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Abstract

In this paper we study weak Hopf algebras with projectionfifH — B, g:B — H are
morphisms of weak Hopf algebras such tlgat f = idy, we prove that it is possible to find an
objectBy, in the new category of weak Yetter—Drinfeld modules, that verifies similar conditions to
the ones include in the definition of weak Hopf algebra. Finally, we define weak smash bialgebra
structures and prove that, under central and cocentral conditigngnd H determine an example
of them.
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Introduction

Weak Hopf algebras are generalizations of Hopf algebras and were defined by B6hm,
Nill, and Szlachanyi in [4,5]. The axioms are the same as the ones for a Hopf algebra,
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except that the coproduct of the unit, the product of the counit and the antipode condition
are replaced by weaker properties. The main motivation for studying weak Hopf algebras
comes from quantum field theory and operator algebras.

A well known result of Radford [10] gives equivalent conditions for objac® H
equipped with smash product algebra and coalgebrato be a Hopf algebra and characterized
such objects via bialgebra projection. Majid in [9] interpreted this result in the modern
context of Yetter—Drinfeld modules and stated that there is a one to one correspondence
between Hopf algebras in this category, denotedeyD, and Hopf algebras with
morphisms of Hopf algebrags: H — B, g: B — H suchthago f =idy. Later, Bespalov
proved the same result for braided categories with split idempotents in [2], and further
pursued the development of Radford’s theory in joint work with Drabant. The key point
in Bespalov—Maijid's theorem is to define an obj@gi as the equalizer ofB ® g) o 8p
and B ® ny. This object is a Hopf algebra in the categcﬁ&iD and there exists a Hopf
algebra isomorphism betweenB and By X H (the crossed product dfy andH). Itis
important to point out that in the construction Bf; they use the idempotent morphism
g8 =upo(B®(fohyog)) odp andthe equalityy o ny = nu ® nu, that it is no
possible to assume for weak Hopf algebras.

The basic motivation of the present paper is to obtain results similar to the ones related
in the last paragraph, when we have morphisms of weak Hopf algebréas — B,

g:B — H in a symmetric monoidal category with split idempotents and such that
go f=idy.

In the first section of this paper, following [4,7], we give a summary of the fundamental
results about weak Hopf algebras and focus our attention in the study of center and cocenter
conditions for the idempotent morphisng;, 174, TR, andI7% associated to a weak
Hopf algebraH . These conditions will be used, in the last section, in order to obtain weak
smash bialgebra structures. Note that the papers on weak Hopf algebras mostly consider
finite weak Hopf algebras (see, for example, [4]). Here we are working with these objects
without finiteness conditions.

In the next section we prove that the morphiqﬁw is also idempotent when we work
with weak Hopf algebras and then, if the category admits split idempotents, there exist an
epimorphiswpf,, a monomorphismf, and an objecBy such that the diagram

\ / (D1)
P if

commutes ang? o i =idp, . As a consequence, we have that

i (B®g)odp
By — B ———Z>B®H (D2)

(B®(Hbog))o§g
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is an equalizer diagram and

15o(BO ) ol
B —— By (D3)

B®H

ppo(BR(foIlk))

is a coequalizer diagram. Therefore, it is possible to find an algebra coalgebra structure for
By and morphismsg,, = p? o ug o (f ®i8):H® By — By andrp, = (¢ ® p5) o
8poil:By — H ® By suchthat(By, ¢,) is a left H-module and By, rg,,) is a left
H-comodule. Moreover, in this section we introduce the category of weak Yetter—Drinfeld
modules, denoted bV YD, and we show thatBy, ¢s,,, r5,) belongs tdf WYD. This
category is defined as followd7 = (M, ¢, rpr) iS @an object inZW)iD if (M,pp)isa

left H-module,(M, ry) is a left H-comodule and

@ (ug®M)o(H®cyu)o(rmoem)®H)o(HQcym)o @y ®M)
=(UHOM)o(H®cuH)o (U Qe @ H)o (HR®cnH®MQ H)
o8y @rm®IL) o (H®cum) oy ®M),
(b) (e Qem)o(H®cru®M)o((Srgonu)@ry)=ru.
If we have cocenter and center conditions; o cy,i o (H @ TR) = iy o (H @ ITK)

and(H ® 1‘[5) ocygpody=(H® 1'1,’_}) o 8y, the condition (a) of the last definition can
be changed by

(e ®M)o(HQcym)o ((rmoem) ® H)o(H®cHm)o 6y @ M)

=(UH®pm)o(HcHn®M)o By Sry)

and then, when we consider only finite objects, the categorvj/yD is the category of
Yetter—Drinfeld modules defined by Gabriella B6hm in [3].
Also, in the second section, using the morphism

1By By = (¢By ® By) o (H®cpy By) o (rpy @ By):By ® By — By @ By

we obtain thatBy verifies similar conditions with the ones include in the definition of
weak Hopf algebra and the morphismm By ® H — B defined byw = up o (ig ® f)is
an isomorphism if and only if7 is a Hopf algebra.

Finally, in the third section, draw inspiration from the work of Caenepeel and
De Groot [7], we define weak smash bialgebra structures and prove that, under central
and cocentral condition®y and H determine an example of them.
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1. Weak Hopf algebras

In what follows, C denotes a symmetric monoidal category with tensor proguct
symmetry isomorphisna, and base objeck. We will suppose too thaf admits split
idempotents, i.e., for every morphigmY — Y such thay; = ¢ o ¢ exists an objecZ and
morphisms:Z — Y andp:Y — Z suchthayy =io pandpoi =idy;.

An algebrainC is atripleA = (A, na, na) WhereA is an object irC andn, : K — A,
A A®A — Aaremorphismsifd suchthajugo(AQna) =idg = pao(Ma®A), uao
(A®ua) =pua0 (s ® A). Given two algebragt = (A, na, ua) andB = (B, ng, up),
f:A— Bis an algebra morphismifig o (f ® f)= f oua, fona=ng.Also, if A,
B are algebras i@, the objectA ® B is also an algebra i@ wherenags = n4 ® np and
HagB = (ua @ up) o (A®cp a® B).

A coalgebrairC is atripleD = (D, ep, §p) whereD is an objectirC andep : D — K,
8p:D — D ® D are morphisms i€ such thatep ® D) o ép =idp = (D ® ep) o dp,
bp®D)odp=(DRSp)odp.If D=(D,ep,dp) andE = (E, eg, §g) are coalgebras,
f:D — E is a coalgebra morphism iff ® f) odp =8g o f, eg o f = ep. When
D, E are coalgebras i€, D ® E is a coalgebra irC whereepgr = ¢p ® g and
dpgE=(D®cpE®E)o(8p ®IJE).

From [4] we recall the definition of weak Hopf algebra.

Definition 1.1. A weak Hopf algebrad in C is by definition an algebréH, ny, wy) and
coalgebra H, ey, 8 ) such that the following axioms hold:

@D dpopun =(uH @ KH)OSHRH-
@2 egopupo(uy @ H)= (e ®en)o(un @ pun)o(H®y @ H)
=(ep®en)o(up @ un)o (H® (cuuodn)®H).
@3 by ®H)odgonu=(H®uyg®H)o(5y @)oo (Mu &nu)
= (H Q(UHOoCH H)® H) 0 (6 ®dp)o (M ®NH).
(a4 There exists a morphisiy; : H — H in C (called antipode off) verifying:
(@4-1) pp o (H @ hyg) o8y = ((emoun) ® H)o (H®cr.i) o (Bronm) @ H);
(a4-2) pp o (hyg @ H)y o8y = (H @ (e o)) o (cu.n @ H) o (H ® (81 o nm));
@4-3) ugo(ug ®H) oAy @ HR®A)o (g ® H)ody = Ay.
Observe that in the definition of Hopf algebra, (a2)-(a4) are replaced by the conditions:
(@2) enoun =epy en.
@3) Swonu=nu®nH.
(al4) There exists a morphisiy : H — H in C verifying:

ugo(H@Ag)odg=pugo(Ag @ H)odyg =g Qng.
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Therefore, a Hopf algebra is always a weak Hopf algebra. Moreover, in [4] we can find
the following equivalent conditions for a weak Hopf algelsfa

(1) H is a Hopf algebra.
(2) SHony=nu®nH.
(3) eHopun=eu ®¢H.
(4) ,U,HO(H®)LH)05H=8H®77H.
B) ugo(Ag @ H)o by =eyg Qng.

Finally, if H is a weak Hopf algebra, the antipode is unique, antimultiplicative,
anticomultiplicative and leaves the upiy and the counit g invariant:

Agoug=pngo(Ag ®Ag)ocy H, dgoig=cyggo(Ayg ®Ay)ody,

AHONH =1H, EHOMH =EH.
The next proposition is a resume of Propositions (4.3)—(4.6) contained in [7].
Proposition 1.2. Let H be an algebra and a coalgebra such tlfat)holds.
(1) The following assertions are equivalent.

(1.1) Gy ®H)obpgong=(H® (upgocyy)®H)o (g ®38y)o (M @ nuy).
(1.2) There exists a morphisii}; : H — H such that

(H ®HIL,) o8y =y ®H)o(HQcuu)o(Bnony) @ H).
(1.3) There exists a morphisil X : H — H such that
(T ®H)ody =(H® um) o (cnn ® H)o (H® Gn onm)).
(2) The following assertions are equivalent.

(21) Gu®H)odpony =(HOun ® H) o (6y ®8u) o (Nn @ Nu).
(2.2) There exists a morphisiat, : H — H such that

(M ®H)ody=(H®un) o (6ronu) ® H).
(2.3) There exists a morphisi X : H — H such that
(H®1_Yf,) 08y =(un @ H)o(H® BHong)).
(3) The following assertions are equivalent.
Bl)egouno(ug @ H)=(ey ®ep)o(uy @ pup)o(H Q@ (cunodn)®H).

(3.2) There exists a morphisii; : H — H such that

pro(H®IE) = ((epoun)® H)o(H®cun)o By ® H).
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(3.3) There exists a morphisil X : H — H such that

WH o (175 ®H) = (H®(8H OMH)) o(cu,H ® H)o(H®y).
(4) The following assertions are equivalent.

(4 epopno(un @ H)=(en ®epn) o (up @ pin) o (H @3y ® H).
(4.2) There exists a morphisid%, : H — H such that

WH © (H®1_7%) =(H® (enopnn)) o H).
(4.3) There exists a morphisi X : H — H such that
pro (M ®H) = ((enopn) ® H) o (H® ).
From Proposition 1.2, we conclude immediately the following:
M =pmo(H®Ay)ody = ((eronn)®H)o(H®chu) o ((Guonm @ H),
N =ppoGp®H)ody=(H® (e opn))o(cru®H)o(H®Guonm)).

4 =(H® (e oum)) o (B onm) @ H),
I8 =((enoun)®H)o(H® @Emonn)).

The morphismg75, 11X, 1%, andIT% are idempotent and we have (see [7]):
nRonh=mnkh,  Ohon®=m0%  0OLonh=mn%  n0Lomhy=rmk,
nhonf=nf, nfomh=m%, "ORonf=n%  nfom®=nk
Moreover, it is possible to prove that

HII_}ZI_Y%O)»HZ)»HOI_YL, HII_}O)\HZHII_‘IOHII_}:)\HOHS,

OR=T8 org=apoll®,  MNRoiry=HRoMk=hyomk.

Finally, if Az is bijective, in [11] we can find the equalities:
ﬁllj[ =ugo (H®)»1_.11)0CH,H08H, I_YZZ/LHO()»;[]'@H)OCH,H ody.

Definition 1.3. Let H, B be weak Hopf algebras and It H — B be a morphismi. If
f is an algebra and coalgebra morphisfris called a morphism of weak Hopf algebras.

Proposition 1.4. Let H, B be weak Hopf algebras and lgt: H — B be a weak Hopf
algebra morphism. Thehg o f = foAy.
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Proof. First, note that the equalitigs} o f = f o IT5 andITX o f = f o IT§ hold. Then,
as a consequence, we have:
foru=ppo((follf)®(form)odu=munpo((IT§ o f)®(forn))ody
:,u,Bo(()LBof)(X)(foHIIjI))o8H:,uBo((kgof)@(ﬂéof))o&q
=Apo f. O

Proposition 1.5. Let H be a weak Hopf algebra. The following assertions are equivalent

(1) puro (TR ®H)=pnochuno(IE®H).
(2) pro (T ® H)=pnochno (1 ® H).
R) upoIIR®H)=ppocu o (% ®H).
(4) pro (T4 @ H)=ppyochuo(ITh Q@ H).
(5) nh =mk.
(6) nX =nmk,.

Proof. The assertions (1)—(4) are equivalent by [8, (1.1)].
(1) = (5). Using the equality/TX @ H) 0 81 oy = 8 o nu, we obtain:
M =(en ®H)o(uu ® H)o(cyn ® H) o (H®8u) o (HQnw)
=(ep®H)o(un ®H)o(cyn®@H)o(HRM®H) o (H®8p) o (H®nn)
=(En®H)o(up ®H)o(HRIf;®H)o(H®8y)o (H®nu)=1IT5.

(5) = (1). We have:

pro (M@ H)=(H®en)o(H®uu)o (cyn ® H)o(H® puy ® H)
o(HRH®cyn)o(H®Sy ® H)o(H®ny ® H)
=(H®ep)o(HRup)o(cuu®IME)o(H® k)
=H®e)o(HQpy)o (cun @) o (H®8)
=H®ep)o(H®up)o(cpu®H)o(HR uy ® H)
o(HR®H®38y)o(HR HQny)
:/,LHOCH’HO(HI{‘}@H).

(2) = (6). By the equality H ® IT5) 0 8y o ny = 8 o n, We obtain:

MR =H®ey)o(HRpuy)o(H®cy )o@y ®H) oy @ H)
=H®e)o(Hup)o(H®chu)o(HRMF®H)o 6y ®H)o(ny ® H)
=(H®ep)o(H®up)o(H®M®H)o @y ®H)o(ny @ H)=114.
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(6) = (2). We have:

po(I®@H)=(ey ® H)o(up ® H)o (H® cy,py) o (H® pp ® H)
oy ®cyu)ony ®HQH)
=(en®H)o(up ® H)o (I ®cpn)o@n®H)och n
=(ey®H)o(uu ® H)o (IMf ® cy.n) o 8y ® H)och.
=(g®H)o(ug ®H)o(HQRcp p)o(HR®uy @ H)
o(H®cun®H)o(n ®chu)o(nn ®HQH)
:;},HocH,Ho(HII_}(X)H). O

Proposition 1.6. Let H be a weak Hopf algebra. The following assertions are equivalent

(1) TIR®H)ody=UTE® H)ocy,yodn.
(2 T ®@H)ody =Tj® H)och,nody.
(3) Ty ®H)ody =T ® H)ocu o8-
(4) (IR @H)osy=UTR @ H)ocy 1 odn.
(5) Ik =1k
(6) MR =1k,

Proof. It follows from Proposition 1.5 after passing to the opposite categary.

2. Theconstruction of By

Proposition 2.1. Let H, B be weak Hopf algebrasi@. Letg: B— H and f: H — B be
morphisms of weak Hopf algebras such that f = idy. Then the following morphism is
an idempotentirt:

g =npo(B®(fornog))ods:B— B.

Proof. We have:

afoqt=upo(B®(fornog))ouseso@s®p)o(B®(fornog))ods
=pupo(B®(upocppo((fornog) ®(for?og)))) o (us®sp)
0o(B®cp.p)o(6p® (formog))ods
=pugo(up®(fornollf))o(B®cyp)o(BRg®(foruog))
o(bp®B)odp
=pgo(B®(fornogoupo (Il ®B)odp))ods=qj.
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Note that the first equality follows from (al), the second, the third, and the fourth ones
from the associativity, the coassociativity, the naturality ofhe condition of morphisms
of weak Hopf algebras fof andg and the anti(co)multiplicative nature of the antipode.
Finally, in the fifth one we use the equaliys o (Hé ® B)odp=idp. O

As a consequence of Proposition 2.1, we obtain that there exist an epimorpfjism
a monomorphisnﬂg and an objecBy such that the diagram D1, that we can find in the
introduction, commutes anal o i =idg,, .

Proposition 2.2. Letg: B — H and f : H — B be morphisms of weak Hopf algebras such
thatgo f =idy. LetD2 andD3 be the diagrams given in the introduction. ThBX2,is an
equalizer diagram an@3 is a coequalizer diagram.

Proof. (1) First we will prove the equalityB ® (IT5 0 g)) o 8p0if = (B®g) 0odpoib.
Composing withp# , we obtain:

(B® (MMfjog))odpoifoph
B® (IIfog))odpoqh
B® (Mfjog))oupeso@p®3p)o (B (fornog))ods
B® (MMf;oun))o(us®g®H)o(B®cpp®H)o(B®B®cn,p)
o(B®BR®(AHog) ®(foryog)o(B®Ip®B)o(5p® B)odp
=(up®@H)o(B&cyp)o(B®(Mfollfjog) ®B)o (3@ (fohrnog)ods
=(up®H)o(B®cyp)o(B®(Mhog)®B)o(85® (foryog))ods
=(up®H)o(B®f®H)o(B®cuu)o(B® I ®Ay)o(B®Sy)
o (B®g)odp
=(Uup@uUH)o(BABR®gR®H)o(BRcpp®H)o(B®B®cu,p)
o(B®BQ®(AHog) ®(foryog)o(BR®Ip®B)o(5p® B)odp
=(up®ur)o(BRBR®g®g) o(BRcp®B)o(B®BR (B0 foryog))
o(bp® B)odp
=(B®g)odpoqp=(BRg odpoifopy.

-
~(
-

In the last calculations we use repeatedly the associativity, the coassociativity, the
naturality ofc, the condition of morphism of weak Hopf algebras joandg and the anti-
(co)multiplicative nature of the antipode. Note that in the fifth one appears the idempotent
character of75.

Thus,(B® (IT5 0 g)) 085 0i8 = (B®g) 085 0ib sincep? is an epimorphism.
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Now, let?: D — B be a morphism such théB ® (IT5 0 g)) o8 ot = (B®g) odpot.
If v=pB ot,sincef oMk og =% andpup o (B IE) o5 =idg, we have

if,ov:qf,ot:;LBo(B®(fo)»Hog))0530t

Z[LBO(B®(fO)»HOHII_‘10g))O5BOI
:,u,Bo(B®(fo]7[§ol_[1[_‘log))o5got=,u,go(B®(fo]7§og))o530t

:,u,Bo(B(X)HII;)oaBot:t.

Trivially, the morphisnw is unique and therefore, the diagram is an equalizer diagram.
(2) The proof of this assertion is analogous and we leave the calculus to the reader.

Remark 2.3. One can replace in D2 the morphidiff; by I7X . Then, using the equality
IR oMk =k, itis easy to show that

i5 (B®g)ods
By —>B————ZB®H

(B®(ﬁ%log))053
is an equalizer diagram iti. Analogously, if in D3, we chang& % by 174, the diagram

1o(B®f) Pl
BH _————>B——>B

npo(BR(foIlf;))
is a coequalizer diagram @sincelT; o IT, = IT};.

Proposition 2.4. Let H, B be weak Hopf algebras i@. Letg: B — H and f: H — B be
morphisms of weak Hopf algebras such that f = idy. Then

(1) (Bu,ng, =p2 ong, up, =p8onpo B ®ib)) isanalgebrainC.
(2) (By,ep, =¢poib, 85, =(p5 @ p8)ospoib)isacoalgebrairC.

Proof. We will verify (1), and leave the assertion (2) to the reader.
Note that the morphismsg,, and up, are the factorizations, through the equalizer
i%, of the morphismsyz and ug o (i ® i8). It is an easy exercise to show that

(Bu,nBy, LBy) IS an algebraig. O

Proposition 2.5. Let H, B be weak Hopf algebrasi@. Letg: B — H and f: H — B be
morphisms of weak Hopf algebras such that f = idy. Then

(1) (By, OBy = pZO/LBO(f(@iII_gI)) is aleft H-moduleinC (i.e.gogH ong®By) = idBH
andep, o (pp, ® By) = @B, o (un ® By)).
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(2) (By,rp,; =(g®pE)odgoib)isaleftH-comoduleirC (i.e.(ep, ® By)org, =
idBH and(H ® rgy)orpy, = (6u @ By)o rBH).

Proof. (1) Letyg: H ® By — B be the morphism given by
ye=upo(B®(ugocgp))o(f®(fory)®B)o(3u ®if,).

This morphism verifies the equalitB ® g) o dp o yp = (B®(1711j[og))0830y3. Indeed,
using(B® (IT5 0 g)) o8p0il = (B®g)odp oif and (3.3) of Proposition 1.2, we obtain:
(BQg)odpoyn
=puseu o ((B®g) ods)® upeu)o (B® ((B®g)odp) @ ((B®g)oss))
o(B®cpp)o(f®(Lpof)®B)o(5y®ip)
=(Up®H)o(BRupgH)o(BRIBRQuUp ®BR®H)o(BRcyp®H®B®H)
o((fOH)odn) @ (((B®g) 0dp)oif)®((f ®H)ody))o(H®cu,py)
o(H®Ay ® By)o (S ® By)
=(up®H)o(B®upen)o(B®B® (uno(H®If))®B®H)
0o (B®cug®HQ®BOH)o(((f®H)odu)® ((B®g) odp)oif)
Q((f®H)odn))o(HQcu,py)o(H®An @ By)o Sy ® By)
=(up®H)o(B®upgn)o(B®B® (((eronn) ® H) o (H®cu n)
0o(br®H)®((f®H)odgohy))o(BRcH,B® i)
o((fOH)o8n)®cnp®H)o(8y @ ((B®g)odpoip))
=(up®H)o(BOus®@H)o(BR®B® (cr,po (T ® (f o)) odn))
o(BB® (((enoun)@H)o(H®cu )o@y ®H)))o(BRcyp®H)
o((feH)odn)®((B®g odgoif))
=(up®H)o(BOug®H)o (BB (cupo (T ®(forn))oduonn))
o(B®cup®@H)o((f®H)ody)®((B® (ITfj0g))odpoify))
=(up®H)o (B® (cu,po (I ® (forn))odn))o(B®g)odpougo(f®if).

On the other hand, sind@ﬁ, is an idempotent morphism, we have
(B® (Hl‘, og)) odpoyp

=(B®Mf;)o(up®H) o (B (cr,po (I ®(forn))ody))o(B®g)ods
oupo(f®if)
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=(up®H)o (B® (cu,po (I ® (f orn))odu))o(B®g)odpougo(f®if).

Therefore, there exists an unique morphisgy : H® By — By verifying the equality
i% o ¢p, = yp and, as a consequence,

oy =Pl oyn=plouno (£ @if).

Finally, it is easy to show thaBy, ¢p,,) is a left H-module.
(2) The proof of this assertion is similar to the one developed in (1) and we leave it to
the reader. O

Definition 2.6. Let H be a weak Hopf algebra. We shall denoteﬁbwyl) the category
of left weak Yetter—Drinfeld modules ovef. That is,M = (M, ¢y, ry) iS an object in
ZW)ﬁD if (M, pp) isaleft H-module,(M, ry) is a left H-comodule and

@ (uH®M)o(H®cpmn)o((rmoem)®H)o(H®chm) o @y ®M)
=(uH®M)o(H®cmH)o(MH QM @ H)o(H®cyn @M Q H)
o(bn ®@ru®IIf) o (H®cym) o By ®M).
(b) (uH®em)o(H®cunQ@M)o((6ronu)@ru)=ru.

LetM, N in ¥WYD. The morphisny : M — N is a morphism in the categofV YD
if foou=¢no(H® f)and(H® f)ory=ryo f.

Remark 2.7. Note that the last definition is not exactly the same as one of Gabriella Béhm's
in [3] even in finite dimensions and even after passing to the opposite algebra. The essential
difference appears in (a) since this equality involves the idempotent morp'mgsnThe
origin of this new condition come from the properties that veriigs(see 2.8).

On the other hand, if we haveH ® ITE) o cyy o 8y = (H ® IIR) o 8y and
prochmo(H®IMR)=pno(H® IE), the condition (a) of the last definition can
be changed by

(e ®M)o(HQcym)o ((rmoem) @ H) o (HQcum)o 6y @ M)
= @om)o(H®cy g @M)o Sy Qruy).
Indeed, if(H ® ITR) ocy.py o8y = (HRITf) 08y andpuy ocyp o (H @ ITR) = juy o
(H ® ITE), by Propositions 1.5 and 1.6, we obtain the equalifiés= 174, = [T = 11X,
Therefore,
(g @M)o(H®cmu)o (U Q@®oyu @ H)o(HQ®cy g ®MQ H)
o8y ®ru @) o (H®cym)o By M)
=((uuocun)®M)o(H®cy.n)o(up ®pu @ H)o(H®cyy @M ® H)
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o8y ®ru @) o (H®chm) o (B ochn)®M)
=(ur @em) o ((kuo (T @ H) 08y) @y @ M) o (8 @ ru)
=g ®@om)o(H®cy g ®M)o Sy Qruy).

Then, under central and cocentral conditions, when we consider only finite objédts (
C is said to be finite if there exist&* in C such thatM ® —, M* ® —, ap, By) iS an
adjoint pair), the categorﬁwyl) is the category of Yetter—Drinfeld modules defined by
Gabriella Béhm in [3].

Proposition 2.8. Let H, B be weak Hopf algebrasi@. Letg: B— H and f: H — B be
morphisms of weak Hopf algebras such thatf =idy. Then(By, ¢, rp,) belongs to
EwyD.

H

Proof. Composing with the monomorphisid & if, and using the (co)associativity, the
naturality ofc, the condition of weak Hopf algebra morphism ffrand g, the anti(co)-
multiplicative nature of the antipode, a8l ® g5) o8z 0i =85 o ik, we obtain:

(hr ®if)o(H®cpym)o ((rgy o¢s,) ® H) o (H® cp,py)o (3u ® By)

=(uH®B)o(gQ®cpn)o((Spoupo(B®(fornog)))®H)
o((upeBo(Bof)®(8poip))) ® H) o (H® cu py)o(u ® By)

= ®B)o(g®cpn)o (Lo @ H)o (B®B® iupgp @ H)
0(3p®3p®E®H)o(f@cpp®H)o(HR (ko f)®ip ® H)
00y ®cH,y)o (6 ® By)

=W ®B)o(HOunQup)o(HO®HQnuugp ® B)
o(HOH®cpH®cpuH®B)o(H®cpH®CBH®CBH)
c(H®B®HQBQcpuQ®H)
o((H® fodn)®((g®B)odp) @ (((forr) ®An)ody) ® H)ody))
o(H®cy,p)o(dn®if)

=(un®B)o(HQuy ®B)o(HRHQ (cpno(up®H)o(up @ BQ H)))
o(H®cpn®cp®Ify)o(HR®B®cpu®CcH,B)
o(H®((BRAp)o(f® f)odn)®cu,u®B)o(3y®H® ((g®B)ods))
o (3u ®i)

=(uH ® B)o(uH ® B H)
o(H®H® (npo(up®B)o(B®cpp)o((f®(pof))odu)®B)®H)
o (H®cun®B®ME) o (H o H o (845 0dnoil) ® H)
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o0y ®cH,y)o (6 ® By)
= (MH®ifI)0(H®CBH,H)O(MH R¢p, ®H)o(HQ®cyn @By ® H)
o (8u ®ray ®17§) o(H®cH,py)o (g ® By).

Therefore,

(o ® By) o (H @ cpy i) o ((rpy 0 ¢By) ® H) o (H® ch,py) o (3u @ By)
=(UH®By)o(H®cpy H)o (U @pp, ®H)o(HQcyu @By @ H)
o(8n ®ray ®171§) o(H®cH py)o (6n ® By).

Finally, by similar arguments, it is easy to show the equality
(LH ® ¢By) o (H®crp ® Bu)o ((8monn) @rpy,) =ray. |

Proposition 2.9. Let H, B be weak Hopf algebrasi@. Letg: B— H and f: H — B be
morphisms of weak Hopf algebras such that f = idy. Then, if

1By, By = (¢By ® By) o (H ®cpy By) o (ray @ By),

we have the following

(1) 8By omBy = (LBy @ UBy) © (BH ®1By,By ® BH) o (8, @ Spy)-
(2) ey oupy o (Lpy ® Br)
= (e, ®epy) o (UBy @ upy) o (By ®dp, ® By)
= (eBy @ €By) © (UBy @ UBy) © (Bu ® (1By.By © 58y) ® Bh).
(3) (8B, ® BH)odp, ongpy
=(By ® upy @ By) o (8p, ®py) o (N, @ npy)
= (By ® (uBy o tBy.By) @ Br) o (8, ® 8py) 0 Ny @ Nay).
(4) There exists an unique morphistg,, : Bg — By in C such that
i8 oA, =up o((fog)®Ap)odp oil
and verifying:
(4-1) gy o (By ® Apy)odpy
= ((eBy ouBy) ® Bu) o (By Qg 8y) o (3, onB,) ® Bh).
(4-2) upy o (g, ® By) o dpy,
= (Bu ® (eBy o iBy)) © (1By.By @ Br) o (B @ (8B 0 1Byy)).
(4-3) By o (py ® By) o (Apy ® By ® Apy) o (8, ® Br) o8p, = Apy-
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Proof. (1) This assertion follows from the equaliti€8 ® ¢5) o 85 0 i8 =85 o ib,

qromuso(f®if)=upo(BOup)o(B®cpp)o(f®(pof)®B)o@dn®iy), and
pupo(B® (follR og))osp=ids. Indeed,
(uBy ® upy) o (By ®tpy By @ By) o (Spy ®JBy)
= ((prions) @ (phons))o (B® (g 0nso(f ®B)®B® B)
o(q7; ®8®cp8®B)o(BRSp®qp ®B)o((8poif)® (850if))
= ((pi ons) ® (P o 1p))
0((MBO(B®(fongOg))033)®(MBOCB,B)®B®B)
o(B®(fohrnog)®cpp®B)o(3s@B®gE®B)o((5p0if)® (350ib))
= ((pEous)® (pBoms))o(up®BROB®B) o (B®cpp®B® B)
o((B®(forrnog)odp)®cpp®B)o(BR®B®qp ®B)
(65 2i8) ® (35 05))
= ((rions)® (pions))o(B&(fornog) ® BOB)o(upgs ® B® B)
08 ®8p®B® B)odpgpo(if @ip)
= (pf; ® ppy) odpoupgo (i ®if)
=8By O UBy-
(2) Using the equalitiep? o ug o (B®q5) = pBoup, (B®qE)odpoil =8p0ib,
andep oup o (B®qh) =epoup, we obtain:
€By © UBy © (WBy @ BH)
=epogfoupo(B®qp)o(B@up)o(if®if®ip)
=epoupo(B@up)o(if®ip®ip)
=(ep®ep)o(up®up)o(BRSp®B)o (i ®if; ®if)
=(es®ep)o(up®@up)o (B® ((¢f; ®4qf;) 088) ® B) o (if ®if; ®if;)
= (¢, ®epy) o (UBy @ upy) o (By ®dp, ® By).

Moreover,
(6B, ®€By) o (By ® wBy) o (Br @ (18,8, ©8,) @ BH)

=(ep®ep)o(up®@up)o(B® (upo((fog) ® B)) ® BR B)
0o(B®B®cpp®B)o(B® (850q5)®B®B)o(BR35s® B)
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o(ifp®ip®ip)
=(ep®ep)o(up@up)o (B® (upo((fog) ® B)) ® B® B)

0o(B®B®cpp®B)o(B®((up®B)o(B® (50 (95 ®(fornog)))

°o(Bp®B)odp) @B B)o (B ®B)o(if®if ®if)
=(ug®eg)o(Ugp@un)o(HR®uug @ HRQ H)

o(H®H® (cao((gogqp) ®(nuo((lnog) ®g)))) ® H)

c(H®8p®BR®H)o(g®55®¢)o(ih®ip®ih)
=(pQep)o(ugp@up)o(HRQuy @ HQ H)

o(H®H® (cnno((go M) ® (MTf o)) ® H)

c(§®EOBRBR®go(BRIBPOBR®B)o(BRSp®B)o(if ®if; ®if)
=(ep®ep)o(up®@up)o(BOUs®B®B)o(BR®B® (cppo (1§ ®rp)) ® B)

o(B®Sz®B®B)o(BRp®B)o(if®if®if)
=(83®83)0(MB®MB)0(B®(530H§)®B)O(ig®ig®if,)
=(en®em)o(up®@u)o(g®@Brog) ®g)o(if @ip®ip)
=(ep®ep)o(up®up) o (BR®Sp®B)o(if®if ®ip)
= (¢éBy ®€By) © (LB, ® UBy) o (B ® 3B, @ Bh).

In the previous equalities, the first one follows freigo g o (B ® qfl) =gpoup and
(B®qE)odpoil =85 0i8. Inthe second one, we apply

8goqp=(us®B)o(B® (cppo(qh®(fornog)))o(ds® B)oss.

The third one follows from the fact that andg are morphisms of weak Hopf algebras.
In the fourth and the fifth ones, we use the equaliies;5 = IT5 o g, (B ® (IT5 0 g)) o
Spoil =(B®g)odpoil, ML og=gollk andIR o ITL = Ay o L. The sixth one
follows from

Spolly=(up®B)o(B® (cppo (i ®1rp)))o s ® B)ods.

The seventh and the eighth ones follow from the fact thandg are morphisms of weak
Hopf algebras and by o IT5 0 i8 = g o i B. Finally, the last one it is easy to proof.

(3) The arguments are dual to the ones used in the proof of (2), thus it is that we leave
the details to the reader.

(4) Let ©8 be the morphism®B = ju5 o ((f 0 g) ® Ap) 0 8p 0 il :By — B. This
morphism verifies thatB ® g) 0 85 0 ©8 = (B ® (IT5 0 g)) 0 85 0 ®F and, as a con-
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sequence, there exists an unique morphigjp: By — By such thati5 o Ap, = 05,
Therefore,

Ay =pboob.

Using the equalitie$B ® g5) o 8 0 il =8p 0iB, pB oupo(B®qB) =p5 ous,
upo(B® (follRog))odss=idp andib oirp, o pf =ppo((fog) ®Arp)odp, we
prove (4.1)—(4.3). Indeed,

Uy © (BH @ Apy)odpy
=PZ°HBO(MB®B)O(B®(MBO((f°)»H 08)®(fog)) ®Ag)

0 (8p®8p)odpoil
=phougo((npo(B®(follfog))ods)®Arp)odpoil
=ploupo(B@Ap)odgoib
=((eoup)® pfy) o (B®cp p) o ((Bpons) ®if)
=((eoun)®pp)o((upo (g ®(fog)o 88) ®cp.B)o (6 ons) ® if,)
= ((eBy o uBy) ® Br) o (B @ty y) © (88, o nBy) ® Ba), (4.1)

UBy o (Apy ® By) odpy
=phoupo((iforp, oph)®B)odgoip
=PZ°MBO((MB0((f°g)®)»3)053)®3)0530if[
=pronpo((fog)®@IE)odpoiy
=((pfrom)®(epomp))o((fog) ®cpp®B)o@dp®3p)o(if ®ns)
= (By ® (¢, o uBy)) o (tBy.By @ Br) o (Bu ® (88, o ngy)). (4.2)
By © (UWBy @ BH) o (Apy ® BH ® Apy) o (8py ® Bu)odpy
=ppopugo((mpo((fog) ®rp)odp)® (o (B@Arg)odp))odpoip
=ppopugo((fog)®(upo(us®B)o(lp®B®Ag)o (85 ® B)odp))

odgoil=xp,. O (4.3)

Proposition 2.10. Let H, B be weak Hopf algebras ié. Letg: B — H and f: H — B
be morphisms of weak Hopf algebras such that f = idy. Let w: By ® H — B
be the morphism defined by = up o (ig ® f). If we definew’:B — By ® H by

o = (pf, ® g) o 85, we have thatw o ’ = idg. Moreover,w is an isomorphism if and
only if H is a Hopf algebra.
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Proof. We have
wow =pgo(qf®(fog)odp=npo(B®(follfog))odp=ids.

If w is an isomorphism we have! = «'. Then, o' o w = idp,ou and therefore
Ny ® ey = p5 o f. Thus,¢5 o f = np ® ey and, as a consequence, we obtain
foIlL =ng ® ey. This equality implies thafl;, = ny ® ex or, equivalently,H is a
Hopf algebra.

Conversely, it is well know that iff is a Hopf algebra is an isomorphism with inverse
o' (see[1]). O

3. Weak smash bialgebra structures

Definition 3.1. An algebra without unity irC is a pairA = (A, u4) whereA is an object
inCandus:A®A— AisamorphismirC suchthatus o (A ® ua) = o (g ® A).

A coalgebra without counity i€ is a pairC = (C, §¢) whereC is an object inC and
8¢ :C — C ® CisamorphismirC such thatd¢c ® C) o8¢ = (C ® 8¢) o é¢.

Definition 3.2. Let A be an algebra without unity ii. We say that : K — A is a preunit
if

pnao(e®@A)=pso0(AQe)=pso0(A@ua)o(AQe®e).
Definition 3.3. Let A and B be algebras and leR: B ® A — A ® B be a morphism.
We say that(A, B, R) is a weak smash product structure (see, e.g., [6 #r B =

(AQ B, nags = (La @ up) o (A® R ® B)) is an algebra without unity and with preunit
na ®na.

Proposition 3.4. Let A and B be algebras and leR: B ® A — A ® B be a morphism.
Then(A, B, R) is a weak smash product structure if and only if

(1) Ro(up®A)=(AQup)o(RR®B)o (B R);
(2) Ro(B®pa)=(ua®B)o(A®R)o(RQ A);
(B) Ro(mB®A)=(ua®B)o(AQR) o (A®np ®@na);
(4) Ro(B®na)=(A®up)o(R®B)o(np®@na® B).

Proof. See [7,(3.2)]. O

In a similar way, it is possible to define a precounit and a weak smash coproduct
structure(C, D, S), beingC and D coalgebrasanf:C ® D — D ® C a morphism.

Definition 3.5. Let D be a coalgebra without counit. A precounit @nis a morphism
€:D — K satisfying

(€e®D)odp=(D®¢e)odp=(c@e®D)o(dp® D)odp.
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Definition 3.6. Let C and D be coalgebras and l6t: C ® D — D ® C be a morphism.
We say that(C, D, S) is a weak smash coproduct structure (see, e.g., [6]) s D =
(C®D,dcxsp=(C®S®D)o (8c ®3p)) is a coalgebra without counit and with
precounitec ® ep.

Proposition 3.7. Let C and D be coalgebras and lef: C ® D — D ® C be a morphism.
Then(C, D, S) is a weak smash coproduct structure if and only if

(1) 6pR®C)oS=(DR®S)o(S® D)o (CR3p);
(2) (D®8c)oS=(SR®C)o(CR®S)o(b¢c ®D);
(3) (,p®C)oS=(CRep®ec)o(CR®S)o (8¢ ®D);
(4) (D®ec)oS=(ep®@ec®D)o(S® D)o (C®p).

Proof. See [7,(3.8)]. O

Proposition 3.8. Let H be a weak Hopf algebra, an@4, ¢4) an algebra, which is also
a left H-module, such thaps o (H ® pua) = pa o (0a @ pa) o (HRcya ® A) o (g ®

A ® A). The objeci(A, ¢,) is called a leftH-module algebra if the following equivalent
conditions hold

(1) pao(uyg ®na) =(pa®en)o (HR®na @ un)o By @ H).

(2) pao(pnn ®na)=(en ®@pa)o (i @ H®na)o(H®ch,n)o(n®H).
(3) pao (T, @ A)=piaocaao(pa®A)o(HRna® A).

(4) pao (T ® A)=pao(pa®A)o(HRna® A).

(5) pao(IT5 ® A) o (H®n4) =¢a o (H ®1a).

(6) pao(IT5 ® A)o (H®@na) =¢a o (H ®@na).

Proof. This proposition is the left version of [7, 4.15]0

Proposition 3.9. Let H be a weak Hopf algebra, an@, rz) an algebra, which is also
a left H-comodule, such thgipgy o (rp ® rp) = rp o up. The object(B, rp) is called
a left H-comodule algebra if the following equivalent conditions hold

(1) (HQrp)orpong=(H @ (upocy,n)®B)o 8y ®rp)o(y ®@np).
(2) (H®rp)orpong=(H® g ® B)o (6y ®rp) o (nu @ nBp).

() TR @B)org=(H® (upocpp))o(rg®@B)o(ng® B).

(4) T4 ®B)org=(H®up) o (rs ® B) o (5 ® B).

(5) (HfI@B)orBonB:rBonB.

(6) (IT, ® Byorgong =rgong.

Proof. See [7,4.11]. O
Proposition 3.10. Let H be a weak Hopf algebra. Let be a leftH-comodule algebra and

B aleft H-module algebra. IR := (¢p ® A) o (HQ®cap)o(ra®B):AQB—> B®A,
then(B, A, R) is a weak smash product structure.
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Proof. Similar to the proof of [7, 4.16]. O

Proposition 3.11. Let H, B be weak Hopf algebras ié. Letg: B — H and f:H — B
be morphisms of weak Hopf algebras such thatf =idg. If Hg satisfies the equality
pp o (T8 ® B) = ug ocppo (II§ ® B) then(By, H, R) is a weak smash product
structure, beingR = (¢p, ® H) o (H ® cH.py) © (§u ® Bu). Moreover, the morphism
w=upgo (ifl ® f): By ® H— B is multiplicative and verifies that o (np, ® nn) =n5.

Proof. Trivially, (H,d8py) is a left H-comodule algebra. Moreover, by Proposition 2.4,
By is an algebra and by Proposition 28, ¢,,) is a left H-module.
On the other hand,By, ¢, ) satisfies the equality

MBy (@B, @@py)o(H®cy py @ By)o By ® By ® By) =¢p,; o (HQ py).

Indeed:

i8oup, o(pp, ®ppy)o(H®cupy, ®Bu)o Sy ® By ® By)

=upo(up®up)o(B® (upocpp) ®B® (upocp.p))
o(f®(form)®B®f®(forn)®B)o(Bn @By ® B)
o(H®cH,p® B)o (8u ®ifl®i5)

=ppo(B®up)o(up® (upo (3 ®B))®B)o(f®BRfQBR(fohn))
oc(HR®RBR®H®cy,p)o(HOB®Sy®B)o(H®cyp®B)o(Sn®if; ®ijf)

=MBO(B®MB)0(HB®(HB OCB,BO(H{;@B))@B)
o(fOB®fR®B®(foin))o(HRBR®H®cyp)o(H®B®Sy® B)
o(H®cns®B)o(Sn®if ®ify)

=upo(up® (upo(BQup)o(kpg®B®Ap)o (B ®B)odp))o(up®BQ f)
o(f®B®cup)o(HR®cyp®B)o(Sy®if®ip)

=ipopp, o (H®upy).

In the last calculations, the first equality follows by definitiorpaf, , the second one by

the condition of morphism of weak Hopf algebras farthe third one by.z o (/T8 ® B) =
LBOCRB,BO (Hg ® B) and finally, in the fourth one, we use the weak Hopf algebra structure
of H.

We have toa 8 o ¢, o IT5 @ np,) =qh o follh = follhb oMl = follh =
qb o f=iboyg, o(H®ns,). Thereforeps, o (IT5 ® ng,) = ¢s, o (H ® ng,) and
(Bu, ¢By) is a left H-module algebra. Moreover, by Proposition 3.48y, H, R) is a
weak smash product structure, beiRe= (¢pp, ® H) o (H ® cu,y) © 8u ® Br).

Finally, sinceus o (IT8 ® B) = ug ocp,go (1T ® B), we obtain thab o g, on =15
andw o up,#,H = 1 o (0 ® w). Indeed,
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a)O/LBH#RH:,U«BO(CU®,U«B)O(BH®H®(,U«BO(B®HI§))®B)

o(Bu®H®IiIFE®f®f)o(Bu®H®cHp, ®H)
o(Bu®y® By ® H)

=ppo(@®up)o(Bu®H® (upocppo(BRIIF))® B)
o(Bu®H®ip®f® f)o(Bu®H®cup, ®H)
o(BH®y ® By ® H)

=pugo(up®@ug)o(B® (upo(BRIE)odp)® B B)
(iF®f®ifF®f)=ppo@w). DO

The proofs of the following two propositions are similar to the ones of Propositions 3.8
and 3.9.

Proposition 3.12. Let H be a weak Hopf algebra. L&C, r¢) be a coalgebra, which is
also a leftH-comodule, such thatH ® dc) orc = (UE ® C QR C)o (H Qcc.g ® C) o
(rc ® r¢) o 8¢. The object(C, r¢) is called a leftH-comodule coalgebra if the following
equivalent conditions hold

(1) Ga®ec)orc=(ur®H)o(H®ec ®@8y) o (rc @ nu).

(2) bu®ec)orc=(Uur®@®HRec)o(HRQcyu®C)o 6y Qrc)o(nu C).
B) TR ®C)orc =(H®ec ®C) o (rc ® C) occ,c odc.

(4) T ®C)orc=(H®ec®C)o(rc ®C) 0.

(5) TR @ec)orc=(H®ec)orc.

(6) ITE ®ec)orc=(H®ec)orc.

Proposition 3.13. Let H be a weak Hopf algebra. L&D, ¢p) be a coalgebra, which is
also a leftH -module, such thatp c ¢p = (¢p @ ¢p) 0 dyep. The object D, ¢p) is called
a left H-module coalgebra if the following equivalent conditions hold

(1) epoypo(un ® D) =(sg ®ep) o (un @ ¢p)o (H® (cy,uody) ® D).

(2) epogpo(un ® D) =(ey ®ep) o (g ®¢p)o (H @8y ® D).

(3) ¢po (1_715 ®D)=(p®D)o(pp®D)o(HQ(cp,podp)).

(4) ppo(IIX ® D)= (sp® D)o (9pp ® D) o (H ®3p).

(5) epogpo (IR ®D)=¢epogp.

(6) epowpo(IT @ D)=¢pogp.

Proposition 3.14. Let C be a leftH-comodule coalgebra) a left H-comodule algebra,
andS:=(pp®C)o(H®cc.p)o(rc®D):C®D — DRC.Then(C, D, S) is aweak
smash coproduct structure.

Proof. Dual to Proposition 3.10. O
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Proposition 3.15. Let H, B be weak Hopf algebras ié. Letg: B — H and f: H — B
be morphisms of weak Hopf algebras such thatf =idg. If Hg satisfies the equality
(T8 ® B) 0 85 = (ITX ® B) o cp,p o 85 then (By, H, S) is a weak smash coproduct
structure, beingS = (uy ® B) o (H ® cp i) o (rg ® H). Moreover, the morphism’ =
(p% ®g) 085 B — By ® H is comultiplicative and verifies that s, ® ex) o’ = e5.

Proof. The calculations are similar to the ones developed in the proof of Proposition 3.11
and we leave the details to the readen

Definition 3.16. Let H be a weak bialgebral, B algebras coalgebras, at B ® A —
A® B, S:A® B— B ® A two morphisms. We say th&#, B, R, S) is a weak smash
bialgebra structure if

(1) (A, B, R) is a weak smash product structure;
(2) (A, B, S) is aweak smash coproduct structure;
(3) daxgB o awgB
= (a#gB @ Ua#zB) 0 (A® B cagB,A9B @ A® B) o (§axsB ®8angB);
(4) eangB o a#gB © (ULa#zB ® A® B)
= (caxsB ®eaxsB) © (LA#zB @ tattgp) 0 (AR B ®daxss ® A® B)
= (caxsB®EAxsB) O (UA#gB ® UA#rB) 0 (AR B®(cAoB,A9B°0axsB) ®A® B);
(5) Baxss ® A® B) 08ansB © Na#gB
=(AQB® asgB ® AQ B) o (SaxsB ®8axsB) © (Na#trB @ NA#zB)
=(AQB® (Ua#gBoCA®B,A2B) D AR B)o (axsB ®ansB) 0 (NattgB @ Na#xB)-

Proposition 3.17. Let H, B be weak Hopf algebras ié. Letg: B — H and f: H — B
be morphisms of weak Hopf algebras such thgat f = idy. If up o (Hg ® B) =
ppocg go(ITR®B), ITR®B)osp = (ITX®B)ocp godp andR, S are the morphisms
defined in Proposition8.11and 3.15 respectively, we have théBy, H, R, S) is a weak
smash bialgebra structure.

Proof. By Propositions 3.11 and 3.183y, H, R) is a weak smash product structure and
(Bu, H, S) is aweak smash coproduct structure. Now, we are going to show (3). Put

Y =(un ® Br)o(H®cpy.n)o ((ray o¢sy) ® H) o (H ® c,By) o (51 @ Br),
R=Wun@¢py)o(HRcHyuBy)o By @rpy);
then, if
ppo(MF®@B)=pugocgpo(lIf®B), (If®B)odpg= (1§ ®B)ocppods,
by Propositions 1.5, 1.6, and Remark 2.7 we havethat 2. Therefore,

8BHD<SH o H’BH#RH

=B, QuH®Br @ H)o (BH ® Bu ® H®cpy u®H)
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o (By ® ¢By ® (rpy o iBy) ® LH @ iH)
O(BH®H®CBH,BH®BH®5H®H)O(BH Qrpy Q 6By OprH)®H®H)
o, ® HQ®cy py ® H)o(By ® 0y ® By ® H)

=(UBy OUH QB @ up)o(By ®pp, ® HRcp, . n ® HR H)
o(Bu®HQ®BH Q@ UuHeB, @cH.HH)
o(By QU @By ®@rp, ® T @ H®dp)
oc(BH®H®HQ®cp,,B, ®H @By ® H®H)
o(BHO®HQcp, H®cH By Bn @ HQH)
o (B ®rp, ®6n Q0p, H H)o(6p, ® HRcn gy @ H)
o(By ®6p ® By @ H)

=(uBy OUH QB @ ug)o(By ®¢p, ® HRcp, . n ® HR H)
o(Bu®HQ®BH Q@ uHeB, @cuH @ H)
o(By Quy @By ®rp, ® 2 H®S8y)
oc(BH®H®HQ®cp,,B, ®H @By ® H®H)
o(Bu®H®cp, H®cH B, ® B  H® H)
o(BH®rp, ®n Q@38p, ® H® H)o (8p, ® HS ch By @ H)
o(By ®6p ® By @ H)

=By ®HQupy; ® H)o (upy; ® HR® By @ ¢y @ H)
o (B ® ¢y QU By ® HQ®cy gy, @ H)
o(BH®H®cH By ®cpy,n @3y ® By @ H)
o(BH®uH®uUH®CcBy By @cH,H ® By ® H)
o(By ®0ueH @ By @cH By @ uy @ By ® H)
o(Bu®H®cp, n ®H®By ®HQcp, u®H)
o (B ®rp, @61 Q@ Bn Qrpy, ®8u) o (8p,  HRSp, ® H)

= (UBy#rH @ UBp#rH) © (B @ H @ cByoH,ByeH @ Bn @ H)

0 (0ByxsH ®8ByxSH)-

Finally we will prove (4). The assertion (5) is analogous and we leave the calculations
for the reader. Firstly, note that

nro((g0if}) ® H)=pmo (@ H)o (5 ® B) 085) ® H) o (if; ® H)
:;LHo((HII_‘Iog)®H)0(((5B®B)°8B)®H)O(ill-gl®H)
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:MHocH)Ho((1715og)®H)o(((83®B)053)®H)
o(iff® H)
ZMHOCH,HO((gOl’II_gI)®H).

Then

EByxSH O UBy#rH © (B ® H ® py#pH)
=((eponp)®(enonn))o(up@up@HR®H)o (Lp®if @ fQip ® H®H)
o(ip®fOBy®H®cHpy ® H)o(By® HQ® By ® H® iy ® By ® H)

o(BHuR®HQ®ByQ®cyn @HQBg ®H)o(Bu @ H®cH,p, @y @ By ® H)
o(Bu ®5n ® By @ H® By @ H)
=(H®¢eH)onHoH © (MHeH @ HQ H)o (up @ H@un @ H® HQ® H)
o ((¢15) ®3u @ (g0 i8) ® 51 ® (¢ 015) ® H)
=emopumo((goif)®H)o(upy ® ) o (Bu ® upyeun ® H)
o(Bu ®cH,By @cH. By @ H)
=((enonn)®Enonn))o(uy @cyng®H)o(uy @ uy @ HQ H)
o((goiff) ®H® (g0if)®én®(goif) ® H)
=(Emoun) ®(enopun)® (Emopn) oy ® Suonn)cuny®H)
o((goif}) ®H® (goif) ®Sn®(goif)® H)
=((egonn) @ (emoun)® (eqopun)® (egopn))
o((goif) ®Guoun) ® H® uy @y @ H)
o(Bu®HQ®H®cHny®3y®(g0ip)®H)
o(Bu®H® (Spogoif)®éy® By ® H)
=((epoup) @ (enonn) @ (epoup) @ (ex o pwu))
o(up @B uHQcpHOuUp®HQH)
o (if®fR®cHp®g®BIH® f@cup®H)
o(BH®p®BRSpQH Sy Qif; ® H)
o(Bu®H® (Spoif)) ®6y ® By ® H)
= (éByxSH @ €BywSH) © (WBy#rH @ UBy#rH) © (B @ H ® 8pyxsy @ B @ H).

In the last calculations, the first and the eighth equalities follows fegm wp o
(BRqE)=cpoupgand(B®qb)odpoil =550ib.Inthe second, the fifth, the sixth,
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and the seventh ones, we use thais a weak Hopf algebra anfl andg are morphisms
of weak Hopf algebras. Finally, the third and the fourth ones follows from the equality
pwHo((goiB)Y®H)=ppgocyno(goil)® H).

In a similar way, it is not difficult to see that

8BHI><SH OIU'BH#RH o (BH ®H®H‘BH#RH)
= (éByxsH ®EByxsH) © (UBy#rH @ WBy#rH)

O(BH®H®(CBH®H,BH®H°5BH><SH)®BH®H)~ ]
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