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Abstract

Since the seminal paper of Ghirardato, it is known that Fubini Theorem for non-additive measures can be available
only for functions defined as ‘‘slice-comonotonic’’. We give different assumptions that provide such Fubini Theorems in
the framework of product r-algebras.
� 2007 Elsevier Inc. All rights reserved.
1. Introduction

Non-additive measure theory has risen up with the seminal work of Choquet. It has been widely popular-
ised with the works of Schmeidler [13] for its use in decision theory. One of the most important and natural
questions that has arisen is the following: how robust are the results of expected utility when considering Cho-
quet capacities instead of probability measures? The Fubini Theorem is a useful tool in expected utility theory,
so it would be useful too in Choquet expected utility theory, e.g. in game theory or portfolio problems. Since
the pioneer paper of Ghirardato [7] (see also [6]) it is known that Fubini Theorem for non-additive measures
can hold only considering a special class of functions, namely slice-comonotonic functions. With this restric-
tion to slice-comonotonic functions, Ghiradato [7] has got a Fubini Theorem with a product algebra. However
in the infinite case, product r-algebras are more usual than product algebras. As far as we know, the only
Fubini Theorem with a product r-algebra is one of Brüning’s works [2], who takes as marginals totally mono-
tone capacities on compact spaces. In our work, we show that, not surprisingly, in case of product r-algebras,
some continuity assumptions of the capacities are also required.

The paper begins by revisiting the notion of independent product of two belief functions v1 and v2 in the
countable case. Building upon Chateauneuf and Rébillé [4], where it is proved that r-continuous belief func-
tions defined on PðNÞ are characterised through Möbius inverses with non-null masses only on finite sets, we
show that on PðNÞ �PðNÞ the independent product of r-continuous belief functions can be readily defined.
Then building upon a natural method for deriving Fubini Theorems on product r-algebras for capacities,
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through the obtention of r-additive probability measures coinciding with given capacities on suitable chains,
we propose some inversion order versions of Fubini Theorem. We consider a pair of capacities vi, i = 1, 2 (vi is
either convex or concave) defined on r-algebras Ri of sets Xi. We show that Fubini holds true for a bounded,
R = R1 � R2 measurable, slice-comonotonic mapping f : X1 � X2 7!R when assuming continuity from below
at Xi for vi. Then assuming Xi metric spaces and f : X1 � X2 7!R is bounded, slice-comonotonic and continu-
ous, we show that r-continuity of vi can be relaxed to inner continuity on open sets and outer continuity on
closed sets. For capacities vi, i = 1, 2, no longer assumed to be convex or concave, defined on the r-algebra of
the Borel sets Bi of compact metric spaces Xi, Fubini Theorem applied to a continuous slice-comonotonic
mapping f : X1 � X2 7!R, holds by merely assuming that each vi is either continuous from below on open sets
or continuous from above for closed sets. In the last part, we deal with the product of capacities. In Ghira-
dato’s Theorem [7] on product algebras, it is proved that a product capacity which has a property defined
by Ghiradato [7] as the Fubini independent property, allows to compute a product integral which equals
the iterated integrals. In our paper, we show that, for convex or concave r-continuous capacities, there always
exists a product capacity whose Choquet integral equals the iterated integrals when they can be interchanged.
In general, it is not unique. Next, we take care of finding out capacities product which have the same prop-
erties as their marginals (convexity, total monotonicity). With two totally monotone r-continuous marginals
on countable spaces we prove that there exists a product which fulfils the suitable conditions, moreover it is
unique.

2. Notations and existing results

X is a set. In this paper, we need to distinguish clearly an algebra from a r-algebra. A will be used for an
algebra and R for a r-algebra of subsets of X. Let us note that all the definitions (Definitions 3,4,6,7,9) below,
stated for algebras, are also available for r-algebras. Further when we consider topological spaces, we call B
the r-algebra of Borel sets. Let E 2 R, E* denotes the indicator function of E ("x 2 X, E*(x) = 1 if x 2 E and 0
else). For a mapping f, f/E denotes the restriction of f to E.

A capacity v is a set function from R (or A) to R with v(;) = 0 and with for all A and B in R, A � B,
v(A) 6 v(B). We consider only normalised capacities, i.e. v(X) = 1. Let us recall the definition of the Choquet
integral, let f be a R-measurable mapping f : X! R:
Z

X
f ðxÞdv ¼

Z 0

�1
ðvðf ðxÞP tÞ � 1Þdt þ

Z þ1

0

vðf ðxÞP tÞdt
Let us recall the classical Fubini Theorem on iterated integrals.Fubini Theorem
Let Pi:Ri! [0, 1], i = 1,2, be two r-additive probability measures, where Ri are r-algebras of subsets of Xi,

i = 1,2. Let R = R1 � R2 be the product r-algebra generated by the set of rectangles A1 · A2, A1 2 R1, A2 2 R2.

Let f : X1 � X2 ! R be a bounded R-measurable mapping, then:

1. f(.,x2) is R1-measurable and x2 2 X2 7!
R

X1
f ð:;x2ÞdP 1 is bounded and R2-measurable.

f(x1,.) is R2-measurable and x1 2 X1 7!
R

X2
f ðx1; :ÞdP 2 is bounded and R1-measurable.

2. The iterated integrals
R R

f dP 1 dP 2 and
R R

f dP 2 dP 1 exist and are equal:
Z
X2

Z
X1

f ðx1;x2ÞdP 1

� �
dP 2 ¼

Z
X1

Z
X2

f ðx1;x2ÞdP 2

� �
dP 1
moreover,
3. There exists a unique r-additive probability P on (X1 · X2, R1 � R2), called a Fubini independent product of

P1 and P2, such that for any bounded R-measurable mapping f : X1 � X2 ! R,
Z
f dP ¼

Z Z
f dP 1 dP 2 ¼

Z Z
f dP 2dP 1

� �
P is uniquely defined by its values on rectangles:
P ðA1 � A2Þ ¼ P 1ðA1Þ � P 2ðA2ÞðA1 2 R1;A2 2 R2Þ
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Remark 1. Note that all along the paper we deal with bounded mappings in order to avoid unuseful
complications on the existence of the considered integrals, thus mainly focusing on needed measurability
properties. Moreover, we prefer not to introduce the ‘‘almost everywhere’’ refinements that can be found in
more general versions of Fubini Theorem as in [1]: the main reason is that, to the best of our knowledge, no
real consensus does exist for this notion when dealing with capacities. Note also that, for sake of consistency
with Ghiradato’s terminology, we prefer to call Fubini independent product of measures what is usually called
product of measures. Finally, the previous statement of Fubini Theorem aims at synthetizing the successive
steps which lean to the classical Fubini Theorem; in our framework, our statement is in accordance with
theorem 8.6 and assertion (a) of the Fubini Theorem 8.8 in [12].
2.1. Fubini Theorem of Ghirardato [7] on product algebras for non-additive measures

Let vi : Ai ! ½0; 1�; i ¼ 1; 2, be two capacities, where Ai are algebras of subsets of Xi, i = 1,2. Let
A ¼A1 �A2 be the product algebra generated by the set of rectangles A1 · A2, A1 2A1, A2 2A2.

Remark 2. The algebra A consists of all finite disjoint unions of rectangles.

Definition 1. Mappings f, g : X! R are comonotonic if for every x, y 2 X[f(x) � f(y)][g(x) � g(y)] P 0.

The following definitions and lemmas are due to Ghirardato [7].

Definition 2. f : X1 � X2 7!R is slice-comonotonic if "(x1, x2) 2 X1 · X1, f(x1,.) and f(x2,.) are comonotonic
and "(y1,y2) 2 X2 · X2, f(.,y1) and f(.,y2) are comonotonic.

Definition 3. A 2A is slice-comonotonic if its characteristic function is slice-comonotonic.

The next lemma, from Ghiradato [7], enlights why slice-comonotonicity can be considered as a necessary
condition to obtain Fubini Theorems for non-additive measures.

Lemma 1. Let f : X1 � X2 ! R be a bounded R-measurable mapping. In order that iterated integralsR R
f dv1 dv2,

R R
f dv2 dv1 exist and are equal for any pair of capacities, f must be slice-comonotonic.

For a discussion about slice-comonotonic functions, see Ghirardato [7, p. 278, 279]. He concludes that ‘‘the
class of slice-comonotonic functions is quite large’’, including functions which are monotone in each
argument.

Theorem (Ghirardato [7]). Let vi, i = 1,2 be capacities on Ai algebras of Xi, i = 1,2. Let X = X1 · X2 be

endowed with the product algebra A = A1 � A2. Let f : X1 � X2 7!R be a slice-comonotonic bounded

A-measurable mapping, then:

1. f(.,x2) is A1-measurable and x2 2 X2 7!
R

X1
f ð:;x2Þdv1 is bounded and A2-measurable.f(x1,.) is A2-measurable

and x1 2 X1 7!
R

X2
f ðx1; :Þdv2 is bounded and A1-measurable.

2. The iterated integrals
R R

f dv1 dv2,
R R

f dv2 dv1 exist and are equal:
Z
X2

Z
X1

f ðx1;x2Þdv1

� �
dv2 ¼

Z
X1

Z
X2

f ðx1;x2Þdv2

� �
dv1
moreover,

3. a capacity v on (X1 · X2, A) satisfies: for any slice-comonotonic bounded A-measurable mapping
f : X1 � X2 ! R;

Z
f dv ¼

Z Z
f dv1 dv2 ¼

Z Z
f dv2 dv1

� �
if and only if v satisfies vðAÞ ¼
R R

A� dv1 dv2 for any slice-comonotonic A belonging to A. Such a capacity is

called a Fubini independent product of v1 and v2.
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2.2. Continuity assumptions of the measures for Fubini Theorems on product r-algebras

Capacities behave symmetrically as measures: Fubini’s Theorem is available for finitely additive measures
(see [9]) with algebras but no more with r-algebras. We give two examples that show the need for some con-
tinuity assumptions of the measures for Fubini Theorems on product r-algebras.

Let X1 ¼ X2 ¼ N, R1 ¼ R2 ¼ PðNÞ, R ¼ R1 � R2 ¼ PðNÞ �PðNÞ the r-algebra product on X1 · X2, P is a
finitely additive and non-r-additive probability defined on R by P(A) = 0 if A finite 2 R. Let us note that P can
be defined on all A 2 PðNÞ with P(A) = 1 if there exists n 2 N such that for all m P n, m 2 A and P(A) = 0
otherwise.

Example 1. f : ðm; nÞ 2 X� X 7!f ðm; nÞ ¼ 1 if m P n
0 if m < n

�
f is R-measurable, slice-comonotonic since f is monotone in each argument. ButR

X

R
X f ðm; nÞdP ðnÞdP ðmÞ ¼ 0 and

R
X

R
X f ðm; nÞdP ðmÞdP ðnÞ ¼ 1.

Example 2. f : ðm; nÞ 2 X� X 7!f ðm; nÞ ¼
1
nþ 1 if m > n
0 if m 6 n

�
f is R-measurable, slice-comonotonic since f is monotone in each argument. ButR

X

R
X f ðm; nÞdP ðnÞdP ðmÞ ¼ 0 and

R
X

R
X f ðm; nÞdP ðmÞdP ðnÞ ¼ 1.
3. A Fubini Theorem on PðNÞ � PðNÞ for belief functions

In this part, we will deal with a special class of capacities: the belief functions. Belief functions have been
studied first by Dempster and Shafer [14]. We place them in the beginning of our work because we can obtain a
complete Fubini Theorem.

Definition 4. Let A be an algebra of subsets of X then v : R! R is a belief function if v is a capacity and v is
totally monotone: "k P 2, A1, . . . ,Ak 2 R:
v
[k
i¼1

Ai

 !
P

X
I � f1 . . . kg
I 6¼ ;

ð�1ÞjI jþ1v
\
i2I

Ai

 !
We define the usual notions of continuity for capacities.

Definition 5. A capacity v on R is r–continuous if v is (everywhere) continuous from below and from above,
i.e. if for all E 2 R, for all increasing and decreasing sequences (En)n to E: limn!1v(En) = v(E).

Totally monotone capacities are special cases of convex capacities.

Definition 6. A capacity v on A is convex (resp. concave) if for all A and B in R:
vðA [ BÞ þ vðA \ BÞP ðresp: 6ÞvðAÞ þ vðBÞ:

The following property simplifies the work to verify whether a convex capacity is continuous.

Property 1 (Rosenmüller [11]). A convex capacity on (X, R) is r-continuous if it is continuous from below at X.

In PðNÞ, totally monotone capacities have this property which we use to prove the unicity of a totally mono-
tone r-continuous product capacity. B1ðNÞ is the set of bounded real valued functions on N. In order to use a
useful property from Chateauneuf and Rébillé [4], we need to recall the definition of the core of a capacity.

Definition 7. Let v be a capacity, C(v) = {m; m is a measure such that m(X) = v(X) and such that, for all A in
A, m(A) P v(A)}. C(v) is called the core of v.

Property 2 (Chateauneuf and Rébillé [4]). Let v be a r-continuous belief function on PðNÞ then there exists a

unique m : PðNÞ ! ½0; 1� with m(A) = 0 "A infinite 2 PðNÞ and
P

A2PðNÞmðAÞ ¼ 1 such that:
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8A 2 PðNÞ; vðAÞ ¼
X
B�A

mðBÞ:
Furthermore, for any finite A 2 PðNÞ, mðAÞ ¼
P

B�Að�1ÞjAnBjvðBÞ.
Conversely, let m : PðNÞ ! ½0; 1� be null on the empty set and the infinite sets, with

P
A2PðNÞmðAÞ ¼ 1. Let us

define v such that:
v : PðNÞ ! ½0; 1� 8A 2 P ðNÞ; vðAÞ ¼
X
B�A

mðBÞ:
Then v is a r-continuous belief function on PðNÞ. Moreover, 8f 2 B1ðNÞ,
R

N
f dv ¼

P
A;A finitemðAÞ �min f ðAÞ.

In other words a capacity v on PðNÞ is a r-continuous belief function if and only if its usual Möbius inverse
on finite subsets is non-negative and the capacity v(A) of any subset A of N is the sum of the masses m(B) of all
the finite subsets of A. In what follows the unique m : PðNÞ ! ½0; 1� defined as in Property 2, for a r- contin-
uous belief function v on PðNÞ will be called the Möbius inverse of v. Take X1 ¼ X2 ¼ N, R1 ¼ R2 ¼ PðNÞ,
R1 � R2 ¼ PðNÞ �PðNÞ the r-algebra product on X1 · X2. Note that, since PðNÞ �PðNÞ is nothing else that
PðN�NÞ, no assumption of measurability is needed for the mapping f : N�N! R considered in Theorem
1 below.

Theorem 1. Let vi : PðNÞ ! ½0; 1�; i ¼ 1; 2 be two r-continuous belief functions and denoted by mi, i = 1,2 their

respective Möbius inverse. Let f : N�N! R be a slice-comonotonic bounded mapping, then: the iterated

integrals
R R

f dv1 dv2 and
R R

f dv2 dv1 exist and are equal:
Z Z
f dv1 dv2 ¼

X
A1�A2

Ai�Nfinite

m1ðA1Þ � m2ðA2Þ � min
A1�A2

f ðx1;x2Þ ¼
Z Z

f dv2 dv1
Moreover there exists a unique v, r-continuous belief function on ðN�N;PðNÞ �PðNÞÞ, called the Fubini inde-

pendent product of v1 and v2, such that for any f : N�N! R slice-comonotonic bounded mappingR
f dv ¼

R R
f dv1 dv2 ¼

R R
f dv2 dv1

� �
. v is uniquely defined by the values of its Möbius inverse m on rectangles

of finite subsets of N: m(A1 · A2) = m1(A1) Æ m2(A2) (Ai finite subsets of N) and m(B) = 0 otherwise.

That theorem is a complete Fubini Theorem: not only we can interchange the order of integration but also
there exists a unique product capacity whose integral equals the iterated integrals.

Proof. Let us recall the Property 2, in Chateauneuf–Rébillé [4]:
R

N
f dv ¼

P
A;A finitemðAÞ �min f ðAÞ. So" #
Z Z

f dv1 dv2 ¼
Z

N

Z
N

f ð:;x2Þdv2

� �
dv1 ¼

Z
N

X
A1;A1finite

m1ðA1Þ �min f ðA1;x2Þ dv2

¼
X
A2;A2
finite

X
A1;A1
finite

m2ðA2Þ � m1ðA1Þ �min f ðA1;A2Þ
Let E 2 PðXÞ �PðXÞ, E finite. Let us consider v/E. For every comonotonic set F of RðEÞ ¼ Pfði; jÞ; ði; jÞ 2
Eg, as v is a Fubini independent product, we have: vðF Þ ¼

R
E1

R
E2

F � dv2 dv1. Applying Ghirardato’s theorem
3 [7] we can compute v/E Möbius transform: it equals m1(A1) Æ m2(A2) for the rectangles A1 · A2, it is null for
every non-rectangle. From Property 2, Chateauneuf–Rébillé [4] we can get the Möbius transform of v, it has
exactly the same values on PðNÞ �PðNÞ for the finite sets. As v is r-continuous its Möbius transform is null
on the infinite set. So there does exist a unique Fubini independent product of v1 and v2, which is defined by the
values of its Möbius inverse m on rectangles of finite subsets of N: m(A1 · A2) = m1(A1) Æ m2(A2) (Ai finite sub-
sets of N) and m(B) = 0 otherwise. h
4. Some Fubini Theorems on iterated integrals for non-additive measures on product r-algebras

4.1. Abstract space

With conditions on the capacities (namely concave or convex capacities) we obtain a Fubini Theorem of the
type interchange the order of integration:
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Theorem 2. Let vi, i = 1,2 be convex or concave r-continuous capacities on Ri r-algebras of Xi, i = 1,2. Let

X = X1 · X2 be endowed with the product r-algebra R = R1 � R2. Let f : X1 � X2 ! R be a slice-comonotonic

bounded R-measurable mapping, then:

1. f(.,x2) is R1-measurable and x2 2 X2 7!
R

X1
f ð:;x2Þdv1 is bounded and R2-measurable.

f(x1,.) is R2-measurable and x1 2 X1 7!
R

X2
f ðx1; :Þdv2 is bounded and R1-measurable.

2. The iterated integrals
R R

f dv1dv2,
R R

f dv2dv1 exist and are equal:
Z
X2

Z
X1

f ðx1;x2Þdv1

� �
dv2 ¼

Z
X1

Z
X2

f ðx1;x2Þdv2

� �
dv1
Proof. Roughly speaking the general principles of the proofs are the following: show that there exist Pi r-
additive probabilities on (Xi, Ri) such that:
Z

X2

Z
X1

f ðx1;x2Þdv1

� �
dv2 ¼

Z Z
f dP 1 dP 2
and
 Z
X1

Z
X2

f ðx1;x2Þdv2

� �
dv1 ¼

Z Z
f dP 2 dP 1
and then apply the classical Fubini’s Theorem.Slice-comonotonicity of f implies that C ¼ ff ð:;x2Þ;x2 2 X2g
is a class of comonotonic mappings, hence from Denneberg [5] proposition 10.1, there exists P 01 additive prob-
ability in the core of v1 (resp.in the anti-core of v1) if v1 is convex (resp.v1 is concave) such thatR

X1
f ð:;x2Þdv1 ¼

R
X1

f ð:;x2ÞdP 018x2 2 X2.r-continuity of v1 implies r-additivity of P 01 hence

f2 : x2 2 X2 7!f2ðx2Þ ¼
R

X1
f ð:;x2Þdv1 is R2-measurable (and bounded).From this,

R R
f dv1 dv2 andR R

f dv2 dv1 exist.Slice-comonotonicity of f implies that, if f ðx1;x2Þ 6¼ f ðx1;x02Þ, say f ðx1;x2Þ < f ðx1;x02Þ
then for all x01 in X1, f ðx01;x2Þ 6 f ðx01;x02Þ.Hence, by monotonicity of the Choquet integral we ha-
ve:
R

X1
f ð:;x2Þdv1 6

R
X1

f ð:;x02Þdv1.We can conclude that C ¼ ff2ð:Þ; f ðx1; :Þ;x1 2 X1g is a class of comono-
tonic mappings, hence as above, there exists P2 r-additive on (X2, R2) such that

R
f2 dv2 ¼

R
f2 dP 2 soR R

f dv1dv2 ¼
R R

f dv1 dP 2 and
R

f ðx1; :Þdv2 ¼
R

f ðx1; :ÞdP 2 for all x1 so
R R

f dv2dv1 ¼
R R

f dP 2 dv1. A sim-
ilar reasoning allows to replace v1 by a r-additive probability P1 on (X1, R1). h
4.1.1. Introducing some topological assumptions

In the following, we consider topological spaces in order to get less strong conditions on the capacities.
Now let X1, X2 be metric spaces, and Bi be the Borel r-algebras of Xi, i = 1,2.

Definition 8. G is the set of open sets, F the set of closed sets.

• v is continuous from below on open sets if Gn, G 2 G, Gn an increasing sequence to G: limn!1v(Gn) = v(G).
• v is continuous from above on closed sets if Fn, F 2F, Fn a decreasing sequence to F: limn!1v(Fn) = v(F).

Theorem 3. Let vi,i = 1,2 be convex or concave capacities on Bi Borel r-algebras of the metric spaces Xi, i = 1,2,
continuous from below on open sets, continuous from above on closed sets. Let X = X1 · X2 endowed with the r-alge-

bra generated by B ¼ B1 �B2. Let f : X1 � X2 ! R be a slice-comonotonic bounded continuous mapping, then:

1. f(.,x2) is continuous and x2 2 X2 7!
R

X1
f ð:;x2Þdv1 is bounded and continuous. f(x1,.) is continuous and

x1 2 X1 7!
R

X2
f ðx1; :Þdv2 is bounded and continuous.

2. The iterated integrals
R R

f dv1 dv2,
R R

f dv2 dv1 exist and are equal:
Z
X2

Z
X1

f ðx1;x2Þdv1

� �
dv2 ¼

Z
X1

Z
X2

f ðx1;x2Þdv2

� �
dv1
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Proof. Suppose that v1 is convex then let us define v1* on B1 by: A 2 B1v1� ¼ supfv1ðF Þ; F � A; F 2F1g. F1

is closed under finite union and intersection and closed from above (i.e. for any decreasing sequence F n 2F1,Tþ1
n¼1F n 2F1). Since v1 is convex and continuous from above on F1, it comes (see proposition 2.4 in Denne-

berg [5]) that v1* is convex and continuous from above on B1. X1 metric space, v1 continuous from below on
G1 implies that for any G 2 G1; v1ðGÞ ¼ supfv1ðF Þ; F � G; F 2F1g, therefore: v1*(G) = v1(G) for any G 2 G1,
furthermore v1* is continuous from below on G1. To summarize there exists v1* convex continuous from above,
continuous from below on open sets, coinciding with v1 on closed and open sets. Clearly, f(.,x2) is continuous
hence B1 measurable and therefore

R
X1

f ð:;x2Þdv1 exists for any x2 2 X2. Recall that:
Z
X1

f ð:;x2Þdv1 ¼
Z 0

�1
ðv1ðf ð:;x2ÞP tÞ � 1Þdt þ

Z þ1

0

v1ðf ð:;x2ÞP tÞdt
or else,
Z
X1

f ð:;x2Þdv1� ¼
Z 0

�1
ðv1�ðf ð:;x2ÞP tÞ � 1Þdt þ

Z þ1

0

v1�ðf ð:;x2ÞP tÞdt
hence
R

X1
f ð:;x2Þdv1 ¼

R
X1

f ð:;x2Þdv1�.
C ¼ ff ð:;x2Þ;x2 2 X2g is a class of comonotonic mappings, hence from Denneberg [5] proposition 10.1

there exists m1 additive probability on B1 such that m1(f(.,x2) P t) = v1*(f(.,x2) P t),m1(f(.,x2) > t) =
v1*(f(.,x2) > t) for any ðt;x2Þ 2 R� X2 and m1 belongs to the core of v1*.

Therefore, from theorem 6 of Parker [10] there exists P 01 r-additive on B1 such that P 01 agrees with m1 on
D ¼ fff ð:;x2Þ > tg, t 2 R;x2 2 X2g hence agrees with v1 on D. Therefore,

R
X1

f ð:;x2Þdv1 ¼R
X1

f ð:;x2ÞdP 018x2 2 X2. This entails that: f2 : x2 2 X2 7!f2ðx2Þ ¼
R

X1
f ð:;x2Þdv1 is continuous and indeed

bounded. A similar reasoning would apply if v1 is concave, which completes the proof of Part 1 of Theorem 5.
Let us come to Part 2 of Theorem 3. Suppose again that v1 is convex (similar reasoning if v1 is concave). Let

us denote f1 : x1 2 X1 7!f1ðx1Þ ¼
R

X2
f ðx1; :Þdv2. As in the proof of Theorem 2 slice-comonotonicity of f

implies that C1 ¼ ff1ð:Þ; f ð:;x2Þ;x2 2 X2g is a class of comonotonic mappings, hence the same reasoning as
above shows that there exists P1 r-additive on B1 such that P1 agrees with v1 on D where D is now defined by
D ¼ fff1 > tg; ff ð:;x2Þ > tg; t 2 R;x2 2 X2g. This implies

R R
f dv1 dv2 ¼

R R
f dP 1 dv2 and

R R
f dv2 dv1 ¼R R

f dv2 dP 1. Applying a similar reasoning to v2 now allows to replace v2 by a r-additive probability P2 on
ðX2;B2Þ hence equality of the iterated integrals. h

Remark 3. Theorems 2 and 3 allow to take a convex and a concave capacity reflecting on one space a kind of
uncertainty aversion and on the other one a kind of uncertainty loving.

Proofs of Theorems 3 and 4 are more delicate than Theorem 2’s. Our proofs use tricks similar to those of
Brüning and Denneberg [3] for their theorem 1 and make intensive use of Parker’s theorem [10] which follows:

Theorem (Parker [10]). Let X be a metric space and v be a capacity on BðXÞ everywhere continuous from above

and continuous from below on open sets. Then for every finitely additive probability l in the core of v and every

non-empty sub-system D of open sets such that l agrees with v on D, there exists a r-additive probability P in the

core of v with P(G) = v(G) "G 2 D.

Let us assume finally that the Xi’s, i = 1,2 are compact metric spaces. That strong restriction for the state
space allows to consider general capacities (not necessarily convex or concave) with continuity only for closed
or compact sets.

Theorem 4. Let vi, i = 1,2 be capacities on Bi Borel r-algebras of the compact space Xi, i = 1,2 continuous from

below on open sets or continuous from above on closed sets. Let X = X1 · X2 be endowed with the r-algebra

generated by B ¼ B1 �B2. Let f : X1 � X2 ! R be a slice-comonotonic bounded continuous mapping, then:

1. f(.,x2) is continuous and x2 2 X2 7!
R

X1
f ð:;x2Þdv1 is bounded and continuous, f(x1,.) is continuous and

x1 2 X1 7!
R

X2
f ðx1; :Þdv2 is bounded and continuous.
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2. The iterated integrals
R R

f dv1dv2,
R R

f dv2 dv1 exist and are equal:
Z
X2

Z
X1

f ðx1;x2Þdv1

� �
dv2 ¼

Z
X1

Z
X2

f ðx1;x2Þdv2

� �
dv1
Proof. Suppose that v1 is continuous from above on closed sets. For any x2 2 X2, f(.,x2) is continuous hence
B1 measurable and therefore

R
f ð:;x2Þdv1 exists for any x2. Slice-comonotonicity of f and continuity of f(.,x2)

implies that C ¼ fff ð:;x2ÞP tg;x2 2 X2; t 2 Rg is a chain of closed sets of X1. Applying the dual form of
lemma 2 of Brüning and Denneberg [3], we show that the capacity v1* defined by v1� ¼
supfv1ðF Þ; F 2 C; F � Ag is continuous from above on B1, continuous from below on open sets and convex.

C denotes the closure from above of C, i.e. C consists of all sets in X1 which are the intersection of
decreasing sequences of sets in C. Clearly, C is a chain of closed sets. E ¼ ff ð:;x2Þ;x2 2 X2g is a class of
comonotonic mappings, hence from Denneberg [5] proposition 10.1 there exists m1 additive probability on B1

belonging to the core of v1* and such that m1(f(.,x2) > t) = m1*(f(.,x2) > t) for any ðt;x2Þ 2 R� X2. Therefore,
from theorem 6 of Parker [10] there exists P 01 r-additive on B1 such that P 01 agrees with v1* on D. Let x2 be
fixed since t! v1* (f(.,x2) P t) is monotone with compact support [a, b], one obtains
m1�ðf ð:;x2ÞP tÞ ¼ m1�ðf ð:;x2Þ > tÞ ¼ P 1ðf ð:;x2Þ > tÞ ¼ P 01ðf ð:;x2ÞP tÞ

Since ff ð:;x2Þ > tg 2 C one gets v1(f(.,x2) P t) = v1*(f(.,x2) P t) hence m1ðf ð:;x2ÞP tÞ ¼ P 01ðf ð:;x2ÞP tÞ,
therefore

R
X1

f ð:;x2Þdv1 ¼
R

X1
f ð:;x2ÞdP 01 8x2 2 X2, this entails that f : x2 2 X2 7!f2ðx2Þ ¼

R
X1

f ð:;x2Þdv1 is
continuous and indeed bounded. A similar reasoning would apply if v1 is continuous from below on open sets,
what completes the proof of Part 1 of Theorem 4.

Let us come to Part 2 of Theorem 4. Suppose again that v1 is continuous from above on closed sets (similar
reasoning if v1 is continuous from below on open sets). Let denote f1 : x1 2 X1 7!

R
X2

f ðx1; :Þdv2. Slice-
comonotonicity of f, continuity of f1 and of f(.,x2) implies that C ¼ fff1ð:ÞP tg; ff ð:;x2ÞP tg;x2 2
X2; t 2 Rg is a chain of closed sets of X1, hence the same reasoning as above shows that there exists P1 r-
additive on B1 such that

R R
f dv1 dv2 ¼

R R
f dP 1dv2 and

R R
f dv2 dv1 ¼

R R
f dv2 dP 1. Applying a similar

reasoning to v2 now allows to replace v2 by a r-additive probability P2 on ðX2;B2Þ, hence equality of the
iterated integrals. h
5. Product capacity

In the preceding section we have got theorems which allow to change the order of integration. It is then
natural to wonder if there exists a capacity v that satisfies

R
f dv ¼

R R
f dv1 dv2 ¼

R R
f dv2 dv1 for every

slice-comonotonic f. In order to answer in some cases, we need to adapt a definition of Ghirardato [7, defini-
tion 5, p. 270] for a r-algebra. Let us recall it.

Definition 9. A capacity v on ðX;AÞ is said to have the Fubini property (or to be a Fubini independent
product) if for any slice-comonotonic set A 2A:

R
A� dv ¼

R R
A� dv1 dv2.

First let us note that a Fubini independent product capacity always exists when
R R

f dv1 dv2 ¼
R R

f dv2 dv1

for every slice-comonotonic f. We can define vm as "E 2 R, vmðEÞ ¼ sup
R R

A� dv1 dv2, for A slice comonotonic
set of R and A � E (we call it vm because it is the minimal Fubini independent product capacity). The next
theorem shows Fubini independent product capacities allow us to state a ‘‘full’’ Fubini Theorem when the
assumptions of Theorem 3 are fulfilled.

Theorem 5. Let vi, i = 1,2 be convex or concave r-continuous capacities on Ri r-algebras of Xi, i = 1,2, let

X = X1 · X2 be endowed with the product r-algebra R = R1 � R2, let f : X1 � X2 7!R be a slice-comonotonic

bounded R-measurable mapping, let v be a product capacity on (X, R) which has the Fubini property, then we haveR
f dv ¼

R R
f dv1dv2 ¼

R R
f dv2 dv1.
Proof. If f is slice-comonotonic and simple (i.e. finite ranged) then f ¼
Pn

i¼1fiA
�
i (actually f ¼ a1X

�þPn
i¼2ðai � ai�1ÞA�i with a1 < � � � < an and Ai+1 � Ai for i = 1, . . ., n � 1). The proof of Ghiradato [7, p. 10]

(i.e. if an Ai is not slice-comonotonic f cannot be slice-comonotonic) can be readily adapted for r-algebras
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and so Ai are comonotonic sets with Ai � Ai+1. As v is Fubini independent we can then compute the integral of
f (i.e.

R
f dv ¼

Pn
i¼1fivðAiÞ) and obtain the same result as the one with the iterated integral. So the equality is

true for finite ranged functions.
Let us consider now a general slice-comonotonic f, let us define the sequence (fn),

fn ¼
Pn2n�1

k¼0
k
2n

k
2n 6 f < kþ1

2n

	 
� � kþ1
2n � kþ1

2n 6 f < � k
2n

	 
�� �
. Each fn is a finite ranged slice-comonotonic

function: let us suppose fn has not its x1-sections comonotonic then: $x1, x01 2 X1, x2, x02 2 X2 such that
fnðx1;x2Þ > fnðx1;x02Þ and fnðx01;x2Þ < fnðx01;x02Þ which implies f ðx1;x2Þ > f ðx1;x02Þ and
f ðx01;x2Þ < f ðx01;x02Þ. It is a contradiction of f comonotonic and so fn has its x1-sections comonotonic. A
similar argument proves that fn has its x2-sections comonotonic and so fn is slice-comonotonic. We are going
to prove now that there exist r-additive probability measures P1 and P2 such that

R
fn dv ¼

R
fn dP 1 � P 2 andR

f dv ¼
R

f dP 1 � P 2. If fnðx1;x2Þ > fnðx01;x2Þ then f ðx1;x2Þ > f ðx01;x2Þffnð:;x2Þ; f ð:;x2Þ;x2 2 X2; n 2
Ng is a class of comonotonic mappings so like in the proof of Theorem 3 there exists a r-additive probability
measures P1 such that fn2ð:Þ ¼

R
X1

fnð:;x2Þdv1 ¼
R

X1
fnð:;x2ÞdP 1 and f2ð:Þ ¼

R
X1

f ð:;x2Þdv1 ¼
R

X1
f ð:;x2ÞdP 1.

In Theorem 3, we proved ff2ð:Þ ¼
R

X1
f ð:;x2Þdv1; f ðx1; :Þ;x1 2 X1g is a class of comonotonic mappings, so

for all n in N; ffn2ð:Þ ¼
R

X1
fnð:;x2Þdv1; fnðx1; :Þ;x1 2 X1g is also a class of comonotonic mappings, then fn2

and f2 are comonotonic and there exists a r-additive probability measures P2 such that
R

X2
f2dv2 ¼

R
X2

f2dP 2

and
R

X2
fn2dv2 ¼

R
X2

fn2dP 2. As we have proved
R

fn dv ¼
R

fn dP 1 � P 2 and
R

f dv ¼
R

f dP 1 � P 2 the
monotone convergence theorem for measures allows us to conclude

R
f dv ¼

R R
f dv1 dv2. h

We are now looking for Fubini independent product capacities which inherit the properties of theirs mar-
ginals. It is not always true for the Fubini independent product capacity, vm, defined above. The next example
shows it with convex marginals. We set up two convex capacities v1 and v2 as follows, let X = {x1, x2, x3}; v is
defined on PðXÞ by vðAÞ ¼ 6

24
if jAj = 1, vðAÞ ¼ 15

24
if jAj = 2, v(X) = 1 v is convex but not totally monotone

since vðXÞ �
P

EˆX
I 6¼ ;

ð�1ÞjEjþ1vðEÞ ¼ �3
24

.

We consider now the product space X · X and the two following sets A1 = {(x1, x1), (x2, x1), (x2, x2)};
A2 = {(x1, x2), (x1, x2), (x2, x2)}. A1, A2, A1 [ A2 are slice-comotonic, A1 \ A2 is not slice-comonotonic.
Simple computations show that vmðA1 [ A2Þ ¼ 15�15

24�24
, vmðA1 \ A2Þ ¼ 36

24�24
, vmðA1Þ ¼ vmðA2Þ ¼ 6

24
. Hence, vm is

not convex since vmðA1Þ þ vmðA2Þ ¼ 288
24�24

> vmðA1 [ A2Þ þ vmðA1 \ A2Þ ¼ 261
24�24

.

Another product capacity for convex marginals has been suggested in Walley and Fine [15] (see also [8]); it
has been called the ‘‘core-product’’; for two convex capacities v1 and v2, we define the core-product vc as
vc ¼ inf
P 12Cðv1Þ
P 22Cðv2Þ

P 1 � P 2
However, it may be not convex as shown in the following example: we consider again X · X, where v1 and v2

are respectively defined on PðXÞ by
v1ðAÞ ¼
4

24
if jAj ¼ 1; v1ðAÞ ¼

14

24
if jAj ¼ 2; v1ðXÞ ¼ 1

v2ðAÞ ¼
6

24
if jAj ¼ 1; v2ðAÞ ¼

15

24
if jAj ¼ 2; v2ðXÞ ¼ 1
v1 is convex and not totally monotone since vðXÞ �
P

EˆX
I 6¼ ;

ð�1ÞjEjþ1vðEÞ ¼ �6
24

The three extreme points of the cores of vi are, respectively,
fx1g fx2g fx3g
m1

4
24

10
24

10
24

m01
10
24

4
24

10
24

m001
10
24

10
24

4
24

fx1g fx2g fx3g
m2

6
24

9
24

9
24

m02
9
24

6
24

9
24

m002
9
24

9
24

6
24
The extreme points of C(v1) · C(v2) are the products of the extreme points of C(v1) and C(v2). So the infimum
is attained for one of those nine extreme points. Let A1 = {(x1, x2), (x2, x1)} and A2 = {(x1, x1),(x2, x1)}.
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Simple computations show that vCðA1 [ A2Þ ¼ 120
24�24

, vCðA1 \ A2Þ ¼ 24
24�24

, vCðA1Þ ¼ 96
24�24

and vCðA2Þ ¼ 84
24�24

. Hence,
vC is not convex since vCðA1Þ þ vCðA2Þ ¼ 180

24�24
> vmðA1 [ A2Þ þ vmðA1 \ A2Þ ¼ 144

24�24
.

Now let us suppose that v1 and v2 are two totally monotone capacities. To the same question ‘‘can we get a
totally monotone Fubini independent product?’’, some answers are available. Ghirardato [7](p. 285–288) pro-
poses a ‘‘Möbius product’’ which is totally monotone when the marginals are totally monotone, moreover it is
the unique totally monotone Fubini independent product. In Ghirardato framework it is available only on
finite spaces. In Section 3 we have generalised that result in the countable case. We have got a r–continuous
totally monotone product which is unique. Let us note in the last example that ‘‘core-product’’ and ‘‘Möbius
product’’ do not necessarily coincide for two initial totally monotone marginals.

Consider the product space fx1;x01g � fx2;x02g, two totally monotone capacities v1 and v2, for which we
site the two extreme points of their cores.
fx1g fx01g fx1;x01g
v1 0:2 0:3 1

m1 0:2 0:8 1

m01 0:7 0:3 1

fx2g fx02g fx2;x02g
v2 0:4 0:1 1

m2 0:4 0:6 1

m02 0:9 0:1 1
Cðv1Þ ¼ fam1 þ ð1� aÞm01; a 2 ½0; 1�g; Cðv2Þ ¼ fbm2 þ ð1� bÞm02; b 2 ½0; 1�g. The extreme points of
C(v1) · C(v2) are the products of the extreme points of C(v1) and C(v2) because
P 1 � P 2 ¼ abm1 � m2 þ að1� bÞm1 � m02 þ ð1� aÞbm01 � m2 þ ð1� aÞð1� bÞm01 � m02
So the infimum is attained for one of those four extreme points. Computations give us vcðfðx1;x02Þ;
ðx01;x2ÞgÞ þ vcðfðx1;x2Þ; ðx01;x2gÞ ¼ minf0:2 � 0:6þ 0:8 � 0:4; 0:2 � 0:1þ 0:8 � 0:9; 0:7 � 0:6þ 0:3 � 0:4; 0:7 � 0:1þ
0:3 � 0:9g þ v1ðfx1;x01gÞ � v2ðfx2gÞ ¼ 0:34 þ 0:4vcðfðx1;x02Þ; ðx01;x2Þ; ðx1;x2ÞgÞ þ vcðfðx01;x2ÞgÞ ¼ minf0:2þ
0:8 � 0:4; 0:2 þ 0:8 � 0:9; 0:7 þ 0:3 � 0:4; 0:7 þ 0:3 � 0:9g þ v1ðfx01gÞ � v2ðfx2gÞ ¼ 0:52 þ 0:12. Thus, vc is neither
totally monotone nor convex.

6. Concluding remarks

1. All our results can be naturally generalised for n spaces instead of two.
2. The usual Fubini Theorem has applications in game theory or portfolio selections. For non-additive mea-

sures one could use the Fubini theorem proposed but it requires to restrict only on slice-comonotonic
functions.

3. Obtaining a convex (resp. totally monotone) Fubini independent product when marginals are convex (resp.
totally monotone) will be the object of a future work. We think we could construct super additive or totally
balanced product capacities when marginals are super additive or totally balanced. A convex product
capacity with convex marginals seems more problematic.
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