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1. Introduction

Matrix equations are often encountered in systems and control, such as Lyapunov matrix equations, Sylvester matrix
equations and so on. Traditional methods convert such matrix equations into their equivalent forms by using the Kronecker
product, however, which involve the inversion of the associated large matrix and result in increasing computation and
excessive computer memory. By extending the Jacobi iteration [1], the gradient based and least-squares based iterative
methods proposed in [2,3] can be used to solve the general matrix equation:

p
ZAiXBi =F,
i=1

which includes the Sylvester matrix equation as a special form. But the method there is not suitable for solving general linear
matrix equations in (1) in the next section, which include the Lyapunov equations, Sylvester equations as the special cases,
e.g., [4].

Iterative approaches for solving matrix equations and recursive identification for parameter estimation have received
much attention, e.g., [5-10]. For example, Dehghan and Hajarian studied the iterative algorithm for the reflexive solutions
of the generalized coupled Sylvester matrix equations [ 11]; Mukaidani et al. gave a numerical algorithm for finding solution
of cross-coupled algebraic Riccati equations [12]; Zhou et al. studied the explicit solutions to generalized Sylvester matrix
equations [13,14]. Also, Kilicman et al. presented the vector least-squares solutions for coupled singular matrix equations
[5]; Ding and Chen presented a gradient based and a least-squares based iterative algorithms for generalized Sylvester matrix
equations and general coupled matrix equations by introducing the star (x) product of matrices [15,16]. Finally, Al Zhour
et al. discussed some new connections between matrix products for partitioned and non-partitioned matrices, including the
star product [17] and the solutions of other matrix equations can be found in [18-20].
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This paper decomposes the system in (1) into several subsystems by applying the hierarchical identification principle [ 15,
21,22], regards the unknown matrix X as the system parameter matrix, and presents a gradient based iterative algorithm
for solving the matrix equations in (1).

The rest of the paper is organized as follows. Section 2 derives iterative algorithm for solving the general matrix equations
in (1) and studies convergence properties of the algorithm. Section 3 provides two examples to illustrate the effectiveness
of the proposed algorithm. Finally, we offer some concluding remarks in Section 4.

2. The exact and iterative solutions of general matrix equations

In this section, we apply the hierarchical identification to solve the following general linear matrix equations:

) q
> AXB;+) CX'D;=F, (1)
i=1 i=1

where A; € R™*™ B; € R™,C; € R, D; e R™ and F = [f,f,, ....f] € R are given constant matrices, X € R™*"

is the unknown matrix to be solved.
Let us introduce some notations first. The symbol I or I, stands for an identity matrix of appropriate sizes or size n x n.
For two matrices M and N, M ® N is their Kronecker product (called direct product); for an m x n matrix

X =[x,%,....,%] e R™", % €R™,
col[X] is an mn-dimensional vector formed by the columns of X, i.e.,
X1
X
collX]=| . [ eR™.
X

According to the above definitions, the unique solution of the equation AX + XB = F can be expressed as
col[X]= (I ® A+ B' ® ) 'col[F],

if 1 ® A+ B" ®I is invertible. Referring to Al Zhour and Kilicman’s work [17], let P, € R™*™ be a square mn X mn matrix
partitioned into m x n submatrices such that ijth submatrix has a 1 in its jith position and zeros elsewhere, i.e.,

m n
P =2 ) Ey®E],
i=1 j=1

where E;; = e,-ejT called an elementary matrix of order m x n, and e; (¢;) is a column vector with a unity in the ith (jth)
position and zeros elsewhere of order m x 1 (n x 1). Using this definition, we have

Pppcol[X"] = col[X],  PunPum = I, P, =P} = Py
Thus the solution of equation AX + X"B = F can be expressed as
col[X] = WTW)~'WTcol[F],
where W =1 ® A+ (B' @ )P,
The following studies contain the exact and iterative solutions of the general matrix equation in (1).

2.1. The exact solution

Lemma 1. Let
p q
S:=) B ®A+) (D] ®C)Pun,
i=1 i=1

then Eq. (1) has a unique solution if and only if rank{S, col[F]} = rank[S] = mn (i.e., S has a full column rank). In this case, the
unique solution is given by

col[X] = (§TS) 'S col[F], (2)
and the corresponding homogeneous matrix equation in (1) with F = 0 has a unique solution X = 0.

The results of Lemma 1 is obvious, and the proof of which is omitted here. O

2.2. The iterative solution

Eq. (2) can give the solution of (1) but it requires excessive computer memory because of computing the inversion of the
large matrix S'S of size (mn) x (mn) as the dimension of X increases. This motivates us to study the iterative algorithm
to solve (1). The following uses the hierarchical identification principle, regards the unknown matrix X as the parameter
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matrix of the system in (1), decomposes (1) into p + q subsystems, and then presents a gradient based iterative method to
obtain the iterative solution of the parameter matrix of each subsystem.
Define the following matrices:

p q
Q:=F— ) AXB—)» CX'D, j=12,...p. 3)
i=1,ij i=1
) q
Q =F—) AXBi— Y CX'D, I=12...q (4)
i=1 i=1,il
Then from (1), we obtain p + q fictitious subsystems
Subsystemj : AXBi=Q;, j=12,...,p.

Subsystem p + 1 : CIXTDlepH, I1=1,2,...,q.

Let X;(k) be the estimate or iterative solution of X at iteration k, associated with ith subsystem. Applying the gradient search

method [2] or Corollary 3 in [16] to Subsystem i,i = 1, 2, ..., p 4+ g, we can obtain the iterative algorithms:
Xj(k) = Xj(k — 1) + uA/[Q; — AX;(k — DBj]B], j=1,2,....p. (5)
Xp+1(k) = Xpyi(k = 1) + uDi[Q,y — DiXpu(k — DCIC, [=1,2,...,4q. (6)
The convergence factor . > 0 will be given later. Substituting (3) and (4) into (5) and (6) gives
p q
X;(k) = Xj(k — 1) + nA |:F — > AXB;— ) CX'Di—AX;(k — 1)3,-]3}, (7)
i=1,ij i=1
p q T
X,p11(k) = Xpyy(k — 1) 4 ub, [F — Y AXB — > CX'Di—CXy, (k- 1)0,] C. (8)
i=1 i=1,il

Here, a difficulty arises in that the expressions on the right-hand sides of (7) and (8) contain the unknown matrix X; so it
is impossible to realize the algorithm. The solution is based on the hierarchical identification principle [15,16,21,22]: the
unknown variable X in (7) and (8) is replaced by its estimate X;(k — 1) and X,4,(k — 1) at time (k — 1). Hence, we have

p q
X;j(k) = X;j(k — 1) + pA] |:F — > AXj(k— 1B — Y CX] (k- 1)1)1]3}, (9)
i=1 i=1
)4 q T
Xp1(k) = Xpyi(k — 1) + by [F = AXpu(k— DB — ) CX (k- ])D,-] C. (10)
i=1 i=1

In fact, we need only an iterative solution X (k) rather than p + q solutions X;(k):i = 1, 2, ..., p + q. Taking the average
of the p 4+ g solutions as the iterative solution X (k) of X, we obtain a gradient based iterative (GI) algorithm for the general
matrix equation in (1):

1 )4 q
X(k) = —— [ijuo + mek)} (11)
pP+a| i3 =1
)4 q
Xj(k) =X(k—1) + uAjT|:F — Y AX(k— 1B — > CX"(k— 1)D,<:|BJT, (12)
i=1 i=1
p q T
X, i(k) = X (k — 1) + uD, [F — Y AX(k— 1B — > CX"(k— 1)Di] C. (13)
i=1 i=1
A conservative choice of the convergence factor p is
p q -1
0<p< Z!meax[AjA}]Amax[B}Bj] + meax[c,cmmax[nfm} = Ho- (14)
j=1 =1

To initialize the algorithm, we take X (0) = 0 or some small real matrix, e.g., X(0) = 107%1,,,., with 1,,,, beingan m x n
matrix whose elements are all 1.

Theorem 1. If Equation in (1) has a unique solution X, then the iterative solution X (k) given by the algorithm in (11)-(14)
converges to X, i.e., lim,_, o, X (k) = X; or, the error X (k) — X converges to zero for any initial value X (0).
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Referring to the methods in [2,3,15,16], we prove this theorem.
Proof. Define the estimation error matrices:

Xi(k) = Xi(k) — X,

- 1 P a. .
Xk =X(k) —X = —— [Z X;(k) + pr+,(l<)], (15)
p + q j=1 =1
and
£(k) = AX(k—1)B;,  n;(k) := DX (k — 1)C], (16)

Using (1), (12)-(13) and (16), it is easy to get
X;(k) = X;(k) — X

p q
=Xk-1)-X+ ,u,AjT|:F — Y AX(k— 1B — > CX"(k— 1)1)1}3}

i=1 i=1

[ p q
=Xk—1) — 1A ZA,-(X(k —1)—X)B; + Z CX"k—1) — xT)Di]BjT
i=1 i=1

)4 q
= X(k—1) — uAj| Y AX(k— 1B+ Y CX' (k- 1)0,}3}
i=1

i=1

1
. [P q
=X(k—1) — pA| Y &)+ Y _ni (k) |B]. (17)
| i=1 i=1
Similarly,
P q T
Xpi(k) = X (k= 1) - MDI[Z &)+ n,-T(k)} C1. (18)
i=1 i=1
Taking the norm of both sides of the above equations and using the formula: trfAB] = tr[BA] and tr[A"] = tr[A] give
~ ~T ~
IX; (1> = tr[X; ()X, (k)]
P q 2
= |X(k—1) — pA! [Z g+ nf(k)}g}
i=1 i=1

p q
= IX(k = DI - utr{f(T(k - DA}[Z &)+ n?(k)]sf}
i=1

i=1
p q 5 p 9

- ,utr{Bj [Z Elo+Y ni(lc):|AjX(k - 1)] +u? |A] [Z g+ nf(k)}BjT
i— = i=1 i=1

i=1 i=1

p q
< IRk 1|2 - ZMtr{ [Z 00+ n?(k)};}(k)]
i=1 i=1

2

2
+ 1 Amax [AA] Vmax (B By Zpljs,»ao +in}(k> : (19)
Similarly, _ .
IXpr1 ()1 < [1X(k— D> — 2Mtr{ [i & (k) + i nf(k)}m(k)}
B » - q 2
+ 12 Amax [€1CT IAmax [D] D] ;smk) + ; n (k)| (20)
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Hence, using (19) and (20) and from (15), we have

o q)z ij(k) + Zx,,+,(/<)
1 ~ -
" (Z 11X (R[> + Z ||xp+,<k>||2>
j=1 =1
Sia !pn)«k - DI - 2Mtr! [Zs (k) + Z m (k)} [Zs (k)] }

i=1 i=1

+u (Z Mmax A/A] A max BTB,]> ‘ D &+ Z n; (k)

j=1

p q q
+qllX(k— 1)|* — zmr{ [Z&-(/«) +y n?(k)} > m(k)}
i i=1 I=1
+u (Z Amax[C1C] Thmax DTDI]> ‘ D &k + Z n; (k) ]
=1

2 (Z Mmax[A/A] 1A mmax [B] B;]

J=1

IX (k) |12

IA

I/\

~ 1
= [X(k— D] — ——
X ( |l p+q{

2

)4 q
Y g+ 0l k)

i=1 i=1

+

q
=

max [CICT]}‘-max [DTD1]> ]

1

p
< IXO)|* - pMTq {2 - u(Z Amax[AjA] Imax B} Bj]

=1

)

q k
+ ) max[C1C] Ihmax [D] D] )}(Z
=1 j=

If the convergence factor w is chosen to satisfy

q
() + > G)
i=1

-1
0<p< Z:kaax[A,ATJAmx[BTB, + meax[c cTJAmaX[DTD,]} :
Jj=1 I=1

then we have

2

i=1

p

q 2
&G+ G
i=1

< Q.

For the necessary condition of the series convergence, when k — oo, we have

p q 2
&G+ 0l k)
i=1 i=1

— 0,

or

2
ZAX(k— 1)B; +Zcx (k—1)D;|| — 0.

i=1

According to Lemma 1, we can get)N((k — 1) — 0as k — oo. This proves Theorem 1. O

Next, we show that the convergence rate of the gradient based iterative algorithm in (11)-(14) depends on the condition
number of the associated matrix @ below, like the iterative algorithm of the equation Ax = b [1,2]. From (15)-(18), we have
X X M ahe Ta ¥ T [ aby T o T
X(k) =Xk—1) — —— A;AX(k—1)BB, — —— DD: X (k — 1)C;C,

=1 i=1
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aq

_+ ke T H $ T T
Y S AlcX (k- 1)DB —mZZDle (k — DAJCy,

p+qjlzl =1 i=1

which can be equivalently expressed as
col(X (k)] = (Imn - Lqﬁ)col[}?(k — 1], 1)
p+q

where
q

= ZP:ZP:B]BT AlA +

j=1 i=1 =1 i=

p q q p
CIC;i®DD} + ) (BD] ®A[C)Pyy+ Y Y (C[A; ® DiB})Pyp. (22)
1

j=1 i=1 =1 i=1

From (21), we can see that the closer the eigenvalues of tD are to 1, the closer the eigenvalues of I, — p+q ¢ tend

to be zero, and hence, the faster the error col[X (k)] or X (k) converges to zero. In other words, the gradient based iterative
algorithm in (11)-(14) has a fast convergence rate for small condition numbers of @.

Similarly, by means of the hierarchical identification principle and referring to [3,15], we can obtain the least-squares
based iterative (LSI) algorithm of (1):

i=1

)4 q
X;j(k) =X (k — 1) + w(AJA) AT |:F Y AX(k— 1B — > CX"(k— 1)0,} B/(BB)™', j=12....p, (23)

T
p q
Xp(k) = X(k — 1) + w(DD)) "' D, |:F - ZA,X(k — 1)B; — ZcixT(k - 1)0,} acicy™, 1=1,2,...,q24)

i=1 i=1
1 b q
X(k) = [ij(k) + pr+,(l<)i|, 0<u<20p+0). (25)
P+a|i= =1

For Eq.(1), whenp=q=1andA; = A € R"™™,B; = C; = I,, D; = B € R™", we obtain a special case of the form:
AX +X"B=F, (26)
the gradient based iterative (GI) algorithm of (26) is as follows:
X1 (k) 4+ X5 (k)

X(k) = — (27)
X1(k) = X(k— 1) + pAT[F — AX(k — 1) — X"(k — 1)B], (28)
Xo(k) = X(k — 1) + uB[F — AX(k — 1) — X" (k — DB]", (29)
0< < o= 2 30)

Amax[AAT] 4 Jmax[B'B]
Similarly, referring to [3,15], we can obtain the least-squares based iterative (LSI) algorithm of (26) as follows:

X.(k) =Xk — 1)+ w(ATA)'AT[F — AX(k — 1) — X"(k — 1)B], (31)

Xo(k) = X(k— 1) + n(BB)'B[F — AX(k — 1) — X"(k — DB]", (32)

X(k):w, 0<u<4 (33)
3. Examples

This section gives two examples to illustrate the performances of the proposed algorithms.

Example 1. Suppose that AX + X"B = F, where

A A |

From (2), we can obtain the solution of this matrix equation, which is

xn x| )12
e e R
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0-6 T T T T T T T T T

0 10 20 30 40 50 60 70 80 90 100
k

10 = 2{A\max[AAT] + Apax[ BT B} 1 = 0.27

Fig. 1. The errors § versus k of Example 1.
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o = 2{ 2 Amax[Aj A Amax [ B} Bj] + 121 /\max[CzCzT]/\max[DzTDﬂ} = iz
i= =

Fig. 2. The errors § versus k of Example 2.

Take X (0) = 10~%1,,,. Applying the Gl algorithm in (27)-(30) to compute X (k), the iterative errors § := || X (k) — X||/|IX||
versus k are shown in Fig. 1.

From Fig. 1, itis clear that the errors § become smaller and go to zero as k increases. The effect of changing the convergence
factor u is illustrated in Fig. 1. We can see that for © = 0.20, 0.27 and 0.38, the larger the convergence factor u, the faster
the convergence rate. However, if we keep enlarging p, the algorithm will diverge. How to choose a best convergence factor
is still a project to be studied.

Example 2. Suppose that A;XB; + A;XB, + C;X"D; + C,X"D, = F, where

1 0 0 1 2 -1 3 -1
Al = |:2 _]] s A2 = |:3 _]] ) B] = [1 ]] ) BZ = [2 ]] )
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1 2 -1 3 2 -1 1 1 35 9
Cl:[—l 2]’ CZ:[—] 2] Dl:[l 2]’ DZ:[—] 0]’ Fz[zo 7]
From (2), the solution is
xn x| )12
X= |:X21 Xzz] a |:3 1]'
Taking X (0) = 107%1;,,, we apply the algorithm in (11)-(14) to compute X (k). The errors § := || X (k) — X||/||X || versus
k are shown in Fig. 2.
From Fig. 2, it is clear that the errors § become smaller and converge to zero as k increases. The effect of changing the

convergence factor p is illustrated in Fig. 2 with © = 1/200, 1/121.2 and 1/50, and a larger u leads to a faster convergence
rate.

4. Conclusions

The gradient based iterative algorithms for solving general matrix equations are studied by using the hierarchical
identification principle. We prove that the iterative solutions given by the proposed algorithms converge fast to their true
solutions for any initial values and small condition numbers. We test the proposed algorithm using MATLAB and the results
verify our theoretical findings. The algorithm is proposed for linear general matrix equations; extending the adopted idea
to study iterative solutions for nonlinear matrix equations requires further research.
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