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Abstract

In this paper we study the followingp(x)-Laplacian problem:

−div
(
a(x)|∇u|p(x)−2∇u

) + b(x)|u|p(x)−2u = f (x,u), x ∈ Ω,

u = 0, on ∂Ω,

where 1< p1 � p(x) � p2 < n, Ω ⊂ R
n is a bounded domain and applying the mountain p

theorem we obtain the existence of solutions inW
1,p(x)
0 (Ω) for thep(x)-Laplacian problems in th

superlinear and sublinear cases.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction

After Kovacik and Rakosnik first discussed theLp(x) spaces andWk,p(x) spaces in [17]
a lot of research has been done concerning these kinds of variable exponent spac
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for example, [9–11,13,20] for the properties of such spaces and [1–3,5,6,14,15] f
applications of variable exponent spaces on partial differential equations. In [19]
icka presented the mathematical theory for the application of variable exponent spa
electro-rheological fluids.

Inspired by their works, we want to study thep(x)-Laplacian problem:

− div
(
a(x)|∇u|p(x)−2∇u

) + b(x)|u|p(x)−2u = f (x,u), x ∈ Ω,

u = 0, on ∂Ω,
(1.1)

whereΩ is a bounded domain inRn, 0< a0 � a(x) ∈ L∞(Ω), 0� b0 � b(x) ∈ L∞(Ω),
p is Lipschitz continuous on̄Ω and satisfies

1< p1 � p(x) � p2 < n. (1.2)

Our object is to obtain sufficient conditions onf for (1.1) to admit nontrivial and nonneg
ative solutions in the following prototype cases:

f (x,u) =
{

g(x)uα(x), p(x) − 1< α(x) < p∗(x) − 1, (1.3)

h(x)uβ(x), 0� β(x) < p(x) − 1, (1.4)

wherep∗(x) = np(x)
n−p(x)

.
Whenp(x) is a constant function, there are a lot of studies for the case of bou

domains; see, for example, [4,7,8,12,16] and references therein. It is beyond our
to write out all the works in this direction here. Whenp(x) is a variable function, Fa
and Zhang [14] studied thep(x)-Laplacian problems on bounded domains. Under s
conditions, they established some results on the existence of solutions. Although we
the p(x)-Laplace problems on bounded domains and we apply mountain pass th
as well, our method is a bit different from that in [14] and in some sense we discu
p(x)-Laplacian problem in a more general setting than that in [14].

2. Preliminaries

In this section we first recall some facts on variable exponent spacesLp(x)(Ω) and
Wk,p(x)(Ω). For the details see [13,15,17].

Let P(Ω) be the set of all Lebesgue measurable functionsp :Ω → [1,+∞],

ρp(f ) =
∫

Ω\Ω∞

∣∣f (x)
∣∣p(x)

dx + inf
Ω∞

∣∣f (x)
∣∣, (2.1)

‖f ‖p = inf

{
λ > 0: ρp

(
f

λ

)
� 1

}
, (2.2)

whereΩ∞ = {x ∈ Ω: p(x) = ∞}. The variable exponent Lebesgue spaceLp(x)(Ω) is
the class of all functionsf such thatρp(λf ) < ∞ for someλ = λ(f ) > 0. Lp(x)(Ω) is a

Banach space endowed with the norm (2.2).ρp(f ) is called the modular off in Lp(x)(Ω).
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For a givenp(x) ∈ P(Ω) we define the conjugate functionp′(x) as

p′(x) =



∞, if x ∈ Ω1 = {x ∈ Ω: p(x) = 1},
1, if x ∈ Ω∞,

p(x)
p(x)−1, for otherx ∈ Ω.

Theorem 2.1. Letp ∈ P(Ω). Then the inequality∫
Ω

∣∣f (x)g(x)
∣∣dx � rp‖f ‖p‖g‖p′

holds for everyf ∈ Lp(x)(Ω) andg ∈ Lp′(x)(Ω) with the constantrp depending onp(x)

andΩ only.

Theorem 2.2. The topology of the Banach spaceLp(x)(Ω) endowed by the norm(2.2)
coincides with the topology of modular convergence if and only ifp ∈ L∞(Ω).

Theorem 2.3. The dual space toLp(x)(Ω) is Lp′(x)(Ω) if and only if p ∈ L∞(Ω). The
spaceLp(x)(Ω) is reflexive if and only if

1< inf
Ω

p(x) � sup
Ω

p(x) < ∞. (2.3)

Next we assume thatΩ ⊂ R
n is a nonempty open set,p ∈ P(Ω) andk is a given natura

number.
Given a multiindexα = (α1, . . . , αn) ∈ N

n, we set|α| = α1 + · · · + αn and Dα =
D

α1
1 . . .D

αn
n , whereDi = ∂

∂xi
is the generalized derivative operator.

The generalized Sobolev spaceWk,p(x)(Ω) is the class of all functionsf on Ω such
thatDαf ∈ Lp(x)(Ω) for every multiindexα with |α| � k, endowed with the norm

‖f ‖k,p =
∑

|α|�k

‖Dαf ‖p. (2.4)

By W
k,p(x)

0 (Ω) we denote the subspace ofWk,p(x)(Ω) which is the closure ofC∞
0 (Ω)

with respect to the norm (2.4).

Theorem 2.4. The spaceWk,p(x)(Ω) andW
k,p(x)

0 (Ω) are Banach spaces, which are r
flexive ifp satisfies(2.3).

We denote the dual space ofW
k,p(x)

0 (Ω) by W−k,p′(x)(Ω), then we have

Theorem 2.5. Let p ∈ P(Ω) ∩ L∞(Ω). Then for everyG ∈ W−k,p′(x)(Ω) there exists a
unique system of functions{gα ∈ Lp′(x)(Ω): |α| � k} such that

G(f ) =
∑ ∫

Dαf (x)gα(x) dx, f ∈ W
k,p(x)

0 (Ω).
|α|�k Ω
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The norm ofW−k,p′(x)

0 (Ω) is defined as

‖G‖−k,p′ = sup

{ |G(f )|
‖f ‖k,p

: f ∈ W
k,p(x)

0 (Ω)

}
.

Theorem 2.6. If Ω is a bounded domain with the cone property,p(x) ∈ C(Ω̄) sat-
isfies (1.2) and q(x) is any Lebesgue measurable function defined onΩ with p(x) �
q(x) a.e. on Ω̄ and infx∈Ω {p∗(x) − q(x)} > 0, then there is a compact embeddi
W1,p(x)(Ω) → Lq(x)(Ω).

Theorem 2.7. LetΩ be a domain with the cone property. Ifp : Ω̄ → R is Lipschitz contin-
uous and satisfies(1.2), andq(x) ∈ P(Ω) satisfiesp(x) � q(x) � p∗(x) a.e. onΩ̄ , then
there is a continuous embeddingW1,p(x)(Ω) → Lq(x)(Ω).

Theorem 2.8. LetΩ be a bounded domain. Ifp ∈ L∞(Ω) andu ∈ W
1,p(x)

0 (Ω), then∫
Ω

|u|p(x) dx � C

∫
Ω

|∇u|p(x) dx,

whereC is a constant depending onΩ .

For thep(x)-Laplacian problems (1.1) we define two functionalsK(u) andJ (u) onΩ :

K(u) =
∫
Ω

F(x,u)dx,

J (u) =
∫
Ω

1

p(x)

(
a(x)|∇u|p(x) + b(x)|u|p(x)

)
dx − K(u),

whereF(x, t) = ∫ t

0 f (x, s) ds.
Next we discuss the properties ofK(u) while f satisfies the following conditions:

(H1) f ∈ C(Ω̄ × R), f (x, t) > 0 in Ω0 × (0,+∞) for some nonempty open setΩ0 ⊆ Ω

andf (x, t) = 0 for all x ∈ Ω andt � 0.
(H2) |f (x, t)| � c1 + c2|t |α(x), α + 1∈ C(Ω̄) with â = infx∈Ω{α(x) − p(x) + 1} > 0 and

a = supx∈Ω {p∗(x) − α(x) − 1} > 0. Herec1, c2 are positive constants.
(H3) |f (x, t)| � c̃1 + c̃2|t |β(x), β + 1 ∈ P(Ω) with 0 � β(x) and b = supx∈Ω{p(x) −

β(x) − 1} > 0. Herec̃1, c̃2 are positive constants.

Lemma 2.9. Suppose thatf satisfies(H1) and(H2) or (H3). ThenK(u) is weakly contin-
uous onW1,p(x)

0 (Ω).

Proof. Suppose thatf satisfies (H1) and (H3). Letuj → u weakly in W
1,p(x)

0 (Ω).

Then {uj } is bounded inW
1,p(x)

0 (Ω). By Theorem 2.6 there is a compact emb

ding W1,p(x)(Ω) → Lp(x)(Ω) while there is a continuous embeddingLp(x)(Ω) →
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Lβ(x)+1(Ω), so the embeddingW1,p(x)(Ω) → Lβ(x)+1(Ω) is compact anduj → u in
Lβ(x)+1(Ω). Then by Theorem 2.2uj → u in modular as well. From (H3) we get

∣∣F(x, t)
∣∣ � c̃1|t | + c̃2

β(x) + 1
|t |β(x)+1.

Then by Vitali theorem (see [18]), we have∫
Ω

F(x,uj ) dx →
∫
Ω

F(x,u)dx asj → ∞.

Similarly if f satisfies (H1) and (H2) the theorem is valid as well.�
Theorem 2.10. Suppose thatf satisfies(H1) and(H2) or (H3). ThenK(u) is differentiable
onW

1,p(x)

0 (Ω) with

K ′(u)φ =
∫
Ω

f (x,u)φ dx ∀φ ∈ W
1,p(x)

0 (Ω).

Proof. For differentiability of K , we will show that for anyε > 0, there exists aδ =
δ(ε,u) > 0 such that∣∣∣∣∣K(u + φ) − K(u) −

∫
Ω

f (x,u)φ dx

∣∣∣∣∣ =
∣∣∣∣∣
∫
Ω

F(x,u + φ) − F(x,u) − f (x,u)φ dx

∣∣∣∣∣
< ε‖φ‖1,p

for all φ ∈ W
1,p(x)

0 (Ω) with ‖φ‖1,p < δ.
Let Ω1 = {x ∈ Ωk: |u(x)| � h}, Ω2 = {x ∈ Ωk: |φ(x)| � r}, Ω3 = {x ∈ Ωk: |u(x)| <

h and|φ(x)| < r}, whereh, r are constant which will be determined later.
Next we consider the case thatf satisfies (H1) and (H3) only, the other case thaf

satisfies (H1) and (H2) can be treated similarly. First onΩ1 we have∣∣∣∣∣
∫
Ω1

F(x,u + φ) − F(x,u) − f (x,u)φ dx

∣∣∣∣∣
� C

∫
Ω1

(
c̃1 + c̃2

(|u| + |φ|)β(x))|φ| + (
c̃1 + c̃2|u|β(x)

)|φ|dx

� C

∫
Ω1

(|φ| + |u|β(x)|φ| + |φ|β(x)+1)dx

� C‖χΩ1‖(p∗)′ ‖φ‖p∗ + I1 + I2,

since(|u| + |φ|)β(x) � 2β(x)
(|u|β(x) + |φ|β(x)

)
� 2β̄

(|u|β(x) + |φ|β(x)
)
,

whereβ̄ = supΩ β(x).
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Becauseu ∈ W1,p(x)(Ω), we can get

∞ >

∫
Ω1

|u|p(x) dx �
∫
Ω1

hp(x) dx � min{hp1, hp2}measΩ1. (2.5)

From (2.5), measΩ1 → 0 ash → ∞. Then we can get for sufficiently largeh,

C‖χΩ1‖(p∗)′‖φ‖p∗ � C(measΩ1)
np1

np1−n+p1 ‖φ‖1,p <
ε

9
‖φ‖1,p.

For I1 we have

I1 � C
∥∥|u|β∥∥

(p∗)′,Ω1
‖φ‖p∗ � C

∥∥|u|β∥∥
(p∗)′,Ω1

‖φ‖1,p.

As β(x)(p∗(x))′ = β(x)p∗(x)
p∗(x)−1 < β(x) + 1, we have∫

Ω1

|u|β(x)(p∗(x))′ dx �
∥∥|u|β(p∗)′∥∥

β+1
β(p∗)′ ,Ω1

‖χΩ1‖(
β+1

β(p∗)′ )
′ .

In view of∫
Ω

(χΩ1)
(

β(x)+1
β(x)(p∗(x))′ )

′
dx = measΩ1 � measΩ < ∞,

by Theorem 2.2,

‖χΩ1‖(
β+1

β(p∗)′ )
′ < ∞.

In view of
∫
Ω1

|u|β(x)(p∗(x))′ β(x)+1
β(x)(p∗(x))′ dx = ∫

Ω1
|u|β(x)+1 dx and by Theorem 2.6 we con

clude
∫
Ω1

|u|β(x)+1 dx = ∫
Ω

|uχΩ1|β(x)+1 dx → 0 ash → ∞ and‖uβ(p∗)′ ‖ β+1
β(p∗)′ ,Ω1

→ 0

ash → ∞. Therefore
∫
Ω1

|u|β(x)(p∗(x))′ dx → 0 ash → ∞ and by Theorem 2.2 we ca
chooseh so large that

I1 <
ε

9
‖φ‖1,p.

Similarly for I2 we can also show for sufficiently largeh,

I2 <
ε

9
‖φ‖1,p

and therefore∣∣∣∣∣
∫
Ω1

F(x,u + φ) − F(x,u) − f (x,u)φ dx

∣∣∣∣∣ <
ε

3
‖φ‖1,p. (2.6)

Second fromf ∈ C(Ω̄ × R) we haveF ∈ C1(Ω̄ × R). For anyε1, h > 0, there exists
r > 0 such that∣ ∣
∣F(x, ξ + η) − F(x, ξ) − f (x, ξ)η∣ < ε1|η| (2.7)
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wheneverx ∈ Ω̄ , |ξ | � h and|η| < r . From (2.7) we have∫
Ω3

∣∣F(x,u + φ) − F(x,u) − f (x,u)φ
∣∣dx � ε1‖φ‖p‖χΩ‖p′ .

Chooseε1 such thatε1‖χΩ‖p′ < ε
3, then∫

Ω3

∣∣F(x,u + φ) − F(x,u) − f (x,u)φ
∣∣dx <

ε

3
‖φ‖1,p. (2.8)

Here‖χΩ‖p′ < ∞ because
∫
Ω

(χΩ)p
′(x) dx = measΩ < ∞.

Third similar to the above we have∣∣∣∣∣
∫
Ω2

F(x,u + φ) − F(x,u) − f (x,u)φ dx

∣∣∣∣∣
� C

∫
Ω2

|u|β(x)|φ| + |φ|β(x)+1 dx

� C
(∥∥|u|β∥∥

β+1
β

,Ω2
+ ∥∥|φ|β∥∥

β+1
β

,Ω2

)‖φ‖β+1,Ω2.

For any 0< ε2 < 1, we have∫
Ω2

( |φ|
ε2‖φ‖p∗

)β(x)+1

dx �
∫
Ω2

( |φ|
‖φ‖p∗

)p∗(x)(‖φ‖p∗

r

)p∗(x)−β(x)−1( 1

ε2

)β(x)+1

dx.

As b̄ = supx∈Ω{p∗(x) − β(x) − 1} > 0, we can choose‖φ‖1,p sufficiently small such tha∫
Ω2

( |φ|
ε2‖φ‖p∗

)β(x)+1

dx �
∫
Ω2

( |φ|
‖φ‖p∗

)p∗(x)

dx � 1

and further

‖φ‖β+1,Ω2 � ε2‖φ‖p∗ � Cε2‖φ‖1,p.

From u ∈ W1,p(x)(Ω) and Theorem 2.6,u ∈ Lβ(x)+1(Ω), so
∫
Ω2

(|u|β(x))
β(x)+1
β(x) dx < ∞

and further‖|u|β‖ β+1
β

,Ω2
< ∞. Similarly ‖|φ|β‖ β+1

β
,Ω2

< ∞ if ‖φ‖1,p � 1. Chooseε2

such that∫
Ω2

∣∣F(x,u + φ) − F(x,u) − f (x,u)φ
∣∣dx <

ε

3
‖φ‖1,p. (2.9)

From (2.6), (2.8) and (2.9) we conclude thatK(u) is differentiable onW1,p(x)

0 (Ω) with

K ′(u)φ =
∫

f (x,u)φ dx ∀φ ∈ W
1,p(x)

0 (Ω). �

Ω
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Theorem 2.11. Suppose thatf satisfies(H1) and(H2) or (H3). ThenK ′(u) is a continuous
and compact mapping fromW1,p(x)

0 (Ω) to W−1,p′(x)(Ω).

Proof. From

∣∣K ′(uj )φ − K ′(u)φ
∣∣ �

∫
Ωk

∣∣f (x,uj ) − f (x,u)
∣∣|φ|dx

� C
∥∥f (x,uj ) − f (x,u)

∥∥
(p∗)′‖φ‖p∗

� C
∥∥f (x,uj ) − f (x,u)

∥∥
(p∗)′‖φ‖1,p,

we have∥∥K ′(uj ) − K ′(u)
∥∥−1,p′ � C

∥∥f (x,uj ) − f (x,u)
∥∥

(p∗)′ .

Similarly to the differentiability ofK(u) we can get the result.
At last we show the compactness ofK ′(u). We consider the case in whichf satis-

fies (H1) and (H3) only and the other case can be treated similarly as well. Let{uj }
be a bounded sequence inW

1,p(x)

0 (Ω). As the embeddingW1,p(x)(Ω) → Lβ(x)+1(Ω) is
compact, then the boundedness of{uj } in W1,p(x)(Ω) implies that{uj } has a Cauchy sub
sequence which is still denoted by{uj }. Similar to the above we can choosej sufficiently
large such that∥∥f (x,uj ) − f (x,ui)

∥∥
(p∗)′ < ε.

Then{K ′(uj )} is a Cauchy sequence inW−1,p′(x)(Ω) and the compactness ofK ′ follows
immediately. �

3. Existence of solutions

The critical pointsu of J (u), i.e.,

J ′(u)(φ) =
∫
Ω

a(x)|∇u|p(x)−2∇u∇φ + b(x)|u|p(x)−2uφ − f (x,u)φ dx = 0 (3.1)

for all φ ∈ W
1,p(x)

0 (Ω) are weak solutions of

−div
(
a(x)|∇u|p(x)−2∇u

) + b(x)|u|p(x)−2u = f (x,u).

So next we need only to consider the existence of nontrivial critical points ofJ (u).
First we study the prototype case (1.3). To establish the existence of solutions, w

pose thatf satisfies the following additional condition:

(H4) there exist constantsM > 0 andµ > p(x) with supx∈Ω{µ − p(x)} > 0 such that
p(x)−1
µF(x, t) � tf (x, t) for x ∈ Ω and|t | � M , andf (x, t) = o(|t | ) ast → 0.
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Theorem 3.1. Under conditions(H1), (H2) and (H4) the p(x)-Laplacian problem(1.1)
has a nontrivial and nonnegative solutionu ∈ W

1,p(x)

0 (Ω).

Proof. By (H4), for anyε > 0 there exists aδ > 0 such thatF(x, t) � ε
2|t |p(x) whenever

x ∈ Ω and |t | < δ. By (H2) there exists a constantA = A(δ) > 0 such thatF(x, t) �
A|t |α(x)+1 wheneverx ∈ Ω and|t | � δ. Combining the two inequalities, we get

F(x, t) � ε

2
|t |p(x) + A|t |α(x)+1.

Then

J (u) �
∫
Ω

a0

p2
|∇u|p(x) dx − ε

2

∫
Ω

|u|p(x) dx −
∫
Ω

(
c2

p1
+ A

)
|u|α(x)+1 dx.

By Theorem 2.8 we can takeε sufficiently small such that

ε

2

∫
Ω

|u|p(x) dx � a0

2p2

∫
Ω

|∇u|p(x) dx.

Then

J (u) � a0

2p2

∫
Ω

|∇u|p(x) dx − C

∫
Ω

|u|α(x)+1 dx. (3.2)

By Theorems 2.6 and 2.8 we have‖u‖α+1 � C‖∇u‖p. If ‖∇u‖p < 1 is sufficiently small
such thatC‖∇u‖p < 1, then‖u‖α+1 < 1.

For anyx ∈ Ω̄ , asp,α ∈ C(Ω̄) we can getQR(x) = {y = (y1, . . . , yn): |yi − xi | < R,

i = 1, . . . , n} such that|p(y)−p(x)| < ε and|α(y)−α(x)| < ε whenevery ∈ QR(x)∩Ω̄ .
Takeε = 1

4(α(x) − p(x) + 1), then

px2 = sup
x∈QR(x)∩Ω̄

p(x) � αx1 + 1= inf
x∈QR(x)∩Ω̄

α(x) + 1.

{QR(x)}x∈Ω̄ is an open covering of̄Ω . As Ω̄ is compact, we can pick a finite subcoveri
{QRi

(xi)}mi=1 for Ω̄ from the covering{QR(x)}x∈Ω̄ . If QRi
(xi) �⊂ Ω we defineu = 0 on

QRi
(xi) \ Ω and then Theorem 2.6 is still valid foru ∈ W

1,p(x)

0 (Ω) on QRi
(xi). We can

use all the hyperplanes, for each of which there exists at least one hypersurface o
QRi

(xi) lying on it, to divide
⋃m

i=1 QRi
(xi) into finite open hypercubes{Qj }Jj=1 which

mutually have no common points. It is obvious thatΩ̄ ⊆ ⋃J
j=1 Q̄j and for eachQj there

exists at least oneQRi
(xi) such thatQj ⊆ QRi

(xi). By Theorems 2.6, 2.8 and [11],∫
Qj ∩Ω

|u|α(x)+1 dx �
(
C‖u‖1,p,Qj ∩Ω

)αj1+1
, (3.3)

whereαj1 = infx∈Qj ∩Ω α(x). As ‖∇u‖p,Qj ∩Ω < 1, we have∫
|∇u|p(x) dx � 1

1+ C
‖u‖pj2

1,p,Qj ∩Ω, (3.4)
Qj ∩Ω
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in
wherepj2 = supx∈Qj ∩Ω p(x). From (3.2)–(3.4) we have

a0

2p2

∫
Qj ∩Ω

|∇u|p(x) dx − C

∫
Qj ∩Ω

|u|α(x)+1 dx

� C1
(‖u‖1,p,Qj ∩Ω

)pj2 − C2
(‖u‖1,p,Qj ∩Ω

)αj1+1
.

As αj1 + 1> pj2, there existsrj such that

C1
(‖u‖1,p,Qj ∩Ω

)pj2 − C2
(‖u‖1,p,Qj ∩Ω

)αj1+1 � Cr > 0

if ‖u‖1,p,Qj ∩Ω = r and 0< r � rj < 1
1+C

, where C is the embedding constant
‖u‖α+1 � C‖∇u‖p. Taker0 = min1�j�J {rj }. As

‖u‖1,p =
∥∥∥∥∥u

J∑
j=1

χQj ∩Ω

∥∥∥∥∥
1,p

�
J∑

j=1

‖uχQj ∩Ω‖1,p =
J∑

j=1

‖u‖1,p,Qj ∩Ω.

So there exists at least one‖u‖1,p,Qj ∩Ω satisfying

r0

J
� ‖u‖1,p,Qj ∩Ω � r0.

Then we have

J (u) �
J∑

j=1

(
a0

2p2

∫
Qj ∩Ω

|∇u|p(x) dx − C

∫
Qj ∩Ω

|u|α(x)+1 dx

)

� C1

(
r0

J

)p2
(

1− C2

C1
r

â
2

0

)
> 0

if ‖u‖1,p = r0 > 0.
By (H1) and (H4) we have

F(x, t) � a1t
µ − a2, |t | � M,

where (x, t) ∈ Ω0 × R and a1, a2 > 0 are constant. Pickx0 ∈ Ω0 and B2R(x0) = {x:
|x − x0| < 2R} ⊂ Ω0 with 2R < 1. Let φ ∈ C∞

0 (B2R(x0)) such thatφ ≡ 1, x ∈ BR(x0);
0� φ(x) � 1 and|∇φ| � 1

R
. Denotel = infx∈Ω{µ − p(x)}. Then fors > 1,

J (sφ) �
∫

B2R(x0)

sp(x)

p(x)

(
a(x)|∇φ|p(x) + b(x)|φ|p(x)

)
dx −

∫
B2R(x0)

sµa1|φ|µ dx

+
∫

B2R(x0)∩{x∈Ω: s|φ|�M}
sµa1|φ|µ dx −

∫
B2R(x0)∩{x∈Ω: s|φ|�M}

f (x, sφ)dx

+ a2 measB2R(x0)

� C

(
1
p2

+ 1

) ∫
sp(x) dx − sµa1

∫
|φ|µ dx + C̄ measB2R(x0)
R
B2R(x0) B2R(x0)
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se-

-

1

=
∫

B2R(x0)

sp(x)

(
C

Rp2
+ C − ¯̄Csµ−p(x)

)
dx + C̄ measB2R(x0)

�
∫

B2R(x0)

sp(x)

(
C

Rp2
+ C − ¯̄Csl

)
dx + C̄ measB2R(x0) < 0

if s is sufficiently large. Here

¯̄C =
∫
B2R(x0)

a1|φ|µ dx

measB2R(x0)
.

Next we show that the (PS) condition (i.e., any sequence{ui} ⊂ W
1,p(x)

0 (Ω) for which

J (ui) � C and J ′(ui) → 0 as i → ∞ in W−1,p′(x)(Ω) possesses a convergent sub
quence) holds. Suppose that{ui} ⊂ W

1,p(x)

0 (Ω) is a sequence such thatJ (ui) � C and

J ′(ui) → 0 in W−1,p′(x)(Ω). By (H4) we have

J (ui) �
∫
Ω

a(x)

p(x)
|∇ui |p(x) + b(x)

p(x)
|ui |p(x) dx −

∫
Ω

1

µ
f (x,ui)ui dx

−
∫

Ω∩{x∈Ω: |ui |�M}
F(x,ui) dx +

∫
Ω∩{x∈Ω: |ui |�M}

1

µ
f (x,ui)ui dx

�
∫
Ω

(
1

p(x)
− 1

µ

)(
a(x)|∇ui |p(x) + b(x)|ui |p(x)

)
dx

+ 1

µ

∫
Ω

(
a(x)|∇ui |p(x) + b(x)|ui |p(x) − f (x,ui)ui

)
dx − C

� l

µp2

∫
Ω

a0|∇ui |p(x) + b0|ui |p(x) dx − 1

µ

∥∥J ′(ui)
∥∥−1,p′ ‖ui‖1,p − C.

In the following we consider two cases to show that{ui} is bounded inW1,p(x)(Ω):

(1) If ‖∇ui‖p � 1, it is immediate that‖ui‖1,p � C in view of Theorem 2.8.
(2) If ‖∇ui‖p > 1, then‖∇ui‖p �

∫
Ω

|∇ui |p(x) dx. For i sufficiently large we have

1

µ

∥∥J ′(ui)
∥∥−1,p′ <

a0l

2µp2

and then
∫
Ω

|∇ui |p(x) dx � C and
∫
Ω

|ui |p(x) dx � C as well by Theorem 2.8. There
fore by Theorem 2.2‖ui‖1,p � C.

From (1)–(2) we conclude that{ui} is bounded inW1,p(x)(Ω) and by Theorem 2.1
there exists a subsequence of{ui} (we still denote it by{ui}) such thatK ′(ui) is a Cauchy
sequence inW−1,p′(x)(Ω).

Divide Ω into two parts:{ } { }

Ω1 = x ∈ Ω: p(x) < 2 , Ω2 = x ∈ Ω: p(x) � 2 .
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From (3.1) it is easy to get∫
Ω

a(x)
(|∇ui |p(x)−2∇ui − |∇uj |p(x)−2∇uj

)
(∇ui − ∇uj )

+ b(x)
(|ui |p(x)−2ui − |uj |p(x)−2uj

)
(ui − uj ) dx

�
∣∣J ′(ui)(ui − uj )

∣∣ + ∣∣J ′(uj )(ui − uj )
∣∣

+
∣∣∣∣∣
∫
Ω

(
f (x,ui) − f (x,uj )

)
(ui − uj ) dx

∣∣∣∣∣
� C

(∥∥J ′(ui)
∥∥−1,p′ +

∥∥J ′(uj )
∥∥−1,p′ +

∥∥K ′(ui) − K ′(uj )
∥∥−1,p′

)
→ 0. (3.5)

OnΩ1 we have∫
Ω1

|∇ui − ∇uj |p(x) dx

�
∫
Ω1

((|∇ui |p(x)−2∇ui − |∇uj |p(x)−2∇uj

)
(∇ui − ∇uj )

) p(x)
2

× (|∇ui |p(x) + |∇uj |p(x)
) 2−p(x)

2 dx

�
∥∥((|∇ui |p(x)−2∇ui − |∇uj |p(x)−2∇uj

)
(∇ui − ∇uj )

) p(x)
2

∥∥ 2
p

,Ω1

× ∥∥(|∇ui |p(x) + |∇uj |p(x)
) 2−p(x)

2
∥∥ 2

2−p
,Ω1

.

From (3.5) and Theorem 2.2 we get∥∥((|∇ui |p(x)−2∇ui − |∇uj |p(x)−2∇uj

)
(∇ui − ∇uj )

) p(x)
2

∥∥ 2
p

,Ω1
→ 0. (3.6)

As
∫
Ω1

(|∇ui |p(x) + |∇uj |p(x))
2−p(x)

2 · 2
2−p(x) dx is bounded, by Theorem 2.2 and (3.6),∫

Ω1

|∇ui − ∇uj |p(x) dx → 0. (3.7)

OnΩ2, by (3.5) we have∫
Ω2

|∇ui − ∇uj |p(x) dx

� C

∫
Ω2

(|∇ui |p(x)−2∇ui − |∇uj |p(x)−2∇uj

)
(∇ui − ∇uj ) dx
→ 0. (3.8)
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uppose

late
Combining (3.7) with (3.8) and by Theorem 2.2 we conclude‖∇ui − ∇uj‖p → 0 and
moreover‖ui − uj‖1,p → 0 by Theorem 2.8. Thus the (PS) condition holds.

The mountain pass theorem (see [21]) guarantees thatJ has a nontrivial critical pointu.
Let φ = max{−u(x),0} in (3.1) we arrive at the conclusion thatu � 0 in Ω . �

Second we study the prototype (1.4). To establish the existence of solutions, we s
thatf satisfies:

(H5) f (x, t) � c̃3|t |β0 ast → 0+, 0� β0 � β(x), wherec̃3 > 0.

Theorem 3.2. Under conditions(H1), (H3) and (H5), thep(x)-Laplacian problem(1.1)
has a nontrivial and nonnegative solutionu ∈ W

1,p(x)

0 (Ω).

Proof. By condition (H3) the functionalJ is weakly continuous and differentiable.
Next we show thatJ is bounded below. In view of Theorem 2.8 it is easy to calcu

that

J (u) �
∫
Ω

1

p(x)

(
a0|∇u|p(x) + b0|u|p(x)

)
dx −

∫
Ω

c̃1|u| + c̃2

β(x) + 1
|u|β(x)+1 dx

� 1

p2

∫
Ω

a0|∇u|p(x) + b0|u|p(x) − p2c̃1|u| − p2c̃2|u|β(x)+1 dx

� 1

p2

∫
Ω

|u|
(

C|u|p(x)−1

2
− p2c̃1

)
+ |u|β(x)+1

(
C|u|p(x)−β(x)−1

2
− p2c̃2

)
dx.

Denote

L = max

{
1,

(
2p2c̃1

C

) 1
p1−1

,

(
2p2c̃2

C

) 1
b
}

andΩ1 = {x ∈ Ω: |u(x)| � L}, Ω2 = {x ∈ Ω: |u(x)| < L}. Then from∫
Ω1

|u|p(x) − p2c̃1|u| − p2c̃2|u|β(x)+1 dx � 0

and ∣∣∣∣∣
∫
Ω2

|u|p(x) − p2c̃1|u| − p2c̃2|u|β(x)+1 dx

∣∣∣∣∣
�

∫
Ω2

Lp(x) + p2c̃1L + p2c̃2L
β(x)+1 dx

� 2(Lp2 + p2c̃1L + p2c̃2L
p2)measΩ,

we conclude thatJ is bounded below. ThusJ has a critical pointu: J (u) = inf{J (v): v ∈

W

1,p(x)

0 (Ω)} andu is a weak solution of (1.1).
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At last we showu is nontrivial and nonnegative. Pickx0 ∈ Ω andB2R(x0) ⊂ Ω with
2R < 1. Letφ ∈ C∞

0 (B2R(x0)) such thatφ ≡ 1, x ∈ BR(x0); 0� φ(x) � 1 and|∇φ| � 1
R

.
Then fors < 1,

J (sφ) �
∫

B2R(x0)

sp(x)

p(x)

(
a(x)|∇φ|p(x) + b(x)|φ|p(x)

)
dx −

∫
B2R(x0)

sβ0+1c̃3

β0 + 1
|φ|β0+1 dx

� C

(
1

Rp2
+ 1

) ∫
B2R(x0)

sp(x) dx − sβ0+1c̃3

β0 + 1

∫
B2R(x0)

|φ|β0+1 dx

�
∫

B2R(x0)

sβ0+1
((

C

Rp2
+ C

)
sb − C′

)
dx < 0

if s is sufficiently small. Thereforeu is nontrivial and similar to Theorem 3.1 we c
conclude thatu is nonnegative. �
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