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Abstract

Moving from Beisert—Staudacher equations, the complete set of Asymptotic Bethe Ansatz equations and
S-matrix for the excitations over the GKP vacuum is found. The resulting model on this new vacuum is an
integrable spin chain of length R = 2Ins (s = spin) with particle rapidities as inhomogeneities, two (purely
transmitting) defects and SU(4) (residual R-)symmetry. The non-trivial dynamics of A" =4 SYM appears
in elaborated dressing factors of the 2D two-particle scattering factors, all depending on the ‘fundamental’
one between two scalar excitations. From scattering factors we determine bound states. In particular, we
study the strong coupling limit, in the non-perturbative, perturbative and giant hole regimes. Eventually,
from these scattering data we construct the 4D pentagon transition amplitudes (perturbative regime). In this
manner, we detail the multi-particle contributions (flux tube) to the MHV gluon scattering amplitudes/Wil-
son loops (OPE or BSV series) and re-sum them to the Thermodynamic Bubble Ansatz.
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1. Introduction

The study of the energy of the excitations on a suitably chosen vacuum state is a prob-
lem which is common to very many physical theories. It often happens that most intriguing
excitations arise over a vacuum state which is an intricate superposition of ‘basic’ states, i.e.
a sort of Fermi sea of interacting ‘pseudoparticles’. In general, this vacuum may be dubbed
antiferromagnetic as the prototypical example in the realm of integrable models is the antifer-
romagnetic vacuum state of the Heisenberg spin chain. In their turn, important excitations on
it are called spinons or solitons, whilst magnons are the (pseudo)particles forming the see on
the ferromagnetic vacuum. In an easy Bethe Ansatz perspective [1], spinons may appear as
holes in a distribution of a large number of real Bethe roots. As a consequence, these holes
are constrained by quantisation conditions for their rapidities, which may anew be seen as
Bethe(—Yang) equations for these new ‘fundamental’ particles. Of course, we expect this phe-
nomenon to be of non-perturbative nature, so that integrability is the right realm to exploit
it.

A similar, but obviously much richer situation, arises in the framework of Beisert—Staudacher
Asymptotic Bethe Ansatz (ABA) equations determining, via a specific root configuration, the
anomalous dimension (energy) of the single trace fields in planar N' =4 SYM [2]. In this context
one can choose as ‘antiferromagnetic’ vacuum the configuration which contains a large number,
s, of type-4 roots and which describes, up to wrapping corrections [3], high spin (= s) twist two
operators, namely, sketchily,

O=TeZD\Z+... , (1.1)

where Z is one of the three (complex) scalars of the theory. In fact, this is likely the ‘simplest’
example of Wilson twist operator. It belongs to the paradigmatic s/(2) sector of scalar operators,
which are made up of only one (out of three) complex scalar Z and the (light-cone) covariant
derivative D, so enjoying the sketchy form

(DL ZM + ..., (1.2)

where dots stand for permutations. Built up in this selected way they result to be perturbatively
closed under renormalisation, so forming a sector. These composite single trace operator have of
course Lorentz spin s and twist (or length in the ferromagnetic/half-BPS vacuum perspective) L,
with minimum value L = 2 for which (a descendant' of) the Gubser—Klebanov—Polyakov (GKP)
‘vacuum’ solution is realised [4]. Also, the AdS/CFT correspondence [5] relates an operator (1.2)
to a spinning folded closed strings on AdSs xS> spacetime, with angular momenta s/+/A and
L/~/A on each space respectively, the °t Hooft coupling in the multi-colour N, — oo (planar)
regime

A

Fp (1.3)

r=Negpy s &=
being connected to the string tension 7T = 2—*/75 [4,6]. On the other hand we may think of the
operators (1.2) as obtained from the GKP vacuum (1.1) by adding scalar excitations on top of it.
Of course, when L > 2 we can realise states with different energies, at fixed L, and typically the
minimal energy has been more extensively studied for ‘large size’ s — +o0. In particular, the

1 In this case, the spin may be shifted by a finite amount which does not affect our analysis and results at high spin.
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minimal anomalous dimension of (1.2) has been proven to enjoy at one loop the same leading
behaviour ~ Ins at high spin (and fixed L) [7], as in the opposite string regime (strong coupling)
[4]. Later on, the coefficient of this term? was obtained at all loops from the solution of a linear
integral equation directly derived from the Beisert—Staudacher equations via the root density
approach [10]. In very brief summary, as computed in [ 1], the high spin (asymptotic) expansion
(at fixed g and L) enjoys the peculiar form

(g s, L)=f(@ns+ fulg, L)+ Y_v" (g L) (ns)™" + 0 ((ns)/s), (1.4)

n=1

in inverse integer powers of the size’ R ~ Ins, except the sub-leading (Ins)° contribution
fs1(g, L) (defect contribution). The latter, which reduces to the so-called virtual scaling func-
tion for L = 2, has been captured in [12] by a Non-Linear Integral Equation (NLIE) and in
[13] by a linear integral equation (by means of which explicit strong coupling expansions can
be performed [14], along the lines of those for the cusp [15]). Up to this order, we can be
sure that this expansion enjoys the same form at all perturbative orders in QCD, or its Mellin
transform, i.e. the evolution kernels [16]. Moreover, in the supersymmetric case similar lin-
ear integral equations hold for all the coefficients in (1.4) [11] and also for the next order
O ((Ins)/s) [17], and all these, — importantly the first two f(g) and f(g, L), — are now
believed to be exactly given by the ABA without wrapping,* also thanks to these recent stud-
ies.

The latter were focused on the same scalar, Z, added to (1.1), but we can generalise to the
other fields: indeed, elementary one-particle excitations may correspond to inserting one of the
other fields i.e., besides the other two scalars, a gauge field (gluon) or a Fermi field (gaugino).’
In other words, they are the lowest twist (=three) operators/states with the form

Ot particte =TrZDS™ 9DYZ + ..., (1.5)

where ¢ = Z, W, X, the scalars, or ¢ = F |, F+ 1, the two components of the gauge field, or
¢ =W, , W, the 4 + 4 (anti-)fermions, respectively. Besides the energy, one can determine also
the momentum of an operator through the Beisert—Staudacher ABA equations. Along this line,
the one-particle dispersion relations of the excitations (1.5) have been receiving much attention
in the different coupling regimes (cf. for instance [19] and the references therein); but recently
they have been summarised, corrected and put forward in an illuminating work by Basso [20]
(also reference therein).

On the same footing, we start wondering in [21] about the scattering S-matrix which may be
attached to the two-particle states (of, at least, twist-4)

O2—particles = TrZDi_Sl_Sz(ple-l (p2Dil Z+... (1.6)

where ¢ and ¢, may be any general elementary local field as ¢ in (1.5), whereas in [21] we
confined our attention to the peculiar (cf. below) case ¢1 = ¢» = Z. In fact, as argued above,

2 This is the so-called universal scaling function, f(g), which does not depend on L and equals twice the cusp anoma-
lous dimension (renormalisation divergence [8]) of a light-like Wilson cusp, as in QCD[9].

3 In fact, it is consistent with the length of the long classical string R ~ In(s/ V) [4.,6].

4 For instance in [18] wrapping corrections to ABA start to contribute at order ¢ =R = e2Ins — /42
think of a factor 2 in the size of the folded string R =2Ins +....

5 Notice that in the half-BPS vacuum description this state would belong to a longer spin chain of length L = 3.

, inducing to
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we expect the Beisert—Staudacher quantisation conditions to give correct results at leading Ins
and next to leading order (Ins)?. And then, regarding R ~ Ins as the size of the system, these
orders are exactly the ones we need to write down 2D (many-particle) scattering amplitudes, i.e.
(on-shell) quantisation conditions, for rapidities of excitations on the GKP vacuum. Generalising
to all the other scalars, [22] have deduced the entire SO(6) scattering, while we have computed in
[23] all the g-depending scalar factors of the different scattering channels, neglecting the SU(4)
representation structure.

Moving from this lack, we shall make here our analysis deeper, by computing explicitly the
matrix structures of the different SU(4) representations carried by the ‘elementary’ particles and
by their bound states. We will not only consider the two-body scattering, but also in general
the multi-particle 2D scattering amplitudes. As a byproduct we will see a well know character-
isation of integrable theories, namely the elasticity and factorisation, i.e. the determination of
many-particle scattering by the two-particle one. Besides the traditional name of Bethe—Yang
equations, we can call these quantisation conditions Asymptotic Bethe Ansatz equations as well,
but now the term ‘Asymptotic’ refers to the new length ~ In s, which measures the validity of the
equations (and to the ‘new’ vacuum). More precisely, from the BMN (ferromagnetic) vacuum
[24] (no roots) we will switch on, in the Beisert—Staudacher equations, the configurations cor-
responding to the GKP (antiferromagnetic) vacuum and to all possible ‘elementary’ excitations
over the GKP vacuum; to accomplish this, we will be using the idea of converting many (Bethe)
algebraic equations describing an excited state into few non-linear integral equations (NLIEs)
[25-27,12,13]. In this way, we will obtain the quantisation conditions of all the ‘elementary’
excitations over the GKP vacuum and show that the structure of these equations coincides with
Bethe equations of an inhomogeneous spin chain of length R = 21Ins with two identical (purely
transmitting) defects and an SU(4) symmetry in different representations (where the particle ra-
pidities represent the inhomogeneities). Of course, the scalar pre-factors in front of the above
SU(4) matrix structure are dependent on g and characteristic of the theory (and GKP vacuum).
Nevertheless, we can express all in terms of the scalar—scalar one [23]. Moreover, we will discuss
in many details the consequences of switching to a different vacuum which basically means that
any elementary particle interacts with the sea of covariant derivatives namely the type-4 roots.
For instance, the poles of the new 2D scattering factors of these particle imply the entrance of
bound states thereof into the spectrum and then the existence of new scattering amplitudes for
the latter particles. As anticipated, not only the 2D scattering amplitudes, but also many physical
quantities assume novel expressions, as for instance the energy, momentum [20] and all the other
conserved charges carried by a single elementary or composite excitation (cf. below). Further-
more, the scattering of any particle onto two defects arises, as anticipated in [22,23], though they
were absent in the ferromagnetic setup, and they are likely to be associated to the two external
holes (or tips of the GKP string). Together with the change of length, these are somehow un-
precedented features in the theory of (quantum) integrable systems though their common origin
can be traced back to the s/(2) spin chain (describing the one-scalar sector (1.2) at one-loop):
nevertheless, we are used to insert the defect ab initio in the theory on the ferromagnetic vac-
uum and then finding the anti-ferromagnetic dynamics with defect (possibly characterised by a
different scattering factor) and the same length.

As a consequence of this new ABA, also the exact Thermodynamic Bethe Ansatz (TBA) [28,
29] for the spectrum of anomalous dimensions as derived from its mirror version should osten-
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sibly look very differently® than the usual one on the BMN vacuum [30], although they should
give the same spectrum after all. Even more interestingly, a recent series of papers by Basso,
Sever and Vieira (BSV) extended to all terms the operator product expansion of [41] and thus
proposed a non-perturbative approach to 4D gluon scattering amplitudes/null polygonal Wilson
loops (which are allegedly the same [31-33]) in A" = 4 SYM, which relies on these 2D scattering
factors as input data or building blocks [34—-38]. In this perspective, light-like polygonal Wilson
loops (WLs) can thought of as an infinite sum over more fundamental polygons, namely square
and pentagonal WLs, whose knowledge relies on the GKP scattering factors. By virtue of the
AdS/CFT strong/weak duality, this superposition of pentagons and squares should lead, at large
coupling g, to the classical string regime, namely the minimisation of the supersymmetric string
action [31]. In general, this is a complicated problem of minimal area (string action) subtending
a polygon living on the boundary of AdSs, and results in a set of non-linear coupled integral
equations [39,41]. For some still hidden reason, their form resembles that of a relativistic Ther-
modynamic Bethe (or Bubble, in this case!) Ansatz system whose free energy yields the area
[29,28].7 Instead, we wish in this paper construct this TBA set-up by summing the infinite BSV
series and performing a saddle point evaluation. For this aim, we will perform a propaedeutic
analysis of all the different strong coupling regimes.

The article is organised according to the following plan. In Section 2 we derive the ABA equa-
tions, first at one-loop as exemplifying case so to highlight all the relevant features, then for any
value of the coupling. In Section 3 the conserved charges of the excitations (on the GKP vacuum)
are computed. In Section 4 the strong coupling limit of the scattering factors is considered, in the
different dynamical regimes, i.e. non-perturbative, perturbative and giant hole regimes. Section 5
contains equivalent forms for the momentum associated to any elementary particle excitation, in
particular that elaborated in [20]. Section 6 is a study of the strong coupling behaviour of (the
scattering factor for) the spin chain defects. In Section 7 the properties of the different kinds
of particles under the SU(4) symmetry are taken into exam, so that in Section 8 we are able to
describe the structure of the overall S-matrix. In Section 9 the so-called string hypothesis is used
on the GKP ABA, in order to survey the on-shell states and, in particular, the bound states of
elementary particles; for later purposes, an accurate study is devoted to the behaviour of bound
states of gluons at any coupling and fermion — antifermion = meson and its bound states which,
instead, do appear only at the leading order of perturbative strong coupling regime, i.e. in the
classical string theory. Section 10 computes all the string perturbative expressions of the pentag-
onal amplitudes (contributing to the BSV series). Finally, these infinite contributions are summed
up exactly in Section 11 as for the hexagonal Wilson loop; the result is remarkably coinciding
with the Yang—Yang functional and Thermodynamic Bubble Ansatz (TBA) equations for mini-
mal area solution [39,41,40]. After the conclusions (Section 12), several appendices follow. In
Appendices A and B the definition of the functions employed throughout the text, as well as
some useful formulae and integrals are listed. Appendix C is a synopsis of scattering factors,
displayed at arbitrary coupling, one-loop, strong coupling (mirror transformed too), while Ap-
pendix D gives some details about their derivation. Finally, in Appendix E all the ABA equations
are listed.

6 The attentive reader may guess many aspects of it from the form of string/stack solutions as reported in Section 9.
7 In the particular case of the hexagon WL [39] the system does coincide with the usual TBA one [42].
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2. General equations
2.1. Excitations

The main aim of this section is to write Bethe equations describing ‘elementary’ excitations
over the long GKP string, in the more general case when H scalars (u,, h =1, ..., H), N large
fermions, N large antifermions, Ny small fermions, N 7 small antifermions, N, gauge fields

Fy 1 and N gauge fields F are present.

In the notation of Beisert—Staudacher equations [2] the GKP vacuum is described by a large
even number s of type-4 roots filling the interval [—b, b] of the real axis, together with two
external holes [43.7]. In the large s limit b is approximated with s /2 and the positions of the two
external holes with s /+/2: corrections to those estimates give rise to O(1/s%) terms in the final
Bethe equations, that we will neglect.

It is a general fact that, in order to deal with a large number of Bethe roots, it is convenient
to use their counting function Z4(v), which satisfies a nonlinear integral equation [25,26]. We
found then natural to apply that strategy to the study of GKP vacuum and its excitations. In this
approach scalar excitations, which are represented by holes in the distribution of type-4 roots in
[—b, b], are classified by quantisation conditions for Z4(v). The same function Z4(v) governs
the interaction between roots with different flavour and scalars.

Coming in specific to the classification of the various excitations [20], we have already said
that scalars are represented by holes in the distribution of type-4 roots. Large (small) fermions
are described by u3-type (u-type) roots and large (small) antifermions are described by us-type
(u7-type) roots. Rapidity of large fermions is the function xr(u#3) = x(u3), where (g is related to
the ’t Hooft coupling A by A = 872g?)

22
xwy == [ 14+, 1= | 2=28, @.1)
2 u

with the arithmetic definition of the square root. Therefore, rapidity of large fermions satis-
fies the inequality |xz| > g/+/2. On the other hand rapidity of small fermions is the function

xp(uy) = #}il), with definition (2.1) for x(u#) and, consequently, it is constrained by the in-
equality |xz| < g/ V2. Changing u3 — us and u; — u7 allows to describe large and small
antifermions, respectively.

Gauge fields F | with rapidity uf. correspond to stacks,

uz, j =ug

i uzj=uf£ij2, j=1,...,Nq, (2.2)

with real centres u‘? , while gauge fields F, | with rapidity u‘? are described by stacks,

uej=us, wusj=ubxi/2, j=1,...,Ng (2.3)

with real centres u®.

We consider also the presence of isotopic roots, which do not carry momentum and energy,
but take into account internal degrees of freedom, i.e. the residual SU(4) symmetry of the GKP
vacuum. In specific, we have K, roots u,, ; of type us,

ugj=uzj, j=1,...,Kg, 2.4)
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K. roots u. j of type ug

uc,jzuﬁ,j, j=1,...,KC, (2.5)
and K}, stacks,
i

u4,j=ub,j:i:§, upj=u3j=usj, j=1,...,Kp, (2.6)

with centers uy, ;.

We are now going to present our derivation of the full set of Bethe—Yang equations for exci-
tations on the GKP vacuum. For excitations with rapidity u,, belonging to the representation p
of the symmetry group SU(4) of the GKP vacuum such equations will appear in the following
form

l—[ Ug k — U +I0g - Wy
Ugk — Um — I0g - Wy

m
Kq Kq’ .o -
_ 1—[ Ugk —Ug,j + lOlq aq 1—[ Ugk —Ugj + iog - oy 27
jok Mok T Haj = idtg - &g gk =1 Uk T U T gy
Up — Ug k +ic, W
1 tRP(um)+21D(um) 1_[ l_[ 4q, q IO 1_[ S(Mm, Mm ) (2.8)

um—uqk—loeq

q k= m’;ém

where {a,} are the set of simple roots of SU(4), uy « are the isotopic roots associated and w 0
the highest weight of the representation p. The structure of these equations agrees with the gen-
eral pattern shown in [44]. While the first equation (2.7) comes from the symmetry properties
of the vacuum, the second one (2.8) is a quantisation condition for the rapidity u,, of an exci-
tation moving in a one dimensional chain. Within this interpretation, R is given the meaning
of the physical length of the chain, P(u,) that of the momentum of an excitation with ra-
pidity u,,. The extra term 2D(u,,) in the exponent is interpreted as the effect of two purely
transmitting (i.e. without reflection [45]) defects related to the tips of the GKP string. The
rational factor in the right hand side of (2.8) takes into account the internal degrees of free-
dom: solving (2.7) one obtains u,  in terms of u,,: plugging this result in the rational term in
(2.8) one obtains, together with the products over the various S(u,,, u,,), the phase change due
to the scattering between an excitation with rapidity u,, and the other excitations with rapid-
ity Uy, .

We will start with the one loop case, where all factors entering equations (2.8) are written in
an explicit form, specifically in terms of products of Euler Gamma functions. The general all
loops case will appear as a technical complication of the one loop, since the building blocks of
the various equations (2.8) will be obtained after solving a linear integral equation.

2.2. Equations at one loop

Scalars In order to show how our strategy works, we first concentrate on the one loop case. We
start from the fourth of the Beisert—Staudacher equations, in the presence of a large number s of
real type-4 roots, together with the general pattern of excitations and isotopic roots described in
previous section. We remark that in the one loop case only large fermions and large antifermions
are present: for uniformity of notations in this subsection we will denote large fermions rapidity
xr with ur and large antifermions rapidity x 7 with u .
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We introduce the counting function

Kp

—v+ +tv—u
Z4(v)—len —i—zZln Y + 2i Zlnzibj
j=1 LY j=1 3Vt U
S Lpv—up, ALAR 2tv—up, Y itv—uf
biy 2T DN R W e
o 5—Uvtur; ——v+uF] I—v+tu;
Ng . g
I+v—u.
+iy In—+L, (2.9)
; i—v4ub
j=1 i

where the sum up to K4 =5 + 2K}, is a sum over s real type-4 roots and over the 2K; com-
plex type-4 roots contained in the stack (2.6). In terms of Z4 the fourth of Beisert—Staudacher
equations reads as

e*iZ4(u4,k) — (_1)L+K4+2Kb+NF+NF+Ng+N§71 . (210)

In addition, in the large s limit the behaviour of Z4(v) is dominated by the second term in the
right hand side, which implies that for v real Z}(v) < 0. With this information we can prove that
the length L is not independent of the total number of excitations. Indeed, it is widely known
[43,7] that condition (2.10) is satisfied on the real axis not only by the type-4 real roots, but also
by H + 2 real numbers, called holes. H holes are inside the interval [—b, b] (b =s5/2+ O(1 /sz))
and, consequently, are often called ‘internal’ or ‘small’; the remaining two holes have positions
+5/+/2 4+ O(1/s%) and then are dubbed ‘external’ or ‘large’. Since Z,(v) <0 for v real, the
difference between the extremal values on the real axis Z4(400) — Z4(—00) has to count the
total number of real roots and holes, i.e.

Z4(400) — Z4(—00) = =27 (s + H + 2). 2.11)
On the other hand, the definition (2.9) implies the asymptotic behaviours
Zy(£oo) =Fm(L+ K4 —2Kp, — Np — N — Ng — Ng)
=Fn(L+s—Np—Np— Ny —Ng). (2.12)
Comparison between (2.11) and (2.12) gives the desired connexion
L=H+2+ Np+ Ni+ Ng + Ng, (2.13)

between the length L and the total number of excitations.

Relation (2.13) once plugged in the exponent of the right hand side of (2.10), provides a sim-
plification of quantisation condition for type-4 roots and real holes. Restricting to holes, whose
position we call u,, h =1, ..., H, we get the compact formula (remember that s is always even)

e~ Zalun) _ (_1)H—1 . (2.14)

After fixing these preliminary aspects, we come back to equation (2.9). In order to get man-
ageable expressions, we convert the sum over real type-4 roots into an integral by means of the
master equation [26]:
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K H
us; real = fluap)=—f <i> i (—L) =) flup)
j ; j 5 NG };

+00

d d
= / 2—”f(v>—[z4<v> —2L4)], (2.15)
T dv

—00

where L4(v) =ImIn[1 + (—1)# ¢/Z+©—=i0")] We specialise formula (2.15) to our case and get

K. .
}innl v,
i 1+v—uy;
Zii‘(z v+uwx%—v+um)_“nﬁ—v+§§0—v—§§
o GHv- up, )L +v —up, j) (i-l-v—%)(i-i-v—i-%)
+ood |
v—i—u;, w
- In — [z —2L . 2.16
zZ o T | 7 Tr e %w —2Law) (2.16)
—00

Eventually, putting together (2.9) and (2.16), we find that

+00
Zs(v)=FWw)+2 / dw G —w) Ly(w), .17

where F'(v), G(v) satisfy the linear integral equations

Ky 3i Ny g
+v—up — U+ up, ) i+v—u’
—|—lE ln2 ]2 ]—|—I lnig,

F(v):iLln ;
2+v — 2 v—i—ub] F v —up o l—v—i-uj

Ng

%: 2+v UF, j Zln2+v UF

—v—i—upj v—i—qu

H _ i+tv—==i4+v+ -
+iZlnl+v uh+iln V2 V2

: : 2 .
ot I—v+up l—U—i-ﬁl—U—ﬁ
+ood |
w
— _Fw), 2.18
+/ T 110 —w)? (w) (2.18)
—0oQ0
G —v) = — ! +/wm L Gw-v (2.19)
)= ————————G(w —v). .
" 71+ —v)? 7 1+ —w)?
—00

Equation (2.18) is solved exactly; however, we remember that the pattern of excitations discussed
before holds only in the large spin limit. To be consistent with that, we have to use the large s
asymptotic behaviour
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F<1+iv—ii) <1+lv+z
in V2) Liln ﬁ)—>—4vln%+0(l/s2), (2.20)
. s . s
F(l—zv—i—zﬁ) F(l—zv—lﬁ)
and write the final result for F'(v) as
F(%'Fll)) H 1 _
F(v):—iLln——4vln— Z M
F(%—iv) - (1 —iv+iuy)
Ky Yo ra+iv—ind) L T +iv—iud)

2+v )
+tZln +zZl m Zln

——v—i—ub] = =l F(l—zv+zug)

Np 1, . . Ng
' +iv—iur ;
+i) In (f : 'F’])+i§ln

S TG iy S

On the other hand, the solution of (2.19) for G reads as

I +iv —iug )
F(;—iv+iug )

+0(1/s%). (.21

1
G(v—w):E[d/(l—Hv—iw)—FW(l—iv+iw)]. (2.22)

Then, we notice that in the large s limit Z4(v) ~ F(v) ~ —4v ln(s/ﬁ) + O(SO). This means
that the leading behaviour of the nonlinear term in (2.17) is the same as that of the analogous
term for the GKP vacuum: therefore, we can use results of [12] and approximate the non-linear
term in (2.17) as

+00
2 / dw G —w) Ly(w) =—-2vIn2 + 0(1/s2). (2.23)

Plugging (2.21) and (2.23) into (2.17), we eventually get

( +lv) H ra L
4vlns+lZl M

Zs(v)=—iLln ——= - -
F(%—zv) L'l —iv+iug)

Ky Ny ; 8 Ng g
Ly — rad+iv— lu) ra+iv-— lu)
Y e e
——v—i—ub] o Ll —iv+iu3) o F(l—zv—l—lug)
Nfp Ng

T(+iv—iug )

o/s?. (2.24
F(%—iv—i—iup’j)_'_ (/57 @29

1 . .

+i21nr(f+fv l.uF’j)+i21n

= I'(z —iv+iur;) =

Now, it is clear that imposing quantisation condition (2.14) on (2.24) provides a constraint be-
tween the rapidity u, of a scalar and the rapidities of all the other excitations. As in all integrable
models, this constraint has the general form (2.8): therefore we could be tempted to use (2.14) to
define momenta and scattering factors of excitations, as well as the effective length of the chain.
Such procedure, however, will provide scattering factors i In S which diverge as u, Inu, when
the rapidity u, of a generic excitation becomes very large. Fortunately, it happens that this prob-
lem can be avoided if we make use of the zero momentum condition, which is a selection rule to
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extract physical states out of the Beisert—Staudacher equations. To be specific, all physical states
have to satisfy the condition e'? =1, where

Ky

Z uaj ¥ ; T2 (2.25)

j=1 4.j —

Since K4 = s 4+ 2K}, is even, we can also write
K4

+
_zZm 2t g (2.26)
o

This expression is regular for u4 ; = 0 and, therefore, it is more convenient for our calculations:
K4

_121 FRAZINN Zln " 21 LN

S—usj o pD st [ —up,j

z_
2
Ng F(%+iuf) Ng F(%—l—iuf)
_lzlnr‘(3_iug>_lzln[‘<§_iu§)
Jj=1 2 j Jj=1 2 j
.NF1 F(1~|—iu§:) .NFI F(l—i—tuf) o2 .
_,Zni_F—zZn—_FJr (1/s%). (2.27)
j=1 F(l—luj) j=1 F(l—luj)

As a technical remark, we notice that nonlinear terms give no contributions at the orders Ins and
(Ins)°.

Putting together (2.24) and (2.27) we obtain the equality

—up i+ 3
Za(v)— P _121 Y B}

”_”bj_li

i F(%—iv)F(%+luh)F(1+tv—luh)
+i In
h=1 F(%+iv)r(% tuh)F(l—lv+tuh)
N F(%—iv)l"(%—i—luf)l"(l—l—lv—luf)
1 _
+lZnF(l+iv)1"<§ lug)l"(l—lv+lu)+(g_)g)
Jj=1 2 2 J
%F: F(%—iv)[‘(l+mf)[‘< +w—m§)
+i) In +(F—>F)
=1 I‘(%+iv)F(1—mf)F<§—w—l—zuf)

(2.28)

C'

|
»
=3
|
(ST T
+
<
~ | —
|
N
<
—_—
=
I}
+
)
~
—_
~
[N
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Therefore, we have gained the possibility to write the condition e~/[44@n) =Pl — (_1)H~1 3
convenient alternative to (2.14):

2 1 . 1 . . .
l—e4iuh Ins (F—(% — iuh)) ﬁ ) <§ _luh) r (E +luh/) P+ iup = iuy)

PG+ ) s T (3 i) T (4 =) DA = wy + i)

h'h

-Kh uh_ubj+2' ﬁl"(l+z(uh—ug)> (——luh)f’(%+iu§>
jzluh—ub] 2o T (1=t —u) T (3 +iw) 0 (3 - iu)

(1+l(uh—“g)> ( ’“h)r<§+iug)
1F<1—i(uh—u§)>r< —i—zuh) (i—zuf)

Nr 1“(2 +i(up —up NTA +iup TS —iup)
F( —i(up —up NI —iup )G +iup)

=5

~.
Il

:1

N I(§+iup — up NT( +iuﬁ,j)r(% —iup)

}:[1 T —iun—up DT —iug )T+ iup)

(2.29)

We take (2.29) as Bethe—Yang equations for scalars. In the spirit of (2.8) we make the following
identifications:

e Length of the chain R =21Ins
e Momentum of a scalar Pés)(uh) =2uy,

The terms in (2.29) depending on two rapidities have the natural interpretation of scattering
factors between scalars and other excitations. Using notations given in Appendix C, we write

. 2 Kb
R T —iuy) —upj+ 5
1:elRP0 (up) 2 J 2 1_[ S(()VY)(uh uh,)
F(2+luh) uh_ub]_fh/ 1
h'#h
Ny Ng N

1_[ S(Sg)(u ug) l_[ S(Sg)(u “g) l_[ S( P, UF.j) l_[ S( F)(”h’ up,;),  (2.30)

Jj=1 Jj=1 Jj=1 Jj=1

where S(()S*) denotes the scattering factors between a scalar and a generic excitation. We remark

that i In S(()s*) behaves like Inu, when the rapidity of an excitation becomes large. Eventually, the
last term

2

I —iu

M 2.31)
T} + iup)

has the form of the phase delay due to two purely transmitting defects.

Finally, in view of generalisations to all loops we find convenient to identify the various pieces
entering the function Z4(v)
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H Ky i
5+v—up;
Z4(v) = O (v, 5/V/2) + O (v, —s/V2) + Y Op(voup) +i Y In 27

h=1 = 2T vtub

Ng Ng B Nr Ng

+Y Fe o)+ ) Ry )+ ) F oup )+ ) F g )

j=1 j=1 j=1

—2vIn2, (2.32)

as solutions of integral equations

j=1

+00
Oy (v, u) = po(v — u) + Po(v) — / dwgo(v — w)Oy(w, u)
F(l4+iv—iu)T(1/2—iv)
Frd—iv+iu)T(1/2+iv)’
+00

F{(v,u>=xo(v—u|1)+¢o(v>—fdww(v—w)F{(w,u)
r(1/24iv—iu)T(1/2—iv)
F12—iv+in)(1/2+iv)’

+00
FE () = xo(v — ul2) + ®o(v) — / dwgo(v — w)FE (w, u)
I(1+iv—iu)T(1/2—iv)
Frd—iv+iu)T(1/2+iv)’

where ®g, ¢, xo are defined in Appendix A. In (2.32) the large s limit has to be taken in the
first two terms in the right hand side. This limit gives

=iln (2.33)

—iln (2.34)

=iln

(2.35)

S r(3+iv)
0, /2) + Oy (v, —s/v/2) - —4vln — — 2iln —— L (2.36)
V2 r (% —iv)

Fermions The equations for (large) fermions with rapidity xr x = u r x come from the (inverse
of the) third of the Beisert—Staudacher equations. We have

K i Ng 8 i K4 ]
T e e N I e
- — ., i Ui i s
j=t UFk —HUaj— 7 s UFk—U; =7 j=12 turk—u4,;j

i N g i Ky .
_l—"[uF’k—ua’j—i—%l_g[MF,k—Mj —( 1)Kb1—b[l—uF,k+ub,j
- i g i ; .

— L L —ut — L i+urry—u

jol WPk —Uaj =5 UFk— U= 3 joi P T UEK = Wb,

. +00

H i
s+ UFL—U d 5+v—u d
11 wexp[— / S22 S Zw) —2L4(v))], (2.37)
+Up—UFk 2t 5 —v4upgdv
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since K4 = s + 2K} is even. Then, we evaluate the integral (L4 contributes with subleading
0(1/s%) terms)

+00

dv s+v—uppd
- | 5 In S——————(Z4(v) — 2L4(v))
e T 3 —U+MF,k dU

. H 3 . .
- I'(s +iup —iu
4( it +4iupIns — E In G " Fi)

n .

I +iuri) ot I3 —iup+iupk)
Ng F(%—}—iui—iup,k) Ng F(%+ibt§—qu,k>
_Zln —Zln -

, r (§ —

j=1

. g . 3 . g .
5 mj—i—zup,k) =1 F(E—luj—}-lup,k)

=L1

Nz . .
S D Hiup —iupy) . D tiug  —iupy)
Y >
Jj=1 j=I1

D' —iupj+iurg) F(l—iu,:-,j—i-iup,k)

Kp

L +upg—up;
+ In ——m—=, (2.38)
jZ:; I —UFk+Upj

Now, in order to reproduce scattering factors already appearing in equations for scalars
(2.29), (2.30), we use the zero momentum condition: we multiply (2.37) with 1 = e’ with

P given by (2.27). Using notations defined in Appendix C we write the final Bethe equations for
fermionic excitations as

. 2 Kq i . H
| = o RP wr ) [M} I M [T wre.un)
L'l 4+iuri) jZIMF,k—Ma,j—l/zhzl
N, Ng NF
F Fg g FF
. 1_[ S(() g)(uF,k, uzj) l_[ S(() g)(up,k, Mf) H S(() )(MF,k, Ur,j)
j=1 j=1 j=1
Ni n
FF
. H S(() )(MF,k, Ug i), (2.39)
j=1

where we introduced the length R = 2Ins of the chain and the momentum PO<F ) (wr i) =2upk
of a fermionic excitation. As for scalars, the term

[F(l—iu”)r

: (2.40)
T(1+iupy)

stands for phase delay due to purely transmitting defects.
Equations for large antifermions come from the (inverse of the) fifth of the Beisert—Staudacher
equations and are obtained in a completely similar way as in the fermions case. The final result is:

NITE

. 2 K,
L= kp o | PO MR | g —te) 3
P +iug,)

_ . L
j=1 ”F,k Uc,j 2
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Ng  _ Ng Nrp  _
T80 wraew) TTS0 wraew) [T i pur )
j=1 j=1 j=1
Ng
TS g pouz s 2.41)
j=1

where we introduced the length R = 2Ins of the chain, the momentum PéF) (g ) =2ug, of
an antifermionic excitation and the ‘defect’ term

ra—iug ] 2.42)
T tiup ) | :

Gluons In the presence of a large number s of real type-4 roots, a gluon with rapidity u,f is
described by a stack composed of a single type-2 root us x = uf and a two-string formed by
two type-3 roots usz y = uf + i /2. Rapidity uf is then constrained by the equation obtained
by multiplying together the (inverse of the) second of the Beisert—Staudacher equations with
us i = uf with the (inverse of the) third for uz ; = uf +i/2, i.e.

¢ 8 _,8 1 Kp us .
l_l_luk u,-l—l uy ub]+21—[uk qu—l—z]—[uk uqj—1I (2.43)
- g _ & _ - g i _ _ :

R R S R R T Bl S R S TRt S Al CV

We concentrate on the last term in (2.43), which we rewrite as (remember that K4 is even)
Kp 3i

K4 . K4 . g
”15_“4,j_’_ ’_“15‘*‘”4,1'_ 7_”k+”b1 2 —up tup,
[ —=[l——"=11|% ;
J

P N R = T ruf —upj 5 uf —up

Hi—l—ug—uh +Oodv i—ul4+vd
J]—%—exp| = | o In————— (Za(v) —2L4(v)) | . (2.44)
aop b gt un 2 itup —vdy
- —0o0
The integral term equals

dv_ i— +v d
— 2—1n,7—<z4(v) 2L4(v))
v l—i—uk —

=4iu§lns —Lln——%

( —i—mk) i F(Z—iuh+iu,§) % F(2—lu +lu)
p<§_mk) — TQ+iup —iuf) P2+ iuf —iuf)

Nz .8 .8 Nr 3 _; iy
F(2—m.+lu) F F(z lup,]+zuk>
= F(2+luj—luk) =1 ( +iup j — iuf)
( - »—i—iug) Ko 30
Ug, k u, +u
—i—Zln — lnu (2.45)

(+lqu iu,‘f) =1 7+Mk—l/lb,j
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Putting the last two formul® together, we have

. 3 _ 8 Kp i
: ”1%‘”4,1'_’ — pHufIns F(Z mk) 13- ”k tup,j l—[ P —iup + iuy)
8 . . i —
j=1 up —ugj+i F(%-l—lui) j=1 §+ kWb = 1F(1+mh l”k)

re- m “tiu )

12+ luf_ — luk)

) Ni F(E —iu,s’j—i-iu,f)

),Ul (3 +iup, —inf)

We now plug such expression in (2.43) and multiply the resulting expression by 1 = ¢!¥, where

P is given by (2.27). We observe the exact cancellation of the term depending on type-b isotopic
roots and get the final set of equations, written in terms of scattering factors listed in Appendix C:

Ne p2— u ub +iuf) N

H F(2+m§ i) | H

lN_F[F<§—qu,j+iuk

3 : -8
j=1 F(i—l—lup,j —iuy,

g r (% - lulf) H
| = ¢ RP¥ @) — l_[ S(()gs)(uf, up)
r <§ + luf) h=1

Ng
F
H S5 g u$) TT S6% . g)HSég )<uk,um>ﬂs(g whug). 246)
i— j=1 j=1
J#k

where we introduced the length R = 21Ins of the chain and the momentum Po(g )(ui )= 2u,§ of a
gluon Fy | . In this case, the effect of the two transmitting defects on gluons is

2
r (% — iuf)

—= (2.47)
r (3 +iuf)
In analogous fashion, we obtain the equation for the gluon field F, | :
_ | T (% — iuf) 7
1= PO | 22 S TS5 )
r (z + luk) h=1
N, N; Nz
F F
1_[ S(gg)(uk, g) l_[S(gg)(ukv g) Hs(g )(ukqu]) HS(g )(uk9uF /) (248)
j=1 j=1 j=1 j=1
J#k

where again R = 21Ins is the length of the chain and Po(g) (uf_) = 214,% is the momentum of the
gluon excitation F | .

Isotopic roots 'We remember (see (2.4), (2.5), (2.6)) the definition of the three sets of isotopic
roots, which do not carry momentum and energy, but take into account the su(4) symmetry of
the GKP vacuum.
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We have K, roots u,, ; of type uz, K. roots u. ; of type ug and K stacks, uq j =up ; & %,
u3, j =us,j = up,; with centers uy ;.

The equations for the isotopic roots u, and u,. come directly from the second and the sixth of
the Beisert—Staudacher equations: we observe the cancellation of the contributions coming from
gauge field stacks:

K, . Nfr i Kp i
uuk—uuj+ll—[bta,k—uﬂj—§ Uak —Ub,j — 7

= : d = - 2.49

Huak—uaj—i. Ugk —UFj+ 5 - T Ugk—Upj+ 5 249
ko R ST = v
K, . Np _ i Kp i
Uck —UejH1 g ek TUF ;77 pp Uek —Ubj— 3

_| | ; | | = (2.50)

U —i _ Ry
Uck —Uc,j —1 =1 Uek — MF’]- + 2 j=1 Uck — Up,j + 7
For what concerns the isotopic roots u, we consider the product of the third Beisert—Staudacher

equation for u3 x = up ; with the fifth for us y = uy x, the fourth for uy r = upx +i/2 and the
fourth for u4 x = up x — i /2. We arrive at the following equation,

N L K
1_<ub,k—l) l—“[Mh,k—ua,j—

u l — . L _ .
bk + jo1 bk —Uaj+ 5 G Ubk —Ucj+

SIS

T Upk — U, j —

~|ror=
SIS

Ky i K 3i Ko o\ 2
Mb‘k—u4,j+l§l—[ bk U4~ (ub,k—ub,j+l)
i 3i _ L
j=1 Wbk u4,1_§j=1”bk_”41+2]:1 Ubk —Ub,j—1
Ny g, 3 N g, 3 Np . Np _ i
ub‘k—uj-l-jl—lub,k—“j‘f‘?l—lub,k—uF’j-i-ll—[“b,k_uF,j+l
_ & 3 g _ 3i Upr —UF i — 1 Upk —Up : — 0
ol Wbk TUG TS G up g — G — 5 oMbk TR TG bk T U
(2.51)
We have
K4 i Ky i Kb ; H i
Hub,k—u4,j+’§ T atUek—uaj I Uk —up,j +i I 3~ Ubk+ U
jorUbk—ua =5 5 —upktuay oy Wbk T Ubj TS dup g —
J#k
av iy
v 5 Upk —
exp |~ [ Dn2 (Z4(v)—2L4(v)) [1+0a/52)]. (2.52)
S T 5= upk

+ Up i —

oI~

Plugging (2.9) into the integral in the last term of (2.52), we find that
v / /
exp / —1In (Z4(v) — 2Ly (v))
—Upk+V

. LK . 2 Ky 3i
_ L+ upk L—Upk+ Up,j 7l+ub,k—u4,j
== ) 116G ) 115
j=1 j=172

I — Upk U+ Upk — Up,j —Upk T U4,

oI~

i

3i Nz 3i & Np _
1_[7—ubk+ujl_[7—ub,k+u. l_ubk+qul_[ ubk—l—qu
3 _ 48 3i
5+ Ubk uj >

+ubk—uf] l+ubk—uF, i+upk—up;
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Putting all together, we eventually get the following equation, for the third isotopic root up:

K, i i . H i
= 1—[ Ubk —Ua,j — 5 T Ubk —Ucj— 3 Ubk —Ub,j +1 1 Ubk —Uh — 3

Fild

Sy L —u. i+ i —up i —i — L
jzlub,k—uu,j—l-zj:lub,k Ucj+ 5 5 Ubk —Ub,j Ly Ubk up + 5

(2.53)

which does not depend on the roots associated to gluons.

2.3. The general (all loops) case

We now generalise all the results discussed in the one loop case to the most general all loops
case. For the sake of clarity, the complete set of equations is summarised in Appendix E.
As we did in the one loop case, we start from scalar excitations.

Scalars Let us introduce the counting function for the type-4 roots

2

- Ko @ —xf ' s
Ziw)=iLln <—x (v)> +iY |- ST 2y ;)

x+(v) = T —xg;1— 2

ZX*(U)XZ'].

. Ng . Np +(U) X5
—i-ZIZlnx T xb]—i—iZlnM Zln P

j—x"(v) pj— X (V)
_ f' _ i
—|—1Zln j +zZln%
x~(v) _x (v)
Ng +(v)—)cg+ £ _xt(v) Nz 4‘(1))—)55”+ &= —x+(v)
—l—iZIn g+ l +ZZH g+ %
o @) = xm () — o =T () =

(2.54)

where o2(v, u) is the so-called dressing factor [46,10], x*(v) = x(v 4 i/2) and we are using the
notations

gt _ (el gt _ (5l

x; _x(“jii)’ x; _x<uj:|:§>

n i

xpj=x\ua; + 5) Xp,j =xWp,j). (2.55)

The property e Z44.6) = (—1)H —1 follows from the definition (2.54) and from the relation (2.13)
between L and the number of the various excitations: the condition ¢/ %41 = (—1)H~1 jdentifies
the H internal holes, i.e. the scalar excitations.

It is convenient to write (2.54) in terms of functions @, ¢, x, introduced in Appendix A

Za(v) = Lo (v) — qu(v u,)+2zZl x(v)—_xb’

= o j—x ()
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N, Ng i N Ni
+ D xS+ x @ ulID+ Y xr@ur )+ xr@ug )

j=1 j=1 j=1 j=1

U f
=Y xuup) =Y xa,ug ), (2.56)

where s of the type-4 roots involved in the sum are real, while 2K}, are part of the stack defining
the isotopic root u;,. We concentrate on the real type-4 roots and write the sum over them as an
integral by means of (2.15), getting

xT () —xp

Z4(v)_Ld>(v)+2ZZl ey

j=1

Kp
=Y D@, upj+i/2) + P up—i/2)]
j=1

Ny Ng i Nr Ni
+Y xS+ Y @b+ xrur )+ Y xr g )

j=1 j=1 j=1 j=1
Ny Ny
= xuup) =Y xu, u,»j>+Z¢(v ) + ¢ (v, 5/72)
j=1 j=1
+o0
+ ¢, —s/V2) — / dwe(v, w)[Zs(w) — 2L4(w)] + O(1/s2), (2.57)

where ¢ is defined in (A.4). Then, we can write
+00
Zs(w)=F@)+2 / dwG (v, w)Lag(w), (2.58)
—00

where F'(v) satisfies the linear integral equation

xT(v) — Xp,j

F(v)=L®()+2i Zln 0

j=1

Ky
=Y (P, upj +i/2) + ¢, up; —i/2)]
j=1

+Zx(v u |1)+Zx<v ' |1>+ZXF<U upj>+ZxF<v D)

Jj=1 Jj=1 Jj=1

N;
—Zm(v uf,>—ZxH(v uf,>+2¢(v )
Jj=1 j=1
to0
+0ws/VD+ 0. =5/VD) ~ [ dwp(.w)Fw) + 001/ (2.59)
and
+00
G, w) =, w) — /dep(v,w’)G(w’,u)). (2.60)

—00
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We now work out the solution to (2.59). The part depending on the isotopic roots is written in an
explicit form. For the remaining parts we remember that L = H +2+ N, + Nz + N + Nj: this
allows to put L® (v) together with the other functions in the right hand side of (2.59). Eventually,
the solution to (2.59) is written in terms of solutions of linear integral equations. In specific, we
have

H Ky .
2 — .
F(v):@’(v,s/«/z)—|—®’(v,—s/«/§)+2®/(v,uh)+izlnw
— o i/2—v+up;
N N; _ Nr Ne
3 ) + Y FOwud) + Y Frwur )+ Y F ug )
j=I j=l

j=1 j=1

Ny Ny
+Y Flwoup )+ Flwuz )+ 001/, (2.61)
j=1 j=1
where
+00
O'(w,u)=¢w,u)+ o) — / dwe(v, w)® (w, u), (2.62)
) +00
FF(v,u)zxp(v,u)+d>(v)—/dwtp(v,w)FF(w,u), (2.63)
—+o00 B
Ffv,u)=—xg(,u) — /dwga(v,w)Ff(w,u), (2.64)
R N
FCv,u)=x,ull)+ @) — / dwo(, w)F%(w, u). (2.65)

We first analyse the s-depending terms. A tedious calculation® shows that in the large s limit

O’ (v,5/v2) + O (v, —s/~/2) =In % [—4v + Zpes(W)] — 2P () + O(1/s%),  (2.66)

where Zpgs(v) = —Zpgs(—v) and %ZBEs(U) = opes(v), opes(v) is the famous BES density
[10] and I3(v) is the solution of the integral equation9
+00
- dw -
Pv)=—-P(v) - 7[(9(1), w) — @, —w)]P(w). (2.67)
—00

Then, we pass to study the nonlinear term NL(v) = 2fjo°: dwG (v, w)L4(w). The same term
was computed in [21], where only real type-4 roots were present. Here we can use the same

8 Formula (2.66) clarifies the origin of the length 21ns and the two ‘defects’: they are both due to the interaction with
the two heavy large holes.
9 We write the kernel of equation (2.67) in an explicitly antisymmetric form in order to avoid one loop divergencies.
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results, since in the large s limit the leading behaviour of Z4(v) does not depend on the presence
of excitations. We have

In2
NL(v)=—2vIn2 + HTZBES(U) +0(1/52). (2.68)
Putting everything together, we arrive at
H Ky .
. ) i/24v—up
Zs(v)=Ins[—4v+Z —2P 0 (v, In— 2/
4(v) =Ins [—4v + Zpes(v)] (v)+}; ¢ uh)+z;ni/2_v+ub’j
ZFG(U ug)+ZFG(v ug)+ZF (v, uFJ)+ZF W.ug )
Jj=1 Jj=1
Ny Ny
+Y Flup )+ Flwus )+ 0(1/s%. (2.69)

j=1 j=1

Now, as in the one loop case, before imposing the quantisation condition for holes, we introduce
the momentum of the chain

++
—zZln—_ Z¢(u4,)—Z<I>(uh)+lZln( )

4/ xbj

+00

dv d
+ / o) [Z4(0) — 2La()], (2.70)
T dv

—o0
where xbi]i = x(up,j £ i). Terms containing L4 give no contributions at the orders Ins and
(Ins)°. Terms containing u; produce only a term 7 K;,. The dependence on excitations is worked

out after inserting for Z4(v) expression (2.69). However, for our convenience we prefer to work

directly on the expression Z4(v) — P: after some calculation (see Appendix D for details) we
arrive at the expression

wpj+5 &
Z4(v) — P =1Ins[—4v + Zgps(v)] — 2P (v) +i Zln # + Z O(v, up)
=1 V7T 3 o
Ng Ny
—i—lenS(SF)(v Ur,j) —I—ZzlnS(’F)(v uf ;) —i—lenS(sf)(v ufsj)
j=1 Jj=l1 j=1
Ny _ Ng Ng B
+) ilnSCDup )+ iSO, uf) + ) iSO (v, uf),
j=1 j=1 j=1
2.71)
where we introduced the scalar—scalar phase
OW,u)=0"(v,u) + P(u) =iln[—S“ (v, u)] (2.72)

and the scattering factors S (s *)(v, ujf) between scalars and other excitations, which are listed

in Appendix C. Imposing the quantisation condition e 124 =Pl = (_1)H~1 e get the final
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Bethe equation for scalars

;. H Ny
X g up —up i+ %
{— lRP()(Mh)+2lD()(uh)l—[ h—Upj+ 3 1_[ (ss)(uh’uh,)l_[S(sg)(uh’ug_)
i J
j=tUh T b T g j=1
' h
Ng ) B Nfp
. 1_[ 68 (uy,, u?) 1_[ S (uy, ur,;j)
j=1 j=1
Ng B Nf
.HS(XF)(uh,u- l_[S(éf)(uh uy,j )ns(bf)(uh Uf i) (2.73)
j=1 Jj=1 j=1

where we introduced the length of the chain R = 21In s, the momentum of a scalar excitation with
rapidity u

1
P () =2u — 5 Zpgs(u) (2.74)
and the effect of the two purely transmitting defects

2D (u) =2P ). (2.75)

Important properties of the scalar—scalar phase (2.72), which can be proven using equations
(2.62), (2.67) are

Ou,v)=—-0(—u,—v), Ou,v)=—-0(,u). (2.76)
Eventually, we remember an efficient way proposed in [23] to compute the scalar—scalar phase.
We found that

Ou,v)=Mw,v) — M, u), (2.77)
where M (u,v) = ZW () + Z(u; v) and ZWD (u), Z(u; v) are univocally defined by the condi-

tions

d ) d
2V (u)y=0""(u), Z(u;v) =0 (u; v),
du du

z2Ow) = =2V (=), Z@w;v)=—Z(=u;v), (2.78)
with the functions o (U (1), o (u; v) solutions of equations (B.22), (B.23), respectively.
This procedure provides an alternative (with respect to solving equation (2.67)) way to deter-

mine the function P (u), once Zggs(u), Z" (1) and Z(u; v) are known. Indeed using (2.66) we
have

2P(v) = lim |:ln—[ 4v 4+ Zpes(v)] — O(v, s/\/—) O(v, —s/«/z)]

§—>+00 ﬁ
= lim_ [m % [—4v + Zpes()] = 2ZP(v) — Z(v: 5/3/2) — Z(v; —s/ﬁ)} .

(2.79)

A final alternative to compute P (u) is to look at equation (2.69) when no excitations nor isotopic
roots are present. Then we see that —2 P (u) represent the contribution O (In 59 to the twist
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two counting function of the pure s/(2) sector. This function has been analysed in [13,14] (in
notations of the second of [14] it is connected to the function S%).

Fermions The equations for large fermions come from the (inverse) of the third of the Beisert—
Staudacher equations. We have

K, .4 N g 4 ; Ky .+
1 ﬁMF’k_ua’jJrl/zl_g[u”_ujﬂ/z( I)K“ﬁ&w—”’k
N Upp—iUgi—i/2 —ub—i —x .
_ UFk —Uaj —1/25 Supx —uy—if2 o1 XFk = Xy

8 . K ++ H
Fk—“j+l/2 hxb]_ka XF.k

j=1

K N _
T 4Rk a2 T -
=11 — 11 I .

j=1

g .
uF,k—ua,]—l/2j=1up,k—uj—1/2j ka—th het Xn —XFk

“+o00

. [ dv d
cexp | i / o ar w5 (Zaw) = 2L4w) | (2.80)
2 dv
—00
since K4 = s + 2K} is even, where x,:f =X (uh + ’7) As in the one loop case, we multiply such
expression by 1 = e'? . Then we use expression (2.69) for Z4(v) and remember that the term
containing L4(v) gives subleading O (1/s%) contributions. We get

. H
(F) (F) UFk —Uqg, j+i/2
1= lRP (uF )+2iD (qu)l_[ 5] HS(FX)(MF/{’M/’!)
| Uk — Ua,j —i/2 ’

h=1
Nr Ni Ny
T8 wrour, )]‘[S“” Durpos ) [18T wriug,))
j=1 j=1 j=1
Nz N, Ng
18P @iy, )1‘[5<Fg>(um ug>]_[s<Fg><m, uf), (2.81)
j=1 j=1 j=1

where R = 21Ins is the length of the chain and

+00

d
P<F>(u)=—/ & .+ e (v, 0] [1 -

—0o0

UBES(U)] (2.82)

4

+o00
d d -~
2D () = — / i[XF(U,M)‘i‘XF(—U,M)]%P(U) (2.83)

—00

are the momentum of a fermion and the effect on it of the two defects.
The equations for large antifermions come from the (inverse of the) fifth of the Beisert—
Staudacher equations. Their derivation is analogous to the fermionic case:

%) (F) Uf—Ucj+i/2 7
1= zRP (uf )+2DY (up )1_[ HS( A)(qu’Mh)

iz 1qu—uL]—l/Z
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Nr Np Ny
'HS(FF)(”Fk uFJ)HS(FF)(qu’MF )HS( f)(qu uf,j)
j=1 j=1 j=1

Ny o Ng ~
F F
. 1_[ s¢ f)(”F,k’ ”f,j) l_[ S¢ g)(”ﬁ,k’
j=1 j=1
Equations for small fermions are obtained starting from the (inverse of the) first of the Beisert—
Staudacher equations. We have

Ng _ .
uf) ]_[ SUS (g, uf). (2.84)

j=1

K . 1 — 2Lk AN g,

lzﬁufk_u2j+l/2ﬁ x4/_l—[ufk ua/+l/2ﬁufk—u~+l/2
ilu/k_u2/_l/2 1= i{k ufk—uaj—z/2 Vg —us —if2
A N

k
Kbl i+H1_

Tl

+00

Xfk
i o —i/ﬁ (v, u )i(z (v) — 2L (v))
Q p e CICRT b €2 4

—0o0

(2.85)

In contrast with the fermionic case, we do not multiply this equality by 1 = ¢/”. We use expres-

sion (2.69) for Z4(v). Working out the various terms we get

- +1i/2
1= lRP(f>(ufk)+21D(f)(uf1‘) Ufk Ua,j S(f?)(u ks uh)
l_[ufk—ua]—l/Zl_[ 5

Nr Np ) Ny
: H SYP upr ur ) l_[ SYD uproug ) 1_[ SYUD uppug )
j=1 j=1 j=1
Ny _ N Ng B
TSP @raour DT SYE @rao u) TSV s, u), (2.86)
j=1 j=1 j=1
where
+00d
v g v
PO () = / D o + g (—vow] |1 - 2B (2.87)
2 4
—0o0
+ood J
v ~
2D (u) = f — [xa . w) + xu (—v,w)] —P(v). (2.88)
2 dv

—0oQ
In a completely analogous way we work on the (inverse of the) seventh of the Beisert—
Staudacher equations, which gives the quantisation condition for small antifermions:

. H
u Mc]+l/2 F
l—e lRp(f)(u k)+21D(f)(u %) ik Heg T2 S(fs)(u‘ S Uh)
Hufk—ucj—l/zljll Fk

Np Ni Ny
'HS(fF)(”fk upj)HS(f )(ufk Ufp )HS(ff)(”fk ufj)

j=1 J ! =

Ny

Ng . _
U [T8Y9 sy, ub). (2.89)

j=1

TP wspous 1—[ SO

Jj=1 Jj=1
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Gluons As in the one loop case, we multiply (the inverse of) the second of the Beisert—
Staudacher equations for up j = uf with (the inverse of) the third for u3 y = u,‘f +i/2 and (the
inverse of) the third for u3 ; = uf —i/2. We then get the following equations for the center of
the gluonic string uf:

N, . K + - N,
o e )

1= ] %= [ttt

— —j g+ — 8— - 8 _ L
Up uj lj:l ()Ck _x4yj)(xk _x4,j) j=1 Uy —Ur,j i/2

S

+1i/2 +i/2

|| — Uit || S Rl (2.90)
uk—uf]—z/Z uk—u;,j—z/Z

Making explicit the type-4 roots, we arrive at

j N uf—up’j—i—i/Z fuk—ufj—i—l/Z uk—ubJ—i-l/Z
1P iF 4

uk—uf]—l/Z uk—ub]—z/Z

g+ ++ 8-
— 6T —x)

H  &— =\ (&t
(x; —x, )(x; " —x,
T =) H—

h=1 (xk —xy) () — (g xb,j)(xk —Xp;)

j 1
+ood d
. v
- exp 1/E}((v,uiﬂ)E(Z;;(v)—2L4(v)) : (2.91)
—0Q

Following what we did for (large) fermions, we multiply such expression by 1 = ¢'”. Then we
use expression (2.69) for Z4(v). We observe the exact cancellation of terms involving the isotopic
root up, and eventually for the field .y we obtain the equations

N
= eiRP<g)(uf)+2iD(g)(uf) 1_[ S(gg)(u g) 1_[ (&) (”k g) 1_[ S(gY)(u )

j=1,j#k j=1
Nf N,} ~ Nf
. 1_[ S(gF)(u][’:, ur.j) 1_[ S(gF)(ui,u _ 1_[ S(gf)(uk Y )l_[ S(gf)(uk uz /)
j=1 j=1 j=1 j=1
(2.92)
where
+ood
P& ) =— / 2 .1y + x (—v,ulD] | 1 - oBEs (V) | (2.93)
27 4
-0
d d
2D@ () = — / 2 @, ull) + x (=, ul)] = P(v). (2.94)
27 dv
—00

The procedure for the field F, | is completely analogous, hence we give only the final equations
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_ _ Ng
1 = ¢ RPOW)+2iD® (uf) l_[ S(ég)(u g) 1_[ S(gg)(u ug) 1_[ S(gS)(u )
Jj=l1 Jj=1,j#k

Ny

Hs(gF)(uk ur.j) nS(gF)(uk up )1_[ S(gf)(uk . )Hs(gf)(u )

Jj=1 j=1 j=1 j=1

(2.95)

Isotopic roots The equations for the isotopic roots u, and u. come directly from the second
and the sixth of the Beisert—Staudacher equations and their derivation is completely analogous
to the one loop case: the only difference is that in the general all loops case also small fermions

are present.

t/ZHuak uypj—i/2

Kq . Np
l_l—lua,k_ua,j"‘l nua,k_“F,j
u“’k_u“sj_ijzl ua,k—up,j—i—l/Zj:l Ugp —uyfj+i/2

ik
Kp .
—up i —i)2
[ Lk m s =12 (2.96)
iy Mad = Upj +1/2

k‘”f,j_”/z

K. . Nz . nz
l_l—luc’k—uc,j-i-l ﬁuck_uﬁj_l/zl—fluc,
Uek — j+i/2

Uek —Ucj— i iz uck—qu+l/2

ik
K, .
: 1‘b[ Uek = Ubj —1/2 (2.97)
Uek —Up,j+i/2 '

j=1
Then, we consider the product of the third equation for u3 y = u;, x with the fifth for us = uy i,
the fourth for u4 = up i + i/2 and the fourth for w4 x = up  — i/2. We arrive at the following

equation
K . K4 .
1_1—“[ub’k—ua/ 1/21—[ub,k—ucﬁj—l/zl—luh,k—u4,j+l/2
]:1"””"_”’”4_[/2 1“b,k_uc,j+i/2j:1”h,k_u4,j_i/z
N, g . g _ ——\ L
& Upk -—1/2 Nz Upk — U — i/2 Xpk
Up e —Uj +l/2 — _—}—'2 X
i1 j=1 Ubk —u;+i/ bk
2
g
Ky ,—— + 1 — ==
X — Xy 2x,) 7 x,
b,k 4, bk *4, . .
LB Lo (up g +1/2,ua )0 Up g — /2, us, ;)
Jok Yok T a1 — L
bk X4, j
X7
Ny 1— 2B Np | —2f

Ky [ ++ N\2NE 4+ Mg o
[T (2= ) [t T 2 A “’fn
- _ . - _ X// X7
ot \Ypk X6 ) S Xk TXFG G Xk —XF o ] 1— L
Ng ++ g+ _++ g— Ng _++ i+ _++ g-
l—lxb,k X Xpk T be,k X Xpk T
- _ &t - & — 8t —— &
j=1%bk X Kok T =1 Xpx T Xpp T X
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where

L=H+2+Np+Np+ Ng+ Nz. (2.99)
‘We have

Ky . Ky . H .
Up g — U4 j+i/2 l_[u;,,k—uh,j+ll—lub,k—uh—lﬂ( 2
T /2 _ . 2 (1+0as5)

Wbk — U4 — i/2 i1 Upk —Upj =1 5 Ubk = Up +i/2
J#k

400
d — 2d
cexp| - [ Dtk mVR2d G oLy | (2.100)
2r upxk—v—i/2dv
—00
where for Z4(v) it is convenient to use form (2.54). It is remarkable that, plugging (2.54) into the
integral in the last term of (2.100), we find that

+00
/dv Up k — v+l/2d
exp | — —In——M———

2 ubk—v—l/Qd Z4(v) (2.101)

—00

produces'” massive cancellations in (2.98). On the other hand, the nonlinear term containing

L) (v) gives a negligible O(1 /s?) contribution. Eventually, for the third isotopic root u; we
obtain the same equation as in the one loop:

K . K. . Ky .
1—ﬁub’k_ua’j_l/zl_lub’k_uc’j_l/z 1—[ u},,k—ub,/‘-i—l
Upk — Uq,j +i/2j:1 Up k —Mc,j+l'/2 il uh,k—ub,j—'

Jj#k

j=1

ﬁubk—uh—l/2

(2.102)
Up g —up+i/2

h=1

3. Conserved observables

Momentum was already obtained in previous sections: therefore, we concentrate on higher
charges Q, and in particular on anomalous dimensions y = Q». Let us introduce the function

B lg 1 r—1 1 r—1 - -
=1 (x+—<u>) _(x<u>> P TES e-b

whose Fourier transform reads

r—1
4, (k) = 2mig? (Tf) o4 I (V28k). 3.2)

k

The r-th charge of an excited state over the GKP vacuum enjoys the expression

10" This cancellation was already noticed and proven by Basso in Appendix C.2 of [20].
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Ky Ky H
Or=Y qr(uaj) =Y lqrup+i/2) +qr@up; —i/D1= > qr(up)
j=1 Jj=1 h=1
+o00
dv 1
- [ SEaw5i2i0) - 21401 + 0 (—2> , (3.3)
S

where for Z4(v) we use expression (2.69). Doing this, we observe the exact cancellation of the
dependence on the isotopic root u; and we are left with the formula

A dv dv d -
—qu(uh) +1nS/ qr(v) [4v — Zpes(v)] + /2—qr(v)—2P(v)
— T dv

- [ SEaws [Z@(v uh)+ZFG<v us >+ZFG(v uf)
j=1

h=1
Np
ZFF(U upj)—i—ZFF(v qu)—i—ZFf(v ufj)—i—ZFf(v ufj)

Jj=1 Jj=1 Jj=1 Jj=1

Z/de(v, w)La(w) — 2L4(v)]

ar) == 2P(v)

=1 dv 4 Z dv
= HS/2 qr(v) [v— BES(U)]+/2

Ny Ng _ NF
+ Z 0V + Y 0w+ 0 @) + > 0 wr.j)
h=1 j=1 j=1

j=1
Ni Ny Ny
+3 0P wp )+ > 0w+ 0wy )+ 00/sY. (3.4)
j=1 j=1 j=1

The first two terms in the right hand side of (3.4) are contributions from the GKP background.
The remaining terms in (3.4) are the contributions that any single particle brings to the overall
value of the r-th charge.

o For scalars we have

) () — _[dv o
0. (u) =—q,(u) 5 gr(v)—0"(v,u). (3.5)
T dv

Restricting to r even, we use relation (2.21) of [23] to write

+00

) dk . R
09 (u) = —q,(u) — f mqr(kna(”(k)m(k;u)], (3.6)

—00

where the functions 6V (k), & (k; u) satisfy equations (2.19), (2.20) of [23], respectively. It is
convenient to introduce the functions, defined for k > 0,

sinh & T k
SV =216V + ——(1—-e72) |, 3.7
(k) — |9 ( )+sinh§ ( e ) (3.7)
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k

k —k
Sk;u) = 2 [&(k; u) — — (cosku — 1)} , (3.8)
and to expand them in Neumann series
+00 T
Jp(V2gk) Ip (f 2
sV =% s},”%, Sthiuy =38 ) =82 28 (3.9)
p=1 p=1

We use defining equations (3.10) of [47] for Sl(,l) and (3.15) of [21] for S;, (u) to simplify (3.6) as

follows
r—1
<£> [S,“)1 + S;_l(u)] . (3.10)

® () —
0w r—1\ ig

We could not find a formula analogous to (3.10) in the case r odd.
When r = 2, this simple expression can be connected with the first of (4.6) of [20]. We indeed
remember formula (4.36) of [48] and that

' -2 (D" g 3.11
() = rrZ ! S, (3.11)

where for S](") we use formula (4.35) of [48] to connect with the solution of the BES equation.
Operating in this way we get, after some algebra,

ez —e 2 ez —e 2

+00 P P
0% ) =y w) = / u [ﬂ o (Vg0 + 2 o2 gt)} (3.12)
0
i.e. the first of (4.6) of [20]. Functions yi are defined in (B.19), (B.20).
It can be of interest to express y® (1) in the O(6) limit [49]. We introduce

28 1

m(g) = i gle” f[1+0<—>] (3.13)
r(3) ¢

In the O(6) limit v2gS\" = m(g) — 1 and +/2¢S (u) = m(g) (cosh Zu — 1). Substituting in

(3.10) we get

7w =m(g)cosh Tu—1, (3.14)
and for the complete anomalous dimension in presence only of scalar excitations
u i
=1nSf(g)+fsz(g)+Z<m(g)cosh S h — 1). (3.15)
h=1

e For gluons we have

d d
0% (u) = — / ﬁqrw)%FG(v,u). (3.16)

Using equations (2.62), (2.63), we arrive at the formula

dv
£g><u)=—/2 [x,ulh) + o@)] - Q(”(v)- (3.17)
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When r =2 we have

[k i
_Lk y+(\/—gk)—sgn(k)y_(\/_gk))

k
47T2 ez_e 2

0¥ () =y® @) =

—0o0
n n

[2” Ikl ,—iku _2_”67%% 8 n 8§

ik ik V2ix(u+ %) V2ix(u—1%)
T (V2gk) — —Jo(«/—gk)e_IT] . (3.18)

By means of the relation (3.40) in [20], and making use of the identity
T dk (3:) (&1)" "
—k(1+iu 8

—e Jn(V2gk) = — ), 3.19
o/k \(V2gh == (ﬁix(uﬁ)) (3.19)

the expression above becomes

YW = /dk M[ oskue s —1] —/dT (ffk) [coskue™® —1].

k 1— ek —
0 0
(3.20)
e Large fermions and antifermions with rapidity u carry an amount of r-charge equal to
(F) dv
0, (w)=- —qr(v) FF(U u). (3.21)
Using equations (2.62), (2.63), we arrive at the formula
dv
0" (u) = — f 5 L, w + )] - Q‘”(v) (3.22)
For small fermions we have
dv d
) = / —xn.u) 0% (v). (3.23)
2m dv

When r = 2, the very same reasonings outlined above apply to large fermions, so that (QEF) u) =
(F)
Y w)

) () = 70 dk v} (V2gk) — y2(v/2gk)

T " [cosku — 1]

0
[ dk 1

+f - y2 (V2gk) [ cosku —1]. (3.24)
0

Analogously for r =2 and small fermions
1 OOa’k
0wy =y () = -3 / - y? (v/2gk) cosku . (3.25)

0
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3.1. One loop

All the previous expression are explicitly computed at one loop, upon introducing the follow-
ing notation for the derivatives of the digamma function

d n

w"”(z)s(d—) ¥ (2), (3.26)
Z

v =vy(@2). (3.27)

e Scalars
52
®ey__ L& r—2) _
0w =~ [V a2 —iw

+ DDA 24 i) =y P+ DD (3.28)

e Fermions and antifermions

52
F) )y =__L8 =21 _;
0w =~ [y —iw
+ YDA+ i) =D+ DN ] (3.29)
o Gluons
)
@y =__"8 r=2)3/2 _;
O T LA
+ (DY E2+ i) -y TP (A + (—1)’)] : (3.30)

4. Strong coupling regimes of 2D scattering factors

In this section we want to give a detailed analysis of the different strong coupling limits of the
2D scattering factors S**'(u, v) of Section 2.3. In fact there are different ways of performing the
g — +oo limit as these give rise to different results or regimes, so parallelling what happens to
the energy/momentum dispersion relations [20].

First, we shall discuss the regime, relevant only for scalars (as the other excitations decouples
towards very high energy), where we keep their rapidities fixed, namely the so-called non-
perturbative regime. In this case integrations inside the expressions for the various scattering
factors receive the leading contributions from the region where the integration variables are fixed
(while sending g — +00). This regime is dominated by scalars which are the only ones to have
a non-trivial (finite) S-factor, whilst the other S-factors involving other excitations reduce to
one. Here we find out the (usual) O(6) non-linear sigma model scattering theory as low energy
string theory [49,47,50].1 Alternatively, we can first rescale the external rapidities u = \/Egﬁ,
v = ﬁgﬁ and then send g — +oo. If the rescaled variables, # and v, have modulus smaller
than one we are (with the exception of scalars, see discussion below) in the perturbative string
regime (where the irrelevant and relevant perturbations of the O (6) non-linear sigma prevail on

11 At next approximation it would be perturbed by irrelevant fields as suggested by the expansion of the energy in
inverse powers of the size (R) [21] (cf. also the dispersion relation in [20] and the effective field theory of [51]).
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it putting at zero its mass); while if their modulus is greater than one we are in the so-called giant
hole (semiclassical soliton) regime. In both cases, in order to have the maximum contribution
to the integrals, after rescaling external rapidities, we have to perform the same rescaling of the
integration variables u; = ~/2gii; and eventually take the limit g — +00.

4.1. Scalars

Scalars in the non-perturbative regime We report the strong coupling limit of the scalar—scalar
scattering factor in the non-perturbative regime, i.e. g — 400, with u, v fixed (details on the
calculation can be found in [23], see also [21] and [22]):

g—~>+too = O, v)— Oy, —v)
Cu— 1 L u—
F(l—z%)I‘(§+z%) d(n(u—v))
— g —_— ,
F(itg) T (5 - i) 2
which depends only on the difference of the rapidities and coincide with the pre-factor of the
S-matrix, as derived in [52], of the O(6) non-linear sigma model upon the identification (of the

hyperbolic rapidities) @ = 7u /2 and 8’ = wv/2. This definitely supports the proposal of the latter
model by [49] as that describing the string at low energy (see also subsequent studies [47,50]).

=—iln 4.1

Scalars in the perturbative regime As in [20] the perturbative regime for scalars is recovered
by introducing a new rapidity z as

2
u=—1In L, for u > 0 (right mover);
7 m(g)
2
u=—1In @, foru < 0 (left mover), “4.2)
b4 z

m(g) being the non-perturbative mass (3.13). The rapidity z is kept fixed in the region m(g) <
z<1as g— 4oo. If m(g) <z <1 formula (4.1) is valid, therefore the function ® in the
perturbative regime is obtained by plugging (4.2) into (4.1).

Scalars in the scaling regimes We rescale the rapidities u = v/2git, v = ~/2g¥ and then send
g — 400, with u, v fixed and || > 1, |v| > 1. This is the so-called giant hole regime. Details
on the calculation can be found in [23]. We give the final result for the double derivative, which
will be useful for next computations

i\ 4 o\ /4
ii@(ﬁgﬁ,ﬁgﬁ):ﬁg (”_‘D (%> _
du dv 0

</
S
al
N—
=
N
—
1]
|
——
—
=
~

4.3)

This result (4.3) agrees with corresponding formula coming from using the scattering phase
(2.34) of [53].

Another possibility is to define rescaled rapidities (with a bar) u = +/2gii, v = +~/2g¥ and
then send g — +o0, with u, v fixed and |u| < 1, |v| < 1. Although for the other particles this
second possibility gives rise to the perturbative string regime (giving for understood an obvious
modification u — x(u) for the (small) fermion, c¢f. below), it does not in the case of scalars as
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given in [20], because of their non-perturbative, dynamically generated mass. Yet, we need to

consider the scalar ® in this regime at least to access the other S-matrix elements (depending on
it). In fact, we may write the limiting value

2 d 2 o1 )

Ow,v)=2r—58Wu —v -+ 0(1 4.4

Jags O V) =2 =D+ T Po 4+ 001/8). 4.4)

Importantly, formula (4.4) is valid also in the domains || < 1, |v| > 1 and |u| > 1, |v] < 1. We

will make frequent use of (4.4) in this section.
From (4.4) we can infer

1 i
O, v) = —7 sgn(u — v) — T— +0(1/g%) = S (u, v) = ¢ Vs 77 TOU/E)
2g

4.5)
4.2. Gluons

Gluons in the perturbative regime We want to study the gluon-gluon scattering factor (C.13)
in the limit g — 400, with u = ﬁﬁg, v= ﬁ«/zg, i, v fixedand 7% < 1, 92 < 1 (perturbative

regime).
We have
iln (—S(gg)(u, v)) =L+ + 1, (4.6)
where
Ty = % (u, v|1,1) = —2arctan v/2g (0 — it)
= —msgn(v — i)+ (_\/5 ) +0(/¢%. 4.7

Passing to study 7, and Z3, we first remark that in the perturbative regime

XJF(“)_[TUM} @FivV1—ia?) +0(1/g). 4.8)

Since we have to work out x (w, u|1) + ®(w), in addition to (4.8) we need also to know the
behaviour of x*(w) when w = i}ﬁg and g — +o0o0. When |w| < 1 we can use (4.8). On the
other hand, for |w| > 1 we have

1+,/1- 2 7 1
i(w)—«/—gx(w)j:—ilz—FO(l/g), i(@):%[l%—,/l—ﬁ] . (49)
1-3

Using results (4.8), (4.9), we arrive at the relations, valid for w = i)ﬁg and g — +o0:

X(w,u|l)+¢(w):m+0(l/g2), when |w| > 1, 4.10)
x(w,ull)+ ®(w)=0(/g), when |w|<1. 4.11)
Therefore, we have
+00
dw d 2
Ih=- / T [x (w, ull) + P(w)] ——[x (w, v|1) + ®(w)] = O(1/g7). (4.12)
b4 dw

—00
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For what concerns the last term Z3 in the rhs of (C.13), we find convenient to perform the change
of variables w = v/2gWw, z = v/2¢Z:

Ty— /dw / 42w ull) + D(w)] [——@(fgw fgz)]

~[x(z, v|1) +P(2)]. (4.13)

Now, from formule (4.3), (4.4), we deduce that the leading behaviour of the double derivative
of the scalar—scalar phase is realised in the giant hole regime |w| > 1, |z| > 1. Therefore, we can
write

dw dz 1 1
L | — | = 4 o201, v2 4.14
3 / 2 / 2 ﬁgw fgu fgz—fgv dw dZ ( gw gZ) ( )

[w]>1 HES!
Plugging (4.3) into (4.14) and performing the integrations we arrive at

1 [ T+a\"* 1=\ /1—a\"*/1+5\*
— - o ! ) - ! - . (4.15)
24/2g (it — D) <l—u) <1+v> <1+u> <1—v)

Now, summing up (4.7), (4.12), (4.15) we obtain the final result for the gluon—gluon scattering
phase at the order O(1/g):

S(gg)(u, v) = exp [m

RNEEY V41— 1/4+1 T—a\"* 140\ 4.16)
2\1-a 1+ 2 \1+a -0 T

The expression above agrees with the correspondent result of Basso, Sever, Vieira [34].

Gluons in the giant hole regime We now want to compute the gluon—gluon scattering factor
(C.13) in the limit g — 400, with u = iix/2g, v = +/2g, i, ¥ fixed and @> > 1, 7% > 1 (giant
hole regime).

As a preliminary calculation we consider the quantity x (v, #|1) + ®(v). For its expression
we refer to (A.7). Computing the scaling limit u = iiv/2g, v = 1+/2g, g — +00, ii, ¥ fixed and
% >1, 5% > 1, we find that

x(,ull)+®(w)=msgn(v—u) —mwsgnv+0(/g). 4.17)

Since x (v, u|l) + ®(v) is at most O(go), properties (4.3), (4.4) imply that the following part of
the integral 73,

f / 9w, u|1>+d>(w>][d—;®(fgw fgz)}

lw|>1 Iz\>1
x @ vl + @), (4.18)
gives actually the dominant contribution (proportional to g) to i In (—S(gg>(u, v)). The integra-
tions in (4.18) are easily performed and the final result'” is

12 1n order to get (4.19) we use the properties © (1, £+/2¢) = O(++/2g, v) = 0 which are proven using expressions
given in [53].
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in (—s<gg> , v)) —iln (—s<g§) , v)) — O, v) + 0(g°
—iln (—S(”)(u, v)) + 0. (4.19)
Gluons in the non-scaling regime In this regime we send g — 400 keeping the excitations

rapidities fixed. For what concerns gluons, if we send g — +o00, with gluons and scalar rapidities,
u, v respectively, fixed, we get that

x(,ull)+dWw) = 0(1/g2). (4.20)
In order to get (4.20), relation

j utit uti
g— 400, ufixed =xtu==+5 4172 ts) +0(1/g%, 4.21)

1
V2 2:F4\/§g

is useful. Result (4.20) means that in this regime the gluon—gluon scattering phase S (u, v)

reduces to “=vti
U—v—I

4.3. Fermions

Fermions in the perturbative regime We want to find the strong coupling limit of the fermion—
fermion scattering factor in the perturbative regime. As we will show in a moment, this regime
fits in the small fermion case. We start from

sh [ dw d
S (u,v) =expyi —XH(w,u)EXH(w,v)

d dz d?
/_—XH( u) Ow,2)xu(z,v) ¢, (4.22)
dwdz
where
. x_f(u) )
+ u
XH(w,u):—iln%, xp =3 |1~ 1—% . (4.23)
T w)

In the perturbative regime the fermion rapidity scales as x r(u) = \/zgif(ﬁ), u = ~/2gii, with

7] 1 1
)Ef(ﬁ):%[ l——2:| lu| > 1, |)_Cf(ﬁ)|§§. (4.24)

It is then clear that we are in the small fermion case.

For what concerns scalar rapidity, we make the rescaling w = +/2gw and we develop at strong
coupling. We have to distinguish two cases.
o If |[w| > 1, then

1 1
¥ (w) = v2gF (i) + %7w +001/g),

W 1
x(w)=5|:l+ “ﬁ] (4.25)
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In this case we have

xg(u) _
. Tyt~ Xr@) 1 1 5
yxu(w,u)=—iln ); g 1+ 0(/ghH. (4.26)
) _ _
- 5 V2g % /1_#)%(”) X ()
o If jw| < 1, then
xFw) = %[w +iv1— 2]+ 0(gY). (4.27)

In this second case

1—2xp(w—iv1— w?)
n

I —-2xp(w+iv1— w?)

In general we write —i In SUN = I, + I, where

xHW,u)=—il +0(1/g). (4.28)

+0o0
dw d o -
I = EXH(U),M)EXH(W,U)ZH + 17, (4.29)
—0Q
where
= [t ~ 01/ 430
[ = g XH w,u)deH(w,v) (1/g%), (4.30)
|w]>1
- dw d
I = EXH(WJJ)@XH(W’U)’ 4.31)
lw|<1
and
dw dz d? )
= — - , ® , , :1> Irest’ 4.32
2 /271 27T)(H(w u)dwdz (w,)xu@.v)=1I; +1, (4.32)
where
Iy / di dz (w, u) @ O(w, 2)xu(z,v) (4.33)
= — —_— w w v .
2 27T ZJTXH , U d’lI}dZ » Z)XH\Z, )
FINEES!
dw dz d?
et = — / —— , O(w, z ). 4.34
2 2 xH(w u)du‘)dz (w, ) xH(z,v) (4.34)
ldlor|zl<1

In order to evaluate I we need first to compute (the second derivative of) ® (w, z). This happens
to depend on the domain of w, z. When |w| and |z| are both greater than one, we can use formula
(2.33) of the letter [23]: in particular, in this domain #;@(w, z) = O(g). In the remaining
domains (i.e. [w| and |z| are not both greater than one), we have formula (4.4):
& O(w )—2ni3(w—‘)+Ld—2PL+0(1 2 435
dwdz YT Taw T YT pgd - /&9 (*3%)

Using this formula we can estimate 7;°'. We have
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dw d
Izrest - _ / EXH(w’ u)EXH(W, V)

lw]<1
12 / T : ( ) i L (z,v) (1/¢% ( )
w, u , U ’ .
NG 7 —XH PE wXH +0(/g 4.36

|wl,|z]<1

where we used the fact that xg(w, u) is O(1/g) when |w| > 1. The first term in (4.36) can-
cels I=. The second term equals

1 /’ dw dz ( )dz p 1 @ v
e ——xu(w,u — )
NeT 2w 22 M -t

[wl,|z]<1

1+ 4% £ ()% £ (D) X ()% 5 (D)
— 4% (@)X (D) (1 — 4% @)2) (1 — 437 (0)2)

In order to get this result, we made use of the approximation

2
=—?\/_(xf(u)—xf( )) (4.37)

d (0. ) = w — 2x 7 () 1 O(L) 4.38)
""" VI—02—ii) 22800 —i)? g2 '

and of the integral (B.31). For what concerns /5", we have

g [
2 fg 271— 1xf(u)—x(w)

[w[>1 \Z|>1
,(%ﬁ)(%ﬂz+(fﬂ &) 51(D)

w—Z Z\/@ HOEEGN

2qifan
SI‘SI
!\ll|’\ll

(4.39)

Now, we use the identity

1 1 1
w—1\% (z41)? 414
(u‘)+1> (le> "‘(m—l)

z

T ) — %@ I : (340
Hy T 1—%)4<1—_L)4
and arrive at

1 dw dz 1 Xp(in)

=—

V2l E\zm 2n a’\/@if@ —rw
1 \/1+V wz\/Hv 1 0,
X)) — 2(2) (1_%)4{(1_%)1 Zﬂ r(0)—x@)

4.41)
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We now use the symmetry properties of the integrand under the exchange w with z and factorise
the integral as

Iy = _Zx/ligif ()F (D)X 7 (D) — X ()13, D)2, @42
where
0= / 3 7 — (D (% (D) — x() (4.43)
[B|>1 _ %)Z (p@) —x(w)) (X (v) — x(w))

J(u, v) = / (4.44)
lyl=1/2
which can be exactly computed by means of (B.31):
I, v) = —— ﬁ_ — : — : . (4.45)
=3O Jiagp@ (1 - 45002
Therefore, we obtain
2
o 1 xr@)xy(v) 1 1
= ASY) - . (4.46)
P V2 k() — Xy (@) Ji-ax02 J1-dipap
Adding (4.37), (4.46) we arrive at the final formula
" 2i/2 1 +4xy@)xr(v)
(5 — _ SRS
SV (u,v) = eXP{ (xp(u) —xr(v )) 4% ()% ()
. Xp()xy(v) i xp)xs(v)
(1 —4x, @ (1 —4kr ()  2g Xf(0) = Xr (@)
1 1 2 5
[ _ } Lozt (447)
JU-45,@?2 1 -5y

Fermions in the giant hole regime In the giant hole regime which fits into the large fermion
case the fermion rapidity scales as xg(u) = ﬁgi(ﬁ), u= ﬁgﬁ, with

#(i) = [+,/1—_12}, @1, 5@ L, (4.48)
u 2

where x (i) was already defined in the second of (4.9). Referring then to formula (C.11) for large
fermions, we first show that if w = w~/2g, u = itv/2g and g — 400, with |w| > 1, then

xr(w,u)+ ®(w) =msgn(w —u) —xsgn(w) + O(1/g). (4.49)
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In order to prove (4.49), it is convenient to start from (A.9) and then use (4.9). Therefore, the
situation is completely analogous to the gluon case: relation (4.49) implies that in (C.11) the
dominant contribution comes from integrations in the second term in the region |w| > 1, |x| > 1,
where the scalar—scalar factor ® is proportional to g. The final result is

ilnSEH (u,v)y =0, v) + 0(g") =iIn(—=S° (u, v)) + 0(g")
=iln(—S% (u,v)) + 0(g"). (4.50)

Fermions in the non-scaling regime We send g — 400 by keeping fixed all the rapidities. For
fermions, rapidities are the variables x: therefore if we keep x fixed, we are necessarily in the
small fermion case, i.e. |xr| < g/ V2. We can then show that

. 272 1
lim g, v) =xs(v) [—— + =+ 0(l/g3):| . (4.51)
g—+00 8 g
This means that in this regime i In SV (u, v) = 0(1/¢?).
4.4. Mixed factors

Scalar—gluon
e Perturbative regime
We start from the exact expression (C.18)
dw do®
PO w, v)] = x (el + @) — [ S5 @) vl + S, (452)

2r dw

where both the scalar and the gluon are in the perturbative regime. This means that the u rapidity

is parametrised as (4.2) and the v rapidity is scaled as v = +/2g. In these hypothesis we have

that

1 1
x| D)+ QW)= ——"—. (4.53)
V2g v —sgn(u)
In addition, in first approximation, we can integrate in the region |w| < % Inm and use for ® the
expression (4.1) in which rapidities are parametrised as (4.2). The final result is

i In[SC8) (u, v)] = : : [n — Oy <3 lnz)] : (4.54)
27+/2g U — sgn(u) T

where |u| = %1n ﬁg), m(g) < z < 1 being the scalar rapidity in the perturbative regime.
e Giant hole regime

In the giant hole regime we use formula (4.17) for the limiting expression of x (v, u|l) +
@ (v) when both |v| and |u| are greater than one. Then the leading (i.e. O(g)) contribution to
i In S8 (u, v) comes from integration in the second term of (C.18) in the region |w| > 1. This

integration is easily done and the result is
iln S (u,v) =iIn S (u, v) = Ou, v) + 0(gY). (4.55)

e Non-scaling regime
In order to compute the scattering phase S# (u, v) in the non-scaling regime, we have to
plug the expressions (4.4) and (4.20) into (C.18). Since x (u, v|1) + P (u) is of order 0(1/g2),
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we claim that

iln Y8 (u, v) =[x (u, v|1)+<1>(u)]—/——®(u w) [x(w, v|1) + O (w)]

1
=0 <_2> . (4.56)
8
Gluons—fermions

e Perturbative regime

We study the scattering factor between gluons with rapidity # and (small) fermions with ra-
pidity x 7 (v) in perturbative regime of the strong coupling limit, i.e. u = V2gii, with |ii] < 1 and
X7 () = V2% (D), v =20, with [5] > 1, |¥,(D)] < 1/2.

We start from

in (—S<gf> (. v)) — L+ b+, (4.57)
where

Iy =2arctan2(u — v), (4.58)

+oo

dw d
L= / D wul1) + D (W)l g (w, ), (4.59)
27 dw

—0oQ

I /dw % [ (w. ul1) + d(w)] @ O(w,2)xH(z,v) (4.60)
= — _— , U w w, , V). .
3 27 27 X dwdz D YXEE
In the perturbative regime
1
I =msgn(i — ) — ———— + 0(1/g%), (4.61)
V2g(ii — )
dw d 2
L= —[x(w,ull) + ®(w)]— xu(w,v) + O(1/g%), (4.62)
27 dw
lwl<1
i i i i
w+1 z—1 w—1 Z+1
, / div d7 1 (m) (2—1) + (%) (z——l) ir(D)
3= N A= — — —
27 2w u —w w—Z = 1
i, [z1=1 ﬁgzv I-=
1 dw d
1 / D L ull) + D)~y (w,v) + 0(1/g).  (463)
Xr(0) —x(2) 2 dw
|w|<1

We evaluate the sum I, + I3 by first performing integration in w with the help of (B.33), getting

1 l l

o _ 1w% z—1\*% 1—it Z+1
Xr(v) dz 1 1 T—i +1) ~ \1+a =1
2g ZnZ /I_L)Ef(f))—i(i) u—7z

HES! 2

+0(1/g%. (4.64)

Lh+13=-—
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Then, we integrate in Z, using (B.34). We obtain
1 1
1-2x7 () 1 T+25,(0) (1-i\4
1V 1525,0 ( ) TV i==%® (m) -2

4g v—u

L+5L= +0(1/g%. (4.65)

Summing up 11 + I + I3 we get the final result

B 1 1
1-2x¢ (1 ) I+2xr (1—q \ 4
P V2 T+25%f (1 ) T 1=, 15

u
4g ii— v

S@ (4, v) =exp +0(1/g>) | . (4.66)

SED (4, v) = exp +0(1/g> | . “67)

e Giant hole regime

Since both x (v, u|1) + ®(v) and xr (v, u) + P (v) have the same limiting nonzero expression
(4.17) when |9] > 1, |it| > 1, the leading expressions for i In(—S®@F) (i, v)) and i In(SEF) (u, v))
coincide with the one for i In S (u, v). Therefore,

iln(=S€P (u, v)) =i In(SCH (u, v)) + 0(g°) = O, v) + 0(g?). (4.68)

e Non-scaling regime

As written before, in this regime fermions are necessarily small. Then, since y (w, u|1) +
®(w)is O(1/g%) and xy (w,v)is O(1/g), integrals I», I3 are both O(1/g>). For what concerns
I, since fermionic rapidities u 7,; are bounded by the inequality u? > 2g%, we can safely ap-

proximate —e!ll =14+ 0(1/g). Therefore, in the non-scaling regime SEH(u,v) = 5@h (u,v) =
14+ 0(/g) and S@H(u,v) = S€Hw,v)=14+ 0(1/g>).

Scalars—fermions
e Perturbative regime
We start from the exact expression (C.16),

—ilnSYPu,v) = xpy(u,v) — / 2—d—_(u w)xu(w, v), (4.69)

and make the parameterisations (4.2) for u and v = +/2g. At leading order we have

ln% 1
xH U, v) = . 4.70)
g v—1++/12—1

Then, as for the scalar—gluon case, in first approximation, we can integrate in the region |w| <
%lnm(g) and use for ® the expression (4.1) in which rapidities are parametrised as (4.2). The
final result is
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—iln SO, v)=iln SV (v, u)

In 4=
=2 1——0,,(=Zmz)]|, @.71)
g T—1+2—1 m P \x

&l

with |u| = 2 ZIn &~ m(g)
e Giant hole regime

Since xr (v, u)+ P (v) and x (v, u|1) + P (v) go to the same limit, i.e. 7 sgn(v —u) — 7 sgn(v),
by comparing (C.16) and (C.18) we get the equality i In S5 (u, v) = —i In S (v, u) + 0(gY),
which, together with (4.55), gives

ilnSCH (u, v) =0, v)+ 0. (4.72)

e Non-scaling regime
We perform the non-perturbative limit of the scalar—fermion scattering phase

o0
. f) dw d
inSY’(u,v)=—xgu,v)+ p d—@(u w) xg(w,v), 4.73)

—00
by taking ¢ —> oo while keeping the scalar rapidities finite, whereas the modulus of the
fermionic rapidities x y must be |xf| < g/+/2. Under these assumptions, we can make use of
the approximations (4.51) and (4.1) for g (u, v) and ®(u, v); eventually, we find:

1
ilnS“Dw,v)=0 (—3) . (4.74)
g

4.5. Remark on the non-scaling regime

We showed that in the non-scaling regime all the factors S**/(u, v) go as 1 4+ O(1/g?), with
the exception of the scalar—scalar one which goes as

r(1+i%)r(%—i”4;”)
r(1—i%)r(%+i%)
2

In addition to that, we recall that the fermionic rapidities u 7 satisfy the inequalities u k> 2g2.
Therefore in this regime all the rational factors involving fermionic rapidities (which appear in
the quantisation conditions for fermions and in the equations for isotopic roots u, and u.) go
to one. In addition all the exponentials of momenta and defect (= ¢! (P + D)) go to 1, with the
exception of those for scalars. Summarising, in the limit g — +oo with rapidities fixed (and
finite), the non-trivial equations are

S (u, v) = —

4
exp [z 2dZu— v)] [1+0(/g)]. (475

T

41
| = ¢ RP® i) +iD® (up) 1—[ Un — Up,j + LT H S (up, up),
Up —Up,j — el

h'#h

K . Kp .
1_1—“[ua,k—ua,j—|—z l—[ua,k—ub,j—z/Z

j;éku“’k_u”’j_ijzl Ugk —Up,j+1/2

j=1
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H K . K . Ky .
l—lubk—uh—i—z/Z r’[ubk—uaj—z/2l—]ubk—ucj—z/2 1—[ Upk —Up,j + i
bk —Up —i/2 1ubk—uaj+l/2 ubk—u”—i—l/Z ub,k—ub,]’—'

jsﬁk

h=1

K . Kp .
| l—[ Ueg —Ue,j+i l—[ Uek — Upj —1/2

uc,k_uc,j_i Uck — Up,j +i/2

J#k j=1
N .
s uf —ub 4
1: ﬁ’
P
N

, (4.76)

with S©%) given by (4.75). Since equations for gluons have no solutions for finite rapidities
(i.e. Ng = Nz = 0), equations (4.76) show that in the non-perturbative regime the only active
excitations are the six scalars. The other excitations are obliged to assume infinite rapidities and
thus decouple to very high energy from the scalars. The latter satisfy the above ABA (4.76) which
is the same we can derive from the O(6) non-linear sigma model S-matrix of [52]. Therefore,
also the exact TBA would be that of the O(6) model (if we can neglect the exchange of the
g — o0 limit with the thermodynamics).

5. Particle momentum in different forms

Momentum was already thoroughly discussed by Basso in [20]. The aim of this section is to
show that the expressions for momenta of the various excitations we found (in our notations) in
previous sections agree with corresponding formula of [20].

e Scalars
We found (2.74) that the momentum of a scalar excitation is

®) 1
P (u) =2u — EZBES(M)- 5.1
Now, using the mapping (B.19), valid for k£ > 0,
i sinh § vi(V2gk) +y* (v2gk)
£s(k) = = p , (5.2)

between our quantities and quantities used in [20], we immediately write (5.1) in the form re-
ported in [20] (second of the (4.6)).
e Gluons

For a gluon with rapidity # we found for the momentum the expression (2.93), which we can
write in Fourier space as

+00
dk k 2
p(g)(u): / H[ o7 sm u kl—i—lZ( 5o (u)) Z 77] (x/—gk)

—00

271
+i Z( x+(u)) 7 ¢ J(\/_gk)]( 4 (k) + GBES(k))

n=1
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2 e
— o — (g_ g_> n / LSk g
R
—00

= "2
— _7./ 2¢k
Z (l 2x~ (M)) k e

S

Mg gl

"o

: [ﬁ(u)) e 0 (V280 s k)

° II
&~

Now, we use the equahtles

dk K . o

7e ? 1 (V2gh)3mes (k) = 4 (V28801 — ). nodd,
—0o0

and

n odd

to eventually obtain

+00
dk ’(V2gk ?(V2gk
P© () = 2u — / 2 in ot [V_(fg ), Vi(/2g )]’
0

(N1

1 —e*k ek —1

which agrees with the second of (4.9) of [20].
e Large fermions

o ’ n " ¢
Z [(l ix‘) - (i §x+> :|7/,f: B / Tsmku ©’ yﬂ(«/igk),
n=1 0

(5.3)

(5.4)

(5.5)

The momentum associated to a large fermion with rapidity u enjoys the expression (2.82). In

Fourier space it reads

00 Ik
dk | sinku _x g "em7
P =f— > (—) —— I (v2gk
(1) 2n|: P +n=1 e T (V2gk)

—00

x (478 (k) — LE; ®)

ek —1

+00
=2u — / % sink y+(«/—gk) - («/—gk) - = f — sinku y_(x/_gk)
0

which recalls the second of (4.10) of [20]. In order to obtain the equation in the last line, we

made use of the relation

Oodk 7 00 n—1
— sinkuy®(V2gk) =i ( ) S s
O/2k riVak =) V2ix(u) Vo1

n=1

which holds for u? > 2g2.

(5.6)
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e Small fermions

The reasonings for the momentum of a small fermion with rapidity # mimic very closely the
large fermion case. We start from our expression (2.87) and in Fourier space we eventually get
the result (u? > 2g?)

+00
: 1 dk
PV ) = 5 / - sin(ku) y° (v2gk), (5.7)
0
therefore matching the second of (4.12) of [20].

6. Strong coupling analysis of the defect term

We now perform a quantitative analysis of the strong coupling limit of the defect which ap-
pears in the Bethe equations on the GKP vacuum.

6.1. Scalars

It is convenient to concentrate on the function Z4 (2.69) in absence of excitations, which
equals

Zsw)|vg = —2Ins P9 () — 2D (u). (6.1)

The study of this function, which relies also on previous results, provides information on both
the momentum and the defect of the scalar.

Non-perturbative regime In this regime we send g — 400, keeping the rapidity u fixed. We
can use results from [21] where the non-perturbative regime for the pure s/(2) sector is studied.
We found that the function (6.1) has the form

242
Z4(W)|ng = —2m(g) In Vs

sinh %u 1+ 0(m(9)?), 6.2)

where m(g) is given by (3.13). Therefore, the contribution of the two defect is proportional to
the momentum

242
DO = m(g)n 22 sinh Zu+0m(e)), 6.3)
8
so allowing us to fully re-absorb them into a re-definition of the size R(g) as in [54,21]

Perturbative regime We obtain interesting formule in this regime by plugging (4.2) in (6.3),
namely:

D (u) = 1 K +. (6.4)

for right movers (1 > 0), while

POw=—im22 6.5)
2 g

for left movers (¢ < 0), where evidently the dots ... mean sub-leading corrections.
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Scaling regimes We introduce the density os(u)|yg = %Z4(M)| ~E and rescale the rapidity

u = /2gii. By using techniques developed in [15], we eventually find

o4 (V2gi0) N E
—+00 _
dh s | —-€ T T, (h) o r_(h) | —41
= ——coshu | ————T' (h) + ———— —4lns
D) h h
0 V2 g cosh —— 75 cosh 732

2m —|—21/f( +lu\/_g>+21p<——lu\/—g>~l—1/f<5 iV2gi

)

_l’_ —
cosh~/2gii 4

5 i2gi 7 iv2gi 7 iv2gi
+w<§_ 4 >_w(§+ 4 >_w<§_ 4 )

where the functions I't satisfy the relations, valid when |u| < 1:

/ smhu[r (h) + T = =2i[y(1 —iav2g) — v (1 +iav2g)]

/—coshuF (h) =Ty ()] =4Ins —2[¥ (1 — iin2g) + ¥ (1 +iin2g)].

Going to the strong coupling limit g — 400, with u fixed, we find
04(V2 gmmE
e 2[5’ ezfg 0
/ —coshu - T (h)+ ————T_(h) —41n -+ 0(g),
cos ng h

h 7 cosh N

where

/ SinAa[T_(7) + T4 (D] = 0(¢%). || <1,

/—coshuF () —Ty ()] =4I + 0%, Jal<1.
g

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)

6.11)

Solutions to these equations go differently according to the value of |u]. If |u| < 1 we have

2
os(W)|NE = —%5(&) +0(1/g%,

(6.12)

which means that P () is exponentially small and that D® () = —¥2Z5(a) + O(1/g?).

On the other hand, if |u| > 1, we have

s d
o1(W)|vg = —2In = — PO ) + 0(g",
gdu

(6.13)



D. Fioravanti et al. / Nuclear Physics B 898 (2015) 301—-400 347

with P®) (1) = O(g) or, alternatively, the proportionality to the momentum
D®w)=—P®u)lng + O(g), (6.14)

which would allow us to re-absorb, at this order (only), fully the defect into a simple redefinition
of the size R. Using now (5.27) of [20] we can then express D (u) in terms of the rapidity

x(i) = %ﬁ + %ﬁ, /11— ﬁ% (defined in the second of (4.9)) as

s o 1 _ 1
D (u) = —«/Eglng |:2x(u) 11— % — arctan (2x(u) 1— 4XT(M_)>j| + O(g).

(6.15)
6.2. Gluons
Perturbative and giant hole regimes We start from the formula
® ® dv 1
2Ins PO @) +2DWw) = [ - lx(w.ull) + x(~v.ulD] 040l (6.16)

Scaling u = +/2git and v = v/2g®, we have that x (v, u|1) + ®(v) is O(1/g) if |ii] < 1 and
(at most) O(g%) if || > 1. Referring to (6.12), (6.13), we remark that the integration receives
leading contribution from the region |v| > 1. We conclude that
i (® ® 5 p@ 0
il <1 = 2InsP®u)+2D¥(w)=2In— P¥ )+ 0(g"), (6.17)
8
il>1 = 2InsP@w)+2D®w) =212 POw) + 0(g). (6.18)
8

We can now refer to formule of [20] for the momentum of the gauge field and arrive at the final
expressions

il <1 = D®wu)=-IngP®w)+0(g"
1 1
_ g l4u\® (1—u)d 0
= ﬁ[(l_l) <1+ﬁ>:|+0(g), (6.19)

lii]>1 = D®Wu)=—IngP®u)+ 0(g)

= —x/iglng 2x(u), |1 — % —arctan | 2x(u) /1 — % + 0(g), (6.20)
4x2 (i) 4x2(it)

X (u) being defined in the second of (4.9).

6.3. Fermions

Perturbative regime In this regime the scaled rapidity needs to satisfy |x r ()| < 1/2, so that it
belongs to a small fermion. Therefore, we start from the formula

d 1d
2Ins P<f>(u)+2D<f>(u)=—/%[m(v,u)+xH(—v,u>15£Z4(v>|NE. (6.21)
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Scaling v = \/Egﬁ, we have that xg (v, u) is O(1/g) if |v] > 1 and O(g) if |v] < 1. Referring
to (6.12), (6.13), we remark that the integration receives leading contribution from the region
|v] > 1. We conclude that

2105 PP ) + 2D ) =210 2 PO w) + 0(g%) (6.22)
g

and
Xy (i)

/1 — 4% ()2

Giant hole regime  On the contrary, here the scaled rapidity is |Xr ()| > 1/2, so to characterise
a large fermion. Therefore, we start from the formula

DO u)y=—-IngPPwu)+ 0% =—-2Ing +0(g%). (6.23)

1
2Ins PO w) + 2D (u) = / j—;’[xF(v,u)+xF<—v,u)]Ea4(v)|NE. (6.24)

Scaling v = ﬁgﬁ, we now have that xg (v, u) is O(go) for all |v|. Referring to (6.12), (6.13),
we remark that the integration receives leading contribution from the region |v| > 1. We conclude
that

25 PP ) +2DP (w)y =21 > PP w) + 0(g) (6.25)
8
and, consequently, that

DP ()= —IngP " ()

o 1 _ 1
= —\/Eg lng |:2x(u) 1— m — arctan (2x(u) 1— m)]

+0(). (6.26)

7. The SU(4) symmetry

The particles we are addressing to (scalars, gluons, fermions and anti-fermions) belong to a
specific multiplet under the SU(4) symmetry (6, 1, 4 and 4, respectively). In fact, the scattering
matrix possess this symmetry. Starting from the scattering matrices derived in the previous sec-
tion, the Bethe equations may be assembled for every sort of excitation; anyway, they are actually
able to catch only a single state in each multiplet, precisely the one corresponding to the highest
weight state of the representation. In this section the focus moves to a few sectors of the complete
theory, which include just one type (or two at most) of excitations along with the set of isotopic
roots, aiming at elucidating the behaviour of the different kinds of particle under SU(4).

Following [44], a set of Bethe equations can be formulated for any spin chain associated to
a simple Lie algebra. Therefore, given the set of simple roots of a simple Lie algebra {o,}, and
chosen a representation p by fixing its highest weight w, (or equivalently a tern of positive
integer Dynkin labels), the relative Bethe equations arise, with a further generalisation stemming
from the introduction of a set of inhomogeneities (labelled by their rapidities u,,) along the spin
chain:
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1—[ Ug k — Um +i0g - Wy
Ugk — Um — I0g - Wy

m
Ky Ky -
= l_[ Ugk —Ug,j+ ’O‘q O‘q l—[ Ugk —Ug,jt10g g (7.1
ik Ug ke —Ug,j— lOlq oy g =] Ugj — Ugrj — iQg - Ay
Turning to the su(4) algebra, we perform a choice of three simple roots @y, along with the
20 -
three simple roots ¢y, resulting from the defining condition (j—)fk =8
aj
, 1 V3 0 . (1 11 )
o] = A A 1= \5 T = = ~=
202 Y 2243 26

- 1 V3 0 . (1 11 )
o) = A A = PR R

&_(_lLi> *_(00i> (7.2)
223 V6 L NIV ' '

To sum up, the Bethe equations in (7.1) specialise to the su(4) algebra:

.o - K . Kp .
l—lua,k—um—kzal W _1—“[ Ugk — Ua,j +1 1—[ Ugj—Up,j — /2
Ugk — Ua,j _ijzl Ugh —Upj+1/2

o - W
m Ugk — Um — 1] 0

J#k

1—[ Upf — Un +iay - ﬁ)p
Upk — Um — idy - lf)p

. K. .
Hubk_uh]_'_l l—[ubk—u -—1/21—([u;,,k—uc,j—t/2
Upk —upj =1 ubk_“a]+l/2 _ Ubk — e j+i/2

J#k
N - K. . Kp .
1—[ Uek — Up + 103 Wy 1—[[ Uek —Ue,j+i l_[ Uek —Upj —1/2 (73)
e Uek = Um — 103 - Wp otk Uek — U j —1 il Uck —Upj+1/2

e Scalar sector:
When considering a system composed only of H scalar excitations with rapidities {u}, to-
gether with K, roots u,, K, roots u and K. roots u., the equations for the isotopic roots (2.49),

(2.50), (2.53) take the form:

lzﬁuak—ua,-i-le ua,k—ub,j—§
Sk Mk =ty =1 ) g~ + b
ﬁ ub,k—uh—i-% _Kb Mb,k_ub,j‘i‘iﬁ“b,k_ua,j_ljﬁubk -2
pt \ bk = h = 3 _j=1 ”b*"_uh’j_ij:1”b,k_”a»j+% =1 ”w"‘%
lzﬁ“c,k_uc,j‘i‘l:ﬁ”c,k‘”b,j—% 7.4)
ﬁékuc,k_uc,j—lj=1uc,k—ub,j+l§

A comparison with (7.3) promptly reveals that equations (7.4) coincide with those for a spin
chain associated to the antisymmetric (6) representation of su(4), whose highest weight is, ac-
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cording to our convention, W¢ = ¢,. The H hole rapidities (uy,, h = 1, ..., H) can be read as
inhomogeneities along the spin chain, and their dynamics are regulated by equations (2.73), suit-
ably adapted to the case at hand.

e (Large) fermionic sector
Let us stick now to a system composed of N large fermions ur ;, j =1,..., Nr, together
with K, roots u,, K roots up and K, roots u.. While the fermions satisfy Bethe equations

(2.81), the auxiliary roots obey relations:

Nf [ K . Kp i
l_[ ua,k_uF,j+l§ _ﬁua,k_ua,j+ll—lua,k_ub,j_lj
=1 ua,k_uF,j—lQ jséku“’k_u“’j_ljzlua‘k_ubyj_l_li
Ky . K i ]
1_1—[ub,k_”b,j+ll—a[Mb,k—ua,j—g Cub,k_“c,j_%
- _ L o4 L _ Sy L
j:lub’k Up,j ljzlub,k—ua,]—i—zj:lub,k uc,]+2
K. . Kp i
Uck —Uc,j+i Uck —Ubj — 5
1:1—[ c J J 2 (7.5)

itk Uck — Uc,j — 1 i1 Yok — Ub,j +l§
A look at (7.3) suggests equations (7.5) should be associated to a spin chain related to the fun-
damental representation (4) of su(4) (with highest weight w4 = ¢;), where the large fermions
behave as inhomogeneities, with rapidities ur ;, j =1,..., Nf.

Otherwise, when only large antifermions (in number of Njz) appear in the vacuum, again
accompanied by K, isotopic roots u,, K roots u; and K. roots u., the system is described by
the set of Bethe equations (2.84) together with the isotopic roots equations:

! :ﬁ Ugk — Ug,j+ 1 ﬁ Ugk — Up,j —%
ok Hak — Ha,j -1 joi Uak = Up,j + ’5
o1 Wbk T Ub,j —1i i1 Ubk — Ua,j + % i1 Ubk — U + ’5
lN_F[ Ue k —I/lﬁ‘j—l-é _ﬁ Uef —Uej+1 K Uek — Up, | —% 7.6)
jo1 \Uek —UF —% _j?ékuc,k—uc,j —i o1 Uek —Ub,j +%. .
Where (7.6) are in fact the equations for 4 spin chain (highest weight w; = @3), as may be read

from (7.3).
Some interest should be paid to a system including both Nr (large) fermions and N (large)

antifermions; in this case, the isotopic roots satisfy the relations:

Np i K, . Kp ;
l_[ ua,k_uF,j+l§ _l—!l[ua,k_ua,j'i‘ll—lua,k_ub,j_lj
=1 ua,k—uF,j—’z j;ékua’k_ua’j_l/:lu“*k_ub’j—l—li
Ky . K i K i
1_1—[ub,k—ub,j+zﬁub,k—ua,j—%l—“[ub,k—uc,j—%
- i — ] oy 4L T
i Upk — Ub,j lj:l Up k u”’1+2j:1 Up k uw—i-z
Np B i K . Kp i
Y . R ’
joi \Hek —UR ;=5 otk Uck — Uc,j lj:l Uek — Up,j+ 5
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On the basis of su(4) simple roots and fundamental weights (7.2), we can claim that equations
(7.7) are associated to a spin chain, related to the representation of su(4) whose Dynkin labels are
(1,0, 1); in other terms, we found as its highest weight w5 = @1 + @3, and that leads to the 15.
The reason lies in the way how fermions (in the 4) and antifermions (in the 4) scatter, since the
process can be decomposed into two channels, according to the rule

404=1d15; (7.8)

the singlet 1 channel is not explicitly appearing in (7.7), but it can be revealed upon imposing
some constraints on the isotopic roots (see next section).

We eventually remark that analogous considerations and expressions hold if we replace large
fermions/antifermions with small fermions/antifermions.
e Gauge field sector

When only N, gluons (with rapidities uf ) are excited over the vacuum, the isotopic roots

decouple from them, since

K, Ky

l_l—luu,k—“a,j+iH“a,k—“b‘j_%

_ . . L
itk Ug k Ma,] 1 =1 Ug k — Mb‘j =+ 3

Ky . K ] :
l_rlwk—ww+lr1%k—wj—§ Upk — U,

— P L4 L — 4L
izl Upk — Upj — L =1 Upk —Uqg,j+ 3 =1 Upk —Ucj+ 5

K. . Kp i

Ue — U, j T+ Uck —Ubj— 7
1=]]=—"— L2 (7.9)

itk Uck —Uc,j — 1 =1 Uck — Up,j + 3

Therefore, gluon excitations behave like singlets (1) under SU(4). The very same reasoning
applies to barred-gluons.

8. Eigenvalues

While commenting on equations (7.7), we hinted the role the SU(4) symmetry takes in the
scattering between fermions and antifermions. Now we are going to examine in some more detail
several scattering processes involving different kinds of particles. In general, given two types of
particles « and B, transforming under the representations of su(4) p, and pg, which act respec-
tively on the spaces V,, and Vg, their scattering decomposes according to the Clebsch-Gordan
rule

Pa®pp =P ra. @.1)
Q

Recalling [44], the scattering matrix S@h) (defined on V,, ® Vg) between excitations « and
enjoys the spectral decomposition

Q

where Sg P) are the eigenvalues of the matrix S@)  relatives to the (normalised) eigenvectors
Pgq, which act as projectors onto the space Vg, i.e. Po(Vy ® Vg) = Vq. In this section we list the
eigenvalues corresponding to the scattering between excitations on the top of the GKP string.
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Scalar-scalar The scalar—scalar scattering was completely clarified in [22], here we list eigen-
values and corresponding isotopic roots; since scalars belong to the 6, the decomposition follows:

626=1015@ 20. (8.3)

The singlet 1 channel involves two type-b isotopic roots, which shall be related to the hole ra-
pidities uj,, uy according to

1 [ 14+ (up—up)? 1 [ 14 (up—up)?
ub,1=§ up +up — % and ub,2=§ up +up + % ,

. +
together with @ and ¢ roots ug = u. = “50

the eigenvalue

. These constraints on the isotopic roots lead us to

up —up +20 up —uy +1

up —up — 20 up —up — i

SO g, ) = SO g, ) (8:4)

where the scalar factor S©% (u,, uy’) can be read from (C.10). The adjoint channel 2 = 15 re-

quires one b-type root, satisfying u, = % and no a nor c roots K, = K. = 0. Eventually, the
resulting eigenvalue follows
up —up +1
S ) = 2D GO0 (g ) (8.5)
up —up —1

Finally, the €2 = 20 channel request no isotopic roots (K, = K, = K. = 0), so that the eigenvalue
simply coincides with (C.10)

S50 s i) = S G, ) (®.6)

Fermion—fermion In the fermion—fermion scattering, we have two eigenvalues corresponding
to the decomposition 4 ® 4 = 10 & 6. The first one, for 2 = 10, corresponds to no isotopic roots
and therefore it holds

FF
Sio Yur,ur2) =S up 1, urn)

where the scalar factor corresponds to (C.11). The second one, for the €2 = 6 channel, is obtained
from the solution with K, = 1, K =2, K. =0, such that u, = “F’lzﬂ, while up, | = ur 1 and
up2 = ur; consequently, we find that:

up1—urp+i

(FF)
S¢ (up1,up2)=
UF 1 —UF2—1

SED up 1, urs) .

Fermion—antifermion ~ As previously mentioned, the fermion-antifermion scattering is associ-
ated to the decomposition 4 ® 4 = 15 @ 1. Turning to the 2 = 15 channel, no isotopic roots are
involved, therefore the eigenvalue equals the scalar factor:

St wraoup ) =S up g ug ) . (8.7)

The singlet channel instead is obtained from the solution with K, = K;, = K. = 1, where the
isotopic roots satisfy the constraints u, = %uF,l + %uﬁ 1 Up1 = %uF,l + %uﬁ 1 and ue g =
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41—‘14 F.1+ %u P As a consequence, we obtain as the eigenvalue for the €2 =1 channel:

UF,1 —Uf | +2i

(FF) N (FF) i}
S , = S , . 8.8
1 (MF,I uF,l) uF,l_uﬁ,l_Zi (uF,l MF,I) (8.8)
The same result, i.e.
D upi—uii 2 gy
S JUFq) = S JUFq), 8.9
1 (“f,l uf’l) Mf,l—uf,l—Zi (”f,l uf’l) 8.9

holds for small fermions. We highlighted (8.9), since this factor is responsible of the appearance
of a mass two particle at g = 4-oc. This issue will be discussed in the next section.

9. Classification of possible bound states
9.1. String solutions at large size

In the large size limit, R — 400, solutions to Bethe Ansatz equations show many (numerical
and analytic) evidences that they organise into strings or stacks (generalised strings with different
isospin or nested degrees of freedom). Their derivation follows as customary [55]. Let a complex
rapidity u; exists, whose imaginary part be different from zero, but with sign so that the factor
e RP) goes to zero (infinity) in the large R limit: then another rapidity uj/ must exist with the
same real part, but imaginary part lowered if Imu; > O or, otherwise, raised if Imu} < 0, by

an appropriate quantity, in order to drive rational factors in §** (ug, uj/) to infinity (zero), thus
balancing the ABA equations. The process can continue by involving a finite number of extra
rapidities displaced at regular distances until a string of m roots disposed around a real ‘center’
is closed. Since the ‘wave function’ of a string of m roots is by construction rapidly decreasing at
+00, we naturally associate this configuration with a bound state of m ‘elementary’ excitations.
In this section we discuss some possible bound states, with the important caveat that the list
below is not meant to provide a complete classification of the particles living in the theory. This
is indeed an interesting problem in itself and will be possibly dealt with in a future publication.
We also remark that, strictly speaking, the complexes of solutions we provide below are meant
to be valid for finite values of the coupling constant, i.e. g # 0 and g < co. At g = +00 the situ-
ation ought to be different, as it can be inferred from considerations on the classical (quadratic)
string theory action. Indeed, its small fluctuations in the bosonic sector consists of two mass
= +/2 (real) bosons and one mass 2 (real) boson, besides the five massless bosons (of the O (6)
non-linear sigma model) [6,49]. Seemingly, this mass 2 boson degree of freedom is missing in
the gauge theory,'® but, in the following, we find evidence that, with this mass, there is indeed
a composite state made up of a small fermion and a small antifermion in their singlet channel.
By means of the string mechanism discussed before, this bound state cannot exist at finite g,
since divergences (zeroes) of the phase factor 'R Yus) of small fermions for complex rapidi-
ties go together with divergences (zeroes) of the S matrices, instead of compensating each other:
thus this is a resonance. Indeed, after specialising the isotopic roots to the values defining the
singlet channel of formula (8.9) and after switching off for simplicity’s sake all the excitations
(dots in the equation below) but a fermion and an antifermion, we have to cope with the coupled

13 Before us, many authors shared this concern, as, for instance, [49,20,51,36].
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equations
. . upy—ugp+2i
1:ezRP(f)(uf,1)+21D(f)(uf,1) S /i1 : S(ff)(uf,l,uf’])...,
uf,l—uf-’l—21 /
. )y - ) (4 - Uz —U ’1+2i .
| = RPP w20 P ) I TPV g g - gy ©.1)
FUf
Upyp—ugp—2i

Thus, we can verify that the candidate string-like solutions u r,1 =up 1 £ 1, u Fi=umM1F i,
and related isotopic rapidities of the singlet (8.9), with ujs 1 real, cannot satisfy (at large R)
equations (9.1), since Im PO £)>0if Imu s <0 and viceversa.'* However, this remains true
as long as g is finite, while this bound state can appear as a new ‘particle’ when the value of
g is strictly +o0. In fact, the point g = 400 is rather peculiar and singular, as complex scaled
rapidities (i = u/+/2g) all collapse into the real axis, thus making possible a solution of ABA
equations with a stack with two (small) fermion—antifermion rapidities (besides the isotopic ra-
pidities): the two constituents possess no binding energy and no ‘breathing’, but they are just ‘one
on the other’. This is indeed a new (real) scalar, named here ‘meson’, coming to life only in the
classical string regime g = 4+00.'> In summary, our following analysis of the ABA scattering on
the GKP vacuum shows evidence for the existence of this bosonic particle with mass 2 as long as
g — +oo. And not only: the same mechanism at g — 400 sustains the existence of a bound state
of k=1,2,3,... mesons with mass m; = 2k (zero static binding energy, as well as for gluon
bound states). This is a new bosonic sector with respect to the classical (quadratic) string spec-
trum (and, a fortiori, to previous gauge theory analyses), but yet indispensable to be considered
in the BSV series for 4D amplitudes, — as we shall see —, for making checks with and reproducing
the string minimal area solution (in other words the Thermodynamic Bubble Ansatz (TBA)). On
the other end if this is an important way to check the validity of the series, it also confirms the pen-
tagonal amplitude values and the 2D scattering factors entailing them. Eventually, the formation
of mesons and bound states thereof shows a sort of confinement phenomenon at strong coupling
as for the 4D amplitudes/Wilson loops, in that the contribution of the constituents, the fermions,
to them is subtlety sub-dominant (as g — +00, cf. [36] and below). In fact, this negligibility is
not true for the 2D scattering amplitudes in themselves, but in their contribution to the 4D ones.

A more mathematical understanding of the small fermion—antifermion state ought to arrive
[58] from the collision of the poles into the integration (real) axis [59-62,36]: this will give us
the opportunity to explain the meson bound states and hence the confinement under a different
light.'®

e Gluonic strings:

A first example is provided by strings made up of gluons or, alternatively, barred gluons, as
equations (E.6) and (E.7) suggest. In this case one remarks the emergence of complex of solutions
characterised by length m and real centre u k .

ﬁﬂ:ﬁ”+%m—1—%m K=0,....m—1: 9.2)

the very same structure may be built by assembling barred-gluon rapidities, too. We will study
more extensively bound states of gluons in next subsection, where we will show that they can

14 We take up the occasion to highlight that we have found in the previous part of the paper that this opposition of signs
happens only for the small fermions

15 Only at this value its rapidity, otherwise virtual [56], enters the physical domain [57,56].

16" We are particularly grateful to I. Kostov and J.-E. Bourgine for explanatory discussions on this point.
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be also obtained starting from the BMN vacuum by considering stacks of roots of types 1, 2
and 3.

e More bound states:

Along with gluonic strings, whose structure is quite ordinary, the ABA equations also ad-
mit the existence of more peculiar kinds of complexes whose composition and length result
completely determined by the SU(4) symmetry of the vacuum. In fact, the structure of the
Bethe equations for the SU(4) spin chain (7.1), reflected in the equations for auxiliary roots
(E.8), (E.9), (E.10), prevents these strings from including more than two massive roots (or excep-
tionally three, as in (9.7) below), intertwined with isotopic roots which are spaced by a constant
distance fully fixed by (7.1). The presence of isotopic roots is necessary for these strings to ef-
fectively represent solutions of the ABA equations and live in some definite scattering channel
(see Section 8), thus behaving in a broad sense like bound states which belong to some SU(4)
‘isospin’ multiplet. Below, such peculiar strings are listed according to their composition and
SU(4) behaviour.

e Bound states of large fermions in the 6 channel:
i .
X

the same structure occurs with antifermions too, upon substituting fermions with antifermions
and the central a-root with a c-root.

i
UF 4+ =Ug T 3 Ug k= U Up e+ = U £ 9.3)

e Bound states of large fermions in the singlet channel'’:

. i
UFk=UMFk+I Ugk =UM K+ 3 Upk = UMk

. i
UF p=UMFk —1 Uek =UMK— 5 9.4)

(the complex conjugate of (9.4) is a solution, t0o).
e Bound states of scalars in the 15 channel:

i
2

e Bound states of scalars in the singlet channel:

Upf+ =up Up g =g . (9.5)

. i
Upk+=ug£1 Upk+ = Uk T 3 Ug e =Ucf = Uk ; 9.6)

it is important to point out that these strings made of holes do not survive to the strong coupling
limit in the non-perturbative regime, as they are destroyed by poles of (4.1). Indeed, it is a well
known result that in this regime the scalar dynamics is regulated by the O(6) non-linear o -model,
which lacks bound states.

17 Anyway we remark that bound states of this sort do not play any role in the strong coupling perturbative regime and,
noticeably, their centres need to lie on the real axis in the region |upy x| < +/2g, hence inside a square root branch cut in
the large fermionic u-rapidity plane, so that perhaps they should not even be considered physical. It is thus far from being
obvious that any relation exist with what in the following we will refer to as ‘meson’ bound states, which exclusively
subsist at g = co and are made of small fermions, instead.
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e Mixed bound states of large fermions and gluons in the 10 channel:

4
uF,k,:I:ZMk:tE uy = ug .

(the same also holds for barred-gluons and large antifermions).'®

e (Purely) magnonic strings:

0.7

Also three distinct kinds of massless strings made of isotopic roots only, one for each type,

can be found:
Wiy =t SA—1=2)), =0, A-1;
uf,k,j=u§k+%(8—1—2j), j=0,....,B—1;
Wy =uC b L€ 1-2)), j=0...C1.

c.k,j

9.2. Bound states of gluons

9.8)

On the BMN vacuum with a sea of u4 roots bound states of excitations F | with rapidity

f "™ can be constructed [20] as stacks involving type 1, type 2 and type 3 roots:

g =u +;( m—2—2k), K=0,....m—2
. +;On—1—2k) K=0,....m—1

" +% 2Ky, K =0,....m

9.9)

Analogously, bound states of gauge fields F, with rapidity u ,;’m are obtained from (9.9), with
g — ganduy, ur, u3 — us, ug, u7. In presence of bound states of gluons Bethe equations should

be modified as follows.

Bethe equations for bound states of Fy | (N, ! (N 1Y is the number of bound states of F |

(F+ 1) with length /: their centers are indicated with ug ! (ug l)) are

(8) (, 8:m (8), gm 1 _
1 = ¢t RPw” ) +2i Dy (e )l‘[l‘[ 588 ud™ ug )l—[l_[ 588 8m 8

=1 j=1 =1 j=1
H
. 1_[ (gS) uh)l_[S(gF)(u qu)l_[S(gF)( F/)
h=1 j=1 j=1
Ny N
. H S,(,;gf)(u L) l_[ S(gf)(ug ™ f’j)’
j=1 j=1

(9.10)

18 1n addition to the string configurations listed above, several further complexes of solutions could be found, although
strictly speaking they should not be considered actual bound states, since they are not endowed with real valued momenta;
an example is offered by strings made of one single scalar and one fermion (or antifermion) bound together, whose
distance gets fixed by the SU(4) symmetry to 37’ , and which could be probably related to a similar state described in [36].
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where momentum and defect are given by

+o0
P,Eg)(u)z—/ﬁ[x(v,u|m)+x(—v,u|m)][1—UBES(U)] 9.11)
2m 4
" d
2D,(,§)(u):_/z—v[X(v,u|m)+x(—v,u|m)]—ﬁ(v) ©.12)
T dv

and the various scattering factors are listed in Appendix C.

Exchanging g with g we get Bethe equations for bound states of F . The other equations
can be obtained from the equations written when simple gluons are present (and collected in
Appendix E) by means of the replacements:

1
Ny +00N.a(')
g (x8) gl
[ T8 @ u$) = TTTTS™ e u,
j=1 =1 j=1
]
+00Ng

]_[S*g(u*, u$) = [T S5 e ). 9.13)

=1 j=1

We now show that equations (9.10) and others, which constrain centers of the string (9.9), are
not independent of equations describing excitations on the GKP vacuum, but actually can be
obtained from these by considering strings involving gluons.

In order to obtain (9.10), we shall first consider equations (2.92) for gluons,

N, 8
1 = o RP® uf)+2iD® (uf)) T Y ” ti 5 ul
=€ 1_[ ud _Mg_ red (uk/’ )
j=1,#k K j
ols ”k’ “F1+2S(gF) ”k/ ”f1+2S(gf) g .
HW red (uk”uF/)l_[T red (Ugrs Uf.j)
j=1 k J 2 j=1 J
H Ng N7 Nj
JTs%Y @, uh)]_[s<gg>(uk uH [T S€P ufyur )nS(gf)(uk,,uf]) (9.14)
h=1 j=l1 j=l1 j=1

where Syq (C.13), (C.19) stand for the S factors deprived of the rational factors —e*iX0, The
appearance of the rational factor

g g
uy, —u” +1i
]; jg . (9.15)
Uy —uj —1i

suggests that strings of gluons rapidities with the same real part and imaginary parts separated of
i form. In specific,

uk,_ui’”+’§(m—1—2k’), K=0,...,m—1, (9.16)

u,{,:uf’m+’§(m—1—2k’), K=0,...m—1, 9.17)

where the real centers of the strings are in the region [u{"| < v/2g, |ug " < V2g.
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Performing the products over kK’ we arrive at the equation

—u+2(m+1)u —u5+g(m—1)
—§(m+1)uk —u] (m—l)

1= eiRP,E,g)(uf"'")Jrzz DY ™) 1—[

uj

, im
(8g) ( &m g ug —upj+75 5@&h
'Sredm(uk ’uj)l—[ g,m ] im redm(u ’quj)
j=1 Uy —UFj— >
Ny  gm
Uy “f/+ 2 ogh (88), gm
1—[ g:m . lerea'm ’ )HS (u S Up)
=Mk TUL T
Ng Np Ny
g , g F , ,
TSP @™ ) [T @™ up pTTSH" @™ oz ), (9.18)
j=1 j=1 j=1

where
m—1

m—1
2 2
s wvy= [ s&w+itv, siPwwv= [] s&@+ilv. (919

red,m

—_m=1 —_m=1
=72 )

It is now immediate to recognise the scattering factors between a bound state of F | with center
u and ‘length’ m and a fermion or a scalar:

F U+ F +
St v) = %7_,3,,55212,,(,1)), St (u, v) = ﬁS£§j;<u,v>,
2 2

S, =85 o), SE o) = S;ff;l(u,v), S, v) = &) ().
(9.20)

By means of (C.35) one shows that these factors equal the ones appearing in (9.10). Equa-
tions (9.18) are then completed by taking into account that rapidities u‘?,

u‘§ appear into strings
(9.16), (9.17). Because of the properties

-1

l:[ W™ —uS = U= 1= 2k + S+ 1) uf" = = S —1—2K) + §m — 1)

‘
vl —us = U= 1=2k) = S+ 1) uf" —ud = L0 —1—20) = §(m — 1)

i
S " 0 =1 =20 = S W, 921)

-1 o y

[T i g™ b + 50— 1-20) = S50 i ™ ) 9.22)

which follow from (C.35), one finally finds that equations (9.10) are reproduced. In analogous
fashion, other expressions, derived from the BMN vacuum, can be reproduced, as well, starting
from equations on the GKP vacuum.
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The energy We end this part by spending some words on the energy of the gluon and of its
bound states (the same will apply to its barred companion). Immediately, we can put it in the
general form at any g

dv d
E® (u) =2m — / — [x @, ulm) + @)] —r® (), (9.23)

2 dv

which we rewrite as
rodk i
i
E (u) = 2m + / 7T 2k
e T ez —e 2

—sgn(k)y? (v2gk)) [—e—'k'"’“ ~iku

o w 00 g n g n
_ e E _ Jn V2gk
ik & ((ﬁix(wr%)) +<ﬁzx(u—— ) ) (V260

n=1

= Jo(\/igk)egl} . 9.24)
l

By means of the relation (3.40) in [20] and of the Fourier transform

Fdk s (1) g ’
— iu) Jo(V2gk - , 9.25
o/k V2 == (le-xmzp%) 625)

the expression above becomes

E,(f)(u)=2m+/ikyj;(_7\/—gk)[ oskue ™ % — 1]

0

B /°°dk v (+/2gk)

ik [coskue *7 —1], (9.26)
ok _

0

in agreement with [20].

Perturbative strong coupling regime In this limit we can use the following results

exp [—i % (. vim. )] :exp|: fml) +0(/g )] 9.27)
and

X(w,u|m)+¢(w)=$+0(l/g2), when [@] > 1, (9.28)

X (w, ulm) + ®w) = O(1/g), when |&] <1. (9.29)

Repeating all the steps we did for one single gluon, we write the scattering factor between two
bound states of m and [ gluons, respectively, in the perturbative regime (up to terms O (1/g?)) as
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. _\1/4 _\ 1/4
(22) iml 1/1+a 1—v
S8 vy =exp| —— 14+ = - ~
i (U, V) eXp[ﬁg(ﬁ_a)(+2(l—u s
1/1—a\"* /14+0\V*
— . 9.30
+2(1+u> <1—D) ©-30)

For what concerns energy (9.26) and momentum (9.11) of a bound state of m gluons, we have
the simple relativistic result

E®(0)=2mcosh, P (0)=2msinhe, 9.31)

in terms of the hyperbolic variable 6 defined by u = +/2g tanh26. As already written, the results
above apply to the barred gluon as well.

9.3. The meson and its bound states

As hinted before, at infinite coupling in the perturbative regime a bound state of a small
fermion and a small anti-fermion arises. As anticipated, we will call this state ‘meson’.
Now, we elaborate a proposal for the complete set of ABA equations satisfied by mesons. One
meson is described by the stack (9.4) in which, of course, the index F is replaced by f, i.e.
) i
Ufk=UM}k+1 Ugk =UM kT 5 Upk = UM k
i

Ufp=UMk—i Uk =UME= 7 (9.32)

We already emphasised that this stack does not give rise to a genuine bound state for finite
g, but describes a virtual state: in this perspective, we can formally write the ABA equations
describing the scattering between virtual states (9.32) with themselves and with other excitations
at generic g. Of course, we should start by deducing — in the usual manner — the scattering
between two virtual mesons:

S(MM)(u,v):#_’_lS(ff)(u—i—l v+ )SYDu—iv+i)

u—v-—i

-ﬂﬁku+iv—nﬂﬁ%u—iv—n

u—v—+i

= enpli [ S i) 5ol

u—v—i
dw dz d?
——XM(w ull) wdz ®(w,Z)XM(z,v|1)} ) (9.33)

with the definitions
m—1
2
xu@.ulm)y =Y xuuikll)  withm =1
s

xm,ull)=—xg,u+i)— xg,u—i). (9.34)

Then, we can introduce also the other excitations and derive, at least formally, the ABA equations
involving Nj; mesons
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H Ne
: p p(M) i DM) : K
lzelRP (MM.k)ele (”M*‘)HS(MY)(MM,kyuh) nS(Mg)(uM,k, uf)
h=1 j=1
N Ny Ny _
TT8Y® Guare. ) TTSM wateo ey T SMD o )
j=1 i=l =

Nm
[T s @mr,um.p, (9.35)
j=1,j#k

where PM () = PO+ i) + PO w — i), DM w) = DD (u + i) + DO (u — i) and the
scattering factors read

S(MS)(u,v)zw exp{tXM(v ay—i [ 1298 0wy g, u|1)} (9.36)
u—v— 2 2 dw
3i
(Mg) u-vty /d_w 4
SO0 =T expli [ S (w.ul D= [x w, |1 + & (x)]
d2
/——XM(w ulh) O w,2) [x(z,v|1)+c1>(z)]}, 9.37)
dwdz

M3 u—v—§ dw d
SM3 (y, v) = ﬁexp{ /EXM(w,uH)E[X(w,v|1)+d>(x)]

dw dz d?
/——m(w e a[xe i +e@l) . 0

— d d
SMD (y, py = LV FE exp[—if—WXM(w,un)—XH(w,v)
v 27 dw

—
+'/dwd (w.ul)= i
27 27 MU

®(w, )X (2, v)} , (9.39)

M) u—v . [ dw d
SMN vy =LY exp{—z o w. ul)— x g (w, v)
2 dw

d2
/——xM(w ulh O xu v} (9.40)

Eventually, these ABA equations (9.35)'? will acquire the aforementioned physical meaning in
the infinite coupling limit where it is possible to parametrise u; = ~/2g coth 26, in terms of the
hyperbolic rapidity, and then P (0),) = 2sinh 0y, DM (0y1) = —PM(0y)Ing and

i 1
V2g coth20y — 1

SMS) Gpr, up) =exp[ } SV Oar, un)1?, (9.41)

19 When writing them, we have deliberately neglected the multiplication by § MF) vy and SMF) (4, v) (which could
be immediately obtained respectively from (9.39) and (9.40) via the usual substitution —x g (w, u) — xr(w,u) +
®(w)), since we know (cf. (4.50) and (4.47)) that this contribution from the large fermions, forced to live in the giant
hole regime at strong coupling, would be exponentially small.
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SM (@)1, 6%) = SO Oy, 6%) SUL (61.69), (9.42)
SMD @y, 0%) = SUD(0yr,6%) SUD (6y,6%), (9.43)
] 1 1
SMD) 0y, 07) = : o= )| 1sYD @O, 002 .44
(Om,0r) =exp g (cothby, —cothty) + P [ Om,07)] (9.44)
= 1 1 1 .
SMD (@), 07) = : o=) |15 0u 092 (945
(Om. 0 7) =exp /2g (cothy — cothf;) + P [ (Om,07)] (9.45)

iv2 1 1
SMM) g 0"y —exp | Y2 +o(=)| 18U @001
(O Op) =exp| — (coth6y —cotha,) ~ © g2 577 Om O]

(9.46)

Explicit expressions for the scattering S/*) (87, u,) is given by (4.71), with ¥ = coth 26, and
for all the other S factors (entering the previous r.h.s.) in Appendix C.3.

Now, if we come back to (9.33), we can notice that, in analogy to equations (9.1) for small
fermion/antifermion (and to (9.14) for gluons), a rational pre-factor in front of the scattering
factor is present. This suggests that the same mechanism, which produces (virtual) mesons and
bound states of gluons should also produce (virtual) bound states of mesons: in fact, these will
be represented by strings with the customary form

uM,k:u'A'f[—i-%(m—]—Zk), k=0,....m—1, (9:47)

where all roots, once scaled, collapse towards the real axis at infinite coupling. At generic cou-
pling, these virtual states enjoy scattering phases which, formally, do not distance themselves
from the ones previously found for actual particles; indeed, when considering a process involv-
ing a bound state of / mesons with center # and a bound state of m mesons with center v, the
resulting scattering matrix emerges from the fusion of (9.33):

I—1m—1

SZMM)(M V) = HHS(MM)(M+ =1=2),v+ = (m—l—2k)>

Jj=0 k=0

. ) dw d
=exp{—iZ e, vllm) +i [ S5 w, ull) == yaa w, vim)
2 dw
—0o0
d2
—i / ——XM(w ull) wdz
with the definitions (9.34). Similarly, from a generalisation of (9.36)—(9.38) we can deduce the
scattering phases concerning bound states of m mesons against scalars or bound states of / glu-
ons:

Ow, 2)xm (z vlm) |, (9.48)

u—v4 o
S,,(1MS)(u, v) = 7;1 exp{z)(M(v ulm) —i
u—v—"5

dw d®

S T w) s (w, u|m)} (9.49)
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—1

3

u—v+5(0+2k+2)
u—v—L51+2k-2)

M
SME (u, v) =

- 1

k=— =1

N|

2

dw dz
_l/_—XM(w ulm)

d d
: eXP{i / o (w, ulm)ﬂ [x(w, v|l) + @ (x)]

2

0w, [ +oe@]}.  ©.50

—1

3

u—v+ 51 +2k-2)
Ju—v—51+2k+2)

—1

-
SME (4, v) =

__m—
k= 2

d d
'eXp{i / %XM(W, ulm)@ [x(w, v|l) + @ (x)]

dw dz d?

- 2—2—XM(w ulm)

S sOw.2) [x(z,vll)+d>(z)]}. 9.51)

It is crucial for the following (TBA) noticing the drastic simplification of the fusion into a multi-
plication when g = oo (zero shifts)

[
S0, 0) = [sMM0.07] " ©.52)

along with the scattering phases between a bound state of / mesons and a bound state of m gluons
which become

SMB(9,6') = [S(gM) ©, 01" =[sMD 9,0 (9.53)

ml

Explicit expressions for (9.52), (9.53) in terms of hyperbolic variables are given by formule
(C.45), (C.46) in Appendix C.

We need to conclude this section with the dispersion relations. At least in principle, we can
write the energy and momentum of the virtual meson (of mass = 2) and of its m bound state at
finite g, albeit these are not stable particle: the energy as

EM(u) —m+ y(M)(u) ’ (9.54)
with
"k cosk k
Vrqu) (1) = _C.OS_: <coshk e~ 7% _ cosh _> yi(«/zgk) for m odd,
k sinh 3 2
"k cosk
gy = [ & Cf’s ]'j (coshk L 1) yS(V2gk) for m even; (9.55)
k sinh 5

and the momentum as
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+00
dk sink k m
PM () = _sm_z: (cosh — —coshk e2k> y2(v2gk) for m odd,
k sinh 5 2
+Oodk ink
M@y = [ ZE (1 _coshke—%k) y?(V2gk) for m even, (9.56)
k sinh 3

both in terms of the functions yf: defined in (B.19), (B.20). The (rest) masses of these resonances

are protected at all values of the coupling to be the purely additive values E, ,%M)(u =+00) =2m
(zero binding energy), which are indeed stable as long as the momentum is zero. Yet, these
acquire full (any momentum) stability in the strong coupling limit where boost invariance is
recovered. In fact, if we enter the perturbative regime g — +00, u = \/zgﬁ, with |u]| > 1, we
obtain the relativistic dispersion relations

EM(©0) =2mcosho, PM (@) =2msinho, (9.57)

in terms of the hyperbolic rapidity 6, defined via u = coth 26.
10. Pentagonal amplitudes at strong coupling (perturbative regime) and confinement

An important application of the above scattering data, which implies a non-trivial check of
them, is the construction of the so-called pentagonal amplitudes, P [34-38]. The latter, in their
turn, are the building blocks of an infinite expansion — the BSV series — of the gluonic (MHV)
scattering amplitudes. In this section, we want to compute the pentagonal factors, P, relevant at
large g, so to prepare the analysis of the BSV series (at strong coupling) in next section.

The BSV series is a sum over the (intermediate) multi-particle states, where the particles may
be, — at generic finite coupling —, scalars, fermions, gluons and bound states thereof, as analysed
above. The simplest example is provided by the six-particle amplitude (or, in other terms, the
equivalent hexagonal Wilson loop)

+0o0 N
1 duy _ . .
Whex = E ﬁ E E / | | [gﬂak(uk)e TEak(Mk)+l(7pak(uk)+lmtzk¢i|
N=0 ai ay Y k=1

X Py ay Oluy..un) Py ay(—uy...—ut]0), (10.1)

which is expressed by means of the measures (i, (1;) (corresponding to quadrangular ampli-
tudes) and the multi-particle pentagonal amplitudes Py, 4, (Olu;...un), representing the transi-
tion from the vacuum to an intermediate state with N particles of the kinds listed above, each
one associated to a label a;. When we go to the strong coupling limit, we have to disentangle
the integrations over internal rapidities by performing the limit g — 400 in the integrand. This
procedure means that we have to add different contributions.

The first one comes from performing the limit g — 400 with integration variables fixed.
This part depends on excitations in the non-perturbative regime and is dominated by scalars,
and may reserve very interesting surprises as anticipated in [37]. In fact, this contribution would
come from a (genuinely) quantised string in S> and would elude the minimal area argument of
the AdSs string. However, this regime misses contributions from regions in which rapidities are
large: these are recovered by adding the integrals in which integration rapidities are scaled before
taking the limit g — 4-00.
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More precisely, if we scale the integration rapidity u = ~/2gii, with i fixed, we have the two
following regimes. If || > 1 we are in the giant hole regime. In this regime all the excitations
behave in the same way. In particular, as we showed in Section 4, scattering phases —i In S be-
tween any pair of excitations are all the same and are all proportional to the coupling g (4.3). The
same happens to energies and momenta [20]. This property is crucial, since it implies that contri-
butions to scattering amplitudes coming from integrations in these regions (all scaled rapidities
|u| > 1) are exponentially suppressed.

Instead, things are different if |u| < 1, i.e. in the (string) perturbative regime (for all par-
ticles except scalars: the rapidity of the latter in this regime does not scale, but instead u =

u+ % Inm(g), where m(g) ~ g'/*e” V2% as seen above). In this regime, energy, momentum and
scattering factors are expanded in inverse powers of the coupling constant g. Additional structure
is added when expressing the pentagonal transition between an M particle state to an N particle
state in terms of the one-particle-to-one-particle transitions because of the matrix representation
carried by the single particle (thus the singlets makes an exception to this). In this operation poly-
nomials in the rapidity appear as denominators, taking into account the different representations
to which the S matrices can belong. For instance, in the case of the hexagon (10.1), extensively
discussed below, as we start from the GKP vacuum, we need consider only pentagonal ampli-
tudes to the other possible singlet states. In particular, this polynomial is a monomial in the
case of the transition (from the vacuum) to a two particle state of a fermion and an antifermion
(which, though, belong to the 4 and 4, respectively). This monomial ‘squares’ in the integrand of
the amplitude contribution to (10.1)

1 1
(u—v)>+4 pEDw)PTH )
Instead, the transition from the vacuum into the two scalar singlet is even more depressed, albeit
the rapidity does not scale (for a scalar, but is added a g-depending constant). In fact, the P factor

contains at the denominator a polynomial of degree 2 multiplied by g2 (cf. [35,36] for details),
and then the two scalar contribution to the hexagonal amplitude writes down:

PYD©Olu, v) PYD (—v, —u|0) =

(10.2)

W g [ dudv w @) (v) e TIE MHE WHolp )+ )]
hex Q2m)? gl —v)? + 41l —v)* +1] P69 (u]v) P69 (v]u)

(10.3)

where we ought to consider that ° (1) = O(g) and P“* (u|v) = O(1/g). Hence, this integral
turns out to be of order W,EZ;) = 0(g"), then subdominant with respects to semi-classical ap-
proximation (contributed by the gluons, for instance). Actually, while the scalar contributions
are really subdominant in the perturbative regime, on the contrary fermion ones behave in a sub-
tle manner: in fact, the lorentzian function in front of (10.2) would entail a contribution from
the singularity i — ¥ = 4+/2i /g pinching the real axis when g — 400 [36]. But in our pic-
ture this is the contribution given by their bound state, the meson indeed. Moreover, also the
greater multi-fermion coalescence are taken into account by the multi-meson and meson-bound-
state contributions, c¢f. below. In summary, we are in the presence of a phenomenon in which the
fermions coalesces at least in a fermion and antifermion couple and disappear from the spectrum
as free particles: as anticipated, this is a sort of confinement typical of MHV gluon scattering
amplitudes/Wilson loops at strong coupling, not evident at first glance from the 2D scattering
factors. To be fully precise, although the string theory minimal surface confirms this disappear-
ance, and the appearance of the meson [49,6] and its bound states [39,41,40], nevertheless a
detailed multi-fermion description is missing so far [58].
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Concluding this preamble, these polynomials in the denominator produce in the general case
negative powers of the coupling constant after scaling®® the rapidities and thus ‘depress’ the
amplitude. Of course, these polynomials are absent if the excitations belong to an SU(4) singlet
(see also [35,36] for a detailed analysis of the two particle case). Therefore, we can argue that the
leading contributions in the perturbative regime are due to particles behaving as singlets under
SU(4), indeed. They are gluons and their bound states, as already proven by the detailed two
particle analysis of [36]. But, at strong coupling, we have shown necessary to add mesons and
their bound states to the spectrum, as well.

Now, the pentagonal amplitudes P enjoy at general coupling a series of axioms depending
on the S-matrix entries. Therefore for the latter we need to use our previous (strong coupling)
perturbative expansions at leading order and ‘solve’ the axioms. For exposition’s sake, we give
in the following the complete list of the P factors (gluon—gluon, gluon-meson, meson—meson
and bound states, contributing at leading order), leaving the details of their derivation in Ap-
pendix C.>!

We start from the gluon and then the bound states of £ of them. In this gluonic sector the
rapidity enjoys (at perturbative strong coupling) the parametrisation u = ~/2g tanh 26. Thanks
to this, the three axioms (6-8) in [34] for the gluon (g) and its barred companion (g, the other
component of the massless spin 1 field) simplify their arguments:

P (—g|—0")= P8 ©@'|9), PEI(—0|—0") =P8 ©19), (10.4)
pes) ©016") = S(gg)(g’ 9/)P(gg)(9/|9)’ P(gg)(gw/) — 58 o, 9/)P(g§)(9/|9)’ (10.5)

P88 —in/210") = P88 (9'|0), (10.6)
and we can solve them with input the leading order expansion of the gluon—gluon scattering
matrix (C.40), (C.41). We obtain

i cosh26 cosh26’
24/2g sinh(26 —26")
+0(1/g%, (10.7)

aP®9@,0") =1+

[14 cosh(6 —60") — i sinh(6 —6")]

i cosh26 cosh26’ [
24/2g sinh(260 —26)
+0(1/8), (10.8)

and the symmetric channels P(¢%) (9, 6") = P¢8)(9,60"), P88 0,0’y = P83 (H,6). The con-
stant ¢ may equal *1: its precise value is not fixed by the axioms, but by the comparison with
data derived from the Thermodynamic Bubble Ansatz (TBA) in [41]. As we wrote above, for-
mula (10.7), (10.8) with @ = 1 have been already reported in [34].

For what concerns P factors of gluon bound states, we may conjecture, along the lines of
the previous equations (10.6) for the single gluons, the following functional relations as axioms:

PE0,0') = P8 (0,6"), P89 (6,6") = P5%(6,0') and moreover

aP®®B,0) =1+ —1+ cosh(d — 0') — i sinh(6 — 6")]

20 Rapidity of scalars do not need to scale.
21 We have to say that the expansion of the gluon—gluon P factors — formula (10.7), (10.8) — previously appeared in
[34].
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P9 (—0,-0")=PE0.6), PEP0 —in/2,6)=PEP@.6),
PEY60,0)=5526,0 P8 ©0',0), PEY6,0)=556,0)PEY©0,6). (10.9)
Moreover, we recall that the S-matrix factors are simply multiplicative at perturbative strong

coupling: S8 (6,6') = 5@ (0,6')]™ and S©¥ (6, 6") = [S©D (6, 6")]". Therefore, solutions
to (10.9) should enjoy the same property, which entails upon expansion for large g

iml cosh?26 cosh?26’
2/2g sinh(26 —26")
+0(1/g%, (10.10)

an PE©0,6') =1+ [1+ cosh(§ — 6') — i sinh(6 — 6)]

iml cosh26 cosh?26’ [1
24/2g sinh(26 — 267)

P89 (6,6 =1— — cosh(6 — ') + i sinh(6 — 6]

+0(1/g%), (10.11)
or in barred rapidities # = tanh 26
_\ 1/4 _,\ 1/4
(gg) _ 1 1 . 14+ u 1—u
et i (010 = 1+2fg [Hi(l_’)(l—a I+
L+ \Y* 1 —a\'/
+- (1+z)( u/) <1+a) ] (10.12)
. _\ 1/4 _/\ 1/4
(8) ml 1 [ 1 (1+u 1—u
P S O .
e B @D =1 = il 2 =) s
1+ \"* (1—a\"*
(1+z)( u) (1+a> | (10.13)

Overall constants o, = o, can be equal to £1 and are constrained by the comparison with the
TBA of [41].

Let us now consider the meson and its bound states, and in particular recall that for all of
them the rapidity enjoys the perturbative parametrisation u = +/2g coth26. As we discussed
before, these are self-conjugate particles and this property allows us to postulate the following
set of functional relations (which now will be meaningful only in the perturbative strong coupling
regime, where the particle does exist) for the single meson P factor:

PMM @ 0"y = pMMD(—g’ —p),

PMM g g" = sMM g " pMM (g’ g),

PMM @G —ix/2,6") =PMM @, 0), (10.14)
where S™MM) is given by (C.45). We write the solution of (10.14) as

1 isinh26 sinh26’
J2g sinh(20 —267) szOSh(Q o' _’4)+0(1/g) (10.15)

where 8 = £1. For mesons bound states, we have anew the multiplicativity of the scattering
factors in the perturbative regime, namely SMM) 6,60 = [SMM) (g ¢y]"™! Which, in its turn,

ml

BPMM 9 0"y =1—
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imply the same property on P factors, i.e. upon expanding at large g

(M M)

ml isinh?20 sinh 26’
B PUM (g, 07y =1 — ! V2

4
2 h<6—9/—'—) 0(1/g?),
J2g simh(20 —207) © ig) T ou/s)

(10.16)
or in barred variables iz = coth 26
. . 1/4 /= 1/4
(MM) ,~ - iml 1 . u+1 u —1
P s =1 — | (1= — -
Pt Eyt 0,16 +2ﬁgu—u'[( l)<u—1 @+ 1
a— 1\ a1\

+<1+”<ﬁ+l) (ﬁ’—l) ] 1o

where B8,,; = Bin can equal £1.

Eventually,22 we consider the scattering between (bound states of) mesons and (bound states

of) gluons. We are now looking for functions Pngjlug), Prfl]lwg), P,;“}’M), Pn(gM) which may conjec-

turally satisfy the functional properties (meaningful only at perturbative strong coupling)
b b
Py (=6, -6") = Py, 6),
Py0,0) =5,/ ©.0)PE" @, 0), PYP0,0)=5,/"0.0P5" 0 0),

P (9 - % 9/) =pM @ 0), P (9 — % 9’) =PE"©.0).  (10.19)

ml Im

We write solutions to these equations in the form yrfl‘;b) P,fl“lb) =14+ \’/"_—zlgl( @) 1 o (%), where
(ab)

M M M3 eM
Y canequal £1, Vrle &= )/l(mg )= )/,f,l 9= Vz(mg " and
_ inh 20 cosh 26’
KM 9,0y = KM g, 0"y = SR Zvcos [sinh(6 — ) + i cosh(d —6")],
V2 cosh(20 —207)
(10.20)
_ inh 26 h 26’
K(gM)(G/, 0) = K(gM)(O/, 0) = Sin cos [sinh(6 — 0") — i cosh(® — 6")],
V2 cosh(260 — 267)
(10.21)

or alternatively in the barred variables

22 Even if contributions of small fermions to amplitudes is suppressed at strong coupling with respect to gluons and
mesons, we give also the strong coupling limit of their P factors. We refer to formula (38) of [36] and use formula
(C.42), (C.49), (C.50) for the (strong coupling) perturbative regime of the fermion-(anti)fermion scattering factor and its
mirror, respectively. We eventually obtain

(P, 6"
cosh@ cosh 6’ sinh 26 sinh 26/ i sinh26sinh26’

- g2 sinh(0 — 6’) sinh(20 — 26") [ 24/2g sinh(26 —260") (

sinh 6 sinh 6’ [ N i sinh26sinh26’

cosh(d — ') 24/2g sinh(26 —26")

1= cosh(6 — 6') +isinh(6 — 6) ]

[p(.f.f) ®, 9/)]2 —

(1 —cosh(@ — 6) + i sinh(8 — 9’))] . (10.18)
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SN\ A
5) (=)

11 it
KM (7 7y — 1+i
(u, i) 2ﬁﬁ—ﬁ’[( +l)<ﬁ
a—b i— 1\ 1+a\"* (10.22)
— —1 .
it + 1 1—a
- 1/4 _/\ 1/4
T B B P L 1—i
22— i—1 1+ it
i— 1\ (1ra\'?
—(1+i . 10.23
a+o(t) (F5) ] (10.23)

11. Hexagon at strong coupling
11.1. Aim and assumptions

Now, we want to compute the hexagonal Wilson loop as the series proposed by [34-36]

+0o0o N
Z 1 Z duy, _ 4 .

Whex — N! . E / | | [ 277: /'Lak (uk)e TE(tk (uk)-HUPak (uk)+lmak¢}
N=0 ai an k=1

X Pyy ayOluy .. .un) Py ay(—upy ... —u1]0) (11.1)

at strong coupling. As argued above, in this regime intermediate states which contribute are
gluons and their bound states, together with mesons and their bound states. All of them are
singlets and then for their pentagonal amplitudes a simple product and inversions hold when
changing a rapidity from in to out:

N
1
Pay..ayOluy...un) Poy. ay(—un ... —u1]0) = . (11.2)
aj...ay aj..ay E Pa,-,a_,-(”i|”j)Paj,a,-(uj|ui)
This formula entails an easy product to appear inside the hexagonal amplitude:
+00 1 N dug
= — 7K —TEq, (ur)+iopa, (ux)+img, ¢
Wiee= Y 3o 2 [ TT| G tunre wontwtionatosimae|
N=0 a ay k=1
r 1
(11.3)

i<j Pai,aj(uimj) Paj,ai(“j“/‘i)

where the indices ay label the species of different particles (including bound states): this is the
formula we want first to match with initially, and then to sum up.

For the gluon and the bound states of £ of them, rapidity may be parametrised as u =
V/2g tanh 20. Then, we can recall their relativistic energy and momentum (9.31) and notice how
they are purely additive

E§ (u) = V20 coshf = LES (u), pi () =+/2¢sinh 6 = £pf (u) . (11.4)

In the following, the expression will be written in terms of
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in order to facilitate the comparison with the existing literature on this subject. Gluonic measures
appearing in (11.3) is given by (£ = 1 is the gluon)
du . do i do

—ufw)=—usO)= —,
2t 2x "t 1im9(9/—9)Pe(fg)(e,9’) 27

(11.5)

with Pe(fg) given by (10.10). In order to have agreement with TBA it is enough to choose gy =
(—1)¢~!. Then, in terms of the single gluon measure (at strong coupling)

usu)=—1+... (11.6)
we can express the £ gluon bound-state ones

du Vi, de du (—1)*! do (—1t!

== =_"(—1 = — S(uy=——F=—uf@®). 1A1.7

g e =o—(=1) eodle 2 M® W)= ——pg—w . «dL7)

On the other hand, let us remind that the meson and its bound-states enjoy the rapidity parametri-
sation u = +/2g coth 26 with relativistic energy and momentum (9.57) which are purely additive
(zero binding energy) as well

EM(u) =2mcosh® = mEM (u), pM () = 2msinh @ = mp (u) . (11.8)
The measure for bound states of m mesons is

du do i do

—— o () = = (0) = —, (11.9)

A lim (6" — 6) Py " (0,6) 270

0'—6

with P,;%M) given by (10.16). We choose B, = (— 1)1 in order to have agreement with TBA.
Then, similarly to gluons, we obtain the meson bound-state measures

du M )_ﬁ( -l de _du (=) M () = de( 1)m ! M 6).

2t M = o mm?sinh220 2w m? -
(11.10)

where the single meson measure (at strong coupling)

uMuwy=—1+.... (11.11)

We shall point out that, for compactness sake, the paths of integration are not explicitly
written in what follows, so we need to describe now the choices we adopt throughout the
rest of the section. The integrations over gluon rapidity u can be computed along the interval

L

21’
performed u = “/— = tanh(20)). Otherwise, the integrations for meson u-rapidity is intended on a
section of a stralght line below the real axis, lying in the small fermion sheet [41,36] (we remind
that large fermions in this regime behave as giant holes, hence their contributions are exponen-
tially suppressed because of their dispersion laws [20] and scattering factors (4.50)), namely

+2—*/ﬂx], which turns to the whole real axis when the map to hyperbolic rapidities 6 is

(+o0 —i€, +32 ) U (_E’ —o0 —i€), where 0 < € < 2. When switching to meson 6 rapidity

according to the map u = % coth(20), the integration may be set to run along the straight line
(—00 + i@, +00 + i@), where ¢ (according to [41]) can be fixed in terms of conformal ratios,
as shown below (11.32). Eventually, the same straight line is chosen for the integrations on the

gluonic 6 rapidity.
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11.2. One particle
Let us start from one particle contribution. With ‘one particle contribution’ we mean that in

(11.3) we consider only one insertion, which can be a gluon, a meson or bound states of thereof.
Therefore, we can write down

+00

du : _ '

Wiiel; = § /Z,Mg(u)e_fb‘f(u)ﬂopf(u) (ez/éqb +e_,g¢>
=1

du M M
Z My, —TEM )+
—1/2_an (u)e ™ Em (0 Fio Py () (11.12)
m=

which at strong coupling reads

+o00
w _ 4 A Z/ do (_1)ze—ﬁrzcosh@+iﬁa/ésinh9 (eiw +e—ie¢>
hex 2w = €2 cosh?20

+00
_ LX Z / L(_])me—%m cosh 6+2iom sinh 6
2 £~ 7m?sinh? 26
= ﬁ L [Liz (_e—«/ir cosh 0+iv/20 sinh0+i¢)
27 ) 7 cosh?26
+Liy (_e— 2t coshO-+iv/20 sinhe—i¢>]
ﬁ e : -2 h0+42io sinh 0 (€3] (M)
_E lez (_e T Cos io sin )EWhex+Whex ’ (1113)

+oo
where Liz(z) = > fn—z is the dilogarithm function.
m=1

11.3. Two particles

Let us pass to two particle terms Wﬁ; = W,Eff )4+ W}%M) + W;EZg), in which we distinguish

three contributions: gluon—gluon, meson—-meson and gluon—meson.

Gluon—gluon Let us start from gluon—gluon:

(gg) 1 = dl/tl du2 Eg( Vi 8( ) Eg( Vi 5’( )
88) 8 g —TE; (up)+iop; i) —TES (u2)+iopf (uz
Wier = 5 Z Z gﬂgl(ul)gﬂgz(uz)e b 6 e T t
1=14r=1
{ el i+6)d | p—ilti+6)¢ el li=0)¢ | p—ilti—6)¢

+ = = (11.14)
P8 i |ug) PP ualur)  PEEE unlu) PSS (ualu)
At strong coupling the symmetric product of P factors (10.7), (10.8), entering (11.14), enjoys
the property

1 1

PE i luz) P ualuwy) — PEE unlua) PSS (ualuy)

2
—1— ﬁelzzK@@(el,ez),

sym

(11.15)
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where
cosh 26 cosh 26,

K@ g L 0) = )
(01, 62) 2cosh(d) — 6>)

sym

(11.16)

We get
2 +0o0 400
W(gg) = _LX 1 Z Z/ 6, do, (_1)€1+€2
hex 2 ) 2 = =) wecosh? 26, w5 cosh® 26,
. 4COS€1¢ cos €2¢ e*«/zrﬁl cosh 91+i«/§<7€1 sinh Glefﬁtéz cosh 62+iﬁ062 sinh 6,
(11.17)
+00 +00
NS [ ke
2 2&:162:1 7€ cosh” 26, €, cosh” 26,
-4cos 16 cos Lag o~ V21t cosh 01 +iv/20 ¢, sinh 61 ,—v/27; cosh 6 +i~/20 €, sinh 6
(11.18)
We can now perform the sums over £1, £> and get
o) _ 1 [ (g>]2 1V by o) (88) g g
W == -z Koo (01, 02) L8 (61) LS (62),
hex ™ o | 7 hex 227 J mcosh®26; 7 cosh?26, "

(11.19)

where we used the short notation

Lg(e) =1n[<1 +€i¢_\/§‘[ cosh 0+iv20 sinh9> (1 +e—i¢—\/§rcosh0+i\f20 sinh@)] . (1120)

Meson—meson The meson—meson contribution is written in a completely analogous way:

1 XX fdu dus 1
(MM) M M
W, =3 E E /—M (U1) 5= M, (u2)
h m m MM MM
< 2m|:lm2:l 27 1 27 ’ P"(’llmz)(ul|u2)PI’§lzm1)(u2|u1)
. e—‘L’E%I (ul)"riO'P,[:,ll (M])e_TEyﬁ/Iz(MZ)"FiUP%Z(Mﬁ (1121)

Expression (10.16) for the strong coupling limit of mesonic P factor implies the property

1 2
=1—"ZmmaKM" 4, 06,), (11.22)
Paort) (1 |u2) Pt (2 1) v o
where
inh 20; sinh 26,
KM g, gy = SIS0 11.23
sym ~ (01,62) cosh(@1 —62) ( )
We get
2 +4oo +oo
W(MM): ﬁ lz Z/ do, a6 (_1)m1+m2
hex 27 ) 2 &= ~=J wm]sinh®26; wm3sinh’ 26,

. e—Ztml cosh 61 +2iom sinh 6 e—2rm2 cosh 6,+2iom> sinh 6,
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NN R do, do, o
(N EE it

) )
il el wtm sinh” 20 wmy sinh” 26,

. K;%M) (91 ; 92)6_2””1 cosh 014+2iom sinh 6, e—21m2 cosh 6 +2iomy sinh 6 )

We can now perform the sums over m, m, and get

1 2 1V do do
(MM)—_I:W(M)] _INVA 1 2 K(MM)(G ) M M
= - - 1, 62)L™ (61)L™ (62),
hex 2L hex 22w 7 sinh? 201 sinh? 20, "
(11.24)
where we used the short notation
LM(Q) —1In (1 4 g2 cosh0+2i0 sinh@) . (11.25)
Meson—gluon Next step is to consider the meson—gluon contribution
1 X du duy M M g g
M _ : _ L
m=1{=1
[ s e—itd ]
-2 + — - . (11.26)
M M M M
PEY ualun) P ilun)  PEM (ualuy) PP (i lun)

Now, at strong coupling, with the redefinitions 11 = +/2g coth260;, us = +/2g tanh 26, expres-
sions (10.20), (10.21) imply the property

1 1

M M =@M Mz
PEM o un) PV wrluz)  PEM (ualur) P ()

2
—1- %EmK§%g)(91,92), (11.27)
where

K9 61,62) = KM (61, 05) + KM (63, 61) = K& (6, 61)
. \/Ecosh 26, sinh 2601 sinh(6; — 6;)
N cosh(26, — 26))

Remembering the measures (11.7), (11.10) and the forms of energies and momenta (11.4), (11.8)
and performing the sums, we arrive at the expression

(11.28)

W(Mg) W(g)W(M) + \/_Zf 6 a6, (Mg) LM I
hex hex ' hex T sint 2291 cost 2 26, sym (61, 62) ( 1)L5(62)

(11.29)
11.4. Comparison and checks with TBA
We now compare our previous predictions at strong coupling with TBA outcome. We use

(F.42-F.46) of [41]: these expressions depend on the functions €(6 — iQ), €(60 — i¢), which
satisfy integral equations
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do’

do’ -
€O —ig)=E©®) - L W 7K(Mg)0/,9L9/
( v © /ncosh229’ 7 sinh22g’ o™ ( )L(©")
€O —ip)

!/

=«/§E(e))—/L KM8) (g, 0)L(9)+/d79 KMM g 9"\[.(0"),

7 cosh220’ ™ 7 sinh?20’ " "

K$90,0)L0) + /

(11.30)

where the integrations are performed along the straight line R +i{, and the functions 1:(9), L)
are defined as

i) =In (1 n e—g“’—"@) . L®) =In [(1 n /LE_E(G_i(Z))> (1 n u‘le—“@—"@)]

while [41]

E®) " ginhotn (<) tisinh (0= T\ (L -1 (11.31)
= ———=SIn ny — 1 S11N! _— ny —— . .
V2 usu3 4 us

The relation between ¢ and the cross-ratios can now be clarified by means of the functions ¢, €,
since

1
n |2 —einjh—ig), ln(——l>=€(—i¢3). (11.32)
uu3 uz

We expand (11.30) at large E(0) and plug such expansions in (F.45, F.46) of [41], by using the
Taylor expansion (| f| < 1)

Liry(—e F=y=Liy(—e ) + fIn(1 + e F) + 0(f?). (11.33)
‘We obtain
_ do . —E®) . -1 _—E@®)

do
+ / o Lip (—e V)
7 sinh” 26

do; d6,
" / 7 sinh? 20, / i smh2 20, V(%M) (01, 62)LE@) LE(0:)

d@] 2
7 cosh?20; J 7 cosh?26, K(‘%) 61.6)LE@1)LE®2)
do do, -
2 7 sinh? 26, / 7 cosh? 26, KS(%F)(GI, O2LE@DLE®).
(11.34)

where we used the notations

iE(e)zln(1+e—ﬁE<9>), LE(Q)zln[(1+,ue_E(9)) (1+M—1e—E<9>)]. (11.35)

Summing this result with (F.42), (F.43), (F.44) we get
do . —E®) . —1_—E®)
Z (Fd) = / 7 cosh? 26 [le ( He ) iz ( roe )]

k=42
do
+/4, 5Ly (—e™V2E®)
7 sinh” 26
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1 do, do, - B
"2 / 7 sinh? 26, / 7 sinh? 26, Ks(y%M)(@l’ 02)LE(01)LE(62)

: ] a6, (g8)
+ E g COSh2 291 T COSh2 202 KSym (91 ’ OZ)LE (Gl)LE (92)

do; / do, ~
- KM8) (6, 0,)LEO)LE®H,). 11.36

/ msinh?20; J mcosh?26, ™ O 0)LEOVLEE:) ( )
Now, in order to compare with our results, we parametrise the cross-ratios uy, us, u3 as in [35]
(formula (157)), i.e.

1 1 . _
14T, =14 (e T+ (T oy, ML e (137
U u3 U3

Consequently, if we define . = ¢/?, we obtain the relation

_ 1 —uy —up —us

1

— ) 11.38
wp T ( )

In addition, the function E(6) may be written in a more transparent form as

E(0) = /27 coshf — i~/20 sinh@ . (11.39)
Plugging (11.38), (11.39) into (11.36), the following relation

(€] 2) ﬁ .
Wiex =Wy, + Wyl + - =exp _E[Z (F.k)]

k=42
2 46
R NG
=1—§[Z(F.k)]+§ o [Z(F.k)]2+-~- (11.40)
k=42 k=42
is in agreement with expressions for W}E;; W}g; computed in last subsection.

11.5. Re-summation of the BSV series

The agreement displayed above between the series written in [34] for hexagonal Wilson loops
and the TBA for scattering amplitudes [39.41,40] can be made even tighter, since it is not re-
stricted to one and two particle contributions, but instead it does also extend to any number of
particles. Even better, the BSV series for the hexagon (11.3) can be fully re-summed by exploit-
ing some standard techniques: eventually we will reproduce (as for the strong coupling regime)
the TBA (in the form elaborated in) [41]. In the following we will produce the main steps, but
leave some further details and generalisations for an incoming publication [58].

The expression to sum up is the simple manipulation of the initial formula, (11.3), strictly
speaking valid for singlets, which we re-call here for practical reasons

+o00 N
1 dug ¥ Eqy 1)+ pag, (i) + iy &
Wiee= 3 3 oo 2 [ TT| G tunre oo sionaon i
N=0 ai an k=1

N 1

9
i<j Pa,-,aj (ul|uj) Paj,a,' (uj|ul)

(11.41)

where the indices aj label the species of different particles (including bound states).
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In general, not only at strong coupling, we may use a path integral trick of the type as in [60,
61], but then we should integrate eventually the extra p-field(s) [58]. Thus, we better perform on
the above series (11.41) a similar trick without the p field(s), the Hubbard—Stratonovich trans-
form [63]. The latter makes use of the well know identity of functional gaussian integration in
the presence of a linear source term>’

N
l—[ e(X(zzi)(M[) X(aj)(uj)> — (eX(“l)(ul) . eX(”N)(uN)), (1142)
i<j
(eX @@ X @) ~ 1y for allowing the summation to act on the single exponential of the r.h.s.2*
This means that we need also to relate the pentagonal amplitudes P, 5(u|v) to correlators (and
then to the kinetic part) of the gaussian field X, in this way

! — X Xy () (11.43)
Py p(|v) Ppq(viu)

For instance, we associate gluons to the (fluctuating) field X fl)(u) = X$&(u), whereas we denote

their bound states as X ‘(g@) (u), where £ stands for the number of components. Thus, the ‘linearisa-
tion’ of the exponent is complete, namely we can recast the hexagonal Wilson loop (11.41) into
a shape aiming at re-summing the different contributions:

d . )
Whex = {€xp {/ % Z I:/vba (1) e~ TEa)+iopa(u)+imap eX(“)(”)]} ). (11.44)
a

With this series (on any particle kind, a) inside, (11.44) can be interpreted as a Kac-Feynman
path integral (partition function) for any value of the coupling, nevertheless it is at strong coupling
A —> oo that a tangible simplification occurs since it can be summed up. For simplicity’s sake,
we will initially include only gluons and their bound states, then adapt our derivation easily
to mesons and their bound states. Eventually, we will consider the general system (at strong
coupling only), composed of gluons, meson and bound states. For, in this regime, the bound
states enjoy a series of simple, useful properties: their energies and momenta (11.4) are simply
additive, as so is the relation X f{a) =aX fl) implied by the peculiar limit form £1¢; Ks(ﬁ,ﬁ) (u, v) of
the (bound state) gluonic kernels in (11.15) via (11.43) on the bound state fields X fa); and finally
the measures uf (u) (11.7) exhibit a peculiar square at denominator. Altogether these properties

turn out to be crucial to re-sum the gluonic part of the hexagonal Wilson loop (11.44), W}Ef;, ina
handy shape, and they bring up the dilogarithm function Liy(x) (tuned by the third property, cf.
[58] for more details):

23 The following formula is the infinite dimensional d — oo version of

1

d

d -1

dX; 2.4

(exl.lleXz]z‘_.eXde): /detT/l_[ le ij=
o V2T

d d
1
XiTijXj ¥ Xihi 3 X JiGijJj
ei=1 —e LJ= R

with propagator G = T_l, where we choose, for the continuum limit of the external field J; — J (u), the configuration
of point-like sources J (1) = ZlN:] a;8(u — uj), cf. [58] for details.

24 We mention the talk held by B. Basso at IGST 2013 in Utrecht concerning one gluon (without bound states) and [62]
for useful suggestions. We wish also to notice the possibility of interpreting the free boson ¢ = 1 2D CFT (Coulomb gas)
correlation function formule by means of this one.
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T
4 Lip(—e~TEF @ Hiopf w—ig exé’(u))} }> . (11.45)

Now, we can make explicit the gaussian measure in (11.45) as a kinetic term so to read Wéfi as
a quantum mechanics partition function for the field X8 (u)

W& = z@[x8] = / Dx8 SV, (11.46)

where the action S®)[X#], directly expressed in terms of the hyperbolic rapidity @, has the form
S®[x8]= % /d@ do’ X8©)T4(0,0")X5©O") + / i—i EICA)

: [Liz(—e*E(Q’”"%ng’)) 4 Lig(—e E@)=i¢ eXW))] , (11.47)

with E(0) coinciding with the derived (11.39). Of course the kinetic kernel T (0, 0") is the
inverse

/dQ’ G80,0"NT8©0',0")=680—0") (11.48)

of the Green function®
G2(,6") = (X3(0)X8(0")). (11.49)

Remarkably, the action (11.47) is proportional to g, which is going to +00, so making possible
the applicability of the saddle point with classical equation of motion:

do’ , ,
X8(0) — | 5= G#(0,0")us (@)
2
log [(1 4 o XHO) g E@)Fidy () +exg(er)e—E(9/)—i¢)] —0, (11.50)
where the Green function, at strong coupling, can be easily related to (the symmetric part of) the
gluonic pentagonal amplitude

Gg(e,e/)z—z—” K96,0") + 0(1/1) . (11.51)

«/X sym
The introduction of the ‘pseudo-energy’ €(6) via the relation € (6 — @) = E(0) — X5(0), leads
us to the special version of the TBA equations for gluons only, the first of (11.30) in which we
fully neglect €(6 — i), i.e. the meson contribution. In other words we have found an action
(a Yang—Yang functional) whose differentiation give rise to equations in TBA form [29,28],
without thermodynamics. In this respect the generation of the Lip (x) function via summation on
bound states is of fundamental importance.

25 We could realise that directly G8(6,60’) (instead of T8(6’,6")) appears in the action by means of a Hubbard—
Stratonovich transform which introduces some gaussian field p8 coupled to X&: in this way we will end up with the
usual form of the Yang—Yang potential of Nekrasov—Shatashvili [59] as it would be following ab initio the path integral
trick contained in [60,61], ¢f. [58].
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As for the mesonic sector, the reasonings outlined above can be easily repeated by substituting
the gluon and bound states thereof with the meson and bound states thereof, respectively.’® In first
place, we associate the fields X é‘g) () to bound states of mesons, each represented by the single

meson X é‘{’) (0) = XM (0) by means of the relation X é‘z) O)=tX é‘{’) (6). From the identification

1 M M (p/
(X (@) (0)X (5, (67)
= XD Xe) (11.52)
PY, (ulv) P (v]u)
it follows that the meson-only hexagonal Wilson loop W}%) assumes a shape analogous to
(11.44) and can be re-summed at all coupling, even though a remarkable simplification occur
at strong coupling, owing to the properties of the mesonic kernel:

d .
Wiy =<exp{—/ ﬁuM(u)Liz(—e—fEfl(”””’l’?”“)eXMW))}> (11.53)

Again, the meson hexagonal Wilson loop can be associated to a partition function, defined via
the action SM)[XM]

|
S(M)[XM] _ 5 / 4o’ do” XM(Q/)TM(Q/, 9//)XM(9//)
de// " "
+/ . 1M (6" Lia (—eVZE©") XM ©O")y (11.54)
T

which, under extremisation, gives the equation of motion:

xM@) — / ‘;—i/ GM©9,0") 1M ©') log [1 + eXM“”)e*ﬁE("’)] -0 (11.55)
where the mesonic Green function has been introduced

/de’ GM,0NTM®',0") =50 —10"). (11.56)

If we define the function €(6 — Q) = V2E 6) — XM (), we obtain uniquely the mesonic TBA
equation, i.e. the second of (11.30) where we discard the gluonic contribution (considered above).

Complete system After the considerations outlined above for incomplete systems, made of a
single type of particle (and relative bound states) at one time, we can now cope with the complete
system, including gluons and mesons together, by arranging the gluonic and mesonic fields into
a vector, and the measures as well:

X8(0) ) <M1(9)> ( /Lg(9)>
X40) = 0) = = 11.57
(the label a takes the values a = 1, 2; the sum convention on repeated indices is assumed). The
complete hexagonal amplitude can thus be expressed as

Wiex = / DX DXy e 5K, (11.58)
26 Ag anticipated about the bound state analysis in Section 9, a more mathematical understanding of the contributions of

the mesons, as small fermion—antifermion state, and their bound states should be given in future [58] with a mechanism
where the poles pinch the integration axis [59-62,36].
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where the action reads

S[X]= %fdeG’X“(G) Tup(6,60") X2 (0')

do .
+ / T (1@ Lin(—e O 210,
2T
+ 11 (0) Lig(—e E@=i% (X104 110 () Lip(—e VZE®) e"z“”)] : (11.59)

and the Green functions, now arranged in a matrix, can anew be associated to the pentagonal
amplitudes

o (k0,07 KUO©.0) ) (11.60)

G 0,0 =—-"=
©0="7 ( Kot 0.0 Ky ©0.6")
and allow us to define the kinetic 2 x 2 matrix as its inverse:
/d@’ G“b(9, 0" Tpe (0',0") =828 —0"). (11.61)

Upon extremising the action S[X], we obtain

X40) — f ‘;—i G 0,0 up(®)LP () =0, (11.62)

where we have assumed the definitions
L'() = log [(1 4 X' O —E@ ity (] 4 eX‘(G)e—E<9)—i¢)] ,
L26) Elog[l +eX2(9)e_ﬁE(9)] . (11.63)

These equations of motions (11.62) match the TB(ubble)A equations (11.30) of [41], provided
we identify the pseudo-energies as € (9 —i¢) = E(0) — X' (0) and (0 —i@) = v2E(©) — X%(9),
which simply translates into

L®)=L"®), L®)=L*®). (11.64)

Since the action (11.59) possesses the diverging prefactor S[X] i, the hexagonal Wilson
loop Wiy (11.58) is dominated by the classical configuration, achieved by imposing the equa-
tions of motion on the fields, and therefore with the aid of (11.62) we can rewrite the kinetic term
in the action (11.59) as

1
3 /de do’ X4(0) T (8,0') X2(0")

N [dody LY'(©) LY )
27 ) (27)? cosh26 cosh?26’ cosh(d —8’)
N VA [ dodo L2(0) L%

27 272 sinh26 sinh26’ cosh(6 — 6")
N VA ﬁ/ dodo’ L2O)LY®) sinh(® —06")
2 72 sinh?26 cosh26’ cosh(26 — 26")

Eventually, the sum of the kinetic term (11.65) and the potential part, given by the second and
third lines of (11.59) computed on the solution on the saddle point equations, amounts to the

) (11.65)
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critical Yang—Yang functional 2—*/3 YY.,, which has been computed in [41] by adding together the
right hand sides of the formulae from (F.42) to (F.46).

12. Conclusions in perspective

We have derived the complete set of Asymptotic Bethe Ansatz (ABA) equations referring to
the GKP vacuum instead that to the half-BPS state (Beisert—Staudacher equations [2]). These
describe the dynamics of all the elementary excitations over the GKP vacuum (gluons, fermions
and scalars), but they also admit solutions in the form of complexes of Bethe and/or auxiliary
roots, the so-called strings or stacks. The latter are the bound states, among whose the most
important are the bound states of the elementary particles (the other are bound states of the
auxiliary or isotopic roots, yet important for the spectrum TBA and so on). In this way, we have
performed the ‘fusion’ of the fundamental (elementary and isotopic) excitations, which is in
its whole an alternative way to perform the bootstrap of S-matrices (cf. for instance [64] for a
review).

Moreover, we outlined this system of algebraic equations at all coupling values, also including
weak and strong (in different dynamical regimes) coupling. Above all, we have mainly focused
on the scattering phases between all kind of particles at any coupling, but also the new feature
of two defects has arisen in the form of new scattering phases for any flavour. Then, we have
devoted a meticulous care to the behaviour of the scattering factors in the three possible, — non-
perturbative, perturbative and giant hole —, regimes which allow different large g expansions: for
all these three, we obtained explicit expressions of all the scattering factors.

If the momentum of any particle enters the ABA equations, the energy/anomalous dimension
is the final object expressed via a solution of these equations. And we could confirm for these
first two conserved charges the achievements by [20], but also have been led to consider all the
higher integrals of motion (which do play a so important role in the construction of the dressing
factor in the usual ABA on the BMN vacuum).

A deeper look at the form of these new ABA equations brought to our attention an interesting
property or identification for them: the su(4) residual R-symmetry constraint the elementary
particles to have as rapidities the inhomogeneities of an su(4) symmetric spin chain of S-matrices
which belong at any lattice site to the characteristic representation of the particle, i.e. 1, 4, 4, 6
(for gluons, fermions, antifermions, scalars, respectively). Thus, as anticipated in [23], the matrix
structure of the ABA equations could be inferred from the SU(4) symmetry, but the specific
form of the scalar factors and its g-dependence must be computed explicitly. For instance, in this
perspective, the two defects are simply two purely transmitting impurities which still respect the
SU(4) symmetry. Moreover, the particular g-dependence shows explicitly the decoupling of the
six scalars in the non-perturbative regime and their approach to the O (6) non-linear sigma model
S-matrix in [52], being, besides, the defects of no importance in this limit. More importantly, we
have seen from the fusion of a fermion and an antifermion the formation of a new particle in the
g — oo perturbative regime: a meson. Then we also identified bound states thereof.

At last, but not least we have been looking for confirmation and deep comparison of our
careful strong coupling outcomes with the scattering amplitude/WL TBA [39,40] via the OPE or
flux tube (BSV) series [41,34-38] (see, also, e.g. [66] for the multi-Regge limit). In fact, the basic
object of the latter, the so-called pentagon amplitude, can be expressed via the aforementioned
scattering factors as proposed for the gluons in [34]. The bound states of the latter, the meson
and its bound states appear to be the only other relevant particles at leading order (the minimal
area of classical string). Therefore, we have checked explicitly those features by re-summing the
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BSV series [34] in case of a null hexagonal Wilson loop: we have used the saddle point method
at large g to obtain the critical equations coinciding with the TBA equations of [39,41,40]. Then,
we have computed the action on them and obtained the same (critical) Yang—Yang functional
(or free energy) as in [39,41,40]. Interestingly, the same set-up should be easily applicable to
the computation of the heptagon WL. Nevertheless, it would desirable to have a more direct
understanding of the phase we dubbed confinement of the fermions, which disappear as free
particles, inside the mesons and their bound states.
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Appendix A. Functions

This appendix is devoted to the introduction of the functions we used throughout the paper.
In the study of scalars we found convenient to use the following shorthand notations:

D) =Po(u) + Py (), ¢, v)=do(u—v)+dyu,v), (A1)
with
14+ -—£
) L
q>0(u)=—11n’,J_r2Z, ®p(u) = —iln % , (A2)
20t u)?
2
L idu—v . = smormw |
pou—v)=iln——, dgw,v)==-2i | In| ———— | +i0@u,v) |,
i1—u-+v 1 g

T 2 (u)xT(v)

(A.3)

6 (u, v) being the dressing phase [10] and x(u) = 5 |:1 +4/1— zuizz], xFw) =xu + %). We

used also

_1d A4
w(u,v)—gﬂqﬁ(u,v). (A4)

For what concerns gluon and their bound states, we used the function

il il
x,ull)=xo(wv—ull +1)+ xg <v,u——> + XH (v,u+—),

2 2
where
1 i
i +2 2 — =
w0l =iln o2 —darctan 2, yp(u)=iln [ — 2@ | (A.5)
il —2u l 1 g

T 2t (w)x@)
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which enjoys the expression
1 2
xt ) —x (u—=Y 2 (u—t
W —x(u-3) +iln # . (A.6)
1

x (u+ %) —x—(v)

2

x(,ull)=iln (
2xt(v)x (u+%)

Scattering factors involving gluons and their bound states are expressed in terms of the function

2
) —f X7 (v)
L =5\ [ 2(ed)
x,ull)+ ®Ww)=iln 7 +iln 5 (A7)
x(u+7)—x—(v) xt(v) — —8—
2x(u+%)
Finally, for large fermions we introduced the function
B o (xtw) = x()
X, v) = xou — vl 1) + xp (,v) =iln | ——r ) (A8)
x() —x—(u)
Scattering factors involving large fermions depend on the function
) —x(v) X~ (u)
, Pu)=iln———  +iln| — . A9
xF(u,v) + P (u) lnx(v)_x(u)Jrzn( x+(u)> (A.9)

Scattering factors for small fermions are obtained from scattering factors for large fermions after
the substitution

[ S ] — X
Y (i, v) + D) — —xp @, v) =iln w —iln % . (A.10)
- 2x~(u)x(v) 1- x~(u)
where
2 2
v 2g
= =—|(1—4/1——1. A.ll
) =5 =2 2 (A-1D)
Appendix B. Useful formulae
B.1. Fourier transforms
We collect here some of the Fourier transforms
+00
Fo = [ aue ®.1)
—0o0
of functions f(u#) we use in the main text.
For scalar we used
. ) +00 )
N . k|
®o(u) = —iln i J_r Z =  dok) = / due™ " Dy (u) = —%g*?, (B.2)

—00



D. Fioravanti et al. / Nuclear Physics B 898 (2015) 301—-400 383

g2

+ _ 2 N 2
®pu)y=—iln | —2 | o @H(k)z%e—@[l—ﬁ)(ﬁgk)] (B.3)
- S, l
20t u)?
and also
o itu—v A 27K
pou —v)=iln—— = ¢Polk) = — , (B.4)
i—u-+v ik
1 d 1 1
)= —— ol — V) = —————— So(k) = —e kI, B.5
@o(u —v) 27rdv¢0(u v) 11— v)2 = @olk)=—e (B.5)
11— %
b (u,v) =—2i | In | — 20T N g, v) |,
- 2x— (u)x+(v)
+00 +00
bk, 1) = f due™ k" f dve™ "y (u, v)
—0o0 —0o0
P e 1 — san(kz)
= —_8ix? o [Zr(—1)f+lJ,(«/§gk)Jr(f2gz)+
r=1
o0 o
+5gn(®) Y Y et (@) (D7 (Jro1 (V28K 420 (V2g1)
r=2v=0
— S (V2800120 (V2g0) | (B.6)

We remark that in previous literature integral equations concerning the scalar sector are often
written by using the ‘magic kernel’ K [10], related to ¢ by

Grk, 1) + by (k, —1) = 8in2g2e™3 R (V2gk, v 2g1), t,k>0. (B.7)
For what concerns gluon bound states, we introduced
il +2 2
Xo(u|l)=i1nl, +eu =2arctan—u =
il —2u l
+00 )
fo(klD) = / due g (ull) = e (B.8)
i
—0o0

and for higher loops the function

il il
X, ull) =xow—ull +1)+ xu <v,u— 5) + xH (U”H_E)’
where
|- &£
xi @, u)=iln % , (B.9)
~ S or®

whose Fourier transform reads
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+oo

/du/dve kv =ity (y ull)
T[e—|k|l ~|—zZn( "

2
=278(t +k)—
ik

27 2T (v/2gk) Ju(/2g1) . (B.10)

T e —%,

In getting (B.10) we used the Fourier transforms
(B.11)

e 1 v2\" 2
f due= 10 [ Y2) g(r) L ek, (V2gh) .
x(u:l:ié) g k

—0o0
It is useful to Fourier transform y (v, u|l) and x g (v, u) with respect only to the variable v

271
- J 2gk
< 21x ll)) % (V2gh)

+00
/ dve ™ ™* y (v, u|l) = ef’k” iy +i Z
—0o0
+'+§(7g ) 27 B g (Vgh), (B.12)
t . il n(V2g .
n=1 ﬁl X (u + 17) k
b 2w X g "
dve M ypwu)=i=—e" 7 <7> Jn(V2gk) . (B.13)
/ "X p ; i van) Vs
00 =
Finally, for large fermions we introduced the function
(X)) —x()
xF(,u) = xo(v —ull) + xp (v, u) =iln = (B.14)
x(u) —x—(v)

whose Fourier transform with respect to v is easily extracted from (B.12), (B.13)

i 2 _wW 27 R g "
dve_ikvXF(U, u) = e—iku'_e—T + i—e_T (7> J, (x/igk) . (B.15)
/ ik k 2_: V2ixw)) "
—00 n=1
B.2. BES and BES-like integral equations
The BES integral equation for the density 6ggs(k) in Fourier space reads as
N 2ik  ¢u(k,0) ik dt .
opestk)=—1——— T 2 _e_lk‘)/ﬁdm(k, 1)oBEs(1) - (B.16)
Owing to the parity propertiesA&BES(k) = opes(—k), we can restrict this equation in the region
k > 0. Introducing the kernel K
buk, 1)+ k, —1) = 8in2g2e™F K (v2gk, v 2g1), 1,k >0, (B.17)
we have
+00
Gpps(k) = - / dte™5 K (v/2gk, N2g1)6Es(t) . (B.18)
n -
2
0
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We can connect to quantities used in [20] by means of
T

Gamsk) = —— [ (v2gh) + 72 (V2gb) ], k>0 (B.19)

nh 3
and
v (V2gk) =2 2ny]) Jan(v/2gh),
n>1
Y (V2gk) =23 " (2n = Dys, o 1(V28h). (B.20)
n>1

The total density at order Ins is 61,5 (k) = —878(k) + pgs(k) which satisfy the equation

ik dt «
s = 87060 + 3 [ Lok 0, (B21)

¢!
The Fourier transform of the density associated to the first generalised scaling function [12]
satisfies the equation
+00
ik

le=7 — Jo(v2gk)] + —— f %éﬁ(k’ N[+,

5 (1)
a\V(k)=
sinh —lg‘ 1 —e Ik

—00

(B.22)

Eventually, the density ‘all internal holes’, which satisfies equation (3.8) of [21] with L =3 is
solution of

27—kl
6 (k; x) = % (coskx — 1)
” +oo J
i roa A
L / H(}Sy(k,t)[%r(costx— 1)+0(t,x)]. (B.23)
—00

B.3. Integrals

In the one loop case we make use of the following integrals

+00
d b d T v — i r b+i
_ [ bt d, Tativ—in) o Tatbtin (B.24)
27 ib—v dv T(a—iv+iu) I'a+b—iu)
—00
and
+ood ‘b d i ] b
dv, ibmvtw d ic—vhu _ilexb—utw . (B.25)
27 ib+v—w dv ic+v—u i(c+b)+u—w
—0Q

In order to show that (bound states of) gluons do not couple to (type b) isotopic roots, we used
the following results
+00

/ dv X -x(u=-3) d stvow g, durg) o@D

2m nx(“'i'%)_x_(v) dv %_U'Fu/_l nx(u/+i)—x(u—%)’

—00

(B.26)
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+
/ dv
2

/

u+’1)—x+(v) d
x (v)—x(u——) dv %—v-i-u’

i
5+v—u

il s il :
x(u—l)—x(u—j) Lu—uwt+s—i u—u—3

x(u—i—%)

+00 i ,
dv xtw)—xt(w) d  5+v—u
—1In —1In <
2 x~(w) —x"(u) dv ’i—v+u’

—00
x( —i)—x"@w) . L—u+tu

=i —xw D)

%~|—u—u’.

—x' +1i) u—u’—i—% u—u/—'2l+l

[>2 B.27)

(B.28)

In calculations for the strong coupling limit of scattering factors, we used the following integrals

1 1
1 14+k\? u+1
k R - 1
of u—k(l—k) rr\/_|: ( _1> :|, lu| >
-1
I

1 1
1 I4+k\* I+u\*
e m— = — 2 ) 1
o/ k(l—k) n\/_—i—n(—l_u) lu| <

-1
1
/ 7 sgn(v) > 1
= - ) v >1,
z—0 \/l—z V2 -1

1
1 1
[ ] dZPV — =07
—1

2=V J1-72

/27‘[—/ 1xf(v)—x(z) <Z+1> U—2z

1z1=1

ST s oD+ (5)]

<

2xp(u)(u —v)

oo /E () -(9)]

2x (i) —v)

(B.29)

(B.30)

(B.31)

(B.32)

lul <1, |z] = 1,

(B.33)

(B.34)
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Appendix C. Collection of scattering factors
C.1. One loop: explicit expressions

We list here the scattering factors at one loop:
e Scalar—scalar

r (% — iuh> r (% + iu;y) L +iup —iup)

r (% + iuh> r (% - iuh/) C(— iup + i)

S upy up) = —

387

(C.1)

Formula (C.1) does agree with result (3.8) of Basso—Belitsky [54], but seems to be the inverse of

(2.13) of Dorey—Zhao [53].
e Gluon—gluon

_F(l—l—iu—iv))F(

(88) _
So V) = T o) r(

[SSI[SSIN I T[98}

—iu) T (3+iv) |
+iu>l"(% )

S(()gg)(u, V) = Ségg) (u,v) = Ségg)(u, V) umvwl !

In addition, we have

e (Large) fermion—(large) fermion
I +iu—iv) I'(1 —iu) T'(1+iv)
T T —iu+iv) T +iu) T —iv)

and when antifermions get involved

ST (u, v)

So" P u,v) = S(()FF)(M, v) = S(()FF) (u,v) = S(gﬁ) @, v).
e Gluon—scalar
S8t n) = 155 G 1™ = 887, 1) = 1569 Gan, 11!
P =i T (8 i0) T (3 =)
T —iutiup)) (3 —im)r(3+in)

e (Large) fermion—scalar

SS9 Gy un) = Sy un) = 188 uny )17 = 1SS, )]
T3 +iu—iuy) T(1—iu) T(3 +iup)
T —iuiug) TA+iw) T —iuy)

e Gluon—(large) fermion

S ) =18 @01 = 58 w0 = 18§70 @, 01!
1 . . 3 .
F<§+lu—lv) 1“(5 —”4> I'(1+iv)
F(%—iu—i—iv) F(%—i—iu) ' —iv)

S50 =185 w17
—1

(C.2)

(C.3)

(C.4)

(C.5)

(C.6)

(C.7)

(C.8)
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and

S vy = 1550 .17 = SE0 @ v) = 1550 @, 017!

(gF) u—v—i/Z
=5 L) ——— . C9
o VT (©9)
C.2. All loops: expressions in terms of solutions of integral equations
We list here the factors found in [23]. We start from the ‘direct’ S factors:
S (4, v) = —exp[—i O(u, v)], (C.10)
+o00
(FF) . dw d
N (u,v)=eXp{l —xr(w,u) + P(W)]——[xr(w, v) + P(w)]
2 dw
—0Q
[ L .0+ w1 0w, 21w + 0]
—1 -_— w, u w w, , U )
2w 2w XF dwdz LLxrts ¢
(C.11)
SED 4, v) = SEO 4, v) = STO (u, v) = SFO (u, v), (C.12)
S(gg)(u,v):—exp{—ix()(u—v|2)
+00
. [ dw d
+i / —Ix(w,ull) + ®(w)]-——I[x(w, v|1) + ®(w)]
2 dw
—0o0
‘/d“’dz[ (1) + SO w. (2. vlD) + 2]
—1 _—— w, u w O (w, , U
2w 27w X dwdz i .
u—v+i .
=— S8 (u, v) = — exp{—i xo(u — v|2)} S (u, v), (C.13)
400
S8 w, v = expli / 2 X . ul1) + D] [ (. v11) + D (w)]
red 27 ’ dw ’
—00
'fd“’dz[ (w.ul1) + =0 W, (2. o1 + S]]
—1 -_— w, u w w, , U 5
2 2w X dwdz Lt .
(C.14)
98 (1, v) = [S3¢ (v, u)] ™" = S8 (u, v) . (C.15)

The ‘mixed’ S factors are:

SO, v) = [0 (w01~ = exp{—iLxr (@, v) + @)

[ dwd®
+z/2——<u,w)[xF<w,v)+d><w)]], (C.16)
7 dw



D. Fioravanti et al. / Nuclear Physics B 898 (2015) 301—-400 389

S vy = S vy, SFO(u, v) = SFO (u, v), (C.17)

S(gs)(u, v) = [S(Sg)(v u)]_l S(gs)(u v) = [S(SE)(U u)]_l

= expfilx (v, ull) + S ()] - i /——(v w)lx (w,ull) + w1},
(C.18)

S @, v) = [0 @, )]~ = —expf —ixo(u — v[1)
T d
i / DX, 1)+ @) (0, 0) + B (w)]
T dw

—00

o dw d?
—1/2—2—[x(w u|1)—|—d>(w)] @(w,Z)[XF(Z,U)+q)(Z)]}

v+ 3 .
= H—_fSﬁff) (. v) = —exp{—ixo(u — vID}SE, (u, v) (C.19)
2

S (u, v) = SEO (u, v), (C.20)
S@F)(u, v)

+00
=[S0 w,w)] ™ =expli / ‘é—wmw,uu)+<b(w)]i[xF(w,v)+<1>(w>]
4 dw

—00

d d?
—i [ SRS + o)t ew ke v+ @) €2

SED @, v) = (ST ,w)] ™' = 5, v). (C.22)

The S matrices involving small fermions are obtained from the corresponding ones for large
fermions by means of the replacement

xr(,u) + @) — —xu,u). (C.23)

All the scalar factors are expressed in terms of known functions listed in Appendix A and the
‘dynamical’ function ® (u, v) [23], which equals

Ou,v) =0 (u,v) + P(v), (C.24)
where ©'(u, v) and Is(v) are found as solutions of the linear integral equations
+00
O (u,v) =¢u,v) + ) — / dwe(u, w)® (w, v), (C.25)
—00
+00
- dw -
Py =-00) - [ Flow.w) - g, ~0)Pw). (C.26)

—00
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Scattering factors involving bound states of gluons If bound states of gluons are present, the
factors involving the gauge field should be generalised as follows.
The scattering factor between a bound state of gluons with length m and center u and a scalar
is
S ,v) =183 0,017 = 85w, v) = [S‘S@(v w1

=eXp{i[X(v,u|m)+d>(v)]—i (v w)[x (w, MIM)+<I>(w)]}

'LU
27 dw
(C.27)

The scattering factor between a bound state of gluons with length m and center u and large
fermions is

S,,(fF)(u, v) = [S,(an)(v, 14)]71 = —exp[—iXO(M —v|m)
+ood d
+i / Z—w[x(w,mm)+d>(w)]—[XF(w,v)+<D(w)]
T dw

—00

d d?
_lfz_wz_Z[X(w u|m)~|—d>(w)] @(w DIxr(z, v)~|-q>(2)]}
(C.28)

S0 vy = 5P . v), (C.29)

SO w,v) =185 2 (v, )]~
“+00
. dw d
=exp{z / S X, alm) + @ W) (w, v) + S(w))
T dw

—00

dw dz ® d? o ®
—i [ SR bt + @@ 0w Dl ) + 2
(C.30)

SE0 w,v) = 1S9 W, w17 = SEP (u, v). (C31)

The replacement xr(w, v) + ®(w) - —x g (w, v) gives the corresponding quantities for small
fermions.

The scattering factors between a bound state of gluons with length m and center # and a bound
state of gluons with length / and center v are

S8 (u, v)
+00
. . dw d
= exp{—lx(u, vlm, ) +i / Z_[X(w’ ulm) + ®(w)]——[x (w, v|l) + ®(w)]
T dw

—00

[ dw d?
—1/2—2—[)((11) ulm)+<I>(w)] @(w,z)[x(z,v|l)+cb(z)]}, (C.32)
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+oo

@Dy o —expli [ ¥ a4
Sl (U, v) =expii [x (w, ulm) + ®(w)l——I[x (w, v|l) + P (w)]
2w dw
—0o0
[ dwdz 2
—i | == x(w, ulm) + ®(w)] ®(w,z)[x(z,v|l)+<l>(z)]},
2w 2w dwdz
(C.33)
where
X, v|m,1)
m—1
= xolu —vim+1) — xolu —vlm —1)+2 Z xo(u —vim+1—2y). (C.34)
y=I
In the particular case m = [ = 1, since ¢/X0®~I0 = _1_one recovers from (C.32) the gluon—
gluon scattering factor (C.13).
Remark. The following relations hold, for u real and u? < 2g2,
m—1
2
X@ulm)+d@)= Y [x@u+ill)+d®)], m>1, (C.35)
=1
where x (v, u 4 il|1) has to be understood as analytical continuation of x (v, u|1).
To prove this statement, we refer to (A.7) and remember the following properties
e
Iim x(u —ie)= lim —————, (C.36)
e—0F e—~0+ 2x(u +i€)

which are valid for « real and u? < 2g2. Therefore, when the complex variable u crosses the real
axis in the region —v/2g < Reu < +/2g, the function x (x) is analytically continued in g2/2x (u).
With the help of this property, relation (C.35) is easily shown.

C.3. Strong coupling and mirror in hyperbolic rapidities
In the strong coupling perturbative regime, the scattering matrices for gluons, fermions and

mesons can be suitably recast in term of hyperbolic rapidities, according to the following identi-
ties (written up to O (1/ g?) corrections):

Gluons:

u® =+2gi, i =tanh(20), (C.37)
Fermions:

ufp= ﬁgﬁf, i r = coth(20) or else 2xy =tanh6, (C.38)
Mesons:

up =~2giiy, ity =coth(26). (C.39)

Explicitly, we obtain:
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i 1 cosh 26 cosh 26’ 1
O(= |t (C40
V2g [tanh29 “tanh26’ T 2sinh(6 — ) ] " (g2>} (40

s(s8) 0,0 = exp {

. 1 2i 1
5@ 0y=(1- o)) s«®@®,0), C.41
©.6) ( V/2g tanh26 — tanh 26’ + <g2>> ©.67) (€A1

S0 ©.0) i sinh26 sinh26’ (cosh(@ — ) — 1)+ 0 1 (C42)
~ ,0))=expl— : cosh(9 —0") — =)t .
P1™ 242 sinh(20 — 26 o)

| 2cosh(@y — 6 2 1
i 2eoshtoy =0 +V2 (1] ca
4g¢ tanh26 — coth26y 2

5N @6,07) =exp{
g

. ; 2cosh(8 —6) — /2 1
SEN G, 07) = exp | - 220007 —6) V2 o () (C.44)
4g tanh26 — coth26; g2

| sinh26 sinh 20’
S (9, 9y = exp | - o S (C.45)
V2g sinh(6 —0")
] ; h(o — 0')
SM8) (9 gy = SMD (9, 6") = exp | — - — C.46
( ) ( ) =exp g tanh 20’ — coth 26 ( )

Mirror transformations:

The mirror rotation should be implemented in different ways on the scattering phases, de-
pending on the kind of particle the transformation is acting on. For instance, in the scalar case
it is achieved by means of a shift u —> u” = u + i. For gluons, the mirror transform is per-
formed via a closed path across the complex rapidity plane (u” = u), passing through a cut, so
that actually the initial and final points do not lie on the same sheet. Defining a procedure for the
mirror rotation on fermions is more involved, and for this purpose we refer to [36]. A complete
all coupling study of all the mirror S matrices can be found in [65]. Nevertheless, as long as the
perturbative strong coupling regime is concerned, the mirror rotation gets simplified: for gluons,
scalars and mesons it amounts to an imaginary shift in the hyperbolic rapidities 67 =6 +i 7.
For instance, we have:

mir

S(gg)(e 9 ) S(gg) (9 +l%, 0/)

i 1 cosh 26 cosh 20’ 40 1 (C.4T)
=X —_ - 5 K
P1V2¢ Ltanh20 —tanh 26" ~ 2icosh(6 — ) &2
®) i oy = 1 2 1
S 0,0 S 0 —,0") = o\ —
mir 6,60 = 8750 41560 ( 2 tanh26 —tanh26’ T O\ 2
] 1 h 26 cosh 26’ 1
- exp ! _ oo b +0|— )¢, (C48)
V2g | tanh26 —tanh 260’ 2i cosh( —0') g2
F) i sinh26sinh20’ . , 1
S 0,6 — h(® —6") —2 ol — , C.49
iy (0,0°) = CXP{ 2v/2g sinh(26 — 267) (i sinh( )—2)+ 2 ( )

f 1 sinh26 sinh26’ 1
Smir 0,0') = o)t C.50
ir (0,07) =exp { 4v3g cosh(d — 6" + p (C.50)
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1 sinh20 sinh 26’

(MM)

S 0,0") = , C.51

mir ( ) exXp |:\/§g cosh(@ — 9/) :| ( )
(Mg) M3) 1 sinh(@ —8")

Smir (0, 0" = Sir (0, 0') = [g @nh20’ —coth20 | - (C.52)

C.4. On the factor ©

Since the scalar—scalar factor ® is the building block for all the scattering factors, we give here
some alternative constructions for it. Following what was done in [23], we define the function

Ou,v) + 0, —v)

Mu,v) = 3 , (C.53)
which stores all the information on ®, since (see (2.23) of [23])
O, v)=Mu,v)— M(,u). (C.54)

Then, we use (2.21) of [23] to express M (u, v) in terms of densities a(l)(u) and o (u; v). For-
mula (3.7), (3.8) and Neumann expansions (3.9) allow to arrive at

1 .
i TA+iu+inTd+iu—iv) T (5 —lu)
M@u,v)=—=1In - - - - iln
'l—iu+iv)l'd —iu —iv) F(l—}—iu)

2
+ZZ <£> [S9 + 5]

nOpl

1 P 1 g
. _ — | - . . C.55
|:(x(u+l§(1+2n))) ( x(u—%(l—l—Zn))) :| ( )

The first line of (C.55) is the one loop contribution; the second and third lines are the higher
than one loop correction. We can manipulate (C.55) in order to get alternative expressions for
M (u, v): for instance,

1 .
i T +iu+iv)D(1+iu—iv) ,1F<7—'“)

M(u,v)=51“r(1_iu+iv)r(1—iu—iv) lnr(%wu)
(1 —iv2gsing —iu
+Z[s<1>+s’ (v)]/ e (s ) (C.56)
(% lfgsm@—i—zu)

and

1 .
i T +iu+inl(14iu—iv) ,lr(z—l“>

M(u,v)=§nF(l—iu+iU)r(1_iu_iv) lnr(%_Hu)
00 00 (_l)n+p g >2n+p " /
A - s .
+n2=(:),§1i"!(”+17)! (ﬁ [S," + S5, W]

. |:I//(2n+p—l) <% _ iu) _ 1)0(2"-*-17—1) (% 4 iu)i| . (C.57)
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Appendix D. Some calculations on how to get scattering factors
D.1. Scalars vs others

The ‘fermionic’ contribution to Z4(v) — P reads
dw d
Zs) = Plr = FFaur ) + [ 55 S @@ F s, ®.1)

Inserting the integral equation (2.63) for F¥', we arrive at

d
5w du P V) + @) F (w,ur ;). (D.2)

Remembering the integral equation (2.62) for ®" and then, after an integration by parts, the
equation (2.63) for FF', we get

Z4(v) = PlFr = xr (v, ur j) + @) +

Z4(v) — PlF = xr (v, qu)+<D(U)+/__® (w, v)[xr(w,ur,;) + ®(w)]
=xr(v,urj)+®@) — /__®(an)[XF(w7”F,j)+<D(w)]
=ilnS“ (v, ur ;). (D.3)

The same calculation can be done for large antifermions. For gluons we can repeat the same
reasonings after the substitution (v, u) — x (v, u|1). For small (anti)fermions we perform the
substitution xr (v, u) + ®(v) > —xgy (v, u).

For scalar—scalar factor we have to consider

Z4(v) — Pl, = ©'(v, uh)—d><uh>+/——<1><w>® (w, 10p) (D4)

Now, we remember the integral equation (2.62) for ®’, which allows to write the identity

dw d d W) — —w) -
WL ow)® (w, up) = —/ dw 9lun, w) = ¢un, =) 5\ (D.5)
2 dw 2 2
Therefore, using the integral equation (2.67) for P we get
Z4(v) = Ply =©'(v,up) + P(up) = O, up) =i In[— S (v, up)]. (D.6)

D.2. Non-scalars vs others

Taking as a prototypical example the case of fermions, after multiplication by ¢! we have to
cope with

d
exp [i / dY ) + D)L Z4(v)] (D.7)

which is the master relation from which the various scattering factors originate.
For instance, the fermion—fermion factor is

dv d
exp [i/—[XF(v qu)+<I>(v)] F (v, “F])i| (D.8)
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Mixing equations (2.62) and (2.63), we get

FF,u)=xr(,u) + o) —

— e D.9
2w dw (D)

which, inserted in (D.8) gives the fermion—fermion factor as reported in Appendix C:
+00
o[ dw d
expli | Sl (w,up )+ @@)-—Dxr (w, ur, ) + @ (w)]
2 dw

—00
2

dw dx ®
_1/2—2—[XF(W urpi) + (w)]dwdx

For what concerns the fermion—scalar factor, it receives contribution from

O, Dxr(xur, )+ @01} . (D.10)

d d
exp [i / —2” XF (. up ) + @) —0' (v, w)}
T dv

[ dv d
=exp l/—[XF(U,MF,k)+<I>(v)]—®(v,uh) (D.11)
2 dv
Expression (D.11) has to be multiplied to the factor

Xpk — X

d — ol XF(unur k) (D.12)
xh — xF,k

present in equation (2.80) and to the factor ¢/®@") present in ¢'” to get the full fermion—scalar
factor.

Appendix E. Bethe equations

We list the complete set of Bethe Ansatz equations we found in this paper:
e Scalars

. H Ng
3 A wp—upj+3
1= lRP<)(Mh)+21D()(“h)H s ————= [T S @wn,un) [ TS )
PRk TN Bl SR =1
h'#h

Ng . ~ Np Nr =
_ 1—[ S(Sg)(uh’ui) 1‘[ SOF) (up up. ;) 1_[ S6F) (4, Ug ;)
j=1 j=1 J=
Ny N
50 @, uf])l_[s( f)(uh’uf D) (E.1)
Jj=1 J=1

e Large fermions

. H
1 = o RPP wr)+2i D (ur ) 1—[ Upk—Uaj+i/2 1‘[ SE) (g, up)
i lupk—uaj—l/Zh1 ’

Ng Ny

HS(FF)(qu ur, )HS(F )(“Fk’”F )HS(Ff)(”Fk “r.j)
j=1 j=1 Jj=1
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Ny _ Ng Ng B
T8 wrpous )T STO @rs ul) [T wr s uf) (E.2)
j=1 j=1 j=1
e Large antifermions
i RPF) (uz )42i DF) at UF —Uej +if2 F
1 = o RP P )+2iD P ) H—]_[s( DU p o tn)
i = Ue,j —1/2
Np Ny
HS(FF)(qu qu)HS(FF)(quvup )HS( f)(”Fk ufj)
j=1 j=1 J=l1
Nj Neg _
1_[ S(Ff)(up U )1_[ S(Fg)(uF f) 1_[ S(Fg)(uﬁ,k’ uj”) (E.3)
j=1 j=1 J=1
e Small fermions
+i/2
| = o RPV wpn+2iD Do T Lok ZHad T2 T 6089 (4 1 )
Jl_[ufk—uaj—l/Zl_[ I
Ng Ny
. HS(fF)(ufk wr. ;) HS(fF)(Mfk up )nS(ff)(ufk Uy
j=1 Jj=1 j=1
Ny Ng Ng
. HS(ff)(Mfk F )1_[ S(fg)(ufk ug) HS(fg)(ufk ub ) (E.4)
j=1 j=1 j=1
e Small antifermions
; ; u uej+i/2 2
| = g RPPf 420D ) l_[ Zik T Reg T2 l_[S(fS)(uf Ko Un)
j=1 Uik T e 1/2
N Ny
.Hs(f )(ufk MF])HS(f )(ufk Up, )Hs(ff)(”fk ufj)
j=1 Jj=1 j=1
Nf Ng Ng _ _
. Hs(ff)(uf U )1_[ S(fg)(u _ f) 1_[ S(‘fg)(“f,k’ui) (E.5)
j=1 j=l1 j=1
e Gluons

Ng
| = o RP® W)+2iD® (uf) l_[ S (48, u%) 1_[ S (8 8) 1_[ S W, up)
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e Barred gluons

1:eiRP<g><u§>+2iD(g><u>n SO wf, uf) 1—[ §@) (8 ug)l_[ SE @b uy)

j=1 j=1,j#k
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j=1 j=1 j=1 j=1
(E.7)
e Isotopic roots
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