fact, if the Green function is symmetrical, then K, T have the same first eigenvalue and the same eigenfunction, that is,
A7 = A1 and @, = ¢;. In this special case, Lemma 2.5 turns into Theorem 2.1 in [6]. Finally, the operator H may include not
only |u|* but also many other unbounded functions, as shown in the example of Section 4. Hence, Lemma 2.5 improves the
result in Theorem 2.1 in [6] and has a wider range of applications.

3. Main results

Theorem 3.1. Assume that (H{)-(H3) hold and the following conditions are satisfied:
(A1) There exist two nonnegative functions b(t), c(t) € C[0, 1] with c(t) # 0 and one continuous even function B :
(—00, +00) — [0, +00) such that
f(t,u) = —b(t) — c(t)Bu, forallt € [0,1],u € R.
Moreover, B is nondecreasing on [0, +00) and satisfies
. Bu
lim — =0.

u—+o0o U

(Ay) f : 10, 1] X (—00, +00) — (—00, +00) is continuous.
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(As3)
Y i (79 1)) , )
llmlnf > Ay, uniformlyont € [0, 1].
u—>—+00 u
(Ag)
t,u .
lim sup I« )‘ < A}, uniformlyont € [0, 1].
u—0 u

Here A, is the first eigenvalue of the operator T defined by (2.4). Then BVP (1.1) has at least one nontrivial solution.
Corollary 3.2. Using the following condition (A7) instead of (A1), the conclusion of Theorem 3.1 remains true.
(A}) There exist three constants b > 0, ¢ > 0 and o € (0, 1) such that
f@) = —b—clul*, foranyu e (—o0, 4+00).
Proof of Theorem 3.1. We shall show that K satisfies all conditions in Lemma 2.5.
First we give some properties of ¢,(t) which is the positive eigenfunction of T corresponding to its first eigenvalue

A}. By Lemma 2.2, G(r,0) = G(r,1) = 0 forany ¢ € [0, 1]. Then we obtain from (2.4) and A T,(t) = ¢,(t) that
©2(0) = ¢2(1) = 0 which implies that

©5(0) > 0, @5(1) < 0.
Thus

() $4(0) > 0, lim ©2(s)

i s(1—=s) s—1-5(1 —s) = (1) >0. (3

The maximum principle shows ¢,(s) > 0, s € (0, 1). This together with (3.1) yields that there are two numbers §, §; > 0
such that
815(1 —s) < @a(s) < 8,5(1 —s), foranys € [0, 1]. (3.2)
It follows from Lemma 2.1 that
G(s, 1 . 1,
i §6:9 1 00RO 1,00
s=0+S(1—5)  ps=0+ s(1—25) o
G(s, 1 1
i .9) _ 1. #1666 _ Loy o
s—>1-5(1 =) ps—>1— s(1—5) 0

On the other hand, G(s, s) > 0 for any s € (0, 1). Therefore, there exist two numbers o; and o, > 0 such that
o15(1 —5) < G(s,s) < o3s(1 —s), foranys € [0, 1]. (3.3)

According to Lemmas 2.1 and 2.2, we have

m—2 m—2
G(t,s) +D~'¢1(t) Y aiG(&, s) < (1 +D7' Yy a,) Gs.s), t,sel0,1]. (34)
i=1 i=1
By (3.2)-(3.4), we have
m—2 -1 m—2
02(5) = 8107 ! (1 +D7' Y a,) (G(t, )+ D7) Y aiG(&:, s)) , forse[0,1] (3.5)
i=1 i=1
and
92(s) < 0y '8,G(s,5), sel0,1]. (3.6)
Setting
1
gw) = / p(Oh()pa(t)u(t)dt, foranyu € E, (3.7)
0

from (H,) and (3.6), we have that

1 1
/ (ORI (Ou)dt < o8, ul / G(t. OP(OR(DdE < 400,
0 0
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which shows that g is well defined on E. In the following we shall show that
MK*g =g. (3.8)

In fact, forany u € E, t, T € [0, 1], by means of the definition of conjugate operators, we have
1
O Tlgw) = f pOh(E) (M)~ 2(D)) u(t)de
0
1
= [ p(Oh(t) (Tez) (Hu(t)dt
0

1 1 m—2 1
= [ pome ( | e opon@psr + 07 Y a0 [ ¢1(r)p(1:)h(‘r)g02(‘r)d1:> u(t)de
0 0 i=1 0
1 1 1m-2
= [ pon@eo ( | e oponouee + 070 [ Zaic@,-,t)p(t)h(t)u(t)dt) dr
0 0 0 =1

1
= / p(D)h(T)p2(7) (Ku) (T)dT
0
= g(Ku) = (K*g) (). (3.9)
Lets = () 805" (1407 L1 a,->_1 > 0and

P(g,8) ={ueP|g)=>dul}, (3.10)

then it is easy to see that P(g, §) is a cone in E.
Next we shall show

K(P) C P(g, §). (3.11)
For any u € P, by (3.5),(3.9) and Lemma 2.2,
g(Ku) = (1)~ 'g(w)

1
= / pORE) (V) ea(0)) ut)dt
0

m—2 -1 1
> ()7 '8105 (1 +D! Zai> ( f G(z. Op(Oh(E)u(t)dt
i=1 0
1m=2
+ D7y (7) / Y aGE: t)p(t)h(t)u(r)dt)
0 =1

1 1m=2
—s ( | e opomuod+ 00,0 [ 3 act, t)p(t)h(t)u(t)dt)
0 0 =1

= §(Ku)(r), foranyrt € [0, 1].

Hence, g(Ku) > §||Ku||,i.e. K(P) C P(g, d).
From the above proof we know that K satisfies condition (C;) of Lemma 2.5.
Obviously B : E — P is a continuous operator. By (A7), for any ¢ > 0, there is L > 0 such that

Bu < su, foru > L.

Thus
Bllull < ellull, for [lul| > L.

On the other hand, B is nondecreasing on [0, +0o¢), which shows
Bu < B||lu||, foru > 0.

Since B : (—o0, +00) — [0, +00) is an even function,

Bu < B|jul|, u€eE,
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which implies that

[Bul| < Bllul, ueeE.
Therefore,

|Bul < Bllu| < ¢|juf, forany |u| > L,
IBull __

that is, limy, - 400 l\IT\I = 0. Take Hu = coBu for u € E, where cg = maX¢o,1] ¢(t). Obviously, limjyj— +oc % = 0 holds.

Therefore H satisfies condition (C,) in Lemma 2.5. Take ug(t) = b and (Fu)(t) = f(t, u(t)) fort € [0, 1],u € E, then it
follows from (A;) that

Fu+ug+ HueP, foralluekE,

which shows that condition (C3) in Lemma 2.5 holds.
From (As3) there exist ¢ > 0 and a sufficiently large number /; > 0 satisfying

Fu) > M(1+¢&)u, foru> 1. (3.12)
Combining (3.12) with (A;), we have that there exists b; > 0 such that

F(u) > M;(1+¢&)u—by —Hu, forallueR. (3.13)
Since K is a positive linear operator, from (3.13), we have

(KF) () > A{(1 4 &) (Ku) (t) — Kby — (KHu) (t), forallt € [0, 1].

So condition (C4) in Lemma 2.5 is satisfied.
Keeping in mind Lemma 2.5, we derive that there exists a sufficiently large number R > 0 such that

deg(l — A, By, 6) = 0. (3.14)

From (A4), it follows that there exist 0 < ¢ < 1and 0 < r < R such that

If(t, w)| < (1—e)Aju®)|, tel0,1], uecEwith|ul| <r. (3.15)
If there exist u; € 9B, and u € [0, 1] such that u; = u,Auy, then by (3.9) and (3.15), we have

g (|u1]) = g (ImAn]) = g (JAur]) < g (JAus])

o |

1 1m—2
< (1-e)rig (/ G(t, )P(s)h(s)|ur(5)|ds + D'y (t)/ > aiG&, S)p(S)h(S)|u1(S)|dS>
0 0

i=1

1m=2

1
| et oponsrs. uends +09i0) [ 3 acE mpohoS s uis)s
0 0 =1

= (1-e)Mig Kluil)
= (1— o)A "g (lus])
=(1-og ().

Therefore, g (Ju;]) < 0.
On the other hand, ¢,(t) > 0 forallt € (0, 1) by the maximum principle, and u; (t) attains zero on isolated points by
the Sturm theorem. Hence

1
g (lua]) =/ p(Oh(B)@2(t) [ur ()] dt > 0.
0

This is a contradiction. Thus

u # puAu, forallu € 9B, and u € [0, 1].
It follows from the homotopy invariance of the Leray-Schauder degree that

deg(I — A, Br,0) = 1. (3.16)
By (3.14), (3.16) and the additivity of the Leray-Schauder degree, we obtain

deg(I — A, Bg \ B, 8) = deg(I — A, Bz, ) — deg(I — A, B;, 0) = —1.

As a result, A has at least one fixed point on Bg \ B;, namely, BVP (1.1) has at least one nontrivial solution. O
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Remark 3.1. Since the Green function of BVP (1.1) is not necessarily symmetrical, Theorem 2.1 in [6] and Theorem 1 in
[10] are not applicable to the boundary value problem in general. In order to overcome the difficulties caused by the
nonsymmetry, we seek one special linear operator T and use its first eigenvalue and its corresponding eigenfunction to
construct a linear continuous functional g of P*. Then we establish a cone to solve the problem. The method is new and the
results obtained in this paper improve and extend those in [6,10].

4. An example

In this section, we construct an example to demonstrate the application of our main result obtained in Section 3.

Let h(t) = \/r(%m and

n
> (=Dia— [ul*In(lul + 1) +1n2, ue (=00, 1],

fe,w)y =415 (4.1)
Zaiui’ ue[—1, +00),
i=1

where 0 < a; < A} and a, > 0.Then his singular at t = 0, 1 and f is unbounded from below. Then h is singular at t = 0, 1
and f is unbounded from below. Take c(t) = 1, b(t) = ZL] a; + In2, Bu = |u|* In(Ju| 4+ 1). Then

f(t,u) > —b(t) — c(t)Bu.

It is easy to prove that all the conditions in Theorem 3.1 are satisfied. As a result, BVP (1.1) with the h(t) and f (t, u) given
by (4.1) has at least one nontrivial solution.

Remark 4.1. Note that the Green function is not symmetrical in this example and Hu = |u|* In(Ju| 4+ 1) satisfies

. Hu .
lim — = lim In(ju| 4+ 1) = +o0.
u——+00 |u|0‘ u—>~+00

Therefore Theorem 2.1 in [6] is not applicable to this example. On the other hand, Theorem 3.1 in our paper can solve the
case in [6] because Hu = |u|* satisfies all the conditions of Lemma 2.5 in this paper. Hence, our results are applicable to
more general cases than those in previous work.
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