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1. Introduction

Convolutions of independent random variables often arise in a natural way in many applied areas including applied
probability, reliability theory, actuarial science, nonparametric goodness-of-fit testing, and operations research. Since the
distribution theory is quite complicated when the convolution involves independent and non-identical random variables,
it is of great interest to investigate stochastic properties of convolutions and derive bounds and approximations on some
characteristics of interest in this setup. Many results in this direction have appeared in the literature; see, for example,
[3,20,4,11,14,9,16,23-29,12,13,2,5]. Because exponential distribution has a nice mathematical form and the unique
memoryless property, most of these references treated only the convolutions of exponential random variables. It is well
known that gamma distribution is one of the most commonly used distributions in statistics, reliability and life testing that
includes exponential distribution as its special case (when its shape parameter is 1). Moreover, the gamma distribution
can be widely applied in actuarial science as most total insurance claim distributions have quite similar shape to gamma
distributions: non-negatively supported, skewed to the right and unimodal (see [7]). Let X be a gamma random variable
with the shape parameter r and scale parameter XA. Then, in its standard form X has the probability density function

. _ A r—1
fx;r,0) = F(r)x exp(—Ax), x> 0.
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It is an extremely flexible family of distributions with decreasing, constant, and increasing failure rates when 0 < r <
1, r = Tandr > 1, respectively. In this paper, various stochastic orders are studied for convolutions of heterogeneous
gamma random variables.

We shall be using the concepts of majorization and related orders in our discussion. The notion of majorization is quite

useful in establishing various inequalities. Let xq) < --- < X(; be the increasing arrangement of the components of the
vector X = (X1, ..., Xn).
Definition 1.1. (i) A vector X = (xq, ..., X;) € N" is said to majorize another vectory = (y1,...,yn) € N" (written as
m
X > y)if

J J
ZX(,') < Zy(i) forj=1,...,n—1,
i=1 i=1

n n .
and } i Xy = i Yy
w
(ii) A vector x € M" is said to weakly supmajorize another vectory € Q" (written as x > y) if

J J
ZX(i) < Zy(i) fOl'j =1,...,n;
i=1 i=1

(iii) A vector x € N} is said to be p-larger than another vectory € R’ (written as X > y) if

.:l\
:I\

X <
1 i=1

Yo forj=1,...,n

Clearly, x 2 y implies x § y, and X § y is equivalent to log(x) g log(y), where log(x) is the vector of logarithms of the
coordinates of X. Also, Khaledi and Kochar [8] showed that x 2 y implies x § y forx, y € i} The converse is, however, not

p s
true. For example, (1, 5.5) > (2, 3), but clearly the majorization order does not hold.

For more details on majorization and p-larger orders and their applications, see [15,4,8]. Recently, Zhao and
Balakrishnan [25] introduced a new partial order, called reciprocal majorization order.

m
Definition 1.2. The vector x € ', is said to reciprocal majorize another vectory € )i, (written as x > y) if

j j
1 1

> E J—

- iz1 Y

17 X0

1
forj=1,...,n

From [12], the following implication holds:
w P rm
X>y=—XzZy=—X2Yy

rm p
for any two non-negative vectors X and y. On the other hand, the > order does not imply the > order. For example, from

p
the definition of the E" order, it follows that (1, 4) 2“ (% 2), but clearly the > order does not hold between these two
vectors.

Let us first recall some results in the literature that are most pertinent to the main results of this paper. Let X;,, ..., Xy,
be independent exponential random variables with respective hazard rates Aq, ..., A,, and let X, oo X be another set
of independent exponential random variables with respective hazard rates A7, . .., A}. Boland et al. [3] showed that

m n n
Oty k) = O, A == ) X =i Y X (1.1)
i=1 i=1

see [22,18] for a comprehensive discussion on various stochastic orders. Bon and Pdltanea [4] subsequently showed that

n n
P
Aiseesd) = (A, 0 = E X zhrE Xur, (1.2)
i=1 i=1

and they also focused on the special case when one convolution involved identically distributed random variables. Kochar
and Ma [11] established that

n n
m
A, oA = (A, A = E X Zdisp E Xy (1.3)
= o1
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Let Y »y), -, Y, 2, De independent gamma random variables with respective shape parameter vectorr = (r, ..., 1)
(r > 1) and scale parameter vector A = (X1, ..., Ap), and let Y, Ays Y+, ax) be another set of independent gamma
random variables with respective shape parameter vector r and scale parameter vector A* = (A%, ..., A%). Korwar [14]
extended the above results in (1.1) and (1.3) to the case of gamma random variables with different scale parameters but
with a common shape parameter (> 1) that

n n
m
AN = Z Yo 2 =i Z Yo, 20 (1.4)
i=1 i=1
and
m n n
AN = Z Yir, 2 Zdisp[=ne] Z Yir, 25 (1.5)
P i=1

Khaledi and Kochar [9] further improved the result in (1.5) by relaxing majorization order to p-larger order:
P n n
A=V =) Ve Zasl=nl D Yo (1.6)
i=1 i=1
One of the basic criteria for comparing variability in probability distributions is dispersive order.
Definition 1.3. A random variable X is said to be less dispersed than another random variable Y (denoted by X <5, Y) if
F7'w) —F'w) < 67'(v) =G '(w)

for0 < u < v < 1, where F~' and G~ ! are the right continuous inverses of the distribution functions F and G of X and Y,
respectively.

A weaker order, which was called the right spread order in [6] and the excess wealth order in [21] is defined as below.

Definition 1.4. X is said to be less right spread than Y (denoted by X <gs Y) if

o0 _ [0.¢] _
/ F(t)dt < / G(t)dt, 0<p<1.
F~1(p) G 1)
The following implication is well known,
X <disp Y = X <gs Y = Var(X) < Var(Y).
The right spread order is closely related to the NBUE order comparing the relative aging property.

Definition 1.5. X is said to be more NBUE (new better than used in expectation) than Y (denoted by X <ypyg Y) if

1 S 1 ©
[ F(t)dt < —/ G(t)dt, 0<p=<1
E(X) /F—1<p) E(Y) Jo-1(p)

It is obvious that the NBUE order is equivalent to the right spread order when E(X) = E(Y), however, they are distinct
when E(X) # E(Y) (cf. [10]).

Definition 1.6. X is said to be smaller than Y in the star order (denoted by X <, Y) if G'F(x)/x is increasing in x on the
support of X.

Also, it is known that the star order implies NBUE order.
Recently, Kochar and Xu [13] investigated the star order and right spread order and obtained that

m
(A1, 22) = A1, 23) = Yo 2 + Yo, a9 24 Yo a0 + Yo 1) (1.7)
and
m
/A1, 1/22) = (1/A3, 1/23) = Yo, a9) + Yo, 20 24 Yo 10 + Yo, 19)- (1.8)

With the aid of (1.8), they also proved that

n n
m
A=V = Z Y, 1) =Rs Z Yo, 21 (1.9)

i=1 i=1
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All the results in (1.4)-(1.9) are conditioned to the case when gamma random variables involved in convolutions
have common shape parameters. However, convolutions of independent gamma random variables with different shape
parameters often occur naturally in many problems, and especially in reliability theory. Let us consider a reliability scenario
wherein there is a redundant standby system without repair consisting of n gamma components with different scale
parameters and also different shape parameters. After the first failure, one standby component is put into operation at
once; next, after the second failure, another standby component is put into operation, and so on. Finally, the system fails at
the failure of the last component. Clearly, the lifetime of the system is just a convolution of n gamma lifetimes. It will be of
great interest to investigate ordering properties of convolutions in this setup.

In this paper we shall further pursue this problem under gamma framework and establish some more general
results in which the convolutions involved have different scale parameters and also different shape parameters. Let

Yy, 21)s - - -5 Y, 20 D€ independent gamma random variables with respective shape parameter vector r = (ry, ..., )
(r; > 1) and scale parameter vector A = (A1, ..., Ay), and let Y(rfq POTRREE Y, 1) be another set of independent gamma
random variables with respective shape parameter vector r* = (r{, ..., r}) (r > 1) and scale parameter vector \* =
(AT, ..., A}). Suppose there exists some permutation 7 such that rr = ry, nr* = r;‘, 7k = Ay and 7\* = \* |, where

the components of \| and \*, are in descending order, and the components of r; and r;‘ are in ascending order. We then
establish that

n n
m w
r=rand M=M= > Yo=Y Yo (1.10)
i=1 i=1
P n n
A=V = Z Yo, 1) Zdisp Z Yo a0) (1.11)
i=1 i=1
and
m P n n
r>r* and N>\ = ZY(riq ) Zhr Z Y(ri*, A (1.12)
p P

Yu [24] focused on the special case when one set of gamma random variables is i.i.d. and obtained some similar results
to those in (1.10)-(1.12). It should be remarked here that the results of Yu [24] are not direct consequences of our results
obtained here since they have a less restrictive condition on the parameters.
Let Yo, 1 [Yer, W]’ i = 1,2, be two independent gamma random variables with Y, ;,[Y, m] having the shape
parameter r; and scale parameter A; [A]]. We prove that,if .1 > X,, A7 > A} andr; <1y, then
m
(A1, 22) = (A1, 23) == Yoy, )+ Yo, 200 2 Yo, a0 + Yoy, 25, (1.13)

and if A1 < A, AT < A3, then

m
(1/h1, 1/A2) = (1/A7, 1/23) = Yy, 2 + Yiro, 2 =5 Yoy, 2 T Yo, a5 (1.14)

With the aid of (1.14), we also show that

n n
m
/has e 1A) = (A 100 =Y Yo ks O Yo o) (1.15)
i=1 i=1
and
m m n n
r=roand (/A 1) = (/A /A = ) Y s Zmn D Yor on- (1.16)
i=1 i=1

Zhao and Balakrishnan [27] obtained some results similar to those in (1.10)-(1.12) and (1.14)-(1.16) for convolutions of
Erlang random variables (i.e., gamma random variables with integer valued shape parameters). It is apparent that the results
in (1.10)-(1.16) established in this paper generalize and strengthen the corresponding ones listed in (1.1)-(1.9) known in
the literature.

2. Likelihood ratio ordering

The following result gives the density function of a convolution of two gamma distributions with different scale and
shape parameters.
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Theorem 2.1. Let Y, 5, (i = 1, 2) be two independent gamma random variables with Y, ., having the density function

147

VTN
—exp(—Ay), y>0.

r(r)
Suppose that A1 > A, and ry < 1. Then, the density function of Y, 1,y + Y(r,, »,) is given by

f(y5 Ti, )"l) =

1
F;r, 2, A, Ap) = k(Y; 11, T2, Aq, )»2)/ g(w, y; 11, 12, A1, A)dw, (2.1)
0
where
A2 cy
k(y; r1, 12, A1, A2) = 12 tn-lex (——)
(y; 1,12, A1, A2) 2r1+r2*11“(r1)1’(r2)y p B

gQw,y; A1, ) = (1— w71 (1 = w)? ™" exp(—Oyw) + (1 + w)? " exp(Byw)],
andwherey >0, 0 <w <1, c = A1+ Az, 0 = (A1 — A2)/2.

Proof. By the convolution formula, the density function of Y, 1,) + Y, »,) can be written as

y
f; i, 12, A, 42) Z/f(X; r, ADf Y — X; 12, Az)dx
0

y
= / L X1 exp(—A1x) ! v — 2027122 exp[— Az (y — x)]dx.
o I (rl) I'(rp)
Changing the variable x of integration to u = x/y yields that
Arl A;zyr1+r2—1 1

fir,m, A, ) = W A u" (1 — w2 exp{—[Au + A2(1 — w)ly}du. (2.2)

By making the transform u — z = (2u — 1)6, it follows that

F i1 ) = ATAZyrH = exp (_%) /6 (1 . £>r1—1 (1 B E)rz_lexp(—yz)dz
I r(r)r(r)2nte-te |, 6 0 '

Split the interval (—6, 6) of integration into (—6, 0) and [0, 8) and make the change of variable z = —w for the interval
(-0, 0) to give

/_Z (1+ g)ﬁ_] (1- 2)”_1 exp(—yz)dz

0

= / (1 + g) ( — g)rz_] exp(—yz)dz —|—/O (1 + g)rl_l (1 — g)rz_l exp(—yz)dz
= /0 <1 %) ( + %)rz*l exp(yw)dw + ]: (1 + %)rlil (] — %)rr] exp(—yw)dw

= /0 ) [(1 - %)W‘ exp(—yw) + (1+ %)Q_” exp(yw)} dw

= / 01— w17 [(1 — w)? " exp(—Oyw) + (1+ w)? " exp(Oyw) ] dw,
0

the last equality can be deduced by changing the variable w of integration to w/6. Thus, we obtain the required result. O

Before stating our main result, we first present two useful lemmas. The first one turns out to be a useful tool for showing
the monotonicity of a fraction whose numerator and denominator are integrals or summations.

Lemma 2.2 ([17]). Let ® be a subset of real line and U be a non-negative random variable having a cdf belonging to a
stochastically ordered family = {H(-10), 0 € @}, that s, for 61,0, € O, H(-|601) <s:(>s)H(-|63) whenever 6; < 0,. Suppose
a real function ¥ (u, ) on R - ® is measurable in u for each 6 such that Eq[y (U, 6)] exists. Then,

(i) Eg[¥ (U, 8)] is increasing in 0 if v (u, 6) is increasing in 6 and increasing (decreasing) in u;
(ii) Eg[¥ (U, 0)] is decreasing in 6 if Y (u, 0) is decreasing in 6 and decreasing (increasing) in u.
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Lemma 2.3. (a) For 0 < wy < w, and « > 1, the function

exp(—way) + o exp(wyy)

gy =

exp(—w1y) + o exp(w1y)

isincreasinginy € (0, 00);
(b) For a > 0 and 6, > 61 > O, the function
(1 —w)"exp(—bw) + (1 + w)" exp(frw)
(11— w)%exp(—61w) + (1 + w) exp(H1w)
is increasing in w € (0, 1).

¢ (w)

The proof of the above lemma is given in the Appendix.

Theorem 2.4. Let Y, 5, (Y, m), i = 1,2 be two independent gamma random variables with Y, ;. (Y(,, ,\;ﬂ)) having the
shape parameter r; and scale parameter A; (A7). If A1 > Ay, A > A3 and 1 < r; <1y, then

w
(A1, x2) = (A1, 23) == Yoy, ) + Yooy, 200 2 Yoy, o) + Yo, 29)-

Proof. To prove the required result, it follows from A.8.a of [ 15] that we have to show that the result holds for majorization
and convolution is decreasing in A; (i = 1, 2) according to likelihood ratio order, which is actually true from Theorem 1.C.9
of [22] and the fact that a gamma random variable Y, ,, is decreasing in X in the sense of the likelihood ratio order. Thus, it
is enough to prove that

m
(A1, A2) = (A7, A3) = Yoy, a9) + Yoo 000 20 Yo, a9 + Yoy, 0

Now assume that (A1, Ay) Q (A7, A3). We then have A, < A5 < A7 < Aq.The proof will be done by distinguishing three
cases.

Case (i): Ay = A
In this case, we have A; = A} and A, = A3, and the result is trivially true.
Case (ii): A1 # A] and A # A}
Letf(1, y) = f(y; r1, 12, A1, A2) and f (2, y) = f(y; 1y, 12, A%, A3). It suffices to prove that
_fa.y
f@2, v
x S5 = w71 [(1 = w)2 1 exp(—Byw) + (1+ w)2 " exp(Byw)] duw
Jo (= w2n=1[(1 = wy= = exp(=6*yw) + (1 + w)"==" exp(6=yw)] dw
= Eyl//(WJ’)
isincreasinginy € (0, 0o), where 0 = (A1 — A2)/2 > (A] — A3)/2 = 60* and

AQY)

(1 —w)?2 " exp(—=Oyw) + (1 + w)?2"" exp(Oyw)
(1 —w)2"exp(—0*yw) + (1 + w)"2~" exp(F*yw)

for w € (0, 1). Here, the distribution function of the random variable W belongs to the family # = {H(:|y),y € 9.} with
densities

h(wly) = c@)(1 — w7 [(1 = w)2 7" exp(—=60*yw) + (14 w)? ™" exp(6*yw)]

Y(w,y) =

and a normalizing constant c(y) such that fol h(w|y)dw = 1. From Lemma 2.3, it follows that i/ (w, y) is increasing both in
y € (0, oo) and w € (0, 1). On the other hand, note that, fory, > y; > 0,

h(wly2) (1 —w)?7" exp(—=6"y,w) + (14 w)?7" exp(6”y,w)

h(wlyr) (1= w)2 7 exp(—67y w) + (1+ w)2Tt exp(6*y w)
isalsoincreasingin w € (0, 1) from Lemma 2.3(b). This means that H(-|y;) <i; H(-|y>) which in turn implies that H(-|y;) <y

H(-|y,) whenever 0 < y; < y,.By using Lemma 2.2 now, E, 4/ (W, y) isincreasinginy € (0, oo), which completes the proof
of this case.

Case (iii): Ay # Aj and A} = A
In this case, we have

B (C/Z)r1+r2yr1+r2—l cy
2,y = W P( ) s
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where ¢ = A} + A}. Thus, it follows that

_ fa,y
f2,

1
« / (1= w)"[(1 — w)2 " exp(—Oyw) + (1+ w)? " exp(Byw) ] dw
0

AQY)

1
= f (1 — w1 — w)2" cosh(@yw) + [(1 4+ w)?™" — (1 — w)2 "] exp(Oyw)}dw
0

isincreasing iny € (0, oo) since both cosh(fyw) and exp(fyw) are increasinginy € (0, co). O
The following theorem is a natural extension of Theorem 2.4.
Theorem 2.5. Let Y, 1), ..., Yy, an) be independent gamma random variables with respective shape parameter vector r =

(r1, ..., ) where each component is greater than or equal to 1 and scale parameter vector N = (A1,...,Ay), and let
Yo, Ay e Y, 1) be another set of independent gamma random variables with respective shape parameter vector r and scale

parameter vector \* = (A%, ..., A%). Suppose there exists some permutation 7w such that th =\, 7 \* = \* and nr = ry,
where the components of '\, and \* | are in descending order, and the components of r; are in ascending order. Then,

n n
w
A=V = Z Yo, a0 =i Z Yir, 1)
i=1 i=1
Proof. Without loss of generality, let us assume that A; < --- < Ay, A <--- < Arandry > .- > r,. From the definition
w w . .
of the > order, it is known that X > \* is equivalent to Zﬁzl A < Zﬁzl A¥, 1 <j < n.Note that there must exist some A/,
such that
m
Ay > max{in, A5} and (A1, ..., Ago1, A = N

Let Y, »,) be a gamma random variable with the shape parameter r, and scale parameter Ar, which is independent of
Yii, 0p (1 < 1 < n— 1), it then holds that Y, 5, =i Y, - Since the convolution of gamma distributions whose shape
parameter is greater than or equal to 1 has a logconcave density, it follows that

n n—1
Z Yo 20 Zir Z Yoi 00 + Yo, 2
i=1 i=1

by applying Theorem 1.C.9 of [22]. Now we find that it is enough to prove that
n n
m
A=V = Z Yo 2 =i Z Yir, 0)-
i=1 i=1

By the nature of majorization, it suffices to prove the result for the case that (A1, A;) 2 (A7, Ay)and A; = Af, i =3,
..., n.From Theorem 2.4, it follows that

Y ) F Yoo, 200 Zie Yoy, a0 + Yoy, -

Since 2?23 Y, 1) <Z?:3 Yo, A}«)) has a logconcave density, applying Theorem 1.C.9 of [22] once again yields that
n n n n
D Yo i =You 10 + Yo i + 3 Yo 0 20 Yo o) + Yoo i + D Yo an = 2 Y on- D

i=1 i=3 i=3 i=1

Lemma 2.6. (a) For w > 0and 8 > « > 1, the function
1+ B exp(wy)
1+ a exp(wy)

is increasing iny € (0, 00);
(b) Fory > 0and0 < ry <rjy <ry <ryandry +ry =r{ +r3, the function

(1= w)?(1 4+ w)" exp(—yw) + (1 — w)" (1 + w)"™? exp(yw)
(1—w)2(1+w)'T exp(—yw) + (1 — w)"1 (1 + w)'2 exp(yw)
is increasing in w € (0, 1).

vy =

K(w) =

The proof of the above lemma is given in the Appendix.
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Theorem 2.7. Let Y, 3, (Y(,i»g x)» I = 1,2 be two independent gamma random variables with Y, 3, (Y(f.-*~ ) having the
shape parameter r; (") and scale parameter A;. If 11 < 15, 7 <13 and Ay > Ay, then

m
(r,12) = (17, 13) = Yy, 29) + Yoo, 000 20 Yoot o) + Yo, -

Proof. Assume (rq, ;) Q (rf, r3) to hold, we then have r; < r{ <ry < r,.Ifr, = rj, thenr; = r{ and hence the result is
trivially true. In the following, we assume that r, > rJ. Letg(1,y) = f(y; 11, 12, A1, A2) and g(2,y) = f(y; 1, 15, A1, A).
From (2.1), we have to prove that

_ &1y

g2, )

f01(1 —w)27 11+ w)"Texp(—Oyw) + (1 — w)"~1(1 + w)2~Lexp(@yw)dw
A= W+ w) i exp(—6yw) + (1— w)i (1 + w) ! exp(@yw)du
= E,p1 (W, y)

isincreasing iny € (0, oo), where 6 = (A1 — A2)/2 and

EW)

(1 —w)2 (1 4 w)" 1~ exp(—Byw) + (1 — w) (1 + w)">~ ! exp(Byw)
(1—w)271(1 + w)T T exp(—Oyw) + (1 — w) 171 (1 + w)"? " exp(Byw)

for w € (0, 1). Here, the distribution function of the random variable W belongs to the family &> = {H;(:|y),y € %} with
densities

h(wly) = ¢1() [(1 — W) (1 4 w) T exp(—fyw) + (1 — w)T 11 + w)E ! exp(eyw)]

p1(w,y) =

and a normalizing constant c;(y) such that fol hi(w]y)dw = 1. For fixed w € (0, 1), it can be seen that
(1 —w)?™" exp(—Oyw) + (1 + w)?" exp(Oyw)

(1—w)27" exp(—Oyw) + (1 + w)2 "1 exp(Oyw)

N 1+ (327" exp(20yw)

W
1-w

1+ (M)r;—r{ exp(ZQyw)’

1-w

p1(w,y)

which is increasing iny € (0, oo) for w € (0, 1) and 6 > 0 according to Lemma 2.6(a). On the other hand, ¢; (w, y) is also
increasing in w € (0, 1) for 8y > 0 from Lemma 2.6(b). In addition, for y, > y; > 0,

h(wlys) (1 —w)27"1 exp(=0y,w) + (1+ w)"2 "1 exp(6y,w)

hi(wly)) — (1 —w)2"1 exp(—0y w) + (1 + w)2 "1 exp(By;w)

is also increasing in w € (0, 1) from Lemma 2.3(b). From this one gets that H(-|y1) <i. H1(:|y2) which in turn implies that
Hi(:ly1) <st Hi(:|y2) whenever 0 < y; < y,. By using Lemma 2.2 now, E,¢;(W,y) is increasing iny € (0, 00), which
completes the entire proof. 0O

Upon using a proof quite similar to that of Theorem 2.5, we can obtain the following result.

Theorem 2.8. Let Y, 5, ..., Y, 1, be independent gamma random variables with respective shape parameter vector r =
(r1, ..., ) where each component is greater than or equal to 1 and scale parameter vector N = (A1, ..., Ay), and let Y(r;s, )
..+ Yux, 2, be another set of independent gamma random variables with respective shape parameter vector r* = (r{, ..., 1y
where each component is greater than or equal to 1 and scale parameter vector '\. Suppose there exists some permutation rr such
that rr = ry, nr* = r;* and 'k = '\;. Then,

n n
m
r-r'= Z Yo, ) =1 Z Yire, 2)-
i=1 i=1

Finally, we give a result more general than those in Theorems 2.5 and 2.8, which can be used to compare heterogeneous
gamma convolutions in terms of the likelihood ratio order wherein both shape parameter vectors and scale parameter
vectors are different.

Theorem 2.9. Let Y, 5, ..., Y, 1, be independent gamma random variables with respective shape parameter vector r =
(r1, ..., ) where each component is greater than or equal to 1 and scale parameter vector . = (A1, ..., Ay), and let Y“T’ A

.., Yqx ) be another set of independent gamma random variables with respective shape parameter vector +* = (ry, ..., 1)
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Fig. 1. Plot of the ratio f(t; 3, 1, 1, 3) /f (t; 2, 2, 2, 3) between the densities of convolutions.

where each component is greater than or equal to 1 and scale parameter vector \* = (A, ..., A}). Suppose there exists some
permutation 7 such that nr =ry, nr* = r;‘, 7k =\, and T \* = \* . Then,

n n
m w
r>=r and >\ = ZY<r,-, ) erZY(r,-*, 2
i=1 i=1

Proof. Let Y, ;x), ..., Y, ;) be independent gamma random variables with respective shape parameter vector r =
(r1, ..., 1) and scale parameter vector A* = (A7, ..., A}). Upon using Theorems 2.5 and 2.8, we have

n n n
Z Yo, ) 2 Z Yo, 20 Zir Z Yor ap. O
i=1 i=1 i=1

In order to illustrate the result obtained in Theorem 2.9, we provide the following numerical example. Let (X1, X5) be a
vector of independent heterogeneous gamma random variables with shape parameter vector (r{, ;) = (3, 1) and scale
parameter vector (A, ) = (1, 3). Let (X}, XJ) be an another vector of independent heterogeneous gamma random
variables with shape parameter vector (7, ry) = (2, 2) and scale parameter vector (A}, A5) = (2, 3). Obviously, it holds
thatry > 1o, 1] > 15, A1 < Ay, A] < A3, (11, 12) g (rf, r3) and (A1, A2) § (A7, A3). It can be seen from Fig. 1 that the ratio
f(t;3,1,1,3)/f(t; 2, 2, 2, 3) between the densities of convolutions is increasing in t € 9, which is in accordance with the
result of Theorem 2.9.

3. Dispersive ordering and hazard rate ordering

Lemma 3.1 ([19]). Let {F,|a € N} be a class of distribution functions, such that F, is supported on some interval (x(a), xf)) -

(0, 00) and has a density f, which does not vanish on any subinterval of (x(_“), x(b)), where x'© and x mean the left and right
+ +

end points, respectively. Then,
Fy <gisp Fox, a,a" € R, a<a”
if and only if F,(x)/fa(x) is decreasing in x, where F, is the derivative of F, with respect to a.

Theorem 3.2. Let Y, ) (Y, 2)), i = 1,2 be two independent gamma random variables with Y, ;) (Y, 2)) having the
shape parameter r; and scale parameter A; (AY). If A1 = Ao, A7 > A5 and 1 <ry <1y, then

p
(M1, 22) = (A1, 43) == Yoy, ap) + Y, ) Zdisp Yo, 45 + Y, 25

p
Proof. Suppose (A1, Az) > (A}, A}). We then have that A, < A} and A11; < A}A3. There must exist some A/ such that
My = Apand My = AfAj. Let Y, »1) be a gamma random variable with the shape parameter r; and scale parameter

A}, independent of Y, ,,). Since a gamma random variable Y. ;) is decreasing with the scale parameter A in the sense
of the dispersive order, it follows that Y, ;) >disp Y(ry, A Moreover, it is known that the gamma distribution whose

shape parameter is greater than or equal to 1 has logconcave density. Applying this and Theorem 3.B.9 of [22], it follows
that

Yo 1) + Yoz, 20) Zaisp Yy, ) + Yz 02
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Thus, it reduces to proving the theorem under the conditions A, < A3 < A7 < AjandAA; = ATAS If A = A, then i, = 4]
and hence the result is trivially true. In what follows we only need to give the proof for the case when A, # A and A7 # A}
as a limiting argument can be used to prove the result when A} = A5.Leta; = log A1, a; = log A,, aj = log A7, a5 = log A}
and a; + a; = aj + a; = d. We then have a; > a, and a] > a3. Also, the following relation holds:
m % "

(a1, a2) > (ala (12).

Upon setting a; = a and using (2.2), we get
el1dgl2 (d—a)yr1+r2—l 1 ; ; d
f;r,n,a = —/ u" (1 —u)? exp{—[e"u + e (1 — u)]y}du.
() (r2) 0

Taking the derivative with respect to a for f (y; rq, 2, @) and after simplifications, we have

1 — 1,)eMdand—ayritr—-1 1
m : / u (1 — u)? " exp{—[e"u + e (1 — u)ly}du
F(T])F(Tz) 0

g e(rl—H)aerz (d—a)y(r1+1)+r2—l

I+ 1D)I(1r)
rzerlae(rfr])(dfa)yrl+(r2+1)71

raplrm+1
= —r)f @, 12,0 —nif @1+ 1,12,0) +raf 511,12+ 1, 0). (3.1)
Note that the Laplace transform of f (y; r1, 12, a) is given by
e® \' pd—a \"2
Lf i, r, @) = <s+ea> (s—i—ed*“) ; (3.2)
and taking the Laplace transform of both sides of (3.1) and applying (3.2) yields that
L(f'(ys 11, 12, @) = 1L Q5 11,12, @) = LEWs 11+ 1,12, )] 4+ 1L s 11,12 4+ 1, @) = L3 11, 12, 0))]

sri(s +ed™%)  sry(s +e%) e\t edma \2F (3.3)
ed ed s+ ed s + ed-a ’ )

Now apply the relation L (fgf’(u; 1, T2, a)du) = L(f'(y; r1, 12, @)) /s and (3.3) to give that

d—ay _ a a ri+1 d—a r+1
L(F’(V;rl,rz,a))=rl(s+e ) r2(5+6)( ; > (L)

ed s+e¢ s+ ed—a

(et — ed—a) et ri+1 ed—a r+1 (ry —11) ed rn ed—a r+1
=~ d a d—a - d—a a d—a : (34)
e s+e s+e e s+e s+e

Upon taking the inverse Laplace transforms of both sides of (3.4) and dividing it by f (y; r1, 2, a), we obtain

F;r,na  neE—e"9fen+lntla @G-r)fynnt+la
foimn.a el foimm.a) et f(yin,n,a)
It can be readily verified that both
f;rn+1,n+1,0 and f,r,rn+1,0
fir,r,a fyir,r, a0

are increasing iny > 0 for 1 < ry < r,, and hence the left hand side of (3.5) is decreasing in y sincea > d —aand r; < r».
Therefore, the desired result follows from Lemma 3.1. O

f'y;ri, 2, 0) =

1
/ U (1 — u)2 Vexp{—[e%u + e4%(1 — u)]y}du
0

1
/ u" (1 — u)" exp{—[eu + (1 — w)]y}du
0

The following theorem is a natural extension of Theorem 3.2.

Theorem 3.3. Let Y, 5, ..., Yy, 1, De independent gamma random variables with respective shape parameter vector r =
(r1, ..., 1) where each component is greater than or equal to 1 and scale parameter vector N = (A1, ..., Ayn), and let
Y, My Y, 1) be another set of independent gamma random variables with respective shape parameter vector r and scale
parameter vector \* = (A}, ..., A}). Suppose there exists some permutation r such that th = N, 7 \* = Ny and 7r = ry.
Then,

n
D
A== Z Y, 1) Zdisp Z Yai 2

n
i=1 i=1
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p
Proof. Without loss of generality, let usassume that A; < --- < Ap, A} <--- <AXandr; > --- > r,. A = X" isequivalent
to ]_[’i=1 Ai < ]_[Ji=1 Af, 1 <j < n.ltiseasy to see that there exists some A, > max{A,, A}} such that

M<][m, 1<j<n-1 and ]l[)\,:]l[xg“.
i=1 i=1

i=1 i=1

Let Y, ,;) be a gamma random variable with the shape parameter r,, and scale parameter 4,, independent of Y, ;. (1 <
i < n—1),it then follows that Y., 5,) >disp Y(r,, a,)- Since the convolution of gamma distributions with shape parameter
greater than or equal to 1 has a logconcave density, it follows that

n n—1
> Yo a0 Zdiso O, Yar i + Yeew, 1)
i=1 i=1

by applying Theorem 3.B.9 of [22]. Denote

*

a=(ay,...,ay) = (logrq,...,loghy), @ =(aj,...,a;) = (loghl,...,logA}),

we then find that it is enough to prove that

n n
m
a>a = E Y, ei) Zaisp E Y(r_ oy
1
i=1

i=1

m
By the nature of majorization, it suffices to prove the result for the case when (a;, a) > (a7, @}) and q; = af, i = 3,
..., n.From Theorem 3.2, it follows that

Y(r1, el) + Y(rz. ed2) Zdisp Y(r1, ea’{‘) + Y(rz, eaﬁ)-

Since Z?:3 Y, ety (2?23 Y(r,-, e*?)) has a logconcave density, applying Theorem 3.B.9 of [22] once again yields that

n n n n
Z]: Yoi, 20 = Yoy ety + Yo, e2) + 23: Yo e Zaisp Y ooy Y a3 F 23: Yo o) = 21: Yoo O
1= 1= 1= =

Finally, we give a general result which can be used to compare heterogeneous gamma convolutions in terms of the hazard
rate order wherein both shape parameter vectors and scale parameter vectors are different. Let X and Y be two random
variables with distribution functions F and G, respectively. Bagai and Kochar [ 1] then showed that X <;sp Y and F or G being
IFR (increasing failure rate) implies that X <y, Y. Using this and the fact that the convolution of IFR distributions is still IFR,
we immediately get the following result from Theorems 2.5 and 3.3.

Theorem 3.4. Let Y, 5.y, ..., Y, an) be independent gamma random variables with respective shape parameter vector r =
(r1, ..., ) where each component is greater than or equal to 1 and scale parameter vector A = (A1, ..., Ayp), and let Y(r;g A1)
.., Yx 52y be another set of independent gamma random variables with respective shape parameter vector r* = (ry, ..., 1y
where each component is greater than or equal to 1 and scale parameter vector \* = (A, ..., A}). Suppose there exists some

permutation 7t such that xr = ry, nr* = ri, *h = N and 7 \* = \* . Then,

n n
m p
r>=r* and >\ = Z Yo 2 Zne Z Yoz, ap)-
i=1 i=1

Let (X1, X5) be a vector of independent heterogeneous gamma random variables with shape parameter vector (rq, 1) =
(3, 1) and scale parameter vector (A1, A;) = (1, 3). Denote by h(t; 3, 1, 1, 3) the hazard rate function of convolution
between X; and X,. Let (X}, X;) be another vector of independent heterogeneous gamma random variables with shape
parameter parameter (1}, r;) = (2, 2) and scale parameter vector (A, AJ) = (1.5, 2), and denote by h(t; 2, 2, 1.5, 2) the

m
hazard rate function of convolution between X{" and Xj. Itis clear thatry > ry, r{ > 13, Ay < Ay, AT < A3, (11, 12) = (17, 13)

and (A1, Az) 2 (A7, A3) (but the ¥ order does not hold between these two vectors). It can be seen from Fig. 2 that
h(t;3,1,1,3) < h(t;2,2,1.5,2) forall t € R, which is in accordance with the result of Theorem 3.4.

4. Star ordering and right spread ordering

We shall need the following lemma for proving the main result, which is originally due to [19, p. 429].
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Fig. 2. Plots of hazard rate functions of two gamma convolutions.

Lemma 4.1. Let {F;|a € N} be a class of distribution functions, such that F, is supported on some interval (x<_a), xf)) C (0, o)

and has a density f, which does not vanish on any subinterval of (x(_”), xﬂ’_’) ). Then,
Faf*Fa*, a,a*eﬂi,afa*

if and only if F,(x)/xf,(x) is decreasing in x, where F, is the derivative of F, with respect to a.

Theorem 4.2. Let Y, ;) (Y, M-*))’ i = 1, 2 be two independent gamma random variables with Y, ;. (Y(,, ,\;f)) having the
shape parameter r; > 0 and scale parameter A; (\}). If A1 > Ay, A} > Ay andry <y, then

m
(A1, 22) = (A1, 23) == Yoy, ) F Yo, 20) 2 Yo, a9 + Yoy, 2.

Proof. Assume that (A1, Ay) ; (A7, A3). Wethenhave Ay < A3 < A7 < Ajand A+ Ay = A7+ A5 = c. If A = A
then A, = A3, and the result is trivially true. We only need to prove the result for the case when A1 # A] and AT # A3
since the case when A} = A} can be readily obtained by a limiting argument. Letting A.; = A € (c/2, c], we can rewrite
Y(rl, 1) + Y(rz, Xp) as Y(rl, ) + Y(rz, c—1) and from (22) its density is given by

r A \2yf1tr—1 1
firr,h) = alUnt L A / U1 —u)2 Texp{—[Au + (c — A)(1 — u)]y}du.
0

I (r)I(ry)
Taking the derivative with respect A for f (y; ry, r,, A) and after simplifications, we have

r r )\,rl c—A a1+ —1
fyr,r,2) = LR ( it
A c—A I'(r)I(ry)

e k(r1+1)(6 _ )L)rzy(r1+l)+r271
S T+ D)

1
f (1 = w)2 Texp{—[Au+ (c — A)(1 — u)]y}du
0

1
f U (1 — w2 exp{—[ru+ (c — A)(1 — w)]y}du
0

r AT (C _ )\)(r2+1)yr1+(r2+1)—1

1
ri—1 Y _ _ _
AT Trrm /0”1 (1= w)" exp{—[hu + (€ = 2)(1 — w)ly}du

T Ly} T L)
=|-- fir, M) — —fyin+ 1L, )+ ——f@;rn,n+1,1). (4.1)
A c—A A c—A

It is known that the Laplace transform of f (y; rq, 1>, A) can be written as

N A
L 3T, T2, A)) = , 4.2
(F 3 11,12, 1)) <5H> (HC_A) (4.2)
and taking the Laplace transform of both sides of (4.1) and applying (4.2) yields that

LY (v 11,120 3)) = %[L(f(v; M.t ) — LEY: 11 + 1,12, )]
)

+
c—A

(LS ;1,12 4+ 1, 4) = LI s 11, 12, A))]

N 41 c—a ry+1
[r(s+c—2)(c—2) —r(s+ AA] (s—i—k) ( )

s
VRN s4+c—A
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S ) G
A2 \s+ A s+c—A (c—=M2\s+ A s+c—A
Now apply the relation L (fgf’(u; 1,12, k)du) = L(f'(y; r1, 12, 1)) /s and (4.3) to give that
, e AN -\ T A\ c—a \"M!
L(F(y;r1’r2’k))=ﬁ<s+k> <s+c—k> C(c— A2 <5+A) (s—e—c—)\) ' (44)
Upon taking the inverse Laplace transforms of both sides of (4.4) and dividing it by yf (y; r1, 12, 1), we obtain
Frrnd) _ nfin+lnd o fy 1A (45)

Y@irra ) A2 il (=22 YT A)
Hence, according to Lemma 4.1, it suffices to prove that
fyrn+1,m,M)
Yy, 2, A)
is decreasing while
firn+1,3)
Yy, 2, A)

is increasing iny > 0. It is seen from Theorem 2.1 that

foin+mn L[ = w2 1A+ w) T exp(—Oyw) + (14 w)2 "' (1 — w)t exp(@yw)] dw
Vi, 12, A) Jo [ = w11+ w)1=T exp(—Byw) + (1 + w)2=1(1+ w)'1=! exp(@yw)] dw
= E,2¥n(W,y),
where 8 = (A1 — A3)/2 and
(1—w)?7 (1 + w)" exp(—=Oyw) + (1 — w)"" (1 + w)"? " exp(fyw)
(1= w)271(1 4+ w)"1~Texp(—=Oyw) + (1 — w)"1~1(1 + w)"2~ T exp(fyw)

for w € (0, 1).Here, the distribution function of the random variable W belongs to the family » = {H,(:|y),y € i} with
densities

hy(wly) = ) [(1— w)> ' (1 4+ w)" " exp(—fyw) + (1 — w)" =" (1 + w)> " exp(@yw)]

p(w,y) =

and a normalizing constant ¢, (y) such that fol hy(w]y) dw = 1.1t can be verified that

(1—w)"" (14 w)? " exp(@yw) — (1 — w)27 (1 + w)"~ " exp(—Oyw)
YA w1+ wye exp(@yw) + (1 — w)2~1(1 4+ w)"1~! exp(—Oyw)

p(w,y) =1-—

2
= l—w|:1— Ttw )21 20 li|
(150)° " exp(20yw) +

are decreasing both in w € (0, 1) andy € (0, oo). In addition, fory, > y; > 0,

hy(wly2) o (1 —w)?2 " exp(—0y,w) + (1 + w)2™" exp(fy,w)
hy(wlyr) (1 —w)27" exp(=0y1w) + (1 + w)"2~"1 exp(Oyw)

is increasing in w € (0, 1) from Lemma 2.3(b). From this one gets that H,(-|y;) <i: H2(+]y2) which in turn implies that
H,(:|y1) <5t H2(:|y2) whenever 0 < y; < y,.By using Lemma 2.2 now, E, ¢, (W, y) is decreasinginy € (0, c0). To conclude,
we finally need to prove that

fir,rn+1,1) o Jo [ = w)2 (1 + w1~ exp(—fyw) + (1 + w)2(1 — w)"*~" exp(@yw)] dw
Y1, 12, A) jol [(1 = w)2=1(1 4+ w)r1=Texp(—0*yw) + (14 w)2~1(1 + w)"1 " exp(@*yw)] dw
= Ey‘/’B(W, J’)

isincreasing iny € (0, oo), where

(1 —w)2(14 w)"1 " exp(—Oyw) + (1 — w)"1 (1 + w)"2 exp(Oyw)
(1= w)271(1 4+ w)"1 =T exp(—=Oyw) + (1 — w)"1~1(1 + w)"2~ T exp(fyw)

p3(w,y) =
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for w € (0, 1).Here, the distribution function of the random variable W belongs to the family # = {Hs3(:|y),y € N} with
densities

hs(wly) = c3) [(1 = w)27'(1+ w)" T exp(—Oyw) + (1 — w)""~'(1+ w)™> " exp(Oyw)]
and a normalizing constant c3(y) such that fol hs(wl|y) dw = 1. Note that

(1 —w)"7 (14 w)2 " exp(@yw) — (1 — w)2~"'(1 + w)" "' exp(—Oyw)
(1= w)"1=1(1 4+ w)2~Texp(@yw) + (1 — w)2~1(1 4+ w)"1~! exp(—Oyw)

14w

p3(w,y)

2
1+w|1- —
|: (}f—ﬁ)m " exp(20yw) + 1:|

are increasing bothinw € (0, 1) andy € (0, c0). Moreover, it is known from the discussion above that H3(-|y1) <g H3(-|y2)

whenever 0 < y; < y,. By using Lemma 2.2 once again, E,@3(W, y) is increasing in y € (0, oo). Thus, we finish the entire
proof. O

In the next result we shall present a different condition on the scale parameter vectors of gamma convolutions for star
ordering to hold.

Theorem 4.3. Let Y, ¢ (Y, gi*)), i = 1, 2 be two independent gamma random variables with Y, ¢, (Y, gi*)) having the
shape parameter r; and scale parameter 6; = 1/A; (6 = 1/A]). If A1 > A, and AT > A3, then

m
(M, 22) = (A1, 23) == Yoy, 0) + Yy, 00) =5 Yoy, ) + Yoo, 6)-

Proof. Following a similar argument to the proof in Theorem 4.2, we only need to prove the result for the case when A # A3.

Assume (A1, A2) 2 (A}, A3) tohold and let A = A4, A* = Aj and A; 4+ A, = c. We then have A > A* > ¢/2. Thus,
Y, 01) + Yiry, 0,) Can be rewritten as 1Y, 1) + (¢ — 1)Y(,, 1) and its distribution function is given by

X rl—]e—xl X r2—1e—x2
F(t;r, 12, A) = f[ ! 2 dx,dxs,
r(ry) I (ry)

where the integration is over the region x;, x, > 0and Ax; + (c — A)x, < t, and hence it can be rewritten as

1 /A p(t—hxp)/(c—2) 1 :
F(t;r1, 13, A\) = ———— X111 e Mxy 27 e T 2dxy dx; .
R TR /0 /0 ' ’ o

Making the transforms

X1
T=X1+X2, S =
X1+ X2

one gets

t/h(s)
F(t;r,13,A) = =11 — 5! / rit2—le=Tqrds, (4.6)
0

1 1
_ s
@) (r2) /(;
where h(s) = As + (¢ — A)(1 — s). Taking the derivative with respect to A, we get

tritr2 1 Sr]—] 1—s5s rp—1 1—2s
F'(t;r1,12,A) = ( )2 ( )e—r/h(s)ds_
rr)r(r2) Jo [h(s)]r1+r2+1
In addition, it can be seen from (4.6) that the density function of Y, ¢,) + Y(,, ¢,) is given by
tritr2—1 1 111 — g)r2—1
fEsr, ) = ( ) e t/h®) gs.

ro)r) Jo o [h(s)]ntn
Upon applying Lemma 4.1, we find that it suffices to prove that

11 (1-9271(1-25) —t/h(s)
F'(6;r1,12, %) Jo  ugprmart € 0 ds

. - 111 1— rp—1 _
tf(t7 r1, T2, )") -[0 We t/h(s)ds

=Ey(S. 1)

is decreasing in t € (0, c0), where
1-—2s
h(s)

@(s, t) =
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fors € (0, 1).The distribution function of the random variable S belongs to the family # = {H(:|t), t € R} with densities

_ Srl—l(l _ S)rz—l t/hs)
h(5|t) = C(t)We

and a normalizing constant c(t) such that fol h(s|t)ds = 1. It can be readily checked that ¢(s, t) are decreasing both in
s€ (0, 1) and t € (0, o). On the other hand, for t; > t; > 0, we have

h(s|t2) o exp (_ ty — f1)

h(s|t1) h(s)
is increasing in s € (0, 1) which implies that H(:|t;) <, H(-|t;) whenever 0 < t; < t,. By using Lemma 2.2, it follows that
Ec@(S, t) is decreasing int € (0, c0). O

Remark 4.4. Theorem 4.3 here extends Theorem 3.6 in [ 13] wherein they only gave the result for the special case when the
gamma distributions have common shape parameters.

Next, we present the result on the right spread order.

Theorem 4.5. Let Y, ;) (Y, 2)), i = 1,2 be two independent gamma random variables with Y, ;) (Y, 2)) having the
shape parameter r; and scale parameter A; (AY). If A1 = Ay, A7 > A5 and 1 <r; <y, then

m
(A, 22) = A1, AD) == Y ap + Yoy, ap) =rs Yoy, w5 Yo, 0.

Proof. From the definition ofrén order, (A1, A2) rg (A7, A3) implies that
1 - 1 1 + 1 - 1 + 1
P T T S

To obtain the required result, we now need to distinguish two cases.

L1 1
Case (a): po pd
In this case, we have
1 1 1 1
— = — =
AT 2 A

which implies that
Y1, 21) Zrs Yoy, 20 Yiry, 32) Zrs Yiry, 13-

Since a gamma random variable with shape parameter greater than or equal to 1 has logconcave density function, the result
follows from Theorem 3.C.7 of [22].
.1 1
Case (b): nSu
In this case, we have
1 1 1 1
—_—>—>— > —.
A TOATAT A

It can be seen that there exists some A/, such that

1>1>1 d l+1 1+1
—>—>— and —+ — = — + —.

A T A, TOA MM A A
Note that

Yo 1) + Yo, 20) Zrs Yoy a) + Yoy, 24
and hence it will be enough if we could prove that

Yo o+ Yoy, 1) Zrs Yo, ) + Yo, 29)-
Since

1 1 m 1 1
PR E T x? o x )
(M A ) (AT A5 )
it follows from Theorem 4.3 that

Yor. a0 + Y, 1) 2 Yor 2 + Yoo, 1)
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which in turn implies that
Yo, a0 + Yy, ag) 28U Yo 25) 1 Yo, 29)- (4.7)

LetY = Y, 5,) +Y(,, 1) withdistribution and survival functions F and F, respectively. Similarly, let Y* = Y, w5+ Yy, 00
with distribution and survival functions G and G, respectively. From (4.7) and the definition of >ygg order, we then have

1 (> - 1 ©
— Fx)dx > — G(x) dx (4.8)
KE JF=1(u) Hé Je—1w)

forallu € (0, 1], where ur (1) denotes the mean of Y (Y*). It can be readily seen that

L LR P
= — — =T _— —_— —T)—
MUE 1 Py 2 1)\/

AMoA Ay 2

and
r1+r2 1+1 Iy )1
=— 4+ —==r(—=+— ry—r)—,
TR TR T TR TR

which implies that ur > ug asry < ry. Using this and (4.8) one gets

o0 _ [ee] _
/ F(x)dx > / G(x) dx,
F~1(u) G 1(u)
that is,

Yo ) + Yoy, 2 Zrs Yo 2 + Y. 29

which completes the proof. O

Theorem 4.6. Let Y, 1), ..., Y, 1, be independent gamma random variables with respective shape parameter vector r =
(r1, ..., ) where each component is greater than or equal to 1 and scale parameter vector k. = (A4, ..., Ay), and let Y, 25y
<+ Ya,, ax) be another set of independent gamma random variables with respective shape parameter vector r and scale
parameter vector \* = (A%, ..., AL). Suppose there exists some permutation 7w such that t\ = N\, a\* = \* and 7r = ry.
Then,

1 1\m /1 1 i u
— e, — =l =,...,— | = Yo 50> Y 5.
() E (o) = Loz ot

Proof. Without loss of generality, let us assume that Ay > --- > A,, A7 > --- > A*andry < --- < r,. By the nature of
majorization, it suffices to prove the result for the case when

1 1 m 1 1 (49)
Mia) T A '
and A; = A}, i =3,...,n.Since (4.9) implies that
m * *
(}“1’ )"2) = ()“ ) )"2)7

it follows from Theorem 4.5 that

Yo ) + Yoo, a0) Zrs Yoy, 1)+ Y, 0)-

Note that 2?23 Y 2 (Z?:3 Y, m) has a logconcave density, using this and Theorem 3.C.7 of [22] yields that

n n n

n
D Nowap = Yo 10 + Yoo i+ 3 Yo o0 Zrs Yo, 15 + Yoo i + D Yo an = D Y on: D
i=1 i=3 i=3 i=1

Similar to Theorem 3.4, we also give a general result on the mean residual life order. As the convolution of DMRL
(decreasing mean residual life) distributions is still DMRL, using Theorem 3.C.5 of [22], one can get the following result
from Theorems 2.5 and 4.6.

Theorem 4.7. Let Y, ), ..., Y, 1, De independent gamma random variables with respective shape parameter vector r =
(rq, ..., ,) where each component is greater than or equal to 1 and scale parameter vector . = (A1,..., Ay), and let
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? 0 (1:3.113)
15
|
¢ (1:2.2,1.5,1.5)
05
° 2 4 6 8 10

Fig. 3. Plots of mean residual life functions of two gamma convolutions.

Yor, a0 Yo, 4 be another set of independent gamma random variables with respective shape parameter vector r* =

(ry, ..., r}) where each component is greater than or equal to 1 and scale parameter vector \* = (A}, ..., A%). Suppose there
exists some permutation r such that wr = ry, nr* = r%‘, 7k =\, and 7 \* = \*. Then,

m 1 1\m /1 1 u L
r>r" and (* e *) = (7, e *) = E Y, ) Zmr E Yir, an)-
A An A] AR P =

Let (X1, X3) be a vector of independent heterogeneous gamma random variables with shape parameter vector (rq, 1) =
(3, 1) and scale parameter vector (A1, A2) = (1, 3). Denote by ¢(t; 3, 1, 1, 3) the mean residual life function of convolution
between X; and X;. Let (X}, X;) be another vector of independent heterogeneous gamma random variables with shape
parameter parameter (r}, r;) = (2, 2) and scale parameter vector (A7, A5) = (1.5, 1.5), and denote by ¢(t; 2, 2, 1.5, 1.5)

m
the mean residual life function of convolution between X{ and Xj. Note thatr; > rp, 1f > 15, A1 < Ay, AT < A3, (11, 12) >

p
(r¥,r3) and (ﬁ i) = (;\i* Ai*) (but the > order does not hold between (A1, A,) and (A%, A3)). It can be seen from Fig. 3
1 2

that (t; 3,1, 1, 3) > ¢(t; 2,2, 1.5, 1.5) for all t € N, which is in accordance with the result of Theorem 4.7.

Remark 4.8. It is remarkable that the main results of this paper in Theorems 2.9, 3.3, 4.2 and 4.6 strengthen and generalize
the corresponding those of Theorem 3.4 in [14], Theorem 2.1 in [9], Theorem 3.3 in [13] and Theorem 4.2 in [12] from
convolutions of independent gamma random variables with common shape parameters to ones with different shape
parameters. As stated in some counterexamples provided in the literature, these results cannot be extended in general
to the case where convolutions have different shape parameters. However, here we have established the extension under
the restriction that the components of the shape vector are ordered in an opposite way with those of the scale vector.
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Appendix
Proof of Lemma 2.3. (a) Derivative of g with respect to y is

g' () E [—wz exp(—way) + aw; exp(wy)l[exp(—w1y) + o exp(wiy)]
— [—w1 exp(—w1y) + awq exp(w1y)][exp(—w2y) + a exp(wy)]
= {—w;exp[—(w; + wy)y] — cw; exp[(wr — w2)y] + aw; exp[(wy — wi)y] + a®w; expl(wy + w)y]}
— {—w; exp[— (w1 + wz)y] — aw; exp[(wz — w1)y] + cw; exp[(wy — wa)y] + owy exp[(wy + wy)yl}
= (w1 — wy) exp[— (w1 + wy)y] + a(w; + wy) exp[(wy — w1)y] — a(w; + wy) exp[(w; — wy)y]
+ o (wy — wy) expl(wy + wy)y]
> (wy — wy){exp[(w; + wa)y] — exp[—(w1 + wa)yl}
+a(w; + wa){exp[(wy — w)y] — exp[— (w2 — w1)yl}
> 0,

which implies that g(y) is increasing iny > 0.
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(b) Taking the derivative with respect to w for ¢ (w), we have

sgn

¢'(w) = [—a(1 — w)* " exp(—faw) — 2(1 — w)* exp(—bw) + a(1 + w)*~" exp(Baw) + 62(1 + w)“ exp(Brw)]
X [(1—w)? exp(=61w) + (1 + w) exp(Brw)] — [—a(1 — w)*~ " exp(=f1w) — 61 (1 — w) exp(—61w)
+a(1+w)* exp(61w) + 61 (1 4 w)? exp(61w)] x [(1 — w)* exp(—brw) + (14 w)? exp(6,w)]
= (0, —0)(1+ w)za expl(61 + 62)w] — (6, — 61)(1 — w)** exp[—(6: + 6,)w]

+ (1 g + — 461+ 92) (1 — w*){expl[ (6, — 01)w] — expl[(6; — 62)w]}
—w 1+w
> (6, — 01— w)za{exp[(91 + 6)w] — exp[—(0; + O)w]}
+ (1 ‘ + — + 01 + 92) (1 — w?)"{expl[ (6, — O1)w] — exp[—(f2 — O)w]}
> 0.

So we can conclude that the function ¢ (w) is increasinginw € (0, 1). O
Proof of Lemma 2.6. (a) The required result can be readily obtained only by noting that

9’y E (B — a)wexp(wy) > 0.

(b) Take the derivative with respect to w for « (w) to give

sgn I 2 T A=W [P ! r ) oW,
= — — 1-— 2(1 1 y — (1 — 1(1 2wy
k' (w) |:(1+w T—w y)( w)2(14+ w)"'e +(1+w 1_w—{—y> ( w)' (14 w)2e :|

x[(1=w)2(1+w)Te™ + (1 —w)1(1+w)2e?]

il 2 - w1+ wyie™ 4 (2 oy
[ [ (S —w w _2
1+w 1—w 1+w 1—w Y

S —w)T(+ w)r§ewyi| x [(1—w)2(1+w) e ™ + (1 —w)"'(1+ w)2e™].

Simplifying the above expression by routine calculations one gets

/ sgn
K'(w) = &1+ &+ 63+ ¢4,

where
_ _ ] . TT + rik (1 _ w)f2+r§(-l + w)r1+rfe—2yw.
1 —I— w 1—w 1+w 1—w ’
3 T; TT ri+ry ry+r¥ 2yw
= — — 1-— 11 21T oY ;
(1 —w dtw 1ow)dTwTOAW
2 T; r;k rE4r ri+rk
= — - -2 1T—w)1™2(14+w)tmz;
<1+w 1—w 1+w+l—w v)( ) (1+w)
£y = _ r _ rT + r; + 2y (1 _ w)r1+r§‘(1 4 w)r1*+r2
1 + w 1—w 1+w 1—w '
Now we find that it will be enough if we could prove that §; = &; + &; > 0 and 6, = &3 + &4 > 0. Note that
51 =61+
r rn—rf ry—r * *
= <1+zj 1—w] + 1l+uj + 12—w2)(1—w)’2+’2(1+w)””1e’2y’”
|:(r1 + rZ;; (r] + T';) + (r;k + ri;) —(n+ rZ)] (1— w)r2+r§‘(l + w)r1+r;*e—2yw
w —w
=0

and

)

&3+ &4
rn—rf r—-r r—-rr rf—-n " *
> ( L4 2 + 2 4 (1 — w)TH2(1 4 w)1 7
w

14+w 1—w 1+w 1-—
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[ i+rn) =07 +13) n (17 + 1) — (r1+12)
N 1+w 1—w

] (1 _ w)rTﬂer(«l 4 w)r1+r§
= 0.

Thus, the desired result follows. O

References

[1] I Bagai, S.C. Kochar, On the ordering and comparison of failure rates, Communications in Statistics—Theory and Methods 15 (1986) 1377-1388.
[2] M.E. Bock, P. Diaconis, F.W. Huffer, M.D. Perlman, Inequalities for linear combinations of gamma random variables, The Canadian Journal of Statistics
15 (1987) 387-395.
[3] PJ. Boland, E. El-Neweihi, F. Proschan, Schur properties of convolutions of exponential and geometric random variables, Journal of Multivariate
Analysis 48 (1994) 157-167.
[4] J.L. Bon, E. Pdltanea, Ordering properties of convolutions of exponential random variables, Lifetime Data Analysis 5 (1999) 185-192.
[5] P. Diaconis, M.D. Perlman, Bounds for tail probabilities of linear combinations of independent gamma random variables, in: The Symposium on
Dependence in Statistics and Probability, Hidden Valley, Pennsylvania, 1987.
[6] J.M. Fernandez-Ponce, S.C. Kochar, . Mufioz-Perez, Partial orderings of distributions based on right-spread functions, Journal of Applied Probability
35(1998) 221-228.
[7] E. Furman, On a multivariate gamma distribution, Statistics & Probability Letters 15 (2008) 2353-2360.
[8] B.-E.Khaledi, S.C. Kochar, Stochastic orderings among order statistics and sample spacings, in: J.C. Misra (Ed.), Uncertainty and Optimality: Probability,
Statistics and Operations Research, World Scientific Publishers, Singapore, 2002, pp. 167-203.
[9] B.-E. Khaledi, S.C. Kochar, Ordering convolutions of gamma random variables, Sankhya 66 (2004) 466-473.
[10] S.C.Kochar, X. Li, M. Shaked, The total time on test transform and the excess wealth stochastic order of distributions, Advances in Applied Probability
34(2002) 826-845.
[11] S.C. Kochar, C. Ma, Dispersive ordering of convolutions of exponential random variables, Statistics & Probability Letters 43 (1999) 321-324.
[12] S.C. Kochar, M. Xu, On the right spread order of convolutions of heterogeneous exponential random variables, Journal of Multivariate Analysis 101
(2010) 165-176.
[13] S.C.Kochar, M. Xu, The tail behavior of the convolutions of gamma random variables, Journal of Statistical Planning and Inference 141(2011) 418-428.
[14] R.M. Korwar, On stochastic orders for sums of independent random variables, Journal of Multivariate Analysis 80 (2002) 344-357.
[15] A.W. Marshall, 1. Olkin, Inequalities: Theory of Majorization and its Applications, Academic Press, New York, 1979.
[16] J. Mi, W. Shi, Y. Zhou, Some properties of convolutions of Pascal and Erlang random variables, Statistics & Probability Letters 78 (2008) 2378-2387.
[17] N. Misra, E.C. van der Meulen, On stochastic properties of m-spacings, Journal of Statistical Planning and Inference 115 (2003) 683-697.
[18] A. Miiller, D. Stoyan, Comparison Methods for Stochastic Models and Risks, John Wiley & Sons, New York, 2002.
[19] LW. Saunders, P.A. Moran, On the quantiles of the gamma and F distributions, Journal of Applied Probability 15 (1978) 426-432.
[20] A.Sen, N. Balakrishnan, Convolution of geometrics and a reliability problem, Statistics & Probability Letters 43 (1999) 421-426.
[21] M. Shaked, J.G. Shantikumar, Two variability orders, Probability in the Engineering and Informational Sciences 12 (1998) 1-23.
[22] M. Shaked, J.G. Shanthikumar, Stochastic Orders, Springer-Verlag, New York, 2007.
[23] Y.Yu, Onaninequality of Karlin and Rinott concerning weighted sums of i.i.d. random variables, Advances in Applied Probability 40 (2008) 1223-1226.
[24] Y. Yu, Stochastic ordering of exponential family distributions and their mixtures, Journal of Applied Probability 46 (2009) 244-254.
[25] P. Zhao, N. Balakrishnan, Mean residual life order of convolutions of heterogeneous exponential random variables, Journal of Multivariate Analysis
100 (2009) 1792-1801.
[26] P. Zhao, N. Balakrishnan, Likelihood ratio ordering of convolutions of heterogeneous exponential and geometric random variables, Statistics &
Probability Letters 79 (2009) 1717-1723.
[27] P.Zhao, N. Balakrishnan, Ordering properties of convolutions of heterogeneous Erlang and Pascal random variables, Statistics & Probability Letters 80
(2010) 969-974.
[28] P.Zhao, T. Hu, On hazard rate ordering of the sums of heterogeneous geometric random variables, Journal of Multivariate Analysis 101 (2010) 44-51.
[29] P. Zhao, X. Li, N. Balakrishnan, Likelihood ratio order of the second order statistic from independent heterogeneous exponential random variables,
Journal of Multivariate Analysis 100 (2009) 952-962.



	Some new results on convolutions of heterogeneous gamma random variables
	Introduction
	Likelihood ratio ordering
	Dispersive ordering and hazard rate ordering
	Star ordering and right spread ordering
	Acknowledgments
	Appendix
	References


