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1. Introduction

Let us consider an interest rate market with Py, being the price at time s of a bond
paying one unit at time #>s. Then

t
PS,,=exp<—/ Fs’udu>, (1.1)

where Fy,;, 0<s<t, is called the instantaneous forward rate, or just the forward rate.
Let R, denote the short rate at time t>0. The discounted bond-price process is then
given by

s
Zs; = Py, exp(—/ Rudu>, 0<s<t. (1.2)
0

Heath et al. [8] (see also [7]) proposed a model of interest rates and their associated
bond prices in which the short rate and the forward rate are connected by

R =F, =0 (1.3)

and the forward rates are supposed to satisfy the stochastic differential equations
m
dFy, = a(s,)ds+ Y Bils,)dWL. (1.4)
=1
Here, W', ..., W" are independent standard Brownian motions and o(s, ) and
B.(s, t) are processes adapted to the natural filtration of the Brownian motions. This
model was, in fact, an extension of the earlier work by Ho [10].

Kennedy [12] (see also [13]), while following the approach of modeling the forward
rates, considered the case where {F;,, 0<s<t<oo} is a continuous Gaussian
random field which has independent increments in the s-direction, that is, in the
direction of evolution of ‘real’ time. This framework includes the Heath—Jarrow—
Morton (HJM) model in the case where the coefficients a(s, ) and f,(s, ¢) in (1.4) are
deterministic. An important example of application of the Kennedy model is the case
where the forward rates are given by Fy, = u,, + X, with u;, being deterministic
and X, a Brownian sheet (see, e.g., [1] for this concept). In the latter case, F, has
independent increments also in the ¢ direction. Furthermore, this may be intuitively
thought of as the situation of (1.4) driven by an uncountably infinite number of
Brownian motion. Kennedy [12] gave a simple characterization of the discounted
bond-price process to be a martingale. In particular, he showed that the latter is true
if and only if the expectation p, of F,,, 0<s<t<oo, satisfies a simple relation.

In Bjork et al. [4,5] (see also [3]), it was pointed out that, in many cases observed
empirically, the interest rate trajectories do not look like diffusion processes, but
rather as diffusions and jumps, or even like pure jump processes. Therefore, one
needs to introduce a jump part in the description of interest rates. The authors of
these papers considered the case where the forward rate process {F;, 0<s<t} is
driven by a general marked point process as well as by a Wiener process [5], or by a
rather general Lévy process [4], and the maturity time >0 is a continuous parameter
of the model. In particular, an equivalence condition was given for a given
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probability measure to be a local martingale measure, i.e., for the discounted bond-
price process {Z,;, 0<<s<t} to be a local martingale for each >0 [4, Propositions
5.3, 5.5], see also [8, Theorem 3.13]. This condition, formulated in terms of the
coefficients for the forward rate dynamics, generalizes the result of Heath et al. [7]
which was obtained for the diffusion case.

Other generalizations of the HIM model in which the forward rate process satisfies
stochastic differential equations with an infinite number of independent standard
Brownian motions (i.e., m = oo in (1.4)) were proposed in [14,15,18,19].

In the present paper, we follow the approach of Kennedy [12,13], but suppose that
the forward rates {F,,, 0<s<t<oo} are driven by a Lévy field without a diffusion
part. In particular, {F;,} has independent increments in both the s and ¢ directions.
Analogously to Kennedy [12], we give, in this case, a characterization of the
martingale measure. Furthermore, we do not assume that (1.3) a priori holds, but we
derive it from a certain condition of independence and the martingale property of the
discounted bond-price process.

We also show that, under a slight additional condition on the Lévy measure of the
field, it is possible to choose the initial term structure {x,, >0} in such a way that
the forward interest rates are a.s. non-negative. This, of course, was impossible to
reach in the framework of the Gaussian model, which caused problems in some
situations (see [13, Section 1]). We then present two examples of application of our
results: the cases where F,, is a “Poisson sheet” (this case was discussed in [17],
respectively a ““‘gamma sheet.” Finally, we mention the possibility of unification of
the approaches of Kennedy and of the present paper, by considering F, as a sum of
a Gaussian field and an independent Lévy field, and thus having a process with a
diffusion part as well as a jump part.

2. The model based on Lévy fields

Let 9 := C8°(R2) denote the space of all real-valued infinitely differentiable
functions on R? with compact support. We equip & with the standard nuclear space
topology, see, e.g., [2]. Then & is densely and continuously embedded into the real
space L*(R?,dxdy). Let ' denote the dual space of 2 with respect to the
“reference” space L>(R?,dxdy), i.e., the dual pairing between elements of ¥’ and &
is generated by the scalar product in L*(R?,dxdy). Thus, we get the standard
(Gel’fand) triple

7' > L*(R*,dxdy) D 2.

We denote by (-, -) the dual pairing between elements of 2’ and 2. Let 4(2") denote
the cylinder o-algebra on &'.

We define a centered Lévy noise measure as a probability measure v on (2, 4(2"))
whose Fourier transform is given by

/ '@ y(dw) = exp </ / (€ — 1 —ite(x, y))dxdy a(dr)), peEYD
74 R, JR?
(2.1)
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(see, e.g., [6, Chapter 111, Section 4]). Here, R, = (0, 400) and ¢ is a positive measure
on (R,, #(R,)), which is usually called the Lévy measure of the process. We suppose
that ¢ satisfies the following condition:

/ 7% o(dt) < 00. (2.2)
R,

The existence of the measure v follows from the Minlos theorem.
For any ¢ € 9, we easily have

/9/ (@, ¢)” v(dw) = /R+ 1 o(dr) /RZ o(x,y)* dxdy. (2.3)

Thus, the mapping J : L>(R?,dxdy) — L*(Z',v), Dom(J) = 2, defined by
o)) = (0, 0), 0P, we,

may be extended by continuity to the whole L*(R? dxdy). For each
f e L*(R?,dxdy), we set (-,f) := Jf. Thus, the random variable (r.v.) (w,f) is well
defined for v-a.e. w € ¢’ and equality (2.3) holds for f replacing ¢.

Let % : [0,00)> — R, be a continuous function. For each s, 7>0, we define the r.v.
X, as follows:

X (w) := (0(x, ), 1jo,9(x)1p40)n(x, y)), v-ae weZ, (2.4)

where x,y denote the variables in which the dualization is carried out. It follows
from (2.1) that X, is centered and has independent increments in both the s and ¢
directions.

We note that, in the case where x(x,y) = 1, {X,,;, 0<s<1} is a Lévy process for
each fixed #>0. Indeed, it follows from (2.1) that the Fourier transform of Xj, is
given by

/ e Xsl(@) v(dw):exp(st (™ —1 —if;b)o(df)>, JeR.
' Ry

In particular, the Lévy measure of the process {X,,, 0<s<1} is equal to fo.
Let F, be the forward rate for date ¢ at time s, 0 <s<t<o00. We suppose that

Foi= g+ Xg 0<s<t<o00, (2.5)

where p, is deterministic and continuous in (s, 7) on {0<s<7<oo}. The price at time
s of a bond paying one unit at time 7>s is then given by (1.1). We note that the
random variable f; Xy du is v-a.s. well defined and

/ X (@) du = (0(x, »), T (D Lo (DeGe )t — (sV 1)), v, 0 € 7.

(2.6)
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Indeed, for each f € L*(R?,dxdy), we have by (2.3)

/Q </f Xsu(o) du) (@, /) v(dw)

= [ ] Xutorondord

= / ‘[2 G(d‘[) / /2 1[(),3-]()6)1[(),”]()/)%()6, y)f(x, y) dx dy du
Ry K R

= / '[2 G(d’L‘) /2 I[O’X](X) </ 1[0714]()/) du) %(X, y)f(x, y) dx dy
Ry R K

= [ o) [ oa@los0 - (Ve e dsds, @)

which implies (2.6).

We denote by #,, t>0, the o-algebra generated by the r.v.’s F,,, 0<u<t, u<v,
which describes the information available at time z.

For >0, let R, be the short rate at time 7. We suppose that {R,, >0} is a
stochastic process defined on the probability space (', 4(Z2’),v) and adapted to the
filtration {#,, t=0}.

It is our aim now to find conditions under which the discounted bond-price
process given by (1.2) is a martingale. Following Kennedy [12], we make the
following assumption:

Assumption (A). For any 0<s<t<oo, the r.v. (R, — F;,) is independent of F.

Lemma 2.1. Suppose that R, € L*(Z',v), t>0. Then Assumption (A) holds if and
only if
Rt = Xt,t + ry, v-a.c., (28)

where

ry = / R[ dv, t>0 (29)
174

Remark 2.1. In fact, in the above lemma, the assumption that R, € L*(Z’,v) may be
weakened.

Proof. The space L*(Z',v) is unitarily isomorphic to the symmetric Fock space over
L*(Ry x R?, 0 ® dxdy), i.e., there exists a unitary operator

F(LA(Ry x R, 0 ®dxdy)) > f
= (2 If =+ IO¢W) € LN, v),
n=1

where 1™ (™) is a (certain image of a) multiple stochastic integral, cf. [16] (see also
[11] for the case of a usual Lévy process).



256 S. Albeverio et al. | Stochastic Processes and their Applications 114 (2004) 251-263

Let %, denote the subspace of L*(Z,v) consisting of % ,-measurable functions,
t>0. Denote

A =Ry x {(x,p) € R?: 0<x<1t, x<y<oo).

Analogously to the proof of Lemma 3.3 in [16], one can show that a function
F e L*(Z',v) belongs to ¥, if and only if

o0
F=fO+3 " 10¢®), (2.10)
n=1

where for each n>1 the function f, € L*(Ry x R, ¢ ® dxdy)®" has support in A7,
ie., f @ =f 1 4~ Here, ® denotes symmetric tensor product.

Let us fix any s such that 0 <s<t and take any F' € %, which is independent of Z .
Then, for any G € ¥,, the covariance of F and G with respect to the measure v is
equal to zero. This implies that

o0
F :f(O) + Z I(n)(f(n)lA';\A;')-

n=1

We also note that f (- [ Fdv.

g

Next, by (2.4), for any s,7>0, we have
Xoo = Il g()1pg0)n(x, »), v-ae. (2.11)
Now, suppose that (A) holds. Since R, is % ;-measurable, we have a representation

o0
Ro=r+ > 1" 1), (2.12)

n=1

where r, is given by (2.9) and ¢® € L2(R, x R ¢ ® dxdy)®".
Furthermore, by Assumption (A), for any 0 <s<¢, the function R, —r, — X, is
independent of #. By (2.11) and (2.12)

Ry —r = X = 1D, x, )y (1, x,9) — Thpg()1p.g() + > 179" 1)
n=2

and therefore
gV (t,x, ) = tlg()pa(») on A,
g™ =0 ond", n=2. (2.13)
Letting s — ¢, we get from (2.13)
gV, x, ) = tlg()1pg(y) on A4,
gd” =0 on Al, nz=2. (2.14)

By (2.11), (2.12) and (2.14), we deduce that (2.8) and (2.9) hold.
On the other hand, (2.8) and (2.9) evidently imply Assumption (A). [
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Taking Lemma 2.1 into account, in what follows we will assume that the short rate
R; is given by formulas (2.8) and (2.9). We will additionally assume that r; is
continuous in ¢ on [0, co).

Theorem 2.1. The following statements are equivalent:

(a) For each t=0, the discounted bond-price process {Zs;, F;, 0<s<t} is a
martingale.
(b) We have, for all s,t=0, s<t,

t s
po=no+ [ [ e - e e adyown  @19)
r. Jo Jo

and for all t=0
R[ = F[)[, v-a.c. (216)

(©) Py, =[E(e” J Rudu | ) forall 5,t=0, s<t.

Proof. We first show the equivalence of (a) and (b). By our assumption, (A) holds.
Hence, analogously to the proof of Theorem 1.1 in [12], we conclude that (a) is
equivalent to the following condition to hold:

t 851
/ exXp (_/ (Fx],u - F‘vz,u) du — / (Ru - F‘vz,u) du> dv=1 (217)
74 N 52

for all 0<s, <51 <t<0o0. By (2.4), (2.5), (2.8), and (2.9), equality (2.17) is equivalent
to

[ exn(= [ ot a0 du

S1

- / (0062 g () g ()26, 1)) du) v(dow)

’ t 51
=exp( / (g, — o, e + / (ru—un,u)du> 2.18)

for all 0<s, <s1<t<o00. Analogously to (2.6) and (2.7), we have

S1

/ (@(x, ), 115,571 10,0 (V)n(x, y)) du + / ((x, ), 150, () 0,9 ()%, ) du

= (0(x, ), ) () g W%, p)(E = (x V ), v-ae. o € D

Hence, it follows from (2.1) that condition (2.18) is equivalent to

t S1
[ [ e -t = (v ) drdyetan
R+ 0 52

t S1
- / (g — s, + / (ru — s, ) du (2.19)
S1

52
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for all 0<{so <51 <t<oo. We remark that the function under the sign of integral on
the left-hand side of (2.19) is integrable. Indeed, let us set C; := sup, ¢ 4%(x, »).
Then, for all T € (0,1] and x,y € [0, 7], we have

€MD) | o, )1 = (6 )

o0 C Z n
<> C - V222 exp(zCi) <22 exp(Crt). (2.20)

n=
This, together with the fact that f(o 1 2 o(dt) <00, yields the integrability on
(0,1] x [0, 1] x [s1,52]. Furthermore, for = € (1,400) and x, y € [0, #], we have
o™=V 1 oy(x, p) (1 — (x v ) <1 4+ 11C,.
This, together with the fact that f(l, +Do)ra(dv:)<oo, completes the proof of the
integrability.
We now fix >0 and suppose, for a moment, that g, has the following form:

t s
Ko = Moy + /0 /0 ¥:(x,y)dxdy, (2.21)
where ¥,(x, y) is an integrable function on [0, 7]*, and
re= W, 120. (2.22)
Then,

t S1
(:usl,u - .usz,u) du + / (r" - 'uSz,Ll) du
S1

= /t /Sl Y., )t — (xVy))dxdy. (2.23)
0 5

Comparing (2.23) with (2.19), we see that condition (2.19) is, at least formally,
satisfied if ¥,(x,y) has the form

Viley) = (= Gev )Tt [ (e —
R

+ ™(x, ) — (x V ))) a(d7). (2.24)

To show that this inserted into (2.21) indeed gives a solution of (2.19), we have to verify
that the ¥,(x, y) given by (2.24) is integrable on [0, 7]°. Analogously to (2.20), we get

t pt
/ / / I(t— (xV y))—l(e—r%(x,y)(t—(xw)) -1
©,1 Jo Jo

+ w(x, y)(t — (x Vv »)))| dxdy o(d7)

] T, )" (t—(xvy))
</(0,1]/0 / > - dxdyo(dt)

n=2

<P / 72 o(dt) < 00. (2.25)
0,1]
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t t
/ / / |(l _ (x v y))—l(ef‘r%(x,y)(tf(xvy)) _ 1
(I,400) JO JO

+ u(x, y)(t — (x V »)))| dx dy o(dr)

Next,

t t
< / / / (1 — (6 v )N (e PNV 1y dxdy o(dr)
(1,400) Jo Jo

+ ¢, / 7 o(dr)
(1,400)

<27°C, / ta(dr), (2.26)
1,+00)

where we used the estimate: 1 — e *<a for all «>0. Thus, by (2.21), (2.22), and
(2.24)2.26), statement (a) holds for

= fo; + / / / (t=(xVvy) (efm Cent=(evy)) _
Ry

+ ™(x, Y)(t — (x Vv »)))dx dy o(dr) 2.27)
and R, = F;, v-a.e., t=0. As will be seen from below, the right-hand side of (2.15) and
(2.27) do indeed coincide, so that (b) implies (a).

Let us now suppose that (a), or equivalently (2.19), holds. Setting in (2.19) s, = s
and s; = t, we get

t t
[ [ [ emmeem St o= vy dxdyotdn
Ry JO K
t
= / (ru — pg,)du, 0<s<r<oo. (2.28)

Differentiating (2.28) in ¢ yields

t t
/ / / wo(x, y)(1 — e NN dxdy o(dn) = 1 — g,
R, Jo Js ’
0<s< 1< 00. (2.29)

Setting s = ¢ in (2.29) gives (2.21), or equivalently (2.16). Next, setting s = 0 in (2.29)
gives

t t
/ / / (o, p)(1 — e PN dxdy o(de) = 1 — py,,  £20. (2.30)
R, Jo Jo

Subtracting (2.29) from (2.30) implies (2.15). Thus, (b) implies (a). Furthermore, this
also yields that the right-hand side of (2.15) and (2.27) coincide, which finishes the
proof of the equivalence of (a) and (b).
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Let us now show the equivalence of (b) and (c). Using Assumption (A),
analogously to Kennedy [12], we conclude that (c) is equivalent to

t
/ exp(—/ (Ru—FS,u)du) dv=1, 0<s<t<oo. (2.31)
9 s

But (2.31) is a special case of (2.17) with s, = s and s; = ¢. Therefore, (b) implies (c).
On the other hand, it follows from the proof of (a)=(b) that (2.31) implies (b). Thus,
the proof is complete. [

Corollary 2.1. Suppose that the Levy measure o additionally satisfies
(T)y i= / T o(d7) < oo. (2.32)
R

Suppose that statement (a) of Theorem 2.1 holds and suppose that the initial term
structure {,,, =0} satisfies

t t
Pos = / / ®(x,y)dxdy - (t),, =0. (2.33)
0 0

Then the forward rate process {Fs;, 0<s<t<oo} and the spot rate process {R;, t=0}
take on non-negative values v-a.s.

Proof. By (2.5) and Theorem 2.1, we get

t S
Fsi= o, — / / / H(x, y)e N0V dx dy o(dr) + X sts
R, Jo Jo

0<s<t<oo,

where
t K
Xo= Xyt / / %(x,p) dxdy - (7).
0o Jo

Under condition (2.32), the measure v is concentrated on the set of all signed
measures of the form >, | 1,0, (dxdy) — (1), dxdy, where , denotes the Dirac
measure with mass at a, 7, € suppo, n € N, and {(t,, X, ,)},2; is a locally finite set
in R, x R, see, e.g., Lytvynov [16]. Therefore, by (2.4), X, takes on non-negative
values v-a.s. Furthermore, it follows from (2.33) that

t s
Lo, — / / / ™(x, p)e "NV dx dy 6(dt) =0, =0, 0<s<{,
R, Jo Jo

from where the statement about F;, follows. Finally, by Theorem 2.1, (2.16) holds,
which implies the statement about R,. [

Let us consider two examples of a measure v satisfying the assumptions of
Theorem 2.1 and Corollary 2.1.
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Example 1 (Poisson sheet). We take as v the centered Poisson measure m, with
intensity parameter z>0, see, e.g., [9]. The Lévy measure ¢ has now the form zJ;.
Thus, the Fourier transform of 7. is given by

/ @2 7 (dw) = exp V €7 — 1 —ip(x,y) zdxdy|, @€ 2.
9 R*

We set »(x,y) = 1. Then, X, given by (2.4) with the underlying probability measure
v = 1. is, by definition, a Poisson sheet, and for each fixed >0, {X,,, 0<s<{t} is a
centered Poisson process with intensity parameter fz. Formula (2.15) now reads as
follows:

Mg = Mo+ Z((2 -5’ —2e7 =5+ Sl).

Condition (2.33) now means g, >z, =>0.

Example 2 (Gamma sheet). We take as v the centered gamma measure y. with
intensity parameter z>0, see, e.g., [16]. The Lévy measure ¢ on R, has the form
e*l’

a(dr) = zdr.

T

The Fourier transform of . may be written as follows:

/ ¢ 7 y.(dw) = exp (— /R (log(1 —ip(x, ) + ¢(x, ) zdx dy>’
g 2
peg, o<l

We set u(x,y)=1. Then, X,, given by (2.4) with the underlying probability
measure v = y. is, by definition, a gamma sheet, and for each >0, {X,, 0<s<t}isa
centered gamma process with intensity parameter zz. Formula (2.15) now reads as
follows:

1+1—
Mgy = Ho, +Z<SH‘ 25+ 2(1 + lﬂ%(%) —slog(l +¢— s)).

Condition (2.33) means p,, >z1%, 1=>0.

It is possible to construct a model of forward interest rates which unifies the
approach of Kennedy [12] to modeling the forward interest rate with our approach.
Indeed, consider Fy, in the form

F; = Mg+ X+ Y, 0<s<t<oo, (2.34)

where p, and Xy, are as in formula (2.5) (thus, as in our approach) and Y, is a
centered continuous Gaussian random field that is independent of X, 0 <u<v<oo,
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and has covariance

COV(Ysl,tlz YSz,Iz) = C(Sl N 82, lla 12)3 0<Si<ti: I = 1329

with a function c¢ satisfying ¢(0, ¢1, ;) = 0 (as in Kennedy’s approach). Furthermore,
set

Ri=ri+X,+7Yy, =0, (2.35)

where r; is deterministic and continuous in ¢.
The following theorem may be proved by combining the proof of Theorem 1.1 in
Kennedy [12] and the proof of Theorem 2.1.

Theorem 2.2. Theorem 2.1 remains valid for the forward rates {F;, 0<s<t<oo}
given by (2.34) and the short rates given by (2.35) if we set the deterministic term g, in
statement (b) to be

t S
po= o+ [ [ e = e ) o) drdy
o Jo Jm,

!
+/ (s A uyu, t)du
0

Jor all 0<s<t<oo.
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