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INTRODUCTION

It was proved by Bellman and Giertz [2] that, under reasonable
hypotheses (especially distributivity), the only truth-functional logical
connectives for fuzzy sets are the usual min and max. The following easy
argument proves that distributivity, monotonicity and boundary conditions
are essential assumptions:

x=F(x, 1) = F(x, G(1, 1)) = G(F(x, 1), F(x, 1)) = G(x, x),
max(x, y) = G(max(x, y), max(x, y)) > G(x, y)
> max(G(x, 0), G(0, y)) = max(x, y),

i.e., G(x, y)=max(x, y). Here F and G are, respectively, functions from
{0, 1] X [0, 1] into [0, 1] generating the “meet” and the “join” by means of

(AN B)(x)=F(4(x), B(x)), (4L B)(x)=G(4(x), B(x)),

for every x € X and 4, B € P(X) = [0, 1]*.
Zadeh [18], founder of the theory, is the first to introduce nondistributive
and dual connectives by considering the couples

G,(x, y)=min{x + y, 1}, F.(x, y)=max{x+ y— 1,0};
G,(x, y)=x+y—xp, G,(x, y)=xp.

Since then some authors (for instance, Hamacher [7]) have considered some
classes of nondistributive connectives.

Obviously, the loss of global idempotency causes the loss of the lattice
structure in P(X) when F# min or G # max. For arbitrary connectives F
and G, the only sublattice is the Boolean algebra of characteristic functions
(classical subsets). It is also interesting to observe that the idempotents for
the couples G,,, F,, and G,, F, are 0 and 1, and that the former verifies
universally the excluded middle and noncontradiction laws. On the other
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hand, these laws are satisfied by the couple G,, F, only in the case of
classical sets.

In this article it is given a general functional form for logical connectives
“or” and “and” (nondistributive but associative) using additive generators.
We also study the Kleene’s character of the obtained logic and DeMorgan
laws (with adequate strong negation functions, if they exist). We give further
characterizations of the min—max pair.

1. PRELIMINARIES ON Fuzzy CONNECTIVES

Let F and G be two binary operations on |0, 1]. In Bellman-Giertz |2] it
was shown that F = min, G = max are the unique solutions of these 8 con-
ditions:

(1) associativity, F(x, F(y,z))=F(F(x, y), z); G(x,G(y,z)) =
G(G(x, ), 2);

(2) commutativity, F(x, y)=F(y, x), G(x, y) =G(y, x);

(3) nondecreasing, F(x, y) < F(x', »'), G{x, y) < G(x', y"), if x<x/,
r<yh

(4) F(x,x) <F(x', x"), G(x, x) < G(x', x'), if x < x';

(5) F(1,1)=1, GO, 0)=0;

(6) F(x, y) <min(x, y); G(x, y) > max(x, y);

(7) F, G are continuous;

(8) distributivity, F(x, G(y, z))= G(F(x, y), F(x,z)), G(x,F(y,z))=
F(G(x, y), G(x, z)).

Hamacher (7] proved that conditions (1), (3), (4), (6), and (8) are enough
in order to conclude that min—-max are the unique solutions. Thus it is clear
that if we want to study fuzzy connectives, different from the classical
min-max, it would be necessary to avoid some of the given requirements.

Several authors have studied this problem (see, e.g., Dubois—Prade [4]).
We first note that if condition (5) is replaced by

(5" (A)F(x, )=F(l,x)=x, (b)GO,x)=GCG(x,0)=x, for all
x€|o, 1],

then (3) and (5") imply (6) and (3), (5') together with (8), admit min—max
as the only solutions. Thus we shall exclude (6) and (8) and we can also
avoid (2) and (4). More precisely, in this article we shall restrict our
attention to the following classes of connectives:

Fo = (F: |a,b]” — [a, b]/F satisfies (1), (3), (5'(a)) and (7)},
%, =1{G: [a, b]* = |a, b]/G satisfies (1), (3), (5'(b)) and (7)}
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and

7;‘,, = {F € #,/F is Archimedean, i.e., F(x, x) < x, for all x € (a, b)},
74, =1G € %,/G is Archimedean, i.e., G(x, x) > x, for all x € (a, b)}.

In the sequel we shall write F =#,,, ¥ =%, F, =4, and &, =77,.

These functional sets have a long dlstmgulshed history in the field of
functional equations (Aczél [1]) because they are related to the classical
problem of the associativity equation. Such sets have been analyzed with
detail and have become a basic tool in the theory of probabilistic metric
spaces (Schweizer—Sklar {13]) and in the theory of information (Kampé de
Feériet [8]).

From Aczél [1] and Ling [9] we have the following important charac-
terization of the operations in .# 4, and ¥4,

THEOREM 1.1. Let HE.#,, (resp. HEYZ,,). Then HE F4, (resp.
HE Z4,) if and only if there exists a continuous and strictly decreasmg
Sfunction h (resp. continuous and strictly increasing) from [a, b) into |0, +o0],
such that H is representable in the form

H(x, y)=h'""(h(x) + h(y)),

where h'~" is the pseudoinverse of h, that is,

R P(x)=0b, if 0<x<h(B) (resp. a, if 0 < x < h(a)),
=h"'(x), if h(b) <x<h(a) (resp. h™'(x), if h(a) < x < h(b)),
=a, if h(a)<x (resp. b, if h(b) < x),

where h™' is the usual inverse of h on [h(b), h(a)] (resp. |h(a), h(b)]).

The function & is called an additive generator of the Archimedean
operation H and it is unique up to a positive constant, i.e., kh (k > 0) also
generates H. We remark that if f generates F € %, then f(1)=0, and if g
generates G € %,, then g(0) = 0.

We also have from Paalman de Miranda [12] a characterization for the
operations F €.#,, — # 4, and G € Z,,— 74,. If H is one such operation,

1
® E(H)= {x € |a, b]/H(x, x) = x},

then |[a,b] —EH)=U),;.;(a;,b;), where {(a;,b)/i€ j} is a finite or
countable collection of disjoint open intervals. Let H, be the restriction
of H to [a;,b,)" given by Hi(x,y)=a;+ (b;—a;) H((x —a;)/(b;—a)),
(y —a;)/(b; — a;)). Then ([a;, b;], H;) is an Archimedean semigroup and we
have the representation (ordinal sum):
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H(x9 }’) = H,'(X, y)’

= min(x, y),

= max(x, y),

if (x,»& U la,.b]' and HE 7, — 7!

if (x,»)€ |a,,b;|’ for some i€ J,

ab "
ied

if (x’ y)@ U la"bilz and Hezabwé ::I):

i
ied

i.e., H consists of Archimedean “blocks” along the diagonal of |a, b|* and
H =min (resp. max) outside of these blocks.

In the literature about fuzzy connectives other couples of operations
different from the classical couple min—max have been considered. We
summarize some of these operations, together with their additive generators:

F,(x, y)=max(x + y—1,0),
G, (x, y)=min(x + y, 1),
Fo(x, y) = xy,

G,(x, p)=x+y—xy

Xy
Fo(%)’)'—‘m,
x+y—2xy
Gq(X’J’):—m—a
Xy
F (x,y)= s
a(% ) a+ (1—a)x+ y—xy)
b—1Dxy+x+y
Gy(x, )= L=

1 + bxy

Fy(x, y)=1—min{l, [(1 —x)’l + (- y)A]l/.k}’

Ga(x, y) =min{l, (x* + y*)'"*},

fm(X)—‘:l—X, (l 1)
gulx) = x; '
Sox) =—Inx, L
g,(x) = —In(1 — x); (-2
1—x
Jolx) = X
(1.3)
X
g_.(x)= 1« ;
S =tog £ g5 )
(1.4)

bx
8y(x) =log 1 (&> —1),

_x ’

S = =),

gix)=x* A>1)
(1.5)

Examples (1.1) and (1.2) were used by Zadeh [18], the operations (1.3)
and (1.4) were considered by Hamacher [7], and Yager [17] introduced the
pair (1.5). Another interesting couple introduced by Frank [5] is given by

Fi ) =log, (=25

G, y)=1—-F(l—x, 1 —y);

Clel) it VI

) =log, S, (> 0)
g)=1-f1-%, (>0

(1.6)
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In a remarkable article (Frank |5]) it has been proved that (1.1), (1.2),
and (1.6) are the only possible Archimedean solutions of the functional
equation F(x, y) + G(x, y) =x + y.

2. ON STRONG NEGATIONS AND DEMORGAN’S LAwsS

The classical equality Ny= 1—1, has its natural generalization in the
realm of fuzzy sets theory A(x) =1 — A(x), where 4 denotes any fuzzy set.
This last equality can be written as 4 = N o A, where N(x)=1—x is the
standard negation function on [0, 1]. In Bellman—Giertz (2] it was pointed
out that it would be interesting to study the functions n from [0, 1] into
[0, 1] with A(x) = n(4(x)), satisfying only some of the classical DeMorgan’s
laws. We shall pay attention to this problem. _

To begin with we remark that the condition 4 =A whenever A(x)=
n(A(x)) yields that the function n from [0, 1] into [0, 1] must satisfy the
condition n o n = j (where j(x) = x denotes the usual identity function). Thus
we shall restrict our attention to the set S({0, 1]) of strong negations, i.c.,

S([0, 1]) = {n: [0, 1] - |0, 1]/n is continuous and strictly
decreasing, n(0)=1,n(1)=0and n o n = j}.

A functional characterization of strong negations was given by Trillas
[15].

THEOREM 2.1. If n is any map from [0, 1] into |0, 1], then n € S({0, 1])
if and only if there exists a function ¢ from |0, 1] into |0, +00) such that t is
increasing, (0) = 0 and n admits the representation

n(x) =t 1(t(1) — £(x)).

Such a function is called a generator of the negation n. Note that k¢
(k > 0) also generates n. For example:

(i) the classical negation N(x) =1 — x is generated by ¢(x) = x,
(ii) the round negation n(x)=+/1 — x” is generated by #.(x) = x?,
(iii) Sugeno’s negation n(x)=(1—x)/(1 + sx) (s > —1) is generated
by t(x)=(1/s)log(l + sx). Note that n, is the unique rational negation of
the form (ax + b)/(cx + d).

In many uses, if some “nice” additional conditions to that of strong
negation are required, then N(x)=1— x is the only possible one, e.g., N is
the unique element in S(|0,1]) satisfying the Lipschitz inequality
|n(x) —n(y)<k|x—y| 0<k<1),forall x, ye [0, 1].
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We now turn our attention to the standard DeMorgan’s law No (4 U B) =
(NoA)M (No B)

DEFINITION 2.1. Let FE #, GE Y, and n € S(|0, 1]). Then F and G
will be called n-duals if Fo (n X n)=no G, i.e.,

F(n(x), n(y)) = n(G(x, »)) for all x, y€ [0, 1].

It is easily seen that the connectives min—max, as well as the exampies
(1.1)-(1.3), (L.5), and (1.6), are examples of N-duality. In order to build
more collections of n-dual connectives we note

THEOREM 2.2, Iffis an additive generator of F € #, and n € §(|0, 1}),
then g’ = f o n generates additively a function G € £, which is n-dual of F.
Analogously, if GE€ 2, is generated by g and n€ S([0, 1]), then f'= gon
generates an n-dual operation F € 7.

We shall now give a functional characterization of the n-duality in terms
of the additive generators of Archimedean connectives. If p > 0, let [ (x) =

px.

THEOREM 2.3. Let FE.#, and G € £, be generated by f and g, respec-
tively. Then F and G are n-duals, if and only if there exists a positive
constant p such that

S Vol og=g""ol,of, ()

and “a fortiori” n is given by the left-hand side (or by the right-hand side) of
the equality (x).

Proof. The condition no Fo (n X n) =G, can be written in terms of the
additive generators as follows:

(o SN () + f(n(y)) = &'~ "(g(x) + (1)),

but this equation states that f o » generates G as well as g. Consequently,
S on and g must differ only in a positive constant p, i, fon=1[,0 g, and

n:f(_”olpogz g(-l)oll/pof‘,

Remark. We note in view of () that if f(0) < +00 and g(1) < 400, then
(*) yields p = f(0)/g(1), i.e., the constant p is unique. If f(0) (resp. g(1)) is
finite and g(1) (resp. f(0)) is infinite, then there exists no constant satisfying
(*) i.e., the corresponding connectives F and G generated by f and g, respec-
tively, never will be n-duals. But if f(0)= g(1)=+o0, then several
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possibilities are available, e.g., p can be unique and there will exist a unique
negation n satisfying the n-duality or p is not fixed and there exists a large
collection of negations establishing the n-duality. Examples 2.1 and 2.2 will
clarify this remark.

ExaMPLE 2.1. We consider the connectives F, and G, given by (1.4).
Then we have, considering the generators f,(x) = f,(x) and g,(x) = t'g,(x),

(fa' ol o 8)) |
= a(1 — )" [((bx — 1P + (@ — 1)(1 — x)™'"")
and

(&' Lip °fa)(x)
= (@@ (a— D)™ ~ ")/ ((a— (a— DR)* + b,

and (x) holds for p=1¢/¢'. In this case the operations F, and G, are n -duals,
being n, Sugeno’s negation (1 — x)/(1 + sx), where s=(b—a + 1)/a.

ExaMpPLE 2.2. Consider F, and G_, given by (1.3). Then
(fo'olog )x)=(g21° 0 o)x)=(1—x)/(1 + (p—1)x),

i.e., (*) holds for any p > 0 and the n-duality is given by anyone of Sugeno’s
negations n,(x) = (1 -x)/(1+ (p—1)x), p> 0.

We now study the relation between n-duality and ordinal sums. Note first
that if FE # — %, and G € ¥ — ¥, are n-duals, then necessarily n(E(F)) =
E(G).

THEOREM 2.4. Let FE€E F — F, be an ordinal sum determined by a
Sfamily of Archimedean semigroups {(|a;, b,;), F;)/i € J} and let n € s([0, 1]).
Then the function G(x, y) = n(F(n(x), n(y)) is a n-dual operation of F which
is an ordinal sum of the Archimedean semigroups {([n(b;), n(a;)), G)/i € j}
where G,=no F;o (nXn).

Let FE# — %, and GE Y — %, be ordinal sums determined by the
Archimedean semigroups {([a;, b;], F;)/i€J}, and {([¢;,d;], G))/i € J},
respectively (both collections with identical index sets). Let f; and g; (i€ J)
be additive generators of F; and G,, respectively. Assume the additional con-
dition

a; <b;<a;, <by, and c;<d;<e <di. ()

If F and G are n-duals for some n € S(|0, 1]), then n(E(F))= E(G),



22 ALSINA, TRILLAS, AND VALVERDE

n(a;) =d and n(b;) = c;, for all i €J and there exists a sequence (p,);., in
(0, +00) such that, for all i€ J

n(x)=c, + (d;— c;) g ' pfi(x, — a)/ (b, — a)))]
forall x€ |a,,b,|.

Note that in this case » is determined only in {,, |a;, b;].

3. SoME LoGicAL PROPERTIES OF
NONDISTRIBUTIVE CONNECTIVES

As we pointed out in the introduction if F:# min and G # max, then
(P(X), F, G) is not a lattice, but other properties for P(X) (e.g., Kleene’s
algebra (Cignoli [3]) can be considered for nonclassical connectives.

THEOREM 3.1. If FEF, GE€Y, and n€ S(|0, 1)), then Kleene’s
inequality F(x, n(x)) < G(y, n(y)) holds for all x,y € [0, 1].

Proof. Let x, be the fixed point of n. Then we have for all x, y € {0, 1],
F(x, n(x)) < min(x, n(x)) < x, < max(y, n(y)) < G(y, n(y))-
In view of this inequality we can consider the parameter
K(F; n) = inf{n(F(x, n(x)) — F(x, n(x))/x € [0, 1]},

for given FE.# and n € S([0, 1]). Then it is easy to prove:

(a) OKK(F;n)< L

(b) K(F;n)=0 if and only if F(x,, x,) = x,,, i.e., the fixed point x, of
n is an idempotent element of F.

(c) If Fe.#,, then K(F;n)> 0.
(d) If F€.#, and F is strictly increasing, then K(F; n) < 1.

Let G €%, and F € #, with respective additive generators g and f such
that g(1) < +o00 and f(0) < +oc. Then G and F induce the strong negations
ng and ng given by

ng(x) =g "(g()— g(x),  nx(x)=r""(f(0) — f(x)).

For example, the couple (1.1) induces n, =n; =N and the couple (1.5)
yields ng (x) = (1 —x*)"* and n, (x) =1 — (1 — (1 —x)")"*.
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THEOREM 3.2. Let n€ S([0, 1)), let GE Z, be such that g(l) < +o
and let F € #, be such that f(0) < +co. Then:

(i) G satisfies the excluded middle respect to n, i.e., G(x, n(x))=1
Sor all x in [0, 1], if and only if n > ng.

(ii) F satisfies the noncontradiction law, i.e., F(x, n(x)) =0 for all x
in [0, 1], if and only if n < n,.

(iti) ng (resp. ng) is the minimal negation of S(|0, 1]) (resp. maximal)
such that F'(x, y) = ng(G(ng(x), ng(»))) (resp. G'(x, ¥) = n(F(ng(x), ne(»)))
is ng-dual of G and both G and F' satisfy (i) and (ii) (resp. is n.-dual of F
and both F and G' satisfy (i) and (ii).

ExamPLE 3.1. If G, is given by (1.5), then ng (x)= (1 —x*)"* > N(x),
for all A> 1, and F'(x, y) = ng, (G, (ng, (x), ng, (») =
max{[(x* + y*)—1]"*,0} while F, and G, as given by (1.5) are N-duals.
This example also shows that (i) will be satisfied only for negations of # such
that n > ng, > N.

In the particular case that F and G are n-duals then n; o n=no n., and
(G — n) satisfies (i) if and only if (F — n) satisfies (ii). If n. = n,;, then F and
G can be n-duals only for n = n, = n,. Finally, we remark that K(F; n)=1
if and only if n < n;., ie., n and F satisfy the “noncontradiction law.”

Theorem 3.2 has some applications in the study of nonclassical
implications, e.g., I(x, y)= G(n(x), y) satisfies I(x,x)=1, if and only if
n > ng (when such ng exists). (See Trillas ez al. [16].)

4, FURTHER CHARACTERIZATION OF THE
CLASSICAL CONNECTIVES

It is well known that min and max are n-duals for all n € S([0, 1]). We
shall show first that this fact characterizes these classical connectives:

THEOREM 4.1. [If FE.F and GE ¥ are n-duals for all n€ S([0, 1]),
then necessarily F = min and G = max.

Proof. Tt is sufficient to show that G(x,, x;) = x, for all x, &€ (0, 1). Let
X, € (0, 1) and consider two negations n,, n, € S([0, 1]) such that n,(x,) =
Hy(xy) =x, and n,(x) <n,(x) for all x€[0,1]— {0, 1,x,}. Then the
duality conditions yields n,(G(x,, Xq)) = F(n,(xg), n,(x,)) = F(xq, X¢) =
F(ny(xo), 15(x0)) = ny(Gxy, X,)), 1€, G(Xo, X) € {0, 1, x,}. But G(x,, Xo) >
Xo > 0, Le., G(xg,x,) is either 1 or x,. If G(xy,x,)=1, we would have,
taking the sequence of strong negations,

)= (/(1—k)+1, if 0<x<1—(1/k)
=(1—k)x~—1), if 1—(/k)<x<],
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for all ke N, 0=n,(1)=n,G(xy, x,) = F(n,(x,), n,(x,)), consequently.

0= ELHQO F(ni(xy), ny(xy))
=F(’}im n(x,), ]!im n(x) =F(1, 1)=1.

This contradiction implies that G(x,, x,) = x, and “a fortiori” G = max and
F = min.

Now we shall give an equation which characterizes at the same time min,
max, and N=1— j.

THEOREM 4.2. Let FE€ # and n€ S([0, 1]). Assume that G=no Fo
(n X n), i.e., G is the dual operation of F via n. Then

F(xv y)+ G(X, y)—F(x, y) G(X, _}’): 1 ~YI(X) n(y), (41)

Jor all x, y€ |0, 1], if and only if F=min, G = max, and n=N.

Proof. Substituting y=0 in (4.1), we obtain n(x)=1—x. Thus (4.1)
can be written as

F(x, y)+ G(x, y) + xy =x + y + F(x, y) G(x, y),
which is equivalent (via G(x, y)=1—F(1 —x,1— y)) to
l+xy—F(l—x,1—y)=x+y—Fl, ) F(1—-x,1—yp). (4.2)
Choose any ¢ € (0, 1). The substitution x = y = on (4.2) yields
1+ —-Fl—t,1—-)=2—Ft,)F(1—-t1—1), (4.3)
and the substitution x = y=1—1 on (4.2) gives
T+(1 =0 —F(t,t)=2—2t—F(1 — 1, 1 — ) F(¢, 1). (4.4)
Thus by (4.3), we have
F(l—1,1—-1)=01+1=20/(1 - F( 1), (4.5)
and (4.5) together with (4.4) yield:
F(t, 1)) — 2F(t, 1) + > =0,

whence F(t,t) =t and F = min. Note that this proof does not require either
continuity assumptions or associative hypotheses.

Using a similar argument to that of Theorem 4.2 it is easy to prove the
following characterization:
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THEOREM 4.3. Let FE ¥ and let GE Y be its N-dual, G(x, y)=1—
F(1—-x,1— ). Then

F(x,y)G(x, y)=xy  forall x,y€|0,1],

if and only if F = min and G = max.

Another characterization of the classical couple min-max, which is
independent of the hypotheses on n-duality is

THEOREM 4.4, Let FE # and GE€ %. Then

Fx, p) + Glx, y)=x+p,  F(x,y)G(x, y)=xy
Sor all x€ 10,1},

if and only if F =min and G = max.

Proof. Using the result of Frank [5] this theorem follows as a trivial
corollary. We shall give a short argument. Take x= y =1+ Then by the
hypotheses, we have

F,)+ G, =21, F({ )G =1,
whence (using the fact that F(¢, t) > 0, for all £ > 0) we have
F(t, t) + (2/F(t, 1)) = 21,

and it follows that F(¢,¢) =1, ie., necessarily F=min and “a fortiori”
G = max.

REFERENCES

1. J. AczEL, “Lectures on Functional Equations and Their Applications,” Academic Press,
New York, 1969.

2. R. BELLMAN AND M. GIERTZ, On the analytic formalism of the theory of fuzzy sets,
Inform. Sci. § (1973), 149-156.

3. R. CigNoul, Boolean elements in Luckasiewicz algebras 1, Proc. Japan Acad. Ser. A 41
(1965), 670-675.

4. D. Dusois AND H. PRADE, New results about properties and semantics of fuzzy set-
theoretic operators, in “First Symposium on Policy Analysis and Information Systems,”
Durham, North Carolina, 1979.

5. M. J. FrRANK, On the simultaneous associativity of F(x,y) and x+ y— F(x, ),
Aequationes Math. 19 (1979), 194-226.

6. S. HAaAck, “Philosophy of Logic,” Cambridge Univ. Press, London/New York, 1978.

7. H. HAMACHER, On logical connectives of fuzzy statements and their affiliated truth
function, in “Proc. Third European Meeting Cyberneties and Systems Res.,” Vienna,
Austria 1976.



26

10.
11.

ALSINA, TRILLAS, AND VALVERDE

J. KampPE DE FERIET, Mesure de I'information fournie par un evénement, Collog. Internat.
CNRS 186 (1969), 191-212.

. C. H. LING, Representation of associative functions, Publ. Math. Debrecen 12 (1965),

182-212.

R. LoweN, On fuzzy complements, Inform. Sci. 14 (1978), 107-113.

P. S. MosTERED AND A. L. SHIELDS, On the structure of semigroups on a compact
manifold with boundary, 4nn. of Math. (2) 65 (1957), 117-143.

. A. B. PaAaLMAN DE MIRANDA, Topological semigroups, in “Mathematical Centre Tracts,

No. 11,” Mathematisch Centrum, Amsterdam, 1970.

. B. SCHWEIZER AND A. SKLAR, Statistical metric spaces, Pacific J. Math. 10 (1960).

313-334.

. W. SILVERT, Symmetric summation: a class of operations on fuzzy sets, /[EEE Trans.

Systems Man Cybernet. (1979).

. E. TriLLAS, Sobre funciones de negacion en la teoria de conjuntos difusos, Stochastica

III-1 (1979), 47-60.

. E. TriLLAS, X. DOMINGO, AND L. VALVERDE, Pushing Luckasiewicz-Tarski implication a

little farther, in “Proc. of 11th Internat. Symposium of Multiple-Valued Logic,” pp.
232-234, Oklahoma, 1981.

. R. R. YAGER, Generalized “and/or” operators for multivalued and fuzzy logic, in

“Proceedings of Tenth Symposium of Multiple-Valued Logic,” pp. 214-218, Evanston,
Illinois, 1980.

. L. A. ZaDpEH, A fuzzy-algorithmic approach to the definition of complex or imprecise

concepts, Internat. J. Man-Mach. Stud. 8 (1976), 249-291.



