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Abstract

We prove that the only geometry of rankn > 4 all of whose proper contractions are terna
Dowling geometries is the ternary Dowling geometry. We use this to prove a stronger vers
a conjecture of Joseph Kung and James Oxley.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Dowling geometries [2–4] play an important role in a number of areas of matroid th
[6,9,10,12]. In this paper we focus on ternary Dowling geometries, proving a result str
than a conjecture of Kung and Oxley [8] that grew out of some of their work in extr
matroid theory.

Before sketching the elements in the work of Kung and Oxley that also play a role in th
paper, we briefly define some matroids to be considered. Fix a basisp1,p2, . . . , pn of the
rank-n ternary projective geometryPG(n − 1,3). The rank-n ternary Dowling geometry
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Qn is, up to isomorphism, the restriction ofPG(n− 1,3) to the set of points oncoordinate
lines:

E(Qn) =
⋃

1�i<j�n

cl
({pi,pj }

)
.

The elementsp1,p2, . . . , pn are thejoints of Qn, while the other points ofQn are its
internal points. Note thatQn hasn2 points. The ternary Reid geometryR9 is the restriction
of PG(2,3) to the union of three concurrent lines, two having four points and the o
having three. Much of the interest inR9 lies in the fact that it is representable over a fi
F if and only if F has characteristic 3.

Kung [7] proved that if a rank-n geometry (simple matroid)G is representable ove
GF(3) andGF(q), whereq is a prime power not divisible by 3, thenG contains at mos
n2 points. Its proof rests on another theorem involving the Reid geometryR9:

Theorem 1.1. If a ternary geometryG contains a pointx for which|G| − |G/x| � 2r(G),
thenG contains the Reid geometryR9 as a minor.

In other words, ifG is a ternary geometry that does not containR9 as a minor, then
|G| − |G/x| � 2r(G) − 1 for all pointsx of G. Hence a rank-n ternary geometry with
no R9-minor has at mostn2 points. In the sequel to [7], Kung and Oxley [8] investiga
rank-n geometries representable over bothGF(3) andGF(q) with exactlyn2 points. They
proved the following theorem.

Theorem 1.2. Let G be a ternary geometry of rankn � 3. If G does not haveR9 as a
minor and containsn2 points, thenG is isomorphic to the ternary Dowling geometryQn

whenn > 3, and eitherG is isomorphic toQ3 or the ternary affine plane AG(2,3) when
n = 3.

Since the Reid geometryR9 is representable over a fieldF if and only if F has charac
teristic 3, Theorem 1.2 implies that a rank-n (n � 3) geometryG representable overGF(3)

andGF(q) with n2 points is isomorphic toQn if n > 3 and toQ3 or AG(2,3) if n = 3.
The main step in their proof uses upper homogeneity, that is, ifG is a rank-n geometry
containingn2 points and all proper upper intervals ofG are ternary Dowling geometrie
thenG must also be a ternary Dowling geometry. They noted that this result is remin
of Kantor’s embedding theorem [5] for projective spaces, and it led them to the followi
conjecture:

Conjecture 1.3. There exists an integerk such that for anyn > k and any ternary geom
etry G of rank n for which every upper interval of rankk is isomorphic to the ternary
Dowling geometryQk , we must haveG embeddable inQn.

The class of subgeometries of ternary Dowling geometries is closed under takin
nors; it is the same class as that of bias matroids on signed graphs [6,13]. A natural p
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is to determine the excluded minors for the class [13]. Kung and Oxley [8] observed th
using the Scum Theorem, Conjecture 1.3 is a weakened version of the problem of fi
excluded minors for the class of bias matroids on signed graphs.

In this paper, we will prove the following theorem, which is a strengthening of Con
ture 1.3.

Theorem 1.4. Let G be geometry of rankn > 4 such that every upper interval ofG of
rank 4 is isomorphic to the rank-4 ternary Dowling geometryQ4. ThenG is isomorphic
to the ternary Dowling geometryQn.

Let M be a geometry of rankn � 3 such that every upper interval of rank 3 is isom
phic toM(K4). Aigner proved that, with three exceptions,M is isomorphic toM(Kn+1)

[1]. Since the cycle matroids of complete graphs are Dowling geometries over the
group and the ternary Dowling geometries are Dowling geometries over the group
two elements, Theorem 1.4 can be viewed as an extension of Aigner’s result.

Instead of proving Theorem 1.4 directly, we shall prove the following theorem.

Theorem 1.5. LetG be a geometry of rankn > 4 such that the contractionG/x is isomor-
phic to the ternary Dowling geometryQn−1 for all pointsx of G. ThenG is isomorphic
to Qn.

The excluded minors for the class of ternary matroids areU2,5, U3,5, F7, andF ∗
7 . So

if a geometryG is not ternary, thenG contains a minorN isomorphic to one of thes
four. Then by the Scum Theorem,G must have an upper interval with a minor isomorp
to N . But if a geometryG satisfies the conditions in Theorems 1.4 and 1.5, then it doe
contain any ofU2,5, U3,5, F7, or F ∗

7 as a minor, and so must be representable overGF(3).
Thus, in the proofs of Theorems 1.4 and 1.5, we are free to use the fact thatG is ternary.

Theorem 1.5 does not hold whenn = 4: there are two ternary geometriesM, with 13
and 14 points respectively, such that the contractionM/x is isomorphic toQ3 for all x

of M. The proof involves tedious case analysis and is omitted.
Without confusion, we can assume a contraction of a geometry is the simplificat

the contraction, which is again a geometry. Points, lines, and planes of a geome
its flats of rank 1, 2, and 3, respectively. For a geometryG, |G| will denote the numbe
of points inG. We shall say thatk points ofG vanishby the contraction of a pointx if
|G| − |G/x| = k.

2. Preparation

We first establish that Theorem 1.4 follows from Theorem 1.5. For now we assum
Theorem 1.5 holds and argue by induction onn. Let G be a rank-n (n > 4) geometry sat
isfying the conditions in Theorem 1.4. ThenG ∼= Q5 follows trivially whenn = 5, so sup-
posen > 5 and the theorem holds for smaller values. Letx be any point ofG and letG′ =
G/x. If N is an upper interval ofG′ of rank 4, then there exists pointsx1, x2, . . . , xn−5
of G′ such thatN = G′/{x1, x2, . . . , xn−5}. But thenN = G/{x, x1, x2, . . . , xn−5} is an
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upper interval ofG of rank 4. That is, every upper interval ofG′ of rank 4 is isomorphic
to Q4. By induction,G′ ∼= Qn−1. That is, for every pointx of G, the contractionG/x is
isomorphic toQn−1. Now G satisfies the condition of Theorem 1.5, which then imp
Theorem 1.4.

Before we proceed to the proof of Theorem 1.5, we need some preliminaries. If a ran
n geometryG satisfies the condition of Theorem 1.5, then by the Scum Theorem,
rank-k flat of G is isomorphic to a subgeometry ofQk . In particular, every plane ofG is
isomorphic to a subgeometry ofQ3.

There are three non-isomorphic rank-3 ternary geometries with nine points [7], n
the affine planeAG(2,3), the Reid geometryR9, and the Dowling geometryQ3. This
becomes clear if we consider their complements in the projective planePG(2,3): a sub-
geometry ofPG(2,3) with four points is isomorphic to a 4-point line, or the union o
3-point line and a point not on the line, or a circuit of size 4, respectively.

Let r be the common point of the two 4-point lines inR9. ThenR9 \ r is isomorphic to
AG(2,3)\y for any pointy of AG(2,3). FurtherR9 \ r is not isomorphic to a subgeomet
of Q3 since it has no 4-point line and any subgeometry ofQ3 with eight points contains a
least one 4-point line. The deletion fromR9 of any other point is isomorphic to a subgeo
etry of Q3. If G satisfies the condition of Theorem 1.5, thenG has no minor isomorphi
to R9 \ r. Now we only need to consider the subgeometries ofQ3.

It is easy to see the only possible non-isomorphic subgeometries with eight poin
the deletion of a joint and the deletion of an internal point fromQ3. We will denote byP1

the deletion of a joint and byP2 the deletion of an internal point ofQ3. SinceP1 contains
one andP2 contains two 4-point lines,P1 andP2 are not isomorphic.

To catalog the non-isomorphic subgeometries ofQ3 with seven points, we conside
the two pointsx andy that are deleted fromQ3. If two joints are deleted fromQ3, then
the geometry is isomorphic to the non-Fano planeF−

7 ; if x is a joint andy an internal
point such thatx andy are not contained in the same coordinate line, then the geome
isomorphic toP7; if x andy are both internal points that are contained in a coordinate
then the geometry is isomorphic to the parallel connection of two 4-point lines that w
denote byN7. Denote byO7 the geometry obtained by deleting a jointx and an interna
point y that are contained in the same coordinate line. Ifx andy are internal points no
contained in the same coordinate line, then the geometry is isomorphic toO7. These are
the only non-isomorphic subgeometries ofQ3 with seven points.

Any subgeometry with six points is isomorphic to either the cycle matroidM(K4), the
rank-3 whirlW3, the 2-sumR6 of two 4-point lines, or the parallel connection of a 4-po
line and a 3-point line. See [11] for geometric representations of some of the geom
we have described.

Now we give a brief description of the flats of Dowling geometries (see [3] for deta
A rank-k flat of Qn is isomorphic to the direct sumQi ⊕ M(Ki1+1) ⊕ M(Ki2+1) ⊕ · · · ⊕
M(Kit+1), wherei, i1, i2, . . . , it are non-negative integers with sumk. In particular, the
lines have two, three, or four points and a plane is isomorphic to one of the follo
a set of three independent pointsM(K2), the direct sum of a 3-point lineM(K3) and a
point M(K2), the direct sum of a 4-point lineQ2 and a pointM(K2), M(K4), or Q3. So
if a plane ofQn with at least six points is not isomorphic toM(K4), then it is isomorphic
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to Q3. In general, if a rank-k (k > 3) flat of Qn contains more than(k − 1)2 + 1 points,
then it is isomorphic toQk . For easy reference, we list these facts as a lemma.

Lemma 2.1. LetF be a flat ofQn. Then

(i) If F is a plane with at least six points that is not isomorphic toM(K4), thenF is
isomorphic toQ3.

(ii) If F has rankk (k > 3) and has more than(k − 1)2 + 1 points, thenF is isomorphic
to Qk .

3. The proof of Theorem 1.5

SupposeG is a rank-n (n > 4) ternary geometry such thatG/x ∼= Qn−1 for all pointsx

of G. To prove Theorem 1.5, we first prove through a sequence of lemmas thatG has a flat
isomorphic toQk for each rankk, 4� k � n − 1.

Lemma 3.1. For everyk � 3, any flat ofG of rankk is isomorphic to a subgeometry ofQk .
Furthermore, if a flat is isomorphic toQk for somek, thenF is a modular flat ofG.

Proof. Let F be a flat ofG of rankk < n. Then for any pointx not in F , the restriction
of G to F is contained as a subset of a rank-k flat in G/x ∼= Qn−1. ThereforeF , as a
geometry, is contained inQk . By the hypothesis of Theorem 1.5, ifG has a flat isomorphi
to a ternary Dowling geometry of rank at least 3, then it is a modular flat ofG. �
Lemma 3.2. The geometryG is 3-connected.

Proof. It is obvious thatG is connected. IfG is connected but not 3-connected, thenG is
a 2-sum or a parallel connection of two proper minors ofG, sayN1 andN2. At least one
of N1 andN2, sayN1, has rank at least three since the sum of the ranks ofN1 andN2 is
n + 1 > 5. Then there exists a pointx of N1 such thatG/x is a 2-sum ofN1/x andN2,
which is not 3-connected, contradicting the fact thatQn−1 is 3-connected. �
Lemma 3.3. LetM be a rank-k (k � 4) subgeometry ofQk . If M/x ∼= Qk−1 for all pointsx

of M, thenM ∼= Qk .

Proof. By Lemma 3.2M is 3-connected. First we show that all jointsp1,p2, . . . , pk are
contained inM. Assume not. Without loss of generality, sayp1 /∈ M. Then for some dis
tinct pair i andj , 2� i, j � k, sinceM is 3-connected, there is a pointx of M that is an
internal point on the line spanned bypi andpj . But thenM/x will be a proper subge
ometry ofQk−1, contradictingM/x ∼= Qk−1. Now assumeM contains all the joints. If an
internal point is not contained inM, say an internal point on the line spanned byp1 and
p2 is missing, then forp3 ∈ M, M/p3 is not isomorphic toQk−1. �
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Lemma 3.4. There is a planeP of G that contains at least six points and is not isomorp
to M(K4). Furthermore, ifG has a4-point line, thenG has a plane with at least seve
points.

Proof. We first prove thatG has a line that contains at least three points. This certa
holds ifG has a 4-point line. So assume thatG has no 4-point lines. Take any pointx of G.
SinceG/x ∼= Qn−1, there exists a 4-point line inG/x. HenceG has a plane containingx
with at least five points. If this plane has no 3-point line, then it contains a subset is
phic to the uniform matroidU3,5. This contradicts the fact thatG is ternary. SoG has a line
l with at least three points. Supposey is a point contained in the linel. In the contraction
G/y, the line l becomes a point and it is contained in a 4-point line ofG/y. That is,G
has a planeP with at least six points that containsl; furthermore, when contractingy, the
planeP becomes a 4-point line. Since every contraction ofM(K4) is a 3-point line, the
planeP is not isomorphic toM(K4). �

Denote bym for the maximum number of points in a plane ofG. Then 6� m � 9.
Suppose thatP is a plane ofG with m points and thatP is not isomorphic toM(K4). By
Lemma 3.4, ifG has a 4-point line, thenP at least seven points.

Lemma 3.5. There is a rank-4 flat F of G containingP such thatF ∼= Q4.

Proof. From the description of flats of Dowling geometries in Section 2, all planes
ternary Dowling geometry that are not isomorphic toM(K4) and contain at least six poin
are isomorphic toQ3. SinceP has at least six points and is not isomorphic toM(K4), P

is contained as a subset in a coordinate plane inG/x for every pointx not in P . If P has
nine points, then certainlyP ∼= Q3 by Lemma 3.1. SupposeP has eight points. ThenP is
isomorphic toP1 or P2. Since|Pi | − |Pi/x| = 5 for some pointx in each case fori = 1,2,
there is a pointy of P such that|P | − |P/y| = 5. That is, five points ofP vanish when
one contracts toP/y, which is a line contained in a coordinate plane ofG/y ∼= Qn−1.
Therefore,G has a flatF of rank four that containsP with |F | � 9 + 5 = 14 points. By
Lemma 3.1, the flatF is isomorphic to a subgeometry ofQ4 and does not containR9 as
a minor. By Theorem 1.1, at most 2r(F ) − 1 = 7 points vanish in the contraction ofF by
any point. Thus the contraction ofF by any point contains at least 14− 7 = 7 points. By
Lemma 2.1, it is isomorphic toQ3, because it is a plane ofQn−1 with at least seven points
Now Lemma 3.3 applies and we haveF ∼= Q4. Consequently,P ∼= Q3.

Now assume thatP contains six or seven points. By hypothesisG has a rank-4 fla
F containingP in which the contractionF/v by any pointv ∈ F \ P is isomorphic to
Q3. HenceF contains at least 10 points. Since(F/u)/v = (F/v)/u ∼= U2,4 for any point
u of P , F/u contains a 4-point line as a minor. We prove by contradiction thatF/u is
not isomorphic to the direct sum ofU2,4 and a pointw. AssumeF/u ∼= U2,4 ⊕w. First we
assume thatP is not isomorphic toN7. SinceP/u is a line with at least three points for an
pointu of P , in the contractionF/u, P becomes a subset ofU2,4. This forces all points of
P to the pointw in F/u, i.e.,u and all points ofF off P are collinear. ThusF/v ∼= P for
any pointv ∈ F \P , contradicting thatF/v ∼= Q3. Now supposeP is isomorphic toN7 and
let x be the common point of the two 4-point lines. Then for any pointu �= x of P , using
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the argument above,F/u containsU2,4 as a minor andF/u is not isomorphic to the direc
sum ofU2,4 and a point. Recall the contractionF/x containsU2,4 as a minor. Assume tha
F/x is isomorphic to the direct sum ofU2,4 and a pointw. Then one of the two 4-poin
lines of P becomes a point inF/x. This implies thatF is the parallel connection of
4-point line and a plane, contradicting the fact thatF/v is isomorphic toQ3 by any point
v ∈ F \ P . HenceF/x containsU2,4 as a minor, andF/x is not isomorphic to the direc
sum ofU2,4 and a point. By Lemma 2.1,F/u is isomorphic toQ3 since it is a rank-3 fla
of G/u ∼= Qn−1. Now F satisfies the condition of Lemma 3.3, soF ∼= Q4. �

We are ready to prove Theorem 1.5 by induction onn.
First supposen = 5. Then the flatF ∼= Q4 in Lemma 3.5 is a hyperplane ofG. For

any pointx of F , the contractionG/x makes at least 7 points vanish, soG contains at
least 7 points offF . By Lemma 3.1, the flatF is a modular hyperplane inG, so any line
spanned by a pair of points inG \ F meetsF in a point. That is, a pair of points inG \ F

corresponds to a unique point ofF . There are at least
(7
2

) = 21 such pairs andF contains
16 points, so at least two pairs are corresponding to the same pointw for some pointw
in F . Hencew is either contained in a 4-point linel1 or w is contained in two 3-point line
l2 andl3, where each ofl1, l2 andl3 is not contained inF . But then at least 7+2= 9 points
vanish in the contractionG/w, and consequentlyG contains at least 16+ 9 = 25 points.
SinceG is ternary and does not containR9 as a minor,G contains at most 52 = 25 points
by Theorem 1.1. HenceG contains exactly 25 points. By Theorem 1.2,G ∼= Q5.

Now assumer(G) > 5. Let F ∼= Q4 be a flat ofG by Lemma 3.5, thenF/x ∼= Q3
is contained in a rank-4 coordinate flat ofG/x ∼= Qn−1 for any pointx of F . Since the
contractionF/x makes seven points vanish,G has a rank-5 flatF ′ containingF such that
F ′ contains at least 16+ 7 = 23 points. The flatF ′ is isomorphic to a subgeometry ofQ5.
So by Theorem 1.1,|F ′| − |F ′/x| � 2r(F ′) − 1 for all pointsx of F ′, sinceF ′ does not
containR9 as a minor. Thus|F ′/x| � |F ′| − 2r(F ′) + 1� 23− 10+ 1= 14 for all points
x of F ′. By Lemma 2.1, any rank-4 flat of a Dowling geometry with more than 10 po
is isomorphic toQ4. SoF ′/x ∼= Q4 for all pointsx of F ′. By Lemma 3.3,F ′ ∼= Q5.

Repeating this argument we can assume thatG has a hyperplaneH isomorphic toQn−1.
For any pointx of H , 2(n − 2) + 1 = 2n − 3 points vanish in the contractionH/x, soG

contains at least 2n − 3 points outsideH . Now H is a modular flat inG and every line of
G meetsH . For each pair of points offH , the line spanned by the pair meetsH in a point.
There are

(2n−3
2

)
pairs and there are(n − 1)2 points inH . Sincen > 5,

(2n−3
2

)
> (n − 1)2

and at least two pairs are corresponding to the same pointy in H for some pointy of H .
Now the contractionG/y makes at least 2n − 1 points vanish. HenceG contains at leas
(n − 1)2 + 2n − 1 = n2 points. SinceG does not containR9 as a minor,G contains at
mostn2 points by Theorem 1.1. ThereforeG contains exactlyn2 points andG ∼= Qn by
Theorem 1.2.
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