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We develop some powerful techniques by which (certain classes of) combinatorial designs 

with pre-specified subdesigns can be constructed. We use our method to give nearly complete 

solutions (i.e. to within a finite number of cases) to several problems, including the existence of 

Kirkman Triple Systems with Subsystems, the existence of (u, 4, l)-BIBDs with subdesigns and 

the existence of (certain) complementary decompositions with sub-decompositions. 

1. Introduction 

In this paper we are concerned with methods for constructing combinatorial 

designs having (or missing) subdesigns of some prespecified size. In applying our 

methods we will be considering several open problems regarding the existence of 

pairwise balanced designs with subdesigns. Such problems are not new to the 

literature. For example, a Steiner Triple System (STS) is a pair (X, B) where X is 

a (finite) set of points and B is a collection of 3-subsets (triples) of X such that 

any pair of distinct points is contained in exactly one triple. A subsystem (X’, B’) 
of a Steiner Triple System (X, B) is an STS with X’ E X and B’ c B. The general 

problem of constructing Steiner Triple Systems containing subsystems of arbitrary 

size was considered and solved by Doyen and Wilson [7] (see also [31]): given any 

integers II and w with u, w = 1 or 3 modulo 6 and Y 2 2w + 1 there exists an 

STS(V) containing a sub-STS(w). 

A pairwise balanced design is called resolvable if its block set admits a partition 

into parallel classes, i.e. each parallel class forms a partition of the point set. Thus 

a resolvable pairwise balanced design can be thought of as a triple (X, B, P) 
where X is the set of points, B the set of blocks and where P is a partition of B 
into parallel classes. Then a subdesign of (X, B, P) is a triple (X’, B’, P’) where 

X’ E X, B’ c B, and P’ is a partition of B’ into parallel classes on X’ such that 

for each p’ E P’ there is a p E P with p’ up. This latter condition says that each 

parallel class on X’ must be ‘inherited’ from a parallel class on X. The simplest 

example of this is a one-factorization of KZn containing a sub-one-factorization of 

some K> c Kzn. From the foregoing definition it is clear that one must have 

n 2 2.s, and indeed it is well known that the condition n 3 2s is sufficient to 
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guarantee the existence of such a design (for a short proof of this fact the reader 

is referred to [26, Lemma 2.21; for a very good general survey on one- 

factorizations see [14]). 

In this paper we will develop a simple but powerful technique by which, in 

essentially two steps, one may construct certain classes of combinatorial designs 

having subdesigns of any desired size. We will of course be restricting ourselves to 

a few specific problems, but the techniques here employed can be generalized in 

an obvious manner. In the first step, which is really the main step in the 

constructions, we will develop a class of group-divisible designs with block size 4 

having group sizes from the set {3,6,9} together with a ‘special’ group of size r 

where (subject to obvious necessary conditions) r can be chosen as large or as 

small as one likes (see Section 3). Then in the second step one applies weights to 

the points in the group-divisible design (the weights chosen according to the 

specific problem under consideration) and then uses standard “filling in” 

constructions to obtain the desired combinatorial design. In this construction the 

group of size r ‘becomes’ the sub-design. (The group-divisible design is really just 

acting as a weak form of a Mandatory Representation design (see [13]).) 

We will apply our group-divisible designs to solve several important open 

problems. 

The first problem that we will consider involves the study of Kirkman Triple 

Systems with Subsystems (see Section 4). A Kirkman Triple System KTS(u) is a 

resolvable STS(u); it is well known that such a system exists if and only if u = 3 

modulo 6 (see [24] or [9]). Recalling the definition of a subsystem in a resolvable 

design it is easy to see that if a KTS(u) contains a (proper) sub-KTS(w), we must 

have v 2 3w. The following two results encompass what is known on this problem 

to date. 

Theorem 1.1 [Stinson, [34]]. If v = w = 3 modulo 6 and v 2 4w - 9 then there 

exists a KTS(u) containing a sub-KTS(w), except possibly when (v, w) = (81, 15) 

or (87,21). 

Theorem 1.2 [Rees and Stinson, [28]]. Let w = 3 modulo 6. Then there exist 

KTS(3w), KTS(3w + 6) and KTS(3w + 12) containing a sub-KTS(w), except 

possibly for KTS(3w + 12) when w = 45, 51, 63 or 87. 

We will herein prove the following result. 

Theorem (4.4). Let u = w = 3 modulo 6 and v 2 3w. Then there exists a KTS(v) 

containing a sub-KTS(w) whenever v - w 2 822, with eighty-six unsettled values 

of v - w below this order. 

A second problem that we will consider (in Section 5) is one that has attracted 

a considerable amount of interest in recent years, namely that of determining for 
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which u, w = 1 or 4 modulo 12 with u 3 3w + 1 does there exist a (v, 4, l)-BIBD 
containing a sub-(w, 4, l)-BIBD (i.e. the ‘block size four’ analogue to the 
Doyen-Wilson Theorem). We can (roughly) summarize the results known to date 
on this problem as follows. 

Theorem 1.3 [Brouwer and Lenz, [4]]. Zf w = 1 modulo 12 then there exists a 

(v, 4, l)-BIBD containing a sub-(w, 4, l)-BIBD whenever v = 1 or 4 modulo 12 
and v 2 13w + 36h - 12, where h is the least residue of (w - 1)/12 modulo 4. Zf 
w = 4 modulo 12 then such a design exists whenever v = 1 or 4 modulo 12 and 

v > 13w + 36h - 39, where h is the least residue of (w - 4)/12 modulo 4. 

Theorem 1.4 [Wei and Zhu, [35]]. (i) Zf w = 1 or 4 modulo 12 and w 2 85 then 

there exists a (v, 4, l)-BIBD containing a sub-(w, 4, 1) whenever v = 1 or 4 

modulo 12 and v 2 4w - 12. (ii) Zf w = 4 modulo 12 or w = 1 or 13 modulo 48, 
and if further w > 85, then such a design exists whenever v = 1 or 4 modulo 12 and 

v23w+l. 

We will prove the following results. 

Theorem (Lemma 5.1). Let.v = w = 1 or 4 modulo 12, v > 3w + 4 and v - w 2 

1644. Then there exists a (v, 4, l)-BIBD containing a sub-(w, 4, l)-BIBD. 

Theorem (Lemmas 5.3 and 5.4). Let v, w SE 1 or 4 modulo 12 where v - w is an 

odd integer ~1611. Zf w 2 373 then there exists a (v, 4, l)-BIBD containing a 

sub-(w, 4, l)-BIBD whenever v 3 3w + 1. Zf w < 373 then there exists a (v, 4, l)- 
BIBD containing a sub-(w, 4, l)-BIBD whenever 3w + 1 c v s 15~ + 28. 

Together with Theorem 1.3 our results will reduce the further study of this 
problem to a finite number of cases (see Theorem 5.5). 

Finally, in Section 6 we will turn our attention to constructing sub-designs in 
(certain) ‘complementary decompositions’. Let n > 0 and let 99 = {G,, . . . , G,} 

be a decomposition of K,,. Then a complementary decomposition AK, + % is a 
decomposition 9 of the complete multigraph AK, into K,‘s (i.e. a (v, n, A)- 

BIBD) with the property that for each j = 1, . . . , A the set { Gj E K,, : K,, E 9} is a 
decomposition of KU (we will refer to 9 as the root); note that this necessarily 
means that each Gj E % contains the same number (namely (n(n - 1))/2A) of 
edges. Note that the case A = 1 corresponds to constructing (v, n, l)-BIBDs. 

Where A > 1 the best-known examples of these designs are the so-called Nested 
Steiner Triple Systems. A Steiner Triple System STS(v) is said to be nested if one 
can add a point to each triple in the system and so obtain a (v, 4, 2)-BIBD. The 
spectrum of these designs was determined by Stinson [32]: 
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Theorem 1.5. There exists a nested STS(n) if and only if v = 1 modulo 6. 

It is easy to see that a nested STS(V) is equivalent to a complementary 

decomposition 2K,, + {K1,3, KF,3}. There is one other possible complementary 
decomposition 2K, --, {G, G”} where G has four vertices, namely where G = 
G’= P3 (the path with three edges); the spectrum of these designs was given by 
Granville, Moisiadis and Rees [S]. 

Theorem 1.6. There e.xzSs a complementary decomposition 2K, --, {P,, P,} if and 

only if v = 1 modulo 3. 

A second interesting problem was considered in [8]. Let us call two decomposi- 
tions %I = {G:, . . . , G:} and % = {G:, . . . , G:} of K, distinct if for no 
permutation u on (1, . . . , A} is it true that Gil = G&, for all i = 1, . . . , A. Then a 
(v, n, d)-BIBD (viewed as a decomposition 9 of AK,,+ K,) is called 
pandecomposable if for any set %i, . . . , Sk of distinct decompositions of K,, (each 
with A graphs) there exists, for each i = 1, . . . , k, a complementary decomposi- 
tion AK, + Y$ with 9 as its root. For example the following design is a 
pandecomposable (7,4,2)-BIBD (to each block a, b, c, d associate the graphs 
K1,3 and Ki,3 where the K1,3 has a on one side and b, c, d on the other, and also 
the graphs P3 and PS where P3 is the path abed). 

0,4,2,1 4,1,6,5 

1,5,3,2 5,2,0,6 

296,473 6,3,1,0 

3,0,5,4 

The following result was obtained in [8]. 

Theorem 1.7 [Granville, Moisiadis and Rees]. There exists a pandecomposable 

(v, 4, 2)-BIBD if and only if v = 1 modulo 6. 

A subsystem in a complementary decomposition AK,, --, 93 is just a complemen- 
tary decomposition AK,,,-+ 3 for some complete multisubgraph AK, G AK,. In 
particular, the root of the subsystem (a (w, n, A)-BIBD) is a sub-BIBD of the 
root of the ‘mother’ system (a (v, n, A)-BIBD). We will be interested in 
determining the spectrum of subsystems in complementary decompositions of the 
type given by Theorems 1.6 and 1.7. Note that, since in each case the roots are 
BIBDs with k = 4, a necessary condition for a system of order v to have a 
subsystem of order w is that TV 3 3w + 1. We will prove the following two results: 

Theorem (6.2). Let v and w be given with v = w = 1 modulo 6, v 2 3w + 4 and 

v - w 3 822. Then there exists a pandecomposable (v, 4, 2)-BIBD containing a 

sub-pandecomposable (w, 4,2)-BIBD. 
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Theorem (6.4). Let v and w be given with v = w = 1 modulo 3, v 2 3w + 1 and 
v - w 2 411. Then there exists a complementary decomposition 2K,, --, {P3, P,} 
containing a subsystem 2K, --, { P3, P,}. 

Remark. Note that as a corollary to the first result we have a solution (to within a 
finite number of cases) for the spectrum of subsystems in nested Steiner Triple 
Systems; as a corollary to the second result we have a similar solution for the 
spectrum of subsystems in (v, 4, 2)-BIBDs. (See Corollaries 6.3 and 6.5 in 
Section 6.) 

2. Definitions and preliminary results 

Of central importance to our work here will be the notions of a group-divisible 
design (GDD) and an incomplete group-divisible design (IGDD). A group- 
divisible design is a triple (X, G, B) where X is a set of points, G is a partition of 
X into groups and B is a collection of subsets of X (blocks) such that 

(i) IBi n Gil c 1 f or all Bi E B and Gj E G, and 
(ii) any pair of points from distinct groups occurs in exactly one block. 

An incomplete group-divisible design is a quadruple (X, Y, G, B) where X is a set 
of points, Y is a (possibly empty) subset of X, G is a partition of X into groups 
and B is a collection of blocks such that 

(i) IBinGjl~lforallBiEBandGjEG, and 
(ii) any pair of points x and y from distinct groups occurs in exactly one block 

unless both x and y are in Y, in which case x and y do not occur together in any 
block. Note that when Y = 0 an IGDD is just a GDD. 

We will usually describe GDDs and IGDDs by means of an exponential 
notation: a K-GDD of type g:‘g:’ - . -g: is a GDD in which there are ti groups of 
size gi, i = 1, . . . , r, and in which each block has size from the set K; a K-IGDD 

of type (gl, hJf1(g2, hJ*. * * (g,, h,Y is an IGDD (X, Y, G, B) in which there are 
ti groups of size gi, each with the property that its intersection with Y has 
cardinality hi, i = 1, . . . , r, and in which each block has size from the set K. 
When some hi = 0 we will suppress it; thus a 4-IGDD of type (9, 3)461 means a 
4-IGDD of type (9, 3)4(6, O)l. W e will also use other (standard) notations from 
time to time, as it appears convenient. For example we can replace the foregoing 
notation with K-GDD of type S, where S is the multiset consisting of ti copies of 
gi, or K-IGDD of type S, where S is the multiset consisting of ti copies of the 
(ordered) pair (gi, hi), i = 1, . . . , r. Finally, we will use the notation 
GD[K, M; v] to mean a group-divisible design on v points in which each block 
has size from the set K and each group has size from the set M. A PBD(K; v) will 
denote a pairwise balanced design (of index unity) on v points in which each 
block has size from the set K. Where there is exactly one block (resp. group) of 
some size k E K (resp. m E M) we will indicate this by writing k* (resp. m*). 
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We shall need some preliminary results before proceeding to Section 3. A 

group-divisible design is called resolvable if its block set can be partitioned into 

parallel classes. In [27] the authors considered the problem of constructing 

resolvable 3-GDDs and obtained a result which implies the following. 

Theorem 2.1 [Rees and Stinson]. Let g and u be given where gu = 0 modulo 3 

and g(u - 1) = 0 modulo 2, (g, U) # (2, 3), (2, 6) or (6, 3). Then there exists a 
resolvable 3-GDD of type g”, except possibly when 

(i) g = 6 module 12 and u = 11 or 14; 

(ii) g = 2 or 10 modulo 12 and u = 6. 

Assaf and Hartman [l] have constructed resolvable 3-GDDs of types 611 and 614, 

which easily gives 

Theorem 2.2 [Assaf and Hartman]. There exist resolvable 3-GDDs of type g” 
and g14, where g = 6 modulo 12. 

A frame is a group-divisible design (X, G, B) whose block set can be 

partitioned into holey parallel classes, i.e. each holey parallel class is a partition of 

X - Gj for some group Gj E G. The groups in a frame are usually referred to as 

holes. A Kirkmun frame is a frame in which each block has size 3; the spectrum of 

Kirkman Frames with uniform hole size was determined in [34]. 

Theorem 2.3 [Stinson]. There exists a Kirkmun Frame of type g” if and only if g 
is even, u * 4 and g(u - 1) = 0 modulo 3. 

Remark. It is noted in [34] that in a Kirkman frame (X, G, B) there are f lG,l 

holey parallel classes of triples that partition X - Gj, for each G, E G. It follows 

immediately that a Kirkman frame of type g” is equivalent to a 4-IGDD of type 

($g, ig)” (for a fuller discussion of this equivalence the reader is referred to [33]). 

We will be relying heavily on results that are known concerning resolvable 

BIBDs with block size 5. Our principal source of these designs is the work of W. 

H. Mills (see references) who has shown that for all r > 36 with r = 1 or 

6 modulo 15 there exists an (r, 6, l)-BIBD, with 165 possible exceptions. More 

recently, Mullin, Hoffman and Lindner [22] and Mullin [21] have reduced the size 

of the list of doubtful values to 96. We are of course using the fact that for each k 
the set of replication numbers for resolvable (v, k, l)-BIBDs is PBD-closed (see 

e.g. [25]) and that there is a resolvable (25,5, l)-BIBD, so that whenever an 

(r, 6, l)-BIBD exists then so does a resolvable (4r + 1, 5, l)-BIBD. That is, by 

using Table 1 in [21] together with Lemma 1.3 in [22], it follows that the set of 



Combinatorial designs with subdesigns 265 

replication numbers for resolvable BIBDs with block size 5 contains the set of 
integers congruent to 1 or 6 modulo 15, with the following possible exceptions: 

Table 1. 

36 46 

246 256 
351 316 
501 526 

711 736 

916 946 
1161 1176 

1456 1461 
1816 1821 
3501 4191 

61 141 166 

261 216 286 
406 411 436 

561 591 616 
741 766 771 

1011 1066 1071 
1186 1191 1221 
1486 1491 1516 
1851 1881 1971 
4221 5391 5901 

171 196 201 226 231 

291 316 321 336 346 
441 466 471 486 496 
621 646 651 676 706 

796 801 831 886 891 
1096 1101 1131 1141 1156 

1246 1251 1276 1396 1401 

1521 1546 1611 1641 1671 

2031 2241 2601 3201 3471 

Remark. It will be of use to us later on to notice that there are never more than 
three ‘consecutive’ (i.e. consecutive in the set {n E Z+: it = 1 or 6 modulo 15)) 
integers among the entries in Table 1. 

Finally, we will use the usual notation TD(k, n) to mean a transversal design 
with k groups of size n, that is, a k-GDD of type nk. Unless indicated otherwise, 
our source for these designs will be [2]. 

3. A new class of group-divisible designs with block size 4 

In this section we will construct our group-divisible designs, using as our 
primary tool the following construction. 

Construction 3.1. Let (X, Y, G, B) be an incomplete group-divisible design and 
let w:X+Z+U (0) and d:X + Z+ U (0) be nonnegative integer functions on X, 
where d(x) c w(x) for all x E X. Let 
that 

(i) for each block b E B there is a 
(ii) there is a K-IGDD of type 

a be a fixed nonnegative integer. Suppose 

K-IGDD of type {(w(x), d(x)):x E b}, 

and 
(iii) for each G, E G there is a K-GDD on a + Cxcc, w(x) points having a group 

of size a and a group of size Cxcc, d(x). 
Then there is a K-GDD on a + CxeX w(x) points having a group of size a and a 

group of size C,,,d(x). 

Remark. By setting Y = 0 and a = 0 in the above construction we obtain an 
equivalent version of construction 4.4 in [23]. 
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Lemma 3.2. Let a, j and h be integers where a = 3 or 6, j > 1 and h 2 0, and 
suppose that there exists a (5, 6}-IGDD (X, Y, G, B) (G = {Gi, . . . , Gj}) having 
the following properties: 

(i) JG,I~3andforeachi=2,...,j]G,JE{3,4,5}; 
(ii) Gi n Y = 0 and for each i = 2, . . . , j ]Gi II Y I E (0, h} ; also, if for some 

i, Gi rl Y # 0 then the same is true for at least four values of i. 
Then for each u = 0 modulo 3 with 3 ]YJ < u c 3 1x1 there is a 

GD[4, {3,6,9, u*}; 6 1x1 + u + a]. 

Proof. We use Construction 3.1. Let d :X+ (0, 3) be an assignment of the 
points such that d(y) = 3 for all y E Y, d(x) = d(x’) for all x, x’ E G, and 
CxeX d(x) = u. Such an assignment exists since IX - Y - Gil 2 ]G,l (this follows 
easily from the hypothesis). Let w(x) = 6 + d(x) for all x E X. Replace each block 
b in the incomplete group-divisible design by the relevant 4-IGDD, i.e. of type 
{(w(x), d(x)):x E b} (the type will be (9,3)‘6@‘- for some i, see appendix), and 
if h # 0 replace the ‘missing’ subdesign (i.e. on the points of Y) by a 4-IGDD of 
type (9h, 3h)lY” (see Theorem 2.3 and the remark following it). The groups in 
the incomplete group-divisible design are to be replaced by the relevant 4-GDDs, 
according to Table 2. This completes the proof. 0 

Corollary 3.3. Suppose that there is a GD[{5,6}, {3,4,5, r*}; s] with more than 
one group, where r 3 3. Then for each u = 0 modulo 3 with 0 s u < 3s and each 
a E (3, 6) there is a GD[4, {3,6,9, u*}; 6s + u + a]. 

Proof. Use Lemma 3.2 with h = 0 (so that Y = 0 and condition (ii) is 
vacuous). Cl 

We are ready now to prove the main result of this section. 

Theorem 3.4. Let Y = (20, 24, 25, 28, 29, 30, 31, 36, 40, 44, 45, 52, 59, 60, 63, 
64, 65) U {n E B : n 2 68) and let a E { 3, 6). Then for each s E Y and each u = 0 
modulo 3 with 0 < u < 3s there exists a GD[4, (3, 6, 9, u*}; 6s + u + a]. 

Proof. We use Corollary 3.3, exhibiting for each s E Y a (5, 6}-GDD satisfying 
the hypothesis of that corollary. 
s = 20 remove a point from a (21,5, l)-BIBD. 
s = 24,25 remove either one point or no points from a (25,5, l)-BIBD. 
s = 28, 29, 30 remove either three, two or one collinear point(s) from a 
(31,6,1)-BIBD. 
s = 31 there is a resolvable 4-GDD of type 3* (see e.g. [ll, Section 31); 
Add a group ‘at infinity’ of size 7 to this design. 
s = 36 add a group ‘at infinity’ of size 8 to a resolvable (28,4, l)-BIBD. 
s = 40 remove a point from a (41,5, l)-BIBD. 
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a IGI *.gGidk) 4-GDD of type Source 

3 3 0 3’6’ 

3 3 3 3s 

3 3 6 3’64 

3 3 9 379’ 

3 4 0 39 

3 4 3 3s6’ 

3 4 6 3’6’ 

3 4 9 3692 

3 4 12 3’12’ 

3 5 0 396’ 

3 5 

3 5 

3 5 

3 5 

3 5 

3 26 

and 

even 

3 ==7 

and 

odd 

3 36 

3 3’2 

6 3’66 

9 3’19’ 

12 396’12’ 

15 31’15’ 

0 3%l+ 

0 

3 IGil 32’G~‘+‘(3 IGJ)’ 

6 3 0 3462 

6 3 3 3’64 

6 3 6 6’ 

6 3 9 649’ 

6 4 0 6’ 

6 4 3 3’6’ 

6 4 6 66 

6 4 9 6’9’ 

6 4 12 6512’ 

6 5 0 66 

6 5 3 3’66 

6 5 6 6’ 

6 5 9 669’ 

6 5 12 6?2’ 

6 5 15 6?5’ 

6 26 0 61G,1+’ 

6 z=6 3 IGil 61G*‘+‘(3 IG;l)’ 

add six infinite points to a KTS(15) 

remove a point from a (25,4, l)-BIBD 

[28, appendix] 

add nine infinite points to a KTS(21) 

remove a point from a (28,4,1)-BIBD 

remove a point from a 

PBD({4,7*); 31)([3]) 
remove a point from a 

PBD((4,7*); 34)([3]) 
[28, appendix] 

add twelve infinite points to a KTS(27) 

remove a point from a 

PBD({4,7*); 34)([3]) 
remove a point from a (37,4,1)-BIBD 

appendix 

appendix 

[28, appendix] 

add fifteen infinite points to a KTS(33) 

remove a point from a 

(6 IG,l + 4, 4, l)-BIBD 

remove a point from a 

PBD({4,7*}; 6 IGil + 4)([3]) 

add 3 lG,l infinite points to a 

KTS(6 IG,l + 3) 

appendix 

[28, appendix] 

WI 
add nine infinite points to a 

resolvable 3-GDD of type 64 

(Theorem 2.1) 

[61 
remove a point from a 

PBD({4,7*); 34)([3]) 

P4 
[27, appendix] 
add twelve infinite points to a 

resolvable 3-GDD of type 6’ 

(Theorem 2.1) 

1’4 
appendix 

PI 
appendix 
appendix 

add fifteen infinite points to a 
resolvable 3-GDD of type 66 

(Theorem 2.1) 

[61 
add 3 IGil infinite points to a 
resolvable 3-GDD of type 61GzI+’ 

(Theorems 2.1 and 2.2) 
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s = 44, 45 there is a (45,5,1)-BIBD with a parallel class of blocks (see e.g. 
[12]); remove either one point or no points from this design. 
s = 52 add a group ‘at infinity’ of size 12 to a resolvable (40,4, l)-BIBD. 
s = 59 remove a block and a point from a (66,6, l)-BIBD (the resulting GDD 
has type 4?‘). 
s = 60, 63, 64, 65 remove either six, three, two or one collinear point(s) from a 
(66,6,1)-BIBD. 
68 s s s 80 add a group ‘at infinity’ of size s-65 to a resolvable (65, 5, l)-BIBD. 
80 <s s 94 Start with a resolvable TD(5,15) and construct on each group the 
design obtained by removing a point from the affine plane of order 4. We can do 
this in such a way that the resulting design is a resolvable {4,5}-GDD of type 325, 
having five parallel classes of quadruples and quintuples and fourteen classes of 
quintuples. Now add a group ‘at infinity’ of size s-75 to this design (the first five 
infinite points must complete the ‘mixed’ parallel classes). 
88 cs < 105 add a group ‘at infinity’ of size s-85 to a resolvable (85,5, l)-BIBD. 
98 c s < 114 Start with a resolvable TD(5,19) and on each group construct a 
copy of the design obtained by adding three points ‘at infinity’ to the affine plane 
of order 4. This can give us a {4,5}-GDD of type 3’4*” in which there is a parallel 
class containing 20 quadruples and 3 quintuples and in which there are a further 
eighteen parallel classes of quintuples. Add a group ‘at infinity’ of size s-95 (the 
first infinite point completing the parallel class containing the quadruples). 
108 d s 6 125 Start with a resolvable TD(5,21) and on each group construct a 
(21,5, l)-BIBD. Now add a group ‘at infinity’ of size s-105 to this design (the 
group-type will be 521(s-105)‘). 
123 c s c 149 Start with a resolvable TD(5,24) (4 MOLS of order 24 have been 
constructed by Roth and Peters [30]) and on each group construct a copy of the 
design obtained by removing a point from the affine plane of order 5. This can be 
done so that the resulting design is a resolvable 5-GDD of type 430; now add a 
group ‘at infinity’ of size s-120 to this design. 
148 <s 6 174 Take a resolvable TD(5,29) and construct on each group a copy 
of the design obtained by adding four ‘infinite’ points to the affine plane of order 
5. Adding a group ‘at infinity’ of size s-145 yields a GDD with group-type 45525 
(s-145)‘. 
158~:s c 185 Take a resolvable TD(5,31) and construct a (31,6, l)-BIBD on 
each group; then add a group ‘at infinity’ of size s-155 (the group-type will be 
53l(s-155)‘). 
180 c s s 214 Start with a resolvable TD(5,35) and on each group construct a 
copy of the design obtained by removing a block and a point from a 
(41,5, l)-BIBD. This we can do so that the resulting design is a {4,5}-GDD of 
type 325425 in which there are five parallel classes of quadruples and quintuples 
and thirty-four parallel classes of quintuples. Add a group ‘at infinity’ of size 
s-175 to this design (the first five infinite points completing the ‘mixed’ parallel 
classes). 
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208 s s c 255 add a group ‘at infinity’ of size s-205 to a resolvable (205,5,1)- 

BIBD. 
228 < s s 269 take a resolvable TD(5,45), constructing a (45,5,1)-BIBD on 
each group, and then adding a group ‘at infinity’ of size s-225 (the group-type will 
be 545(s-225)‘). 
s 3268 From here on we use resolvable (4r + 1, 5, l)-BIBDs, starting with 
r = 66. The reader is now referred to Table 1. Recalling that there are never more 
than three ‘consecutive’ entries in this table we can always write s = 4r + 1 + t 
where r is the replication number of a resolvable BIBD and 3 <t < min{r - 
1, 122). Now add a group ‘at infinity’ of size t to a resolvable (4r + 1, 5, l)-BIBD. 

This completes the proof of Theorem 3.4. q 

Remark. Regarding the values in the set Z+ - Y in Theorem 3.4 it is tedious but 
straightforward to check that if s =Z 19 or s = 21, 22, 23, 26 or 27 then no 
{5,6}-GDD satisfying the desired properties can exist. 

4. Kirkman triple systems with subsystems 

In this section we will prove the following result. 

Theorem 4.1. Suppose that u = w = 3 modulo 6, v 2 3w and v - w = 12,s + 6 or 

12s + 12, where s E YU (0, 1, 2, 3, 4, 5, 6, 7) (9’ is the set defined in Theorem 

3.4). Then there exists a KTS(v) containing a sub-KTS(w). 

We will use the following special case of Construction 3.1 to provide Theorem 
4.1: 

Construction 4.2. Let (X, G, B) be a group divisible design with block sizes from 
the set {n E Z+ : n = 1 modulo 3)) and let m be a positive even integer. Then there 
exists a KTS(m 1x1 + 3) containing subsystems of size m IGj( + 3, Gj E G. 

Proof. Apply Construction 3.1 with Y = 0, a = 3, w(x) = srn and d(x) = $rn for 
all x E X. The required input designs exist by Theorem 2.3 and the remark 
following it. 0 

Before proceeding to the proof of Theorem 4.1 we obtain the following designs. 

Lemma 4.3. There exist KTS(81) with a sub-KTS(lS), KTS(87) with a sub- 

KTS(21), KTS(117) with a sub-KTS(33) and a KTS(135) with a sub-KTS(39). 
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Proof. The first two designs are obtained by applying Construction 4.2 (with 
m = 2) to a 4-GDD of type 6’9l (see appendix of [27]) or a 4-GGD of type 31191 
(appendix). The fourth design is obtained by applying Construction 4.2 (with 
m = 4) to a 4-GDD of type 3891 (this GDD can be obtained by adding nine 
infinite points to a resolvable 3-GDD of type 46 (Theorem 2.1)). To get a 
KTS(117) with a sub-KTS(33) p roceed as follows. We first construct the following 
PBD((4, lo*, 16*}, 58): 
Points: (Z16X {1,2,3})U ({a} X Z2)U {mi:l CiS8). 

Blocks: The block of size 10 is ({a} x Z,) U {q : 1 c i =S S} and the block of size 
16 is Zi6 X (3). The blocks of size 4 are obtained by developing the following 
modulo 16 (the subscripts on a are to be evaluated modulo 2): 

arJ215103 ?I015203 9,15113*03 

a19&20, =%I 110203 4JlJ410, 

~1013203 ~7121W3 0111w2 

?3110203 “J316203 014181121 

0334114203 11w3103 024,w, 

m47115203 1~2~7~03 

Now remove a point to obtain a (4, lO}-GDD of type 3i4151 and apply 
Construction 4.2 (with m = 2) to this GDD. 0 

Proof of Theorem 4.1. If s = 0, 1, 2, 3, 4, 5, 6 or 7 use Theorems 1.1 and 1.2 and 
Lemma 4.3. Now let s E Y’. If v - w = 12s + 6 apply Theorem 3.4 with a = 3 and 
u = (w - 3)/2 (note that since ZJ 2 3w we have 0~ u 6 3s) to construct a 
GD[4, {3,6,9, (w - 3)2*}; (v - 3)/2]. Th en use Construction 4.2 (with m = 2) 
to obtain a KTS(v) with a sub-KTS(w), as desired. If ‘u - w = 12_s + 12 proceed as 
above using instead a = 6. q 

As an immediate corollary to Theorem 4.1 we have: 

Theorem 4.4. Let v = w = 3 modulo 6, v 3 3w and v - w 2 822. Then there exists 

a KTS(v) containing a sub-KTS(w). 

5. Balanced incomplete block designs (block size 4 and A= 1) with subdesigns 

Here we will prove our result on embeddings of (w, 4, l)-BIBDs. 

Lemma 5.1. Let v = w = 1 or 4 modulo 12, v 2 3w + 4 and v - w 3 1644. Then 

there is a (v, 4, l)-BIBD containing a sub-(w, 4, l)-BIBD. 
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Proof. Let h = a(v -w) and u = ](w - 1)/4(, and let s = [(h - 3)/61. Since 
u - w 2 1644 we have s L 68, and furthermore 

(i) if v = w = 4 modulo 12 and h is odd then 

3s=(h-3)/2>(2w_8)/8=uz=O, 

(ii) if IJ = w = 4 modulo 12 and h is even then 

h-6 

3s=2a 

(2w+16)-24 2w-8 

8 
=-==UO 

8 
f 

(iii) if u = w = 1 modulo 12 and h is odd then 

3s=h-3 2w-2 
-s-=uuO, 

2 8 
and 

(iv) if 21 = w = 1 modulo 12 and h is even then 

3s_h-6a(2w+22)-24 2w-2 >. 

2 8 
=-------=u_ 

8 

Thus we can use Theorem 3.4 (with a = 3 when h is odd, or a = 6 when h is even) 
to construct a GD[4, {3,6,9, u*}; h + u]. Now use Wilson’s Fundamental Con- 
struction [36] (this is really just a special case of Construction 3.1, i.e. with u = 0 
and w(x) = d(x) for all x E X) on this group-divisible design, replacing each point 
by four new ones, to obtain a GD[4, {12,24,36,4u*}; 4(h + u)]; add one or four 
‘ideal’ points (depending on whether w = 1 or 4 modulo 12) and fill in the relevant 
BIBDs. q 

Before proceeding we will need the following simple lemma. 

Lemma 5.2. Let s 5 268. Then there is an integer t with 4 s t =Z min{+s, 123) for 
which a (5, 6}-IGDD of type 4(s--5t)‘4(5, 1)’ exists. (Note that this IGDD has s 
points.) 

Proof. We proceed essentially in the same way as the case s 2 268 in the proof of 
Theorem 3.4. Again referring the reader to Table 1 we can write s = 4r + t where 
r is the replication number of a resolvable BIBD with block size 5 (r 2 66) and 
4 < t s min{+s, 123). (Certainly t need never be greater than 123 since Table 1 
does not contain more than three ‘consecutive’ entries; on the other hand it can 
be checked that the largest value that t/s need take occurs when s = 307, when we 
must write 307 = 4 - 66 + 43, so that t/s = 431307 < 4.) Add t points ‘at infinity’ to 
a resolvable (4r + 1, 5, l)-BIBD and then remove a point other than one of the 
ones just added. A {5,6}-IGDD of type 4’-‘(5, 1)’ is obtained (the ‘missing’ 
subdesign occurs on the t new points). •I 
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Lemma 5.3. Let v, w = 1 or 4 modulo 12 where v 2 3w + 1 and v - w is an odd 

integer >1611. Zf w 3 373 then there is a (v, 4, l)-BIBD containing a sub-(w, 4, l)- 
BIBD. 

Proof. Let s = a(v - w - 3); since v - w Z= 1611 we have s 2 268. From Lemma 
5.2 there is a {5,6}-IGDD (X, Y, G, B) of type 4(s-5t)‘4(5, 1)’ for some 
4 s t s 123. Now we apply Lemma 3.2 with h = 1, ]Y] = t and a = 3, and with 
u = w - 1. Note that u 3 3t since w 2 373; moreover, since s and t have the same 
parity it is easily deduced that u - 3t = 0 modulo 6. This means (see the proof of 
Lemma 3.2) that we can assign the function d to X in such a way that for each 
group Gi E G an even number of points in Gi - Y are assigned a value of 3; in 
turn (see Table 2) the only triples (a, ]G,], zd(x)) that will arise are (3,4,0), 

(3,4,6), (3,4,12), (3,5,3), (3,579) or (3,5,15). In this way we obtain a 
GD[4, (3, u*}; 6s + u + 31, i.e. a GD[4, (3, (w - l)*}; v - 11. Now just add a 
point to ‘complete’ the groups, and construct a (w, 4, l)-BIBD on the block of 
size w. •! 

Lemma 5.4. Let v, w = 1 or 4 modulo 12 where 3w + 1 c v < 15~ + 28 and v - w 

is an odd integer 21611. Then there exists a (v, 4, l)-BIBD containing a 

sub-(w, 4, l)-BIBD. 

Proof. Proceed as in the proof of Lemma 5.3, using instead the inequality 
4 s t s 4s (from Lemma 5.2). We will again use Lemma 3.2 with h = 1, ]Y] = t, 
a = 3 and u = w - 1. We must therefore only show that u 2 3t. 

By hypothesis, v s 15~ + 28. Since v = 6s + w + 3 it follows that s s SW + 5. 
On the other hand s 3 7t, so that w 2 3t - f$. But w = 1 modulo 3 so that in fact 
w 3 3t + 1, i.e. u 23t, as desired. 0 

Together with Theorem 1.3, Lemmas 5.1, 5.3 and 5.4 yield the following block 
size 4 analogue to the Doyen-Wilson Theorem (missing a finite number of cases). 

Theorem 5.5. Let v, w = 1 or 4 modulo 12, v 2 3w + 1 and v - w 3 1635. Then 

there exists a (v, 4, l)-BIBD containing a sub-(w, 4, l)-BIBD. 

Proof. If v - w is even, or v - w is odd and w 2 373 then we use Lemmas 5.1 or 
5.3 respectively. If v - w is odd and w is ‘small’, i.e. w < 124, then use Theorem 
1.3 (which asserts that a (w, 4, l)-BIBD can always be embedded in some 
(v, 4, l)-BIBD whenever v 2 13w + 96). For values of w between 133 and 364 use 
Lemma 5.4 in conjunction with Theorem 1.3. 0 
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6. Subdesigns in complementary decompositions 

In this section we obtain some results on subdesigns in complementary 
decompositions. We will need the following design, which appears in Lemma 2.4 
of [S]: 

Lemma 6.1. There is a pandecomposable covering of the complete multipartite 

graph KZW by Kd’s. 

Proof. Take the following design, whose blocks are to be interpreted as in the 
example preceding Theorem 1.7: 

Groups: 0,l 2,3 4,5 6,7 

Blocks: 0,2,7,4 4,2,6,1 
I, 3,675 5,3,7,0 
2,1,5,7 6,0,5,2 
3,0,4,6 7,1,4,3 0 

Theorem 6.2. Let v = w = 1 modulo 6, v 2 3w + 4 and v - w 2 822. Then there 

exists a pandecomposable (v, 4,2)-BIBD containing a sub-pandecomposable 

(w, 4,2)-BIBD. 

Proof. Use Theorem 3.4 to construct a GD[4, {3,6,9, (w - 1)/2*}; (v - 1)/2] 
(i.e. let s = ](v - w - 6)/121). N ow apply Wilson’s Fundamental Construction 
[36], replacing each point by two new ones and each block by the design in 
Lemma 6.1; add one ‘ideal’ point and fill in pandecomposable (7,4,2)-, 
(13,4,2)-, (19,4,2)- and (w, 4, 2)-BIBDs. 0 

As an immediate consequence of Theorem 6.2 we have 

Corollary 6.3. Let v = w = 1 modulo 6, v 2 3w + 4 and v - w 3 822. Then there 
exists a nested STS(v) containing a sub-nested STS(w). 

Theorem 6.4. Let v = w = 1 modulo 3, v 2 3w + 1 and v - w 3 411. Then there 

exists a complementary decomposition 2K, -+ {P,, P3} containing a sub- 

complementary decomposition 2K, + { P3, P,}. 

Proof. Use Theorem 3.4 (with s = ](v - w - 3)/61) to construct a 

GD[4, {3,6,9, (w - I)*]; v - 11. Add a point to ‘complete’ the groups and so 
obtain a PBD({4,7,10, w*}; v) and then construct a complementary path 
decomposition on each block. 0 
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Since the root of a complementary decomposition 2K,, + {P,, P,} is a (XI, 4,2)- 
BIBD Theorem 6.4 now yields the following version of Theorem 5.5 for 
embeddings of (v, 4, 2)-BIBDs: 

Corollary 6.5. Let z1= w = 1 modulo 3, v 2 3w + 1 and v - w 2 411. Then there 
exists a (v, 4,2)-BIBD containing a sub-(w, 4, 2)-BIBD. 

Remark. The embeddings given by Corollary 6.5 will, in general, contain 
repeated blocks. 

7. Conclusion 

We expect that the techniques employed in Section 3 of this paper will be very 
useful in considering a wide variety of problems concerning subdesigns in 
combinatorial designs. This is because Construction 3.1 can of course be used to 
construct group-divisible designs, analogous to those in Lemma 3.2, for larger 
block sizes. 

Concerning the present material, we can already use Lemma 3.2 to go a long 
way towards solving the spectrum for partially resolvable partitions PRP 
2-(3,4, V; m) (i.e. a PBD({3,4}; ) v w h ose triples can be arranged into m parallel 
classes, see [lo]); a few difficulties remain, however, and we hope to report on 
this in a future paper. 

We will also report on some recent progress made concerning the unsettled 
cases in Sections 4 and 5. For example, at the time of writing, there are just fifty 
pairs (v, w) remaining for which the existence of a KTS(u) containing a 
sub-KTS(w) has not yet been established. 

Note added in proof. Since the time of writing we have become aware that R. 
Wei and L. Zhu, in a follow-up paper to [35] entitled ‘Embeddings of S(2, 4, u)‘, 
have come very close to a complete solution for subdesigns in BIBDs with block 
size 4 and A = 1. 
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Appendix 

Incomplete group-divisible designs with block size 4: 

A 4-IGDD of type (9, 3)5 
See Theorem 2.3 and the remark following it. 

A 4-IGDD of type (9, 3)461 
See the appendix in [28]. 

A 4-IGDD of type (9, 3)362 
Points: (Z, X { 1,2,3,4,5}) U ({a, b, c} X if,). 

Groups: {Z, X {i} :i = 1, 2) U {(& X (3)) U ({a} X Z,)} 

u {(G X (41) u ({b] X a,)> u {(G x 15)) u ({c> X &)I. 
Subgroups: {{a} X Z,} U {{b} X i?‘,} U {{c} X Z,}. 

Blocks: develop the following modulo 6 (the subscripts on a, 6 and c are to be 
evaluated modulo 3): 

WdMo O,W&, 
413% W3W 1 

W234a2 O1 1245ao 
0,440,% W4La1 

014253Co 013224C1 

013314C2 023304Co 

012344% 01435455 
02433425 02232455 

A 4-IGDD of type (9, 3)*Cj3 
Points: (Z, X {1,2,3,4,5,6}) U ({a} X 273) U ({b} X Z3) U ({c} X Z3) 

u {Wj : 1 =z i C 9}. 
Groups: {{i} x {1,2, 3, 4, 5, 6):j = 0, 1,2} U {({a} X Z3) U ({b} X 27,) 

U ({C} X Z3)} U {{““i: 1 s i C 9}}. 

Subgroups: {{a> x Z3> U {{~~,w~, M3>>. 
Blocks: develop the following modulo 3: 

a001132, a#%2204 ~0~,2,0, %O”32,13 

a&2416 a0m92306 b&%2& Coo040215 

aom4l103 bom,241, bo+203 Corns2304 

aomJ205 bom202& boYJ305 Co%% 12 

ao%L& bo@‘311% boc+h12 CO%&16 

@092114 bo~404l, Com,03&a ComJ,OfJ 

~1011121 032031323 Co=J20114 Co=@4% 

m1o21222 m2%15& m3041424 m3w6& 

A 4-IGDD of type (9, 3)‘64 
This is just a 4-GDD of type 6491, obtainable by adding nine infinite points to a 

resolvable 3-GDD of type 64 (Theorem 2.1). 
A 4-IGDD of type (9, 3)6 

See Theorem 2.3 and the remark following it. 
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A 4-IGDD of type (9, 3)‘6l 
See the appendix in [28]. 

A 4-IGDD of type (9, 3)462 
Points: Z12 X {1,2,3,4}. 
Groups: { (0 + i, 4 + i, 8 + i} X { 1, 2, 4) : i = 0, 1, 2, 3) 

U{{O+i,2+i,4+i,6+i,8+i,1O+i}x{3}:i=O,1}. 

Subgroups: ((0 + i, 4 + i, 8 + i} X (4): i = 0, 1, 2, 3). 

Blocks: develop the following modulo 12: 

01112203 01325223 

113110204 2110311304 

611110304 51328304 

71125304 101923304 

91134304 22729304 

52626304 112237304 

01316191 0~326292 

A 4-IGDD of type (9, 3)363 
Points: Z9 X { 1,2,3,4,5}. 
Groups: { (0 + i, 3 + i, 6 + i} x {1,2, 5): i = 0, 1, 2) 

U ((0 + i, 3 + i, 6 + i} x (3, 4): i = 0, 1, 2). 
Subgroups: { (0 + i, 3 + i, 6 + i} x (5): i = 0, 1, 2). 
Blocks: develop the following modulo 9: 

Oil%2203 22148405 11045405 

01214334 52726305 41815305 

01723374 43836405 5 1427405 

71344405 01425204 82233305 

21037305 02426324 12132405 

A 4-IGDD of type (9, 3)264 
Points: &x(1,2,3,4,5,6,7}. 
Groups: {Z,~{j}:j=5,6}U{{O+i,2+i,4+i}X{3,4}:i=O, l} 

U{{O+i,2+i,4+i}X{1,2,7}:i=O,1}. 
Subgroups: { (0 + i, 2 + i, 4 + i} X (7): i = 0, l}. 
Blocks: develop the following modulo 6: 

01120506 02042517 0123261, 

01520314 03%5~2, 0134363, 

021,431, 04554~2, 02533657 

01532416 01321556 03133,4, 

02341546 01115455 04143647 

01043557 01332~46 01310333 

0223353, 02035405 02320434 
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A 4-IGDD of zype (9, 3)165 
This is just a 4-GDD of type 6591, and can be found in the appendix of [27]. 

Remark. The 4-IGDDs with no groups of size 9 are of course just 4-GDDs of 
types 65, 66, and so exist by [6]. 

Group-divisible designs with block size 4: 
A 4-GDD of type 3166 
Points: & U ({a} X &). 
Groups: { (0 + i, 6 + i, 12 + i, 18 + i, 24 + i, 30 + i}: i = 0, 1, 2, 3, 4, 5} 

u {{a> x z,>. 
Blocks: develop the following modulo 36 (the subscript on a is to be evaluated 

modulo 3) : 

0, 1,3,11 0,5,14,21 0,4,17, a, 

A 4-GDD of type 31191 
Points: (& X {1,2,3,4,5,6}) U ({a, b} X z3). 
Groups: ((0 + i, 2 + i, 4 + i} X {j}: i = 0, 1; i = 1,2, 3,4,5} U {{a} X Z3} 

U {@6 x (61) u (lb) x z,)>. 

Blocks: develop the following modulo 6 (the subscripts on a and b are to be 

evaluated modulo 3): 

01030406 WdMo O&1&2 

01321436 02530414 O&Ssbo 

014356aO 01223316 Orli522, 

025536@ 01533446 02430515 

02233546 01°526u2 01311545 

03544536 0Z2d45 l6 0232aobo 

02033&i 02542526 0333aobj 

014425bl 01243$1 0434aobz 

A 4-GDD of type 3462 
Points: Z12 U ({a} X &) U ({b} X &) U {q : 1 S i S 4). 

Groups: { (0 + i, 4 + i, 8 + i}: i = 0, 1, 2, 3) U {{a} X &} 
U {({b} X Z,) U {wi : 1 C i S4)). 

Blocks: the following, for i = 0, 1,2, 3,4, 5 (the subscripts on b are to be 
evaluated modulo 2): 

~~(0 + 2i)(l + 2i)mi aibi(2 + 2i)(4 + 2i) 

~~(3 + 2i)(8 + 2i)w2 uibi+i(5 + 2i)(7 + 2i) 

~~(6 + 2i)(ll + 2i)w3 (0 + 2i)(3 + 2i)(6 + 2i)(9 + 2i) 

a,(9 + 2i)(lO + 2i)w, 
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A 4-GDD of type 669l 
Points: &U ({a} X Z,). 
Groups: { (0 + i, 6 + i, 12 + i, 18 + i, 24 + i, 30 + i}: i = 0, 1,2, 3, 4, 5) 

u {{a) x &I>. 
Blocks: develop the following modulo 36 (the subscripts on a are to be evaluated 
modulo 9): 

0, 1,5,27 1,17,34, ao 0,2, 13, a, 5, 12, 33, a, 

A 4-GDD of type 6’?2l 
Points: (Z12 X { 1,2,3}) U {mi : 1 s i s 12). 
Groups: { (0 + i, 6 + i} X { 1, 2, 3) : i = 0, 1, 2, 3, 4, 5) U { {mi : 1 s i s 12)). 
Blocks: develop the following modulo 12: 

YO15243 03~0~4~2~ 

~018253 cQ40132113 

035011283 ~,012273 

T?O* 11233 cQ90110*13 

To017293 %0192103 

then, for each j = 1,2, 3 construct a 4-GDD of type 27 on the groups 
{ (0 + i, 6 + i} X {j} : i = 0, 1, 2, 3, 4, 5) U { {Oo6, m12}} (a 4-GDD of type 27 is 
obtained by developing the block 0, 1,4,6 modulo 14). 


