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1. Introduction

Throughout this paper, C™*" and C}} stand for the sets of all m x n complex matrices and all m x m complex Hermitian
matrices, respectively; the symbols A*, r(A) and %Z(A) stand for the conjugate transpose, rank and range (column space) of
amatrix A € C™", respectively; I, denotes the identity matrix of order m; [ A, B] denotes a row block matrix consisting of
A and B. We write A > 0 (A > 0) if A is Hermitian positive (nonnegative) definite. Two Hermitian matrices A and B of the
same size are said to satisfy the inequality A > B (A > B) in the Lowner partial ordering if A — B is positive (nonnegative)
definite. The Moore-Penrose inverse of a matrix A € C™*", denoted by Af, is defined to be the unique matrix X € C**™
satisfying the following four matrix equations:

(i) AXA = A, (ii) XAX = X, (iii) (AX)* = AX, (iv) (XA)* = XA.

Further, define E, = I,,—AA" and Fy = I, —AfA.The ranks of E4 and F, are given by r (E4) = m—r(A) andr(Fy) = n—r(A).The
inertia of a Hermitian matrix A is defined to be the triplet In(A) = {i, (A), i_(A), ip(A)}, where i, (A), i_ (A) and iy (A) are the
numbers of the positive, negative and zero eigenvalues of A counted with multiplicities, respectively. The two numbers i (A)
andi_(A) are usually called the partial inertias of A. For a matrixA € CJ;, we haver(A) = i, (A)+i_(A) andip(A) = m—r(A).

Linear matrix equations play a very important role in matrix theory and other disciplines, such as statistics and control
theory. For a given matrix equation, one always wants to know the consistency condition, the general solution or least
squares solution, the properties of (least squares) solutions and so on. For a linear matrix equation

AXB = C, (1.1)
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where X € C"*P is an unknown matrix,and A € C™*" B € CP*%and C € C™*1 are three given matrices, there have been
many results given in the literature; see, e.g., [1-8]. For nonnegative and positive definite solutions, many specialists and
researchers have discussed the problems concerning symmetrical linear matrix equations. For instance, Khatri and Mitra [1],
Gross [9] and Zhang and Zhang [10] studied nonnegative and positive definite solutions to the matrix equation AXA* = B,
respectively. Dai and Lancaster [11] presented a condition for the existence of a symmetric, positive definite, nonnegative
definite real solution and derived a formula for the general solution of the matrix equation AXA* = B. Zhang [12] deduced
a necessary and sufficient condition for the matrix equation AXA* = BB* and CXC* = DD* to have a common Hermitian
nonnegative definite solution and observed its applications in statistics. Aleksandar [ 13] investigated the existence question
of nonnegative definite solutions of the matrix equation AX + XA = B where A is a given positive definite matrix and B is
nonnegative definite.

For Hermitian, nonnegative and positive definite solutions of a non-symmetrical matrix equation, there have relatively
few results in the literature. Guo and Huang [8] studied extremal ranks of the matrix expression C — AXB with respect to
Hermitian matrix X, and then we can obtain necessary and sufficient conditions for the existence of a Hermitian solution to
AXB = C. Mitra [6] and Navarra et al. [7] provided conditions for the existence of a Hermitian solution and a representation
of equation AXB = C. Tian [5] deduced a necessary and sufficient condition for AXB = C to have a Hermitian solution and
presented a general Hermitian solution expression. Khatri and Mitra [1] derived conditions for the existence of a Hermitian
solutions of the equations AX = B, AXB = C and (AX, XB) = (E, F) using generalized inverses.

The purpose of this paper is to consider a Hermitian least square solution to (1.1) subject to inequality restrictions. In
particular, necessary and sufficient conditions for the existence of a Hermitian positive (negative, nonpositive, nonnegative)
definite least squares solution to (1.1) are derived. As far as we are aware, there has been no report concerning this problem
up to the present.

We shall use the following results on ranks and inertias of matrices in the latter part of this paper.

Lemma 1.1 ([3]). Let 4§ be a set consisting of matrices over C™*", and let # be a set consisting of Hermitian matrices over CJ}.
Then:

(a) For m = n, 4§ has a nonsingular matrix if and only if maxxcs r(X) = m.

(b) For m = n, all X € & are nonsingular if and only if minycs r(X) = m.

(c) 0 € S ifand only if minkcs1(X) = 0.

(d) # has amatrix X > 0 (X < 0) ifand only if maxyecy iy (X) = m (Maxxey i_(X) = m).
(e) # has amatrixX > 0 (X < 0) ifand only if minkeg i_(X) = 0 (minkezx i+ (X) =0).

Lemma 1.2 ([14]). Let Ac C™*" B e C™"*k C e C'*", D € C'* Then,

r[A,B] =1(A) 4+ r(E4B) = r(B) + r(EpA), (1.2)
r fc‘} — r(A) + 1(CEy) = 1(C) + T(AFO), (1.3)
r|a g] = r(B) + 1(C) + r(EsAFo). (14)

The following formulas follow from (1.2) to (1.4):

- A B 0
r Egc B(ﬂ =T S g %}—r(P)—r(Q), (1.5)
M N M N 0
r EpA EPB] =r _A B P] —r(P), (1.6)
- ™ A
r 11\\/11 Qi,‘i] =T ’(\)’ I’ﬂ—r(l)). (1.7)

The following results are well-known.

Lemma 1.3. Let A € C}J, B € C};, Q € C™". Then,
. |A 0 . .
it [0 B] =i+ (A) +ix(B), (1.8)

it [é)* %} =r(Q). (1.9)
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Lemma 1.4 ([3]). Let A € CJ},B e C™"*",D € C™"*", and define

A B A B
U:[B* o]’ V:[B* D]'

Then,
iz (U) = r(B) + i+ (EpAEp), (1.10)
o [ o ExB
ir(V) =ir(A) +ix [B*EA D— B*ATB] . (1.11)
The following formula follows from (1.10) and (1.11):
A B O
i+ [Fﬁ%* ng} =iy [B* 0 P*} —r(P). (1.12)
P 0 P O

Concerning the consistency and general solutions of AXB = C, the following result is well-known; see, e.g., [1-3].

Lemma 1.5. Let A € C™"*" B € CP*9, and C € C™*1 be given. Then, the matrix equation (1.1) has a solution for X € C"™P
if and only if #2(C) C #(A) and (C*) C #(B*). In this case, the general solution to (1.1) can be written in the following
parametric form:

X = ATCB" + F4V; + VyEg, (1.13)
where Vq, V, € C"*P are arbitrary.

The necessary and sufficient conditions for (1.1) to have a Hermitian solution and the general Hermitian solution
expression are as follows.

Lemma 1.6 ([5-7]). GivenA € C™*",B € C"*P, and C € C™*?, and assuming that the matrix equation AXB = C is solvable
for X € C™", the following statements are equivalent.

(a) The matrix equation AXB = C has a Hermitian solution for X.

(b)

C 0 A
R(C) C R(A), R(C*) C R(B"), r|0 —C* B*|=2r[A* B]. (1.14)
B A" 0
(c) The pair of matrix equations
AYB=C and B'YA* =C* (1.15)

have a common solution for Y.
In this case, the general Hermitian solution to AXB = C can be written as

X = %(y_,_y*) (1.16)

where Y is the common solution to (1.16), or equivalently,

1
X = 5(Yo + YS‘) + EqUq + (EcUqp)* + F4UyF4 + EgUsEg, (1.17)
where Yy is a special common solution to (1.16), G = [ A*, B] and the three matrices U; € C"™", U,, U3 € Cj; are arbitrary.

The following results are related to ranks and inertias of some matrix expressions.

Lemma 1.7 ([3]). GivenA € CJj, B € C™",C € C™? and D € C™, define

A B CD
B* 0 0 0 A B C D
M=1lc 0 0 0] N:[B*ooo]'
D 0 0 0
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Then,

max r[A—BX — (BX)* — CYC* — DZD* | = min{m, r(N)}, (1.18)
xecnxm yech zec,

min r[A—BX — (BX)* — CYC* — DZD*| = 2r(N) — r(M) — 2r(B), (1.19)
xecmxm yech zec,

max i [A—BX — (BX)* — CYC* — DZD* ] = iL(M), (1.20)
xecn<m yech zec,

min r[A—BX — (BX)* — CYC* — DZD*] =r(N) — iz(M) — r(B). (1.21)

P q
XeChM YeCy,ZeCy

Lemma 1.8 ([15,3]).

a) Let Ay, Ay, By, By, Cq, G an e matrices such that the expression D — C; 1 — GA) B, is defined. Then

(a) Let Ay, Ay, By, By, C1, C;and D b ' h that th ion D — C,AlB; — G,AlB, is defined. Th
YALAT 0 AB

A
r(D—GAIBi —GAIBy) =1 | 0 AAAS A3By | —r(A) —r(Ay). (1.22)
GAT  GAY D

(b) Let A, B, C, D and P, Q be matrices such that expression D — CPTAQ B is defined. Then

P*AQ* P*PP* 0
r(D—CcPtAQ'B) =1 |:Q*QQ* 0 Q*B:| —r(P) — r(Q). (1.23)
0 CP* —D

(c) Let Ae CJj,Be CI*",P € C™"and D € C},. Then

—PAP* PP*P 0
:| —r(P). (1.24)

i (D — B*(P")*AP'B) = iy | P*PP* 0 P*B
0 B'P D

2. The Hermitian least square solution of the matrix equation AXB = C subject to inequality restrictions

LetA € C™" B e C™%and C € C™* be given. It is well-known that the least squares solution to (1.1) is the solution of
its normal equation and the normal equation corresponding to

min ||AXB — C|| (2.1)
XeC

is
A*AXBB* = A*CB*. (2.2)

Obviously, R(A*CB*) C R(A*) = R(A*A), R(BC*A) C R(B) = R(BB*), i.e.(2.2) is consistent. Assuming that
A*CB* 0 A*A
r 0 —BC*A BB* | =2r(G), (2.3)
BB* A*A 0
from Lemma 1.6, we know that (2.2) has a Hermitian solution, and its general Hermitian solution can be written as
1

X = E(YO + Yy) + EcUy + (EcUq)* + FaUyFa + EgUsEg, (2.4)
where G = [ A*A, BB* ], Y, is a special common solution to

A*AYBB* = A*"CB* and BB*YA*A = BC*A, (2.5)

and the three matrices U; € C*™*", Uy, U € C}] are arbitrary.

Lemma 2.1. Let A, B, C, D and P, Q be matrices such that the expression D — CPTAQTB — (CPYAQ'B)* is defined, and D is
Hermitian. Define

0 —P*AQ* 0 P*PP* 0

—QA*P 0 QQ*Q 0 0
S = 0 Q*QQ* 0 0 Q*B
pPP*p 0 0 0 PC*

C
0 0 B*Q cpP* D
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Then
ir(D— CPTAQ'B — (CPTAQTB)*) = i (S) — r(P) — r(Q). (2.6)
Proof. Applying Lemma 1.8(c),
i.(D— CcPTAQ'B — (CPTAQTB)*)
- fe-iemfp 8]0 402 5] 5])
OP*OA*OQ*OP*OQ*OP*O
“{@ o||A of|P O Q o||P O0f|lQ O
_.OQ*OP*OQ*O 0 o*][c*
=l lp oflo of|P o P o|l|B
. [0 p*
0 [C,B][Q o] D
0 p*
—r Q 0
=iy (S)—r(P) —r(Q). O (2.7)

Theorem 2.2. Let A € C™", B € C™9,C € C™9and P € C}} be given. Assume that (2.3) holds, an X is a Hermitian least
squares solution to (1.1). Define

BB* 0 0 BC*A 0
T — 0 AA 0 0 A*CB*
=10 A -A 0 APBB* |°
| B* 0 B* BPA'A 0
— ] ‘l —_
0 ——BC*A 0 ——BB*PA* —BB*
1 2 2
——A*CB* 0 A*A 0 0
,=| 2 . .
2 0 A*A A 0
1
—EAPBB* 0 A 0 —A
L —BB* 0 0 —A* 0
Then,
max r(P — X) = min {n, 2n 4+ r(T;) — 2r(A) — 2r(B) — r(G)}, (2.8)
min||AXB—C||,XeC}
min r(P —X) = 2r(Ty) — r(Ty) — 2r(B), (2.9)
min||AXB—C||,X€C};
max it(P—X)=n+i.(Ty) — 2r(A) — r(B), (2.10)
min||AXB—C||,X€C}
min i+(P —X) =r(T1) —ix(Ty) —r(B). (2.11)
min||AXB—C||,X€C}j
Proof. Substituting (2.4) into P — X yields
1
P—X=P— E(Yo +Y7) — EgUy — (EqUy)* — FaUyFs — EgUsEg. (2.12)
Define
1 *
P—E(YO‘FYO) Ec Fa Ep 1 .
M = Eg 0 0 0 s N = P_E(YOJ"YO) Ec Fsa Ep .
F4 0 0 O Ec 0 0 O
Eg 0 0 O
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Applying (1.19)-(1.22) to (2.12) yields

1
max T(P — X) = max r |:P — *(Y() + Y(T) — EGU1 — (Ecul)* — FAUZFA — EBU3EB]
min [|AXB—C||.XeCl} Uy eC™n, Uy Uz eCh 2
= min{n, r(N)}, (2.13)
1
min T(P — X) = min r |:P — *(Y() + Y(T) — EcU; — (Ecul)* — FaUyFy — EBU3EB]
min [|AXB—C || XeC}, Uy €Ch*n Us U3 eChy 2
= 2r(N) —r(M) —2r(Ec), (2.14)
1
max li(P — X) = max l.i |:P — *(YO + Y;) — EGU] — (EGU])* — FAUZFA — EBU3EB:|
min |AXB—C||.XeC}y Uy €C™1,Up Uz eCh, 2
= ix(M), (2.15)
1
min li(P — X) = min l.i |:P — *(YO + Y;) — EGU] — (EGU])* — FAUZFA — EBU3EB:|
min [ AXB—C||.XeCl} Uy €C1 Up U3 CT, 2
= 1(N) —ix(M) —r(Eg), (2.16)

We will simplify r(N) and i1 (M) by applying three types of elementary block matrix operation, elementary block
congruence matrix operations and (1.6) and (1.13).

We can prove R(Eg) € R(Ep) easily, then

o1
r(N) = r P — §(Y0+Y6k) Fy Ep
L Ec 0 0
1
P— 5(yo +Y) L I, O
= I 0 0 G|—-r(A—-r®B -r(G)
0 A 0 0
i 0 0 B* 0
T 1
P—E(YO—I—YS‘) L, I, 0 0
0 A 0 0 0
i 0 0 B 0 0
I 0 A*A BB*
1 1
= | —AP 4+ SAYo+ EAYS‘ -A 0 0 |—-rA)—rB—-r0G
B* 0 0
A APA*A 1A A*A 1A*A*AA * 1A * ]A* *
e P, —EYO —EYO PBB—EYOBB—EYOBB
B* 0 0
—1(A) —1(B) —1(G)
_ —A 0 APBB* — (AT)*A*CB*
- [B* B*PA*A — B'BC*A 0 —rl—r@ -1, @17
A 0 APBB* — (AN)*A*CB*
B* B*PA*A — B'BC*A 0

_ (T-A o apBB] [0]. \ In | ot -
—r<[3* BPA*A 0 ]—[Iq]B[O,BCA,O]—[O](A)[O,O,A CB,])
BBB* 0 0 B'BC'A 0

0 AA*A 0 0  AA*CB*
=l o A -A 0 Appg* | ~TA 1B
B* 0 B B*PA*A 0
= 1(T;) — r(A) — r(B). (2.18)

Substituting (2.18) into (2.17) yields

r(N) =2n —2r(A) — 2r(B) — r(G) +r(Ty) (2.19)
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lj:(M) = i:t FA 0 0
i Ep 0 0
-1
pP— E(Y0 +Y) L, L, 0 0
. I 0 0 A" O
= i I o 0o o B| TA-T®
0 A 0 0 O
L 0 0 B 0 0
0 —A* B
A 0 1APB 1Ay B IAY*B
=ntiz | FAPB = g ANB =2 AT B ) —r(B)
1 1 1
B* —B*PA* — —B*Y;A* — —B*Y A" 0
L 2 4 4
r 0 —A* B
1 1
_ _ _ Ty A% % Ty %
=n+iy| A 0 SAPB — C(AD)ATCBT(B)™ | _ () — r(B), (2.20)
1 1
B* —B*PA* — —B'BC*AAT 0
L 2 2
0 —A* B
1 1
. _ _ _ Ty A% * Ty *
i |—A ] 01 2APB Z(A)ACB BH
B* —B*PA* — —B'BC*AA' 0
2 2
0 —A* B
A 1[0 1[0
—i. ||~ 0 SAPB | 5|0 B'BC*AAT[0, I, 0] — 5| (A%)TA*CB* (B)1[0,0, 1, ]
1
B* —B*PA* 0 lq 0
2
— 1 -
0 —EB*BC*AA* 0 BBB* 0 0 0
1
—EAA*CB*B 0 AA*A 0 0 0
0 A*AA* 0 0 0 A* 0
=iy BB*B 0 0 0 0 0 B | —=r(A) —rB)
0 0 0 0 —A* B
1
0 0 A 0 —A 0 5APB
1
i 0 0 0 B* B* 5B*PA* 0
= ix(Ty) — r(A). (2.21)
Substituting (2.21) into (2.20) yields
ir(M) =n+iy(Ty) — 2r(A) — r(B). (2.22)
We can also obtain
r(M) = 2n+r(Tp) — 4r(A) — 2r(B). (2.23)

Substituting (2.19), (2.22) and (2.23) into (2.13)-(2.16) yields (2.8)-(2.11).

From Theorem 2.2 and Lemma 1.1, we have proved the result.

O

Theorem 2.3. Let AXB = C and G, P, Ty, T, T3 be stated as in Theorem 2.2. Then:

(a) There exist X > P such that X is a Hermitian least squares solution to AXB = C if and only if

r(Ty) = i_(Tz) +r(B).

(b) There exist X < P such that X is a Hermitian least squares solution to AXB = C if and only if

r(Ty) = iy (Ty) +r(B).
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(c) There exist X > P such that X is a Hermitian least squares solution to AXB = C if and only if
i_(Ty) = 2r(A) +r(B).
(d) There exist X < P such that X is a Hermitian least squares solution to AXB = C if and only if
iy(Ty) = 2r(A) +r(B).
(e) There exists a nonsingular matrix P — X such that X is a Hermitian least squares solution to AXB = C if and only if
n—+r(Ty) > 2r(A) + 2r(B) + r(G).
(f) P is a Hermitian least squares solution to AXB = C if and only if
2r(Ty) =r(Ty) + 2r(B).

If P is the zero matrix in Theorem 2.3, we have the following conclusions.

Corollary 2.4. Let AXB = C be stated as in Theorem 2.2. Define

1
0 —_BC*A 0 0 —BB*
BB* 0 0 BC*A 0 1 2
0 A*A 0 0  A*CB* — _A*CB* 0 AA 0
SiI=l o A -A o0 o |+ 2= 2 . «
-0 Y 0 0 A*A 0 A 0
B B 0 0 A 0 —A
—BB* 0 0 —-A* 0

Then:

(a) AXB = C has a Hermitian nonnegative definite least squares solution if and only if
r(§1) =i-(S2) +r(B).

(b) AXB = C has a Hermitian nonpositive definite least squares solution if and only if
r(S1) =iy (S2) +1(B).

(c) AXB = C has a Hermitian negative definite least squares solution if and only if
i1 (Sy) =2r(A) +r(B).

(d) AXB = C has a Hermitian positive definite least squares solution if and only if
i_(Sy) =2r(A) +r(B).

(e) AXB = C has a nonsingular Hermitian least squares solution if and only if
n+r(Sy) = 2r(A) + 2r(B) + r(G).

(f) 0is aleast squares solution of AXB = C if and only if
2r($1) = 2r(B) +1(52).

(g) All Hermitian least squares solutions of AXB = C are nonsingular if and only if

2r(S1) =n+2r(B) +r(Sy).

Finally, we will present a numerical example to verify our conclusion.

1 -1 1 -1
Numerical example. Let A = [1 0 ] ,B= [71] (1)] and C = |:—5 —1].Then
0 1 6 3

A*CB* 0 A*A

G=[2 11 _1], F=| 0 —BC*xA BB*| =
BB* A*A 0

-1 2 -1 2 0 0
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r0 0—-2 25 0 0 0 0 0o -1 1 ]
0 0 3 —-45 0 0 0 0 0 1 -2
-2 3 0 0 2 -1 0 0 0 0 0
25 —45 0 0 -1 2 0 0 0 0 0
0 0 2 —1 0 0 1 1 0 0 0
S;=1|0 0 —1 2 0 0 -1 0 1 0 0,
0 0 0 0 1 -1 0 0 0o -1 1
0 0 0 0 1 0 0 0 0o -1 O
0 0 0 0 0 1 0 0 0 0 -1
—1 1 0 0 0 0 -1 -1 O 0 0
L1 -2 0 0 0 0 1 0 -1 0 0

and we can compute r(A), r(B), r(G), r(F) and i_(S,) by using Matlab, obtaining results as follows:
r(A) =2, r(B) =2, r(G) =2, r(F) =4, i_(S3) =6,
and
r(F) = 2r(G), i_(Sy) = 2r(A) +r(B).
From Corollary 2.4(d), we know that there exist Hermitian positive definite least squares solution to the equation AXB = C.
In fact, we can verify that X = [(1) g]is a Hermitian positive definite least squares solution to AXB = C.
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