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Abstract

In this paper, we study the problem of estimating the covariance matrix X and the precision matrix
(the inverse of the covariance matrix) in a star-shape model with missing data. By considering a type of
Cholesky decomposition of the precision matrix Q="Y'¥, where W is a lower triangular matrix with positive
diagonal elements, we get the MLEs of the covariance matrix and precision matrix and prove that both of
them are biased. Based on the MLESs, unbiased estimators of the covariance matrix and precision matrix
are obtained. A special group G, which is a subgroup of the group consisting all lower triangular matrices,
is introduced. By choosing the left invariant Haar measure on G as a prior, we obtain the closed forms of
the best equivariant estimates of € under any of the Stein loss, the entropy loss, and the symmetric loss.
Consequently, the MLE of the precision matrix (covariance matrix) is inadmissible under any of the above
three loss functions. Some simulation results are given for illustration.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Multivariate normal distribution plays a key role in multivariate statistical analysis. There
is a large literature on estimating the covariance matrix and precision matrix in the saturated
multivariate normal population, where no additional restriction other than being positive definite is
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required. See, for example, Haff [9], Sinha and Ghosh [22], Krishnamoorthy and Gupta [14], Yang
and Berger [25], and others. However, as the number of variables p in a multivariate distribution
increases, the number of parameters p(p + 1)/2 to be estimated increases fast. Unless the number
of observations, n, is very large, estimation is often inefficient, and models with many parameters
are, in general, difficult to interpret. In many practical situations, there will be some manifest
inter-relationships among several variables. One important case uses several pair variables that are
conditionally independent, giving other remaining variables. For multivariate normal distribution,
this will correspond to some zeros among the entries of the precision matrix. See Dempster [4],
Whittaker [24], or Lauritzen [16].

Assume that X ~ N, (0, X). The vector X is partitioned into k groups, thatis, X = (X/, X}, ...,
X})', where X; is p;-dimensional, and Zle pi = p. We assume that for giving X, the other sub-

vectors X, ..., X; are mutually conditionally independent. From Whittaker [24] and Lauritzen
[16], the precision matrix = X! has the following special structure:
Q Qpp Qi3 -+ Qi
Q) Oy 0 v 0
o=|9%1 0 Q3 --- 0 [, (1)
In fact, we can easily show that (1) is equivalent to
X X2 )313l EE Zlkl
o bV)) X X3 oo Do X X
y— | Ty EnI'In X33 o TyE I | )
i Eklzﬁlzu Zklellzm - Xk

The case of k = 3 is considered in detail by Whittaker [24] and is called a “butterfly model”.
For general k, we called the model a star-shape model in [23] because the graphical shape of the
relationship among the variables described by Whittaker [24] or Lauritzen [16] is like a star.

The above model is very popular in most areas, especially in economics. For example, let X
be the federal interest rate, which is a global variable, and X35, ..., X51 be the house price in
each state, which are local variables. Then X5, ..., X5 are conditionally independent given X
because each house price X;, i = 2,..., k will normally depend on its local situation if the
federal interest rate is fixed.

The above star-shape model is the special case of the lattice conditional independence model
introduced by Andersson and Perlman [2]. Although star-shaped models or general graphical
models have been used widely, as far as we know, fewer theoretic results are obtained on estimat-
ing the covariance matrix and the precision matrix in lattice conditional independence models.
Andersson and Perlman [2] gave the form of the maximum likelihood estimator (MLE) of the
covariance matrix X. Konno [13] considered the estimation of the covariance matrix under the
Stein loss

LY = u@EEH —logIZX'| = p (3)

and proved that the MLE of X is inadmissible. In fact, the Stein loss for estimating the covariance
matrix is equivalent to the following loss for estimating the precision matrix = !

LI(Q.Q) = r(Q'Q) —log|Q7'Q| — p. )
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Of course, the Stein loss is related to the commonly used entropy loss. See [20]. Let f(x | X) be
the density of X under X. The entropy loss is obtained as follows,

L2(ﬁ‘.,2):2/10g{M}f(X|Z)dX
fXL)

=wr@E'T) — logI=7'Z| — p. 5)

The Stein loss is obtained from the entropy loss by switching the role of two arguments, Qand Q.
The loss function L, is typical entropy loss and has been studied by many authors such as Sinha
and Ghosh [22], Krishnamoorthy and Gupta [14], and others.

Note that because neither L nor L; is symmetric, we could consider a symmetric version by
adding the Stein loss and entropy loss

Ly X = LiE D+ LE L = vEE ) + @ 'Y) — 2p. (6)

The symmetric loss L3 was introduced by Kubokawa and Konno [15] and Gupta and Ofori-Nyarko
[8]. It can be seen as estimating the covariance matrix and the precision matrix simultaneously.
For estimating the precision matrix €, the entropy loss and the symmetric loss will be

L5Q,Q) = LX) = r(QQ ™) —log|QQ~ ! - p (7
and
L5Q.Q) = L3, %) = r(QQ ) +u(Q7'Q) —2p. ®)

For convenience, we will still name L}, L3, L} as the Stein loss, the entropy loss, and the sym-
metric loss for estimating the precision matrix €.

Sun and Sun [23] considered the estimating problems of the precision matrix under the entropy
loss L and the symmetric loss L3 in the star-shape with complete observations. They obtained
the closed forms of Bayesian estimators with respect to a class of priors of ¥. Consequently, the
MLE of the precision matrix is inadmissible under either the entropy loss L3 or the symmetric
loss L3.

Considering that missing data problems occur frequently in practice and their analysis can be
challenging, we will study the problem of estimating the covariance matrix and the precision matrix
in a star-shape model with missing data. For estimating the covariance matrix without restriction,
Anderson [1] listed several general cases, where the MLEs of the parameters can be obtained in
closed form. Among these cases, the monotone missing-data pattern is most important. One also
can see the related references by Little and Rubin [17, §1.3], Konno [12], Liu [18], Domonici
et al. [5] and so on. However, because there are some restrictions on the covariance matrix in our
model, we will see a lot of differences.

In this paper, we will consider the estimation of the covariance matrix and the precision matrix
in a star-shape model with missing data, which generalizes some results in [23]. In Section 2, we
first introduce the sample observations. By introducing a type of Cholesky decomposition of the
precision matrix Q = W'¥, where ¥ is a lower triangular matrix with positive diagonal elements,
the MLEs of the covariance matrix and the precision matrix are obtained, and it is proved that
both of them are not unbiased. Based on the MLEs, unbiased estimates of the covariance matrix
and the precision matrix are given. Considering that the parameter W plays an important role in
estimating the covariance matrix and the precision matrix, the special group G, which is related
to the decomposition, is introduced in Section 3. The invariant Haar measures of this group are
given and the posterior properties of ¥ are discussed when choosing the left Haar measure as a
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prior. In Section 4, the closed form of the best equivariant estimator of the precision matrix is
obtained under the Stein loss by using Bayesian method introduced by Eaton [6]. Consequently,
the MLE of € is inadmissible under the Stein loss. Results on the entropy loss and symmetric loss
are shown in Sections 5 and 6. The results on estimating covariance matrix are given in Section
7. Some simulation results are given in Section 8. Finally, we give some concluding remarks.

2. MLEs and unbiased estimators
2.1. Sample observations

Now suppose that Q = £~ has the structure (1) and we got the following observations:

Zo\, Ly, ..., Lo, ~ Np(0, L),
Zi\,Zy,...,2L14 ~ Np(0,X1),

211 21' .
ZiI,ZiZy‘--,Zini’\’Nlerpi <0’<Eil E[_:)), l=2,...,k. (9)

All Z;s are independent. Let

n n;
Vo = ZZO,-Z(),. and V; = Zzijzgj, i=1,... k. (10
i=1 j=1
Then Vg, Vi, ..., Vi are mutually independent and are sufficient statistics of X or €. Now write
Vo = (Voij), where Vy;; is a p; X p; submatrix and
Vit Vinz .
Vi = ! ! , 1=2,...,k, 11
' (Vi21 Vin an
where V;11 is a p; x pj submatrix. Also let Vi = Vi1 for convenience. Assume that n > p,
ny > prandn; > p1+ pi,i = 2,...,k. Then, Vo, V1, ..., Vi are all positive definite with

probability one and

Vo~ Wy, LX), Vi~ W, ni, X)),

, (X Xy .
Vi~Wpiap (n,,(zil oy , 1=2,...,k, (12)
where W, (k, A) denotes a Wishart distribution with scale matrix A and degrees of freedom
parameter k. We will estimate X and € based on the sufficient statistics Vo, Vi, Vo, ..., Vi.

2.2. Cholesky decomposition

Usually, it is difficult to get appropriate estimators of the covariance matrix or the precision
matrix with some restrictions. For example, if you want to estimate € in (1) directly, you have
to estimate Qy1, Lo, ..., Qi, Qp2, ..., Qi first. However, this will not guarantee that the
estimate of € obtained in this way is positive definite. Now we will introduce the following
Cholesky decomposition method to get MLEs of X and € in a star-shape model. This method
will guarantee the estimate of € obtained is positive definite. In addition, we will see that this
decomposition is still useful in getting the best equivariant estimates of € or X under different
loss functions later.
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Let
Q=YY or X=AA, (13)
where both ¥ and A are p by p lower-triangular matrices with positive diagonal entries. Thus,

¥ = A~ For convenience, A will be viewed as Cholesky decomposition of £. From the structure
of Q given by (1), it is easy to show that ¥ has the following block structure:

Y, 0 o --- 0
y—|¥s 0 Wi oo 0 | (14)
Y 0 0 - ¥
and thus
L o o 0 - 0
B 275 215 ST oL | BRI |
A=wl= | YR 0 Wy e 0] (15)
= 75 7% ST (I %
with ¥;; being p; by p; lower-triangular matrix, i = 1, ..., k. Note that there is no restriction

on ¥;; (i > j) except requiring that all diagonal elements of ¥;; are positive. This good property
enables us to estimate W¥;; first; then we can get the estimates of X and € directly from the
relationship between X (or ) and W. This method will ensure that the estimate of X (or €2)
obtained is positive definite if the estimates of the diagonal elements in each W;; are positive.
Other properties of this decomposition will be discussed in the next section.

2.3. The maximum likelihood estimates

Whittaker [24] gives the expression of MLE of the covariance matrix X for k = 3 with complete
observations. Sun and Sun [23] get the corresponding result for general k. We will generalize them
to the star-shape model with missing observations. Let

k
Wii=> Vi,
i=0

Wi =Vour + Vi,

W1 =W/, = Voii + Viar,

Wi = Vi + Vi,

Wii.lzwizz—wilwi_lﬁwli, i=2,...,k, (16)

and let m; = n + Zle ny;and m; = n+n;,i = 2,...,k throughout this paper. Also, let
Wi1.1 = Wy for convenience.
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IA’rOposition 1. Based on the incomplete data (Vo, V1, ..., Vi) in the star-shape model, the MLE
Xy of X is given as follows:

. Wi,
z“11_ ’
mj
. . W, W iwy,
M M~/ L i1l
=) = —H—,
mi

N 1 1 _ _ .
M= Wy, +—Wi1W1~111W11W,-111W1i7 i=2,...k,
nm; ni

1

A 1 _ - .
Zz/'l//'] = m_lwilwilllwllelllwlj’ l <i < j<k. (17)

Proof. The likelihood function f(Vy, Vi, ..., Vi | ¥) is proportional to

Vol 511 zm{——z 1V0}|V1| ~ =" 2err{——zulvl}
1 (e AR B - I
o [P |‘I’11|"'l:l££ :f,‘; \l?” : ~etr{—%‘l’V0‘l’/}etr{—%‘l’llVl‘I’/“}
Xlﬁm{—%@:: 2 (v (5w

k
. 1
= l_[ Wil ™ - ] Jetr {_E‘Piiwil’-l\l’;i }
i=1 i=1

k
1 _ _
X Hetr{_z(‘l’il + Wi Wi W, Wi (Wi +‘Piiwilwi111)/}
i=2

k k
. 1
< l_[ |llll".|ml . Hetr {—E‘P,’,‘Wl‘i.l‘ygi} (18)
i=1 i=1

where efr(A) = exp(trace(A)). Hence, the MLE W of ¥ will be determined by

VoW =mWo L =1k,
Wi=-WWaW, =2k (19)

and thus by (13) and (15) the MLE of X is obtained as described in the proposition. [J

Under the conditionsn > p,n| > pyandn; > p1+pi, i =2,...,k,the MLE )iM is positive
definite with probability one. In addition, by (19), the MLE Q) of the precision matrix £ can be
straightforwardly obtained as follows:
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I:roposition 2. Based on the incomplete data (Vo, V1, ..., Vi) inthe star-shape model, the MLE
Q) of Q is given by

k
Q[lwl ZmIWfll + Zmiwallwliwi;»llwilwalls
i=2
f!jl‘;[ = (fz%)/ — miwillwliwi;_ll,
Q%:miwi_ﬁl]y i=2,...,k. (20)

The MLE Q um of the precision matrix € also can be obtained by the following relationships
between Q and X,

k
Q=X+ ) T Ty,
i=2
Qi =-XEi,X; ],
Q=X i=2 ...k 2D

ii-1°

where
Y =X — Zilzl_llzlia i=2,...,k

Remark 1. For a star-shape model with missing data, the MLE Ty is no longer a minimal
sufficient statistic for X, which is different from the case with complete observations in [23]. In
fact, Wi, Woir, ..., Wi, War, ..., Wir, Woolr, ..., Wik are minimal statistics of X, which
can be shown by the likelihood function in (18).

Sun and Sun [23] showed that for a star-shape model with complete observations, the MLE ) M
of the covariance matrix X is unbiased while €, is biased. However, the following proposition
shows that for a missing case, neither X, is unbiased for X, nor Q;; is unbiased for Q.

Proposition 3. Consider a star-shape model with missing data.

(a) The MLE ﬁAM in (17) is not an unbiased estimate of X.
(b) The MLE Q,; in (20) is not an unbiased estimator of L.

Proof. (a) In fact, we will show [E()flf.‘;’) # Xii,i =2,..., k. By Proposition 1,

g _ Wi = Wi Wi Wiy N Wa W Wi W Wy
il m; mi
w; 1 1 ~ Wi W OOk Vo = Vi)W Wy,
_ n;.22+(m———_)Wi1Wi111W1i+ Wi Qi Ve i AR
i 1 m; mi

Obviously, from (12), E(W;22) = E(Voi; + Vi2) =m;X;,i =2,...,kand

k

E {Wilwi_]ll (ZVm - Vm) Wi_ll]wli} =(my — m)E(W; Wi 21 Wi i Wi)).
t=1

Because

Vou1 V01i> ( (En Eli))
~ W |\ n, s
<V0i1 Voii prtpi L1 Xy
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it follows

Voi1 | Voi1 ~ Np; p, (ZilzﬂlVou, i1 ® Vor). (22)
Similarly,

Virz | Vitt ~ Np,;. p, (Zilzﬁle’n, Xi1 @ Vi), (23)

and thus we have
(Voit + Virz) | (Voir, Vitr) ~ Np;.py (Zil):fll (Vor1 + Vit), Biia
® (Voi1 + Vin)). (24)
So,
E(W Wi\ Wi = EEWa W, Wy, | (Voir. Vin)))
= E{tr(W; ;Wi ) i1} + EEi Ty Wit Wi i Wi 5 E1)
= tr(p)Zir.1 + T E E(Wi ) By
= p1Zii1 +m T X 2y
and
E(Wi W Zn Wi W)
= EH{E(Wa W, 20 W, 1 Wii | Vo, Vi)
= E{tr(W | Z0 W, i Wi D i} + EC E Win Wi Z0 Wi i Wi 5 E)
= tr{E(Vor1 + Vit) ' Ei1) vt + i Xy g
= inm + XX
m; —pp —1
Let

1 1 mp —m;
ri=l+ppy———+ —MM ¢,
my  m;  my(m; —pp—1)

then

EEY) = :

i nj m;

E(W;22) 1 1 _
22 4 (— - —) [E(Wilwilllwli)

mp —m; _ —
+m—ll [E(Wilwilllzllwilllwli)
=7 Xy +ri i X7 i,

which is not equal to X;;.
(b) Because

Vo1 +Virr - Vou +Viiz X Xy
~W N\ n+n;, )
(Von +Viai Voii + Vi prtp PA\Zi X
we have W1 ~ Wy, (m; — p1, X;;.1), and thus

A m; _ .
EQY) = T T A Qi =2k,
1 L

which proves the second part. [J
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2.4. Unbiased estimators
Based on X/, Q)/, we create unbiased estimates of X and €, respectively.

Proposition 4. Consider a star-shape model with missing data.
(a) An unbiased estimate Xy of X is given by

$U _ |:1 _pilmi—p1— 1)} Wit Wi W W W, W
123

mi(mi —p1 — 1) | mi — pi mi

and )i‘.g = ﬁ‘.lﬁ]/[ for other i, j, where ﬁf‘]’l is shown by (17) in Proposition 1.
(b) An unbiased estimate Q of L is given by

k

OV = (my — p1 — 1)(1 -y L)Wl‘f

omi—pn—l
k
+ ) (mi = p1 = pi = DWW W i Wi Wi
=2

andfori =2,...,k,
Qf =—(mi — p1 — pi — DW} Wi W,
Q,L,/ =(m; —p1— pi — 1)Wf,~.11-

Proof. (a) Obviously, E(EM) = E(Vor1 + Y 5_, Vi11)/m1 = Li1. By (24),
E(Voir + Vizt | Voir, Vit = Zilzﬁl (Voir + Viin)

and thus [E(ﬁ%) = X1 because of E(Vo11 + Vi11) = m;jX1, i = 2, ..., k. In addition, for any
1 <i< j<k,

Von) <<Zi1> 1 Yiq 0
| Voi1 ~ Npap, X Vour, Voir |,
<V0,~1 pitpip )1 0 X ®

Vit | Vitt ~ Ny, py 1 27 Vi, Zivt ® Vinn),

Vi1t | Vi~ ij,pl(EﬂEﬁleu, X ®Vii), (25)
then we get
Voil +Vi21)
| (Voir, Vitt, Vj11)
(VOjl +V; l !

N (Eilzﬂl(Von +Vi11)>
SRR Ejlzfll(Von—l-an) ’

<>:,~,.1 ®Voi1 + Vi1 0 ) (26)
0 i @Vou+Vi/) |

Also, by E(W{1) = m X1, we can easily obtain that [E(ﬁf‘;’) = E“EI_IIEU = X;;. In addition,
similar to (25), we can easily see that [E():".fl/.) =X;;,i =2,...,kand part (a) is proved.
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(b) By (24),
Wit | Wit ~ Ny, py Bit 211 Wi, Zii @ Wi, (27
and (W;1, W;11) is independent of W;;.;. Therefore,
ECW i WiWi | Win) = Wi EOWy | Wi DEW;D)

1 T — —
~mi — 1 — pi — 1Wi111 Wi X 2 - 20
L
- ] D M
- _171—17[—1“ lisiig
and
EW i Wi W Wi Wi | Win)
1 f—
N —Pl—pi—lwlll[E(W“ ul Wii |Wi11)W“11
Pi _1 » -
) mi_pl_pi_1Will+mi—l71—Pi—lzllzllzulzlzu-
So we get
k
R N )
imp Mi T Pl
k
1 —1
+Z - —1Ell +Zzll 2112”12 15
i=2
k
:Zl—ll + Zzl—llzllzu 121121—11 —_0,.
i=2

E@QY) = —mi — p1 — pi — DEW, W, Wi = X718, E) = Qu,
EQY) = (m — pr— pi — DEW; ) =% = Qi i=2,... k.
The proof is completed. [J

3. The invariant Haar measures

Group invariance plays an important role in finding better estimates of the covariance and
precision matrices in multivariate normal distribution. See for example, James and Stein [10],
Olkin and Selliah [19], Sharma and Krishnamoorthy [21], Konno [13], Sun and Sun [23] etc.
Define

G ={A € RP*P | A hasa structure as (14)}. (28)

Sun and Sun [23] showed that G is a group with respect to matrix multiplication. For any i =
1,2,...,k,let
Yin (U 0

) 0
v _ lﬁl:21 lPz:22 ) | ' 29

ii =
lpipil l/Jl'pil e lpip,'pi
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And fori =2,...,k,let
bint iz birp
biat bin o by,
in=\1 . . : (30)
qsipil ¢ip,-2 e ¢ip,-p1
Similar to Example 1.14 of [ 7], the left invariant Haar measure and the right invariant Haar measure
of G are given by

d¥
Vg (d¥) o p1 P : (€1
[l T vl
j=1 Lii i=2 j=1 1
d¥
v’g(d‘l’)o< , (32)

14 . k  pi .
I p—j+l1 1111 pi—j+1
; l#11'1' R lpijlj
j=I1 i=2j=1

respectively. In addition, we can readily verify that vrg d¥) = vlg (dA) and vlg d¥) = vf; (dA)
because A = ¥,

However, unlike the case with complete data in [23], it seems impossible to get the closed form
of equivariant estimators of X or € with respect to G in a star-shape model with missing data. So
it is impossible to obtain the best equivariant estimate of £ (or X) under an invariant loss. Like
[6], the Bayesian method will be applied to get the best equivariant estimates of £ (or X) in the
next few sections.

Let T;; be the Cholesky decomposition of W;;.1,i =1,2,..., k.

Theorem 1. If we take the left invariant Haar measure of the group G, vlg (d¥) as a prior, then
the posterior distribution of ¥ in a star-shape model with missing data satisfies

(@) Y11, (Wor1, ¥22), ..., (Wi, Yik) are mutually independent;

(b) Fori=2,....k,¥i | Wii. Vo. Vi, ..., Vi) ~ Np, p (=i W Wi 1, I, @ W)
(c) ‘1’11W11‘l’/11 | (Vo, Vi,.... Vi) ~ Wy (my1,1,) and

E[Y;, W11 | (Vo, Vi, ..., VOl = (T} diag(d11, ..., 31,1}, (33)

ELCP, Y1)~ | (Vo Vio ..., VOl = Tudiag(nyy, ... .10 ,)T];. (34)
where

oyj=mi+p1—2j+1, j=1,...,p1 (35)

m; —1 )
M= G =Dy Py (36)
d) Fori =2,...,k, ‘I’iiWii.l‘P;i | Vo, Vi,..., Vi) ~ Wp,(m; — p1,1,,) and

E¥), Wi | (Vo Vi,..., Vi)l = (T~ diag(dit, ..., 0ip)T;; ', (37)

ELCY, i)™ | (Vo Vi..... Vi)l = Tiidiag(n;y. ..., n;,) T (38)
where

Sij=mi—pi+pi—2j+1, j=1,...,pi, (39)

m; — 1 .
nij = j=1...,pi. 40)

(mi —p1—j—D(mi —p1—j)
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Proof. Combining the likelihood function of ¥ in (18) with the prior of ¥ in (31), we have the
posterior of ¥,

p(W Vo, V..., Vp)

k
1 _ -
oc [ Jexp [—Etf{(‘l’il + Wi Wi WD Wi (¥i +‘Piiwilwiﬁ>’}]
i=2
1 Pl .
X exp {_Etr(‘l’llwll-l‘l’/ll)} l—[ lp’]”]l] J
j=1

k Pi
1 i
x Hexp{—ztr(‘l’iiwi,-.lll’;i)}n ‘Mj] pi=J, 41)
i=2 j=1
Thus, we prove parts (a) and (b). For part (c), we have the posterior marginal of W1,

1 Pi .
p(Wi1 |1 Vo, V..., Vi) x exp{—ztr(‘l‘nwll,llp’”)}l—[ ‘VFJIJ J
j=1

and thus W ;W1 W), | (Vo, Vi,..., Vi) ~ W, (m1,1,). Eqs. (33) and (34) are the special
cases of Lemma 5.1 in [23]. Similarly, we can prove part (d). U

4. Best equivariant estimator of € under the Stein loss

For estimating the covariance matrix X, Eaton [7] showed that under some conditions, the best
equivariant estimate of X under the group G will be a Bayesian estimate if we take the right Haar
measure v’g (dA) as a prior. So for estimating the precision matrix €, the best equivariant estimate

of © under the group G will be a Bayesian estimate if we take the left Haar measure vlg (d¥) as
a prior because vlg d¥y) = v’g (dA).

Now define
Ty 0O 0 - 0
Wy Wy \Tiy Ta 0 --- 0
T=|WaW3\Tu 0 T -0 0 | (42)
WaW T 0 0 - Ty
Then we have
T, 0 0 - 0
_T2_21W21W2_111 Tz_zl 0 0
R=T"'= _T3_31W31W3_111 0 T3_3l e 0 (43)
“TEWaWip 0 0 Ty

Theorem 2. Under the Stein loss LY, the best G-equivariant estimator of € is given by

Q3 = R'B|3R, (44)
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where R is given by (43), Bip = diag(Bi15,Bi25,...,Bks), Biig = D; + Zf'(:z piT),
Wi_ll]T“ and D = diag(dll,...,dlpl) with dlj =m +p1—2j+1,j =1,...,p1;
Biip = diag(bip, - .., bip;p) withbijjp =mi —p1+pi —2j+1,j=1,...,pi,i =2,... k.

Proof. The best equivariant estimate of £ under the Stein loss L7 will be produced by minimizing
the posterior risk

b1 () :/[tr{ﬁ_l(‘l”‘l’)} ~log O~ (') —p]f(‘l’ | Vo, Vi,..., Vp) d'P,

where f(W | Vo, V1, ..., Vi) is described in Theorem 1. Letting Q= ‘i’"i’, where W € G and
has the similar block partition as in (14). Thus, the question becomes to minimize

21(¥) =/tr{(‘l“i’")(‘l"i’")’}f(‘l‘ | Vo, Vi,..., Vi) d¥ —log |(#") 7. (45)
So we need to calculate the posterior expectation of tr [(‘l"i”l)(‘l"i”l)/ } Because
LT 0 0 - 0
(P21 — Y0¥, Yo P ¥n¥s) 0 T 0
Wil = | (W31 — YW, Pan Y 0 L 275 SRR 0 . (46)
(P — PP i) P 0 0 S T

we have

tr{(PPH PPy

k
= > ()WL
i=1

k
+ Y (Wi — W) OV ) T (W - W D) (47)
i=2
From (33) and (37) in Theorem 1, it follows
ECY; W11 | Vo, Vi, ..., Vo) = (T;) "D T} (43)
and
ECP, Wi | Vo, Vi, ..., Vo) = (T} 'BusT;,', i=2,....k (49)

Moreover, for any 2 <i <k, by Theorem 1(b) and applying Theorem 2.3.5 in [8], we have
E(CFn — Wi ¥ Wi (F #) CF — D I Vo Vi V)
= w{ (¥ )T WL,
+E{(Wi (Wi W)+ ‘i’i_i]‘i’il)(‘i”n‘i’n)_l
X(Wilwi_lll + ‘i’;l‘i’u)/‘l’§i [ Vo, Vi, ..., Vi)
= tf{(‘i'/n)_lwi_111 ‘i‘l_ll)IPi
HWa Wi+ CF W) T (W Wi+ ) () T BT, (50)
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Combining (47)—(50), it yields

E [tr{(‘l"i’_l)(‘l"i’_l)/} | Vo. V1. ...,Vk]

=Y w{(¥) (M) BusT;; ;)

k
+ 3w { oW Wi e o)
i=2
X (Wi Wit + W7 ¥ (1)) "' Bs T (51)

and thus we have

k k
g1(¥) =Z {e¥) )~ By | D tog 0¥ T

k
+ 3 f W Wi+ B )
i=2
x (¥ 1) W Wi+ ¥ ) (Tj,) 'BiisT;;' |

k
>Yu {(%)*<T;,->*‘BuBT;“I‘;1} - Zlog (¥~
i=1 i=1

and the equality holds if we take ‘i‘il = —‘i’iiW“Wi_lll, i =2,3,...,k.Consequently, g (‘i‘) at-
taches minimum at ‘i’“ = G“Tl_ll, ‘i’,‘,’ = Bi{éT;l and li’l'l = —‘i’,’iwilwi_lll, i=2,3,...,k,
where G is the inverse of the Cholesky decomposition of Bl_ll. This completes the proof. [

Remark 2. It is well-known that the group of lower-triangular matrices is solvable and thus its
subgroup @ is also solvable (see [3] for a survey). By Kiefer [11], the best G-equivariant estimator
Q p is also minimax with respect to the Stein loss L7.

The MLE of Q given by (20) can be expressed as
Qy = R diag(mi1,,, mal,,, ..., md,)R,

and the unbiased estimate QU of Q given by Proposition 4(b) can be expressed as QU = R'UR,
where

k

U = diag {(ml —pi—1) (1—2 m_”—pH) L. (mi—pi—p2=DIp. ...
i=2 !

(mg—p1 _pk_l)lpk} .

Remark 3. By Corollary 2, both Q M, QU are inadmissible under the Stein loss L} because they
are equivariant under the group G.
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Note that any estimate of € having the form of R’ diag(a, ..., a p)R will be equivariant with
respect to the group G, where ¢; is a constant, i = 1, ..., p. Thus, by Theorem 2, any estimator
having the form like R’ diag(ay, ..., a »)R will be inadmissible under the Stein loss. However, it
is unclear whether R diag(ay, ..., a »)R is a Bayesian estimate, which also is different from the
case with complete data in [23].

5. Best equivariant estimator of Q2 under the entropy loss

Theorem 3. Under the entropy loss L%, the best G-equivariant estimator of € is given by

Q5 = R'BysR, (52)
where R is given by (43), Bop = diag(B21p, Bop, ..., Bokp), and Byip = diag(di1p, ...,
dip,-B) with

—i_1 —j
(my —j Ymy — ) ifi=1,j=1,...,p1,
mp — 1

Gin =y om—pi—j Do =D 6
— — - EREIL L) ) —_ g e e ey 1.
(mi = D{1 + By, T} W, Tin)}

Proof. Similarly to the proof of Theorem 2, best G-equivariant estimator of € under the entropy
loss L3 will be produced by minimizing the posterior risk

by () = / [tr{ﬁ(‘l"‘l')—l} —log |Q¥'Y) | - p] FOP Vo, Vi,.... V) d¥,
which is equivalent to minimize
¢o(¥) = / (PP} £ | Vo, Vi, Vi) dW — log [¥ .

Similar to (47), we have

k
w{ (PP =Y wbn or ) )
i=1

k
+ ) w{( — WY D (P )
i=2
x(Wi1 — \iliiq’,'_,-lll’il)/}~ (54)
From (34) and (38),
E{(¥},¥11) " [Vo. Vi..... Vi} = TuB3 T},
E(CW,¥i) " Vo, Vi, ... Vih = Ty By T, /{1 + tre(Ty By T Wi D)
i=2,..., k.

In addition, similar to (50), fori =2, ...,k,
E[er{ i — Wi ) (8L W T (B = ) VoL VL Vi
=tr [[E{(‘i’il—‘i’ii‘l’ﬁl‘l’il)/(‘i’il—‘i’ii‘l’ﬁl‘l’il) | Vo, Vi,....Vi}

x E((¥), %10 Vo, Vi, Vi)
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=tr [(‘i’il + W WD (P + ‘i’iiWilwﬁll)TnB{llBT/n}
A A/
+r(T11 By T Wi (¥ T Boi s T, W3, /(1 + (T By T Wi ).
So we have
Eler{(PY~ )PP} | Vo Vi, ... Vi

/

k
= Z tr(\l’iiTiiBz_iigT;i‘l’li)
i=1

k
+ Yt B B Wa Wi o+ B W W DTHB T (55)
i=2
and thus
k

g2(¥) = [ TB3 T, W) — log 1, W1}
i=1
k
1 v —1\/ g 1 -1 —1 v
+ Ztr {(‘I’il +WiWia W, D) (Wi + \Piiwilwl‘“)TllB21BT11] .
i=2
Hence, we can readily see that gz(‘i’) is minimized at ‘i’ii = B;{ET; Ufori = 1,...,k and
‘i‘jl = —‘i’ijﬂW;l]l for j =2, ..., k. Thus the proof is completed. [

Remark 4. Similar to Remark 2, the best G-equivariant estimator QQ B 1s also minimax with
respect to the entropy loss L3.

Remark 5. Similar to Remark 3, the MLE Q m and the unbiased estimator QU are still inadmis-
sible under the entropy loss L3.

6. Best equivariant estimator of © under the symmetric loss
We need the following lemma, which is a direct result of Lemma 2.2 in [7].

Lemma 1. Let A = {A € RP*P | A is lower-triangular with positive diagonal elements}. If A
and A are both positive definite, then

min{tr(AAA’) n tr((A’)_lAA_l)} = 2tr(A/2AN1/2)1/2
AcA

is achieved by taking A as the inverse of Cholesky decomposition of A~'/>(AY2AAY/?)1/2
A2, Specifically, if A and A are both diagonal, then the minimum will be achieved at A =
A1/4A_1/4.

Theorem 4. Under the symmetric loss L%, the best G-equivariant estimator of  is given by

Q35 = R'B33R, (56)

. . 12 o1/2 o1 /2 «— 12
where B3 = diag(B315, Bsog,. .., Bsxp) with B3z = By 5 (B}/5B,,B1%)1/2B|!% and
Bsip = B}I%Bg;, i = 2,...,k, where Byjp and Bo;p are given by Theorems 2 and 3, re-

spectively,i = 1,2,..., k.
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Proof. The Bayesian estimator of Q under the symmetric loss L3 will be produced by minimizing
the posterior risk

bﬂﬁ):f [tr{ﬁ(\v’\l')—l} +tr{si—1(~1"~r)} —2p]f(‘l’ | Vo, Vi, ..., Vo) d'Y,
which is equivalent to minimize
g3(‘i’)=/ [tr{(\i"v—l)(‘iﬂl'—l)’}m{(\P‘il—l)(llﬂi’—l)’}]f(\P|V0,V1,...,Vk)d\1’.

Combining (55) with (51), it yields

k
ga(¥) = Y [u (BB T, W) + o (¥ () T BT ]
i=1

tr{(‘i’n + ‘i'iiWanlll)/(‘i’il + ‘i’iiWanll)TnB{llBT/u}

-

+
2

1=
k

+ ) wr{(Wa Wi+, ) (] %) !

i=2
X(W“Wfl] + ‘i’;l‘i’i])/(T;i)_lBliBT;l }
k
> Y[ (B TaBg T + e cF) T T T BT

i=1
and the equality holds if we take ¥;; = —W¥;;W;;W},i = 2,3, ..., k. Thus, by Lemma 1,
we can easily see that g3 (‘i’) attaches minimum at ¥;; = Q; 1T1_11 with Q3 being the inverse
of Cholesky decomposition of Bl_llléz(Bi{%Bz_llBBi{%)1/2B1_111§2, y, = Bél./éTl.—il and ¥;, =
—‘i’,-iW“Wi_lﬁ, i =2,3,..., k. Thus the proof is completed. [

Remark 6. Similar to Remarks 2 and 4, the best G-equivariant estimators flz is also minimax
with respect to the symmetric loss L3.

Remark 7. Similar to Remarks 3 and 5, both Q M and QU are inadmissible under the symmetric
loss L3.

7. Estimating the covariance matrix

As immediate corollaries of our results on estimating the precision matrix, we now list the
results for estimating covariance matrix under a star-shape model with missing data.

Corollary 1. Under the loss L;,i = 1, 2, 3, the G-equivariant estimator of X is given by
Y5 =TB,T, (57)
where T is given by (42) and B;g,i = 1, 2, 3 is shown by Theorems 2, 3, and 4, respectively.

Remark 8. For fixedi =1, 2, 3, both the MLE ﬁM and the unbiased estimator ):TU are inadmis-
sible under the loss L;.
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Fig. 1. Risk comparisons when (p1, p2, p3) = (2,1, 1), (n1,n2,n3) = (3,4, 5) and 5 <n < 15: (a) under LT, (b) under
L;, and (c) under L}‘.

Remark 9. Fori = 1, 2, 3, the best G-equivariant estimator ﬁi is minimax with respect to L;.
8. Simulation results

In this section, we will compare the risks of MLE Q M, the unbiased estimator flU and the best
equivariant estimator f!,- p under each L;‘, i =1, 2,3.Eachrisk will be denoted as R; 1, Riy, Rip
under L7, respectively.

Unlike the model with complete data studied by Sun and Sun [23], it is rather complicated to
derive a closed form expression for the risks of the above estimates under any L}. So we compare
their risks by simulation. Because all of these estimators are equlvarlant without loss of generality,
we may take ¥ = I, in our simulation. Risks of the three estimators 9} M QU and Q under losses
L’i‘, L; and L* for various combinations of n; and p;, and k = 3 and 5 are plotted in Figs. 1-9.
The numerical values are computed based on 10, 000 simulated samples. From the simulation
study, QM is superior to QU under the loss L7, but fZU is superior to QM under the loss L3.
There is no difference between M and QU under loss Lg‘. Furthermore, the improvement over

the risks of QM and QU by Qi under all three losses is quite substantial.

9. Concluding remarks

This paper deals with the problem of estimating the covariance matrix and the precision matrix
under the three common loss functions in a star-shape model with missing data. Using a type of
Cholesky decomposition of the precision matrix = W', we easily obtained the MLEs of the
covariance matrix and the precision matrix. Also, we get the closed forms of the best equivariant
estimators of £ under the Stein loss, entropy loss and symmetric loss, respectively. This method
is quite powerful in estimating the covariance matrix or the precision matrix.

Although our sample plan is restricted to taking observations from X, Xy, (X}, X)), i =
2,...,k, which is popular in economic studies, we can deal with other cases such as taking
observations from X, Xj, (X}, X} , X , ..., X] )’ 2<iy < -+ < ij<k by applying the similar
method. In these cases, the monotone missing data pattern is not required when the covariance
matrix has a special structure, which is different from the case of the covariance matrix with no
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Fig. 2. Risk comparisons when (py, p2, p3) = (2,1, 1), (n,np,n3) = (5,4, 5) and 5<n < 15: (a) under L¥, (b) under
L3, and (c) under L3.
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Fig. 3. Risk comparisons when (p1, p2, p3) = (2,1, 1), (n,n1,n3) = (5,4,5) and 5 <ny < 15: (a) under L’l‘ (b) under
L3, and (c) under L.
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Fig. 4. Risk comparisons when (py, p2, p3) = (2,2, 1), (ny,n2,n3) = (3, 5,4) and 5<n <20: (a) under L7, (b) under
L3, and (c) under L’3‘.
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L3, and (c) under L.
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Fig. 6. Risk comparisons when (p1, p2, p3) = (2,2, 1), (n,ny,n3) = (6, 3,4) and 5<np < 15: (a) under L7, (b) under
L%, and (c) under Lg‘.
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Fig. 7. Risk comparisons when (p1, p2, p3, p4, p5) = (2,2,3,4,1), (n1,n2,n3,n4,n5) = (3,5,6,7,4) and
13<n<20: (a) under L7, (b) under L}, and (c) under L.
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Fig. 8. Risk comparisons when (p1, p2, p3, pa, p5) = (2,2,3,4,1), (n,np,n3,n4,n5) = (14,5,6,7,4) and
3<ny <10: (a) under LT, (b) under L%, and (c) under Lz.
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Fig. 9. Risk comparisons when (p1, p2, p3, pa, p5) = (2,2,3,4,1), (n,ny,n3,n4,n5) = (14,4,6,7,4) and
13<ny <20: (a) under L7, (b) under L%, and (c) under L;.

restriction by Anderson [1] and Liu [18] and so on. In addition, for convenience, we assume that
the sample sizes satisfyingn > p,ny > p; and n; > py + pi, i = 2, ...,k in this paper. The
essential conditions are m; > py + 1l and m; > p; + p; + 1.

The investigation on a star-shape model with missing data is, nevertheless, far from being com-
plete, and there are many important and interesting questions to be further studied. An interesting
but difficult problem is whether the best equivariant estimate i is admissible under the corre-

sponding loss L;. Other Bayesian estimates by using appropriate priors will be considered in the
future.
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