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I. In some of his previous papers [1-5] the author has developed from
different points of view the boundary value problems concerning equations
of nonelliptic type.l

He has established relations between the characteristic values of the
boundary value problems

[A(x) @ + AB(%) 4] + A[B(x) ' + C(x)u] =0 (1)

on R, u = 0 on the boundary of R, and the minimum values of the functional

D(f)= | AG)fH) d, @)
subject to the conditions that
H(f) = fR (2B(x) f(x) f'(x) + C(x) f¥(x)) dx = £ 1, ©)

and f = 0 on the boundary of R.

The novel aspects of the theorems lies in the interpretation of R as a
2n-dimensional rectangular domain and the symbol ' as designating total
differentiation in the sense that

2
, o*u

Y= 0x) 0%, *** 0%y,

4)

(Picone’s sense [13, 14]).

1 This problems received due mention in a large field of subsequent research papers
belonging to well known scientists [6-12].
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In order to simplify we begin with the boundary value problem

otu
_ _ 0Kl
ul =0 R_(O<y<l), (6)

that, under light conditions on A(x, y), is equivalent to the problem of deter-
mining the relative minima of

1 A1 a‘Zu 2
[ ), m) = 0
subject to the constraints
(0, y) = u(x, 0) = u(l, ) = u(x, 1) =0, (8)
1 5,1
f f Alx, y) w2 dxdy = 1, 9)
0’0o

or, conversely, to that of determining the relative maxima of

[ : A, y) it dedy, (10)

subject to the constraints (8) and

o

2. In the first approach, following step by step the well known work by
Bellman [15], closely related in Chapter IX with a new formalism in the
Calculus of Variations, we consider the minimization of

J) = [ 1 ) (ajlay)zdx a, (12)

over all  satisfying the conditions

u(a; , y) = k(y), u(x, a5) = ky(x), ky(ay) = kya)) = &,
u(x, 1) = u(l,y) =0, (13)

1 1
J' f A(x, y) w2 dx dy = 1. (14)
ay v ag
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Here the new state variables a, , a, satisfy the conditions
0y <1, 0<Ka <L (15)

We assume that the function A(x, y) satisfies the constrain

0<b < Ax,y) < by
for all 0 < x < 1, 0 <y < 1 and is continuous over
R =10,1] x [0, 1].
Let us set a functional

fars 0y, ) ko) = Min [ [ (o55) aedn 19

subject to the constraints (13), (14).
We write, along an extremal,

J J A(x, y) u* dx dy

ayt+8y Y agt3y

U' f faﬁ--h J.“s*‘sz J“l"'s‘ J‘;Hz _ f:lHl f‘:“z] A(x, y) u* dx dy

en | A, ROV — s | A, a) ()

dgtSg aytsy
(a1+51<x<1; a2+32<y<1)» (17)
w(@, + 51, @ + 8p) = k -+ 5501 + 805,
du u
V4 = — N Vg == —— y 18
! ax =y ? 3y y=ay ( )
2u \?
a,,a,, ko(x)) = dx d
fay, @z, ku(3), ko)) = f f Gy =

+SJ.1 vi,dy s ]-1 Vi dx
! Go+Sg 1 2 e '

Y ay+5y

i}
oy

on — 00,
’ 2 —
T=a, ox

, (19)

y=a,

Uy =

to terms in ofsy , 5p).
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We now make the change of variable

5

uxn) = [1 =3[ Aer,5) o) dy

az+3g

6 ol
— 2| A, @) Kx) dx] w(x, y)
2 a1+3;
in order to maintain the condition (14). We then have

ks ol
w(ay + 81, ay + $3) = k + 8,0 + 5,0, + —Sl‘f A(ay, y) ki(y) dy

ag+8y

sy

1
5 f s Ax, a5) B(x) dx,

fa o b ko) = [ [ (T asay

ay+8; ¥ astsg

x(1=-4) [ A( KOV =5 [ A, ) Ki) ds

@y

—}~sJ.1 v2d+sf1 o2, dx
1 1y &Y 2 2z ’
ag+8g

agt+s$

to terms in o(s, , $;).

(20)

(21)

(22)

Combining the above results, we obtain the approximate functional

equation, reproduced in ref. 16,

d ' . d
vm Y -+ Sy Vge AX

a1+38;

flar , a5, (), o)) = Min [s, [

Qg+3y

$1

-2 A ROy — [ A a) ) d)
( 'ffa2+sz 1,Y) R\Y) &y 2fa1+s1 Xy A3} Ry X

nk

ay+8g

f(al+51:az+52,k+517)1+

=

aytsy

A(x, ap) B(x) dx)] + o(sy , $a).

A(ay, y) Ki(y) dy, k + 530,

23)
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Letting s; —> 0 and s, — 0 one obtains the generalized Bellman equations
related to his new technique concerning the classical variational solution
of the eigenvalue problem

‘% F () u=0, u0)=ul)=0 (*)

in the form of integro-differential equations with partial derivatives. Its
approximate solution combined with some very recent results of Picone and
L.S. Pontrjagin and his collaborators, related respectively to a very important
sufficient criterion concerning the absolute minimum of a polydimensional
integral [17], and to the mathematical theory of optimal processes [1§],
as well as various developments of Bellman’s new variational technique [19]
for both boundary value problems for ordinary differential equations of
higher order and for partial or integro-differential equations with partial
or ‘“total derivatives,” was presented [20] or published [21, 22, 23}, or will
be given in later papers.
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