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Exceptional collections in derived categories

Introduction

The quantum cohomology of homogeneous varieties has been extensively studied (see [Tam]
for references). Other well-known examples are toric varieties, yet apart from these settings, there
are only few examples where the quantum cohomology has been explicitly determined. Quasi-
homogeneous varieties provide interesting non-toric and non-homogeneous examples. Among these
two Hilbert schemes have been studied, Hilb(2, P?) [Gra01] and Hilb(2, P! x P!) [Pon07].

In [Mih07] Mihai studied a family of varieties, the odd symplectic flag manifolds, which have many
features in common with the symplectic flag manifolds. These varieties are interesting at least for two
reasons; first, they are quasi-homogeneous, and secondly, since they have an action of the algebraic
group Sp,,¢ (the odd symplectic group), whose properties are closely related to those of Sp,,, they
are expected to behave almost like homogeneous spaces and thus be relatively easy to deal with. The
classical and quantum cohomology of symplectic Grassmannians has been described in [BKT09] and
[BKTO8], so one can ask whether it is possible to obtain similar results in the case of odd symplectic
Grassmannians.
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Here we deal with the case of the odd symplectic Grassmannian of lines IG(2, 2n + 1), although
some of the results about the classical cohomology hold in a more general setting. In 1.2 and 1.6 we
use the natural embeddings of IG(2, 2n + 1) in the usual Grassmannian and in the symplectic Grass-
mannian to compute classical Pieri (see 1.4) and Giambelli (see 1.7) formulas, as well as a presentation
of the cohomology ring (see 1.8).

For the quantum cohomology the situation is more complicated. Since these varieties are not con-
vex it is necessary to study the moduli spaces corresponding to invariants of degree one to show that
they are smooth of the expected dimension. This is done in 2.1. Another difficulty is that since the
group action is not transitive, an important transversality result, Kleiman’s lemma [Kle74, Thm. 2]
no longer holds. So it will not be possible to force two Schubert varieties to meet transversely by
an adequate choice of the defining flags as was done for instance in [Cos09]. Hence the Gromov-
Witten invariants associated to Schubert varieties are not always enumerative. To solve this problem
we replace Schubert varieties by another family of subvarieties and we use a transversality result of
Graber [Gra0O1] suited for quasi-homogeneous spaces. In 2.5 we obtain a quantum Pieri formula and a
presentation of the quantum cohomology ring. Finally, in 2.7, we check for odd symplectic Grassman-
nians of lines a conjecture of Dubrovin [Dub98, Conj. 4.2.2] relating semisimplicity of the quantum
cohomology and the existence of a full exceptional collection in the derived category.

Our results show that there are many similarities with the symplectic case, since the classical and
quantum Pieri formulas are almost the same in both cases. The Hasse diagrams are closely related
as well (see 1.5). However, Poincaré duality is very different, since the Poincaré dual of a Schubert
class is no longer always a single Schubert class (see 1.3). Moreover, contrary to what we prove
here, the small quantum cohomology ring of the symplectic Grassmannian of lines is not semisimple
(see [CP09]), and it is not known whether the Dubrovin conjecture holds in this case.

I wish to thank Laurent Manivel for his help on this subject.

1. Classical cohomology

Let 2 < m < n be integers, V be a C-vector space of dimension 2n+ 1 and w be an antisymmetric
form of maximal rank on V. We denote its kernel by K. The odd symplectic Grassmannian is

IGw(m, V) :={¥ e Gr(m, V) | ¥ is isotropic for w}.

It has an action of the odd symplectic group:

Sp(V):={geGL(V) |Vu,v eV, w(gu, gv)=w(u,v)}.

Up to isomorphism, 1G,,(m, V) does not depend on the (2n + 1)-dimensional vector space V nor on
the form w, so we may denote it by IG(m, 2n+1). Similarly, from now on we denote Sp(V) by Spy,1.
We recall some basic facts from [Mih07, Prop. 4.1 and 4.3]:

Proposition 1.

1. The odd symplectic Grassmannian IG(m, 2n + 1) is a smooth subvariety of codimension W of the
usual Grassmannian Gr(m, 2n + 1).
2. Moreover, it has two orbits under the action of the odd symplectic group Spo;, 1 :
e the closed orbit O :={X €1G(m, 2n 4+ 1) | ¥ D K}, which is isomorphic to the symplectic Grassman-
nian IG(m — 1, 2n);
e the open orbit {¥ €1G(m,2n+ 1) | X 2 K}, which is isomorphic to the dual of the tautological bundle
over the symplectic Grassmannian 1G(m, 2n).

For us, a quasi-homogeneous space will be an algebraic variety endowed with an action of an al-
gebraic group with only finitely many orbits. Odd symplectic Grassmannians are examples of such
spaces.
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1.1. Schubert varieties

A C-vector space V of dimension 2n + 1 endowed with an antisymmetric form of maximal rank
 can be embedded in a symplectic space (V,@) of dimension 2n + 2 such that @|y = w. This
construction gives rise to a natural embedding i: IG(m, 2n 4+ 1) < IG(m, 2n + 2). It can be easily seen
that i identifies IG(m, 2n + 1) with a Schubert subvariety of IG(m, 2n 4 2). Moreover this embedding
enables us to obtain a description of the Schubert subvarieties of IG(m,2n + 1). In 1.1.1 we recall
some facts about Schubert varieties in IG(m, 2n), then in 1.1.2 we describe the Schubert varieties of
IG(m,2n+ 1) and introduce an indexation using partitions.

1.1.1. Schubert varieties in the symplectic Grassmannian

Here we recall the indexing conventions introduced in [BKT09, Def. 1.1]. Two kinds of combinato-
rial objects can be used to index Schubert varieties of the symplectic Grassmannian IG(m, 2n), k-strict
partitions (with k:=n —m) and index sets:

Definition 1.

1. A k-strict partition is a weakly decreasing sequence of integers A = (A1 > --- > Ay > 0) such that
Aj>k=Aj>Aji1.

2. An index set of length m for the symplectic Grassmannian is a subset P = (p1 <--- < pm) C [1, 2n]
with m elements such that for all 1<1i, j <m we have p; +pj#2n+1.

Now if F, is an isotropic flag (i.e. a complete flag such that Fn{l. = Fpy4 for all 0 < i< n), to each
admissible index set P = (p1, ..., pm) of length m we can associate the Schubert cell

Xp(Fo) :={X €IG(m, 2n) | dim(Z N Fp;) = j, V1< j<m}.

Moreover there is a bijection between k-strict partitions A such that A1 < 2n —m and index sets
P C[1,2n] of length m, given by

A= P=(p1,....,pm) wherepj=n+k+1—1;j+#{i<j|r+Xr;<2k+j—i},

Pr—>A=(1,...,Am) WhereAj=n+k+1—-pj+#{i<jlpi+pj>2n+1}

The advantage of the representation by k-strict partitions is twofold: it mimics the indexation of
Schubert classes of type A Grassmannians by partitions, and the codimension of the Schubert variety
associated to a k-strict partition A is easily computed as |A| = ZT:l Aj. In the next paragraph we will
describe a similar indexation for the odd symplectic Grassmannian.

1.1.2. Schubert varieties in the odd symplectic Grassmannian

We now use Mihai’s description of the odd symplectic Grassmannian as a Schubert subvariety of
IG(m, 2n + 2) to define the Schubert varieties of the odd symplectic Grassmannian. We also introduce
two indexations for them.

Schubert varieties of the odd symplectic Grassmannian will be defined with respect to an isotropic
flag of C?"*1 ie. a complete flag F, which is the restriction of an isotropic flag F} of C2"*2. Denote
by 1™ the partition A° such that A9 = ... = A9 = 1. It corresponds to the index set P® = (2n+2 —
m,...,2n+1).

Proposition 2. The embedding i : IG(m, 2n + 1) — IG(m, 2n + 2) identifies IG(m, 2n + 1) with the Schubert
subvariety of IG(m, 2n + 2) associated to the (n + 1 — m)-strict partition A° (or, equivalently, to the index
set PO),
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We define the Schubert varieties of IG(m, 2n + 1) as the subvarieties of IG(m, 2n + 1) of the form

Xp(Fy) :={X €IG(m,2n+1) | dim(Z N Fy;) > j forall j},
where

e P is an index set of length m of [1,2n + 1], that is, an m-uple P = (p1 <--- < pm) With 1< p; <
2n+1 for all j and p; +pj#2n+3 forall i, j;
e F, is an isotropic flag of C>"*1,

These varieties coincide with the Schubert varieties of IG(m,2n + 2) indexed by index sets P of
[1,2n + 2] such that P < P° (for the lexicographical order), hence Proposition 2 implies that they
define a cellular decomposition on IG(m, 2n + 1).

Let us now describe another indexation of the Schubert varieties of IG(m, 2n + 1) using partitions.
If P is an index set of [1,2n + 1], we associate to it an (n — m)-strict m-uple of weakly decreasing
integers A = (A1 > --- > Ay > —1) defined by

Ai=2n+2-m—pj+#{i<j|pi+pj>2n+3} forall1<j<m.

Conversely if A= (A1 > --- > Ay > —1) is any (n —m)-strict m-uple of weakly decreasing integers such
that 21 <2n+1-—m and (A\p =—1= 11 =2n+ 1 —m), then the assignment

pj=2n+2-m—rj+#{i<j|r+r<2m—m)+j—i} forall1<j<m

defines an index set of [1,2n + 1]. It is easy to check that with respect to this indexation convention,
the Schubert variety X; (F,) has codimension |A| in IG(m,2n + 1).

Remark 1. For the case of the odd symplectic Grassmannian of lines 1G(2,2n + 1), it follows that the
indexing partitions can be either

e “usual” (n — 2)-strict partitions A=2n—1> A1 > Ay > 0);
e the “partition” A = (2n — 1, —1) corresponding to the class of the closed orbit Q.

1.2. Embedding in the symplectic Grassmannian

Now we draw some consequences of the embedding of IG(2,2n + 1) as a Schubert subvariety of a
symplectic Grassmannian. Since we know the cohomology of IG(2, 2n + 2), describing the restriction
map i* will give us information on the cohomology of IG(2, 2n + 1).

Let F, be an isotropic flag, Y, p(F,) a Schubert subvariety of IG(2,2n + 2) and v, the associ-
ated Schubert class, where (a, b) is an (n — 2)-strict partition. From Proposition 2, we know that
IG(2,2n + 1) is isomorphic to the Schubert subvariety Yq1(E,) of IG(2,2n + 2), where E, is an
isotropic flag which we may assume to be in general position with respect to F,. Then it follows that
Yq»(Fe) and Y1 1(E,) meet transversally, hence we can compute the restriction i*vg , by computing
the class of the intersection Y, , NY1,1 in IG(2, 2n + 2) using the classical Pieri rules for I1G(2, 2n + 2)
[BKTO09, Thm. 1.1]:

v Uv _ Ug+1,b+1 lfa—i-b#Zn—Z, 2n—1,
ab=H11= Ugt1.bt1+ Ugsop ifa+b=2n—2o0r2n—1.

Remark 2. In the above formula, we should remove classes that are not indexed either by (n — 2)-
strict partitions A = (2n —1 > A1 > Ay > 0) or by the special partition A = (2n —1, —1). We will adopt
this convention throughout the rest of the text to simplify formulas.
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Denote by 7, the cohomology class associated to the Schubert variety X;(F,) C IG(2,2n + 1),
where A is an (n — 2)-strict partition and F, is an isotropic flag of C2"*1. This class does not depend
on the choice of the isotropic flag.

Looking at the incidence conditions for the corresponding Schubert varieties, we prove that for
each 7.4 € H*(IG(2,2n + 1), Z), we have

1 Te,d = Uer1,d41-
Using the projection formula i, (x Ui*g) =i.a U B, we deduce

Lemma 1 (Restriction formula). Let v, , € H*(IG(2, 2n + 2), Z) be a Schubert class. Then its restriction to the
odd symplectic Grassmannian IG(2, 2n + 1) is given by

i* Ta,b ifa+b#2n—2, 2n—1,
U, = ’
“5 7\ T + Tas1p—1 ifa+b=2n—2o0r2n—1.

In particular we notice that i* is surjective and has kernel generated by the class v,,. So the clas-
sical cohomology of I1G(2,2n + 1) is entirely determined by the classical cohomology of IG(2, 2n + 2).

1.3. Poincaré duality

If X is a smooth algebraic variety and ();) a homogeneous basis of its cohomology ring, we de-
note by (y;") the corresponding Poincaré dual basis. For homogeneous spaces and for odd symplectic
Grassmannians, the basis (y;) we consider is the basis of Schubert classes. Here we compute Poincaré
duality for IG(2,2n + 1).

If o = vy is a Schubert class such that b > 1 or (a, b) = (2n, 0), then there exists a unique class
y in IG(2,2n 4+ 1) such that i,y = o. We denote it by «_. We first prove

Lemma 2. Let o = v, be a cohomology class in IG(2, 2n + 2) such that b > 1 or (a,b) = (2n, 0). Then
iV =aY.

Proof. By definition of Poincaré duality, if @ and B are two cohomology classes in IG(2, 2n + 2), then

o U ﬁv = (30“3,
1G(2,2n42)
where § is the Kronecker symbol. So
(i) UBY =8qp= / i (- Ui*BY). (1)
1G(2,2n+2) 1G(2,2n+2)

Expressing i*8"Y on the dual basis in IG(2, 2n + 1), we get i*8Y = >y xg,y Y. Hence
Sap =D Xpy / (a-UyY) Zxﬂ yda_y-
1G(2,2n42)
S0 Xg,o_ = 8q,p, and the result follows. O

Finally, Poincaré duality in IG(2,2n + 1) takes the following form:
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1G(2,6) T3,1 73,2

Fig. 1. Hasse diagram of IG(2, 7).

V1,1 V2.1 V31 U3 2

(%) (O Uy

V4,1

Fig. 2. Hasse diagram of IG(2, 6).

Proposition 3 (Poincaré duality).

Ton—-1-b,2n—2—a ifa+b<2n-2,
A\ .
Ty =1 T2n—2-b2n—1-a + T2an—1-b2n—2-a fa+b=2n—-20r2n—1,
Ton—2-b,2n—1-a ifa+b>2n-—1.

Proof. We will derive this result from Poincaré duality on IG(2, 2n+2) using Lemmas 1 and 2. Indeed,
we prove with the projection formula that if « is a class in 1G(2,2n + 2), then oY = (¢¥ U vy 1)—.
Then using the Poincaré duality formula in IG(2, 2n + 2) proved in [BKT09, §4.1], an easy calculation
gives the result. O

Remark 3. This result is very different from what we get for the usual Grassmannians or even the
symplectic or orthogonal ones. Indeed, the basis of Schubert classes is not self-dual. This fact will
have many consequences; in particular, the Hasse diagram of 1G(2,2n + 1) (see Fig. 1) will be much
less symmetric than the Hasse diagram of, say, IG(2, 2n + 2) (see Fig. 2).

14. Pieri formula

To compute the cup product of two cohomology classes in IG(2, 2n + 1), we need two ingredients:
a Pieri formula describing the cup product of any Schubert class with a special class (that is, one of
the classes 71 or 71,1), and a Giambelli formula decomposing any Schubert class as a polynomial in 71
and 711. In this paragraph we describe the Pieri formula as well as an alternative rule for multiplying
Schubert classes and classes of the form 7, with 0 <p<2n—1 or 241, _1.

We start by expressing cohomology classes in IG(2,2n + 1) in terms of cohomology classes in
IG(2,2n + 2) using Lemma 1:

i"ucg ifc+d#2n—-2, 2n—1,
Z;;g(—l)C—"—fi*un_lﬂ-,nq_j ifc+d=2n-2,

Sl (D) ifc+d=2n—1.

j=c—n

Ted =

Now combining this with the Pieri rule in H*(IG(2,2n + 2),7Z), we can prove a Pieri rule for
1G(2,2n+ 1):
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Proposition 4 (Pieri formula).

Ty UT = {‘Ca+1,b+fa,b+1 l:fa+b#2n—3,

’ Tab+1 +2Tag1,b + Tar2p-1 fa+b=2n-3,
Ta+1.b+1 ifa+b#2n—4, 2n—3,

Tab U TL1 :{Ta+1;b+] + Tayap ifa+b=2n—4o0r2n—3.

We may also state a rule for multiplying by the Chern classes of the quotient bundle:

Tp if0<p<2n—1andp#2n-2,
Ton—2 + Ton-1,-1 ifp=2n-2.

p(Q) = {

We prove in the same way as Proposition 4:

Proposition 5 (Another Pieri formula).

2 @+1,b+1)—> (c+1,d+1) NU@FLOFD. (e Ld+ 7
c+d=a+b+p
d>0 0r c=2n-1
TapUTp = ifp#2n—2or(a+b#2n—1and(a,b)#(2n—1,-1)),
(—=1D)%p—12n—2 ifp=2n—-2,a+b=2n—1andb #0,
0 ifp=2n—2and ((a,b)=2n—1,—-1) or 2n — 1, 0)),

where the relation . — w and the integer N(A, ) are defined in [BKT09, Def. 1.3].

(-=1)% 19y 1902 ifa+b=2n-1,

TapUTon_1,_1 = Ton—1.a—1 1.fb=0anda;é2n -2,
Ton—1,2n—3 if(a,by=02n—-1,-1),
0 else.

Notice that contrary to the symplectic case (and to the case of other homogeneous spaces) we
sometimes get negative coefficients for the second Pieri rule. It is a consequence of the fact that we
only have a quasi-homogeneous space, so it is not always possible to find representatives of the two
Schubert varieties that intersect transversally. So even in degree 0 Gromov-Witten invariants asso-
ciated to Schubert classes are not always enumerative, contrary to the case of homogeneous spaces.
That is why we have to outline conditions in 2.2 to recover enumerativity for some invariants.

1.5. The Hasse diagram of 1IG(2,2n + 1)

The Pieri rule from Proposition 4 enables us in particular to compute the multiplication by the hy-
perplane class 1. The corresponding graph is called the Hasse diagram of 1G(2, 2n+1). More precisely,
the Hasse diagram of IG(2,2n + 1) is an oriented graph with multiplicity such that:

e its vertices are the Schubert classes of IG(2,2n + 1);
e two vertices 7, and T 4 are related by an arrow of multiplicity r if 7. 4 appears with multiplicity
r in the product 74 U 77.

For instance see Fig. 1 for the Hasse diagram of IG(2, 7). Arrows are going from left to right.
As a comparison, see also the Hasse diagram of the symplectic Grassmannian IG(2, 6) in Fig. 2,
and of IG(2, 8) in Fig. 3.
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1G(1,6) oy vs Vg V6,1

Fig. 3. Hasse diagram of IG(2, 8).

Looking at these examples we notice that the Hasse diagram of IG(2, 7) contains the Hasse diagram
of IG(2,6) as a subgraph, the subgraph induced by the remaining vertices being isomorphic to the
Hasse diagram of IG(1, 6). Moreover, the Hasse diagram of IG(2,8) contains the Hasse diagram of
IG(2,7) as a subgraph, the subgraph induced by the remaining vertices being isomorphic to the Hasse
diagram of IG(1, 6). This is a general fact. More precisely, we have the following decomposition of the
Hasse diagrams of the even and odd symplectic Grassmannian:

Proposition 6.

e The Hasse diagram of IG(2, 2n + 1) is isomorphic to the disjoint union of:
1. the Hasse diagram of 1G(2, 2n), whose vertices are the classes in 1G(2, 2n + 1) associated to the Schu-
bert varieties not contained in the closed orbit;
2. the Hasse diagram of the closed orbit O = 1G(1, 2n);
with parts 1 and 2 linked by the simple arrows joining Top—3 to Ton—1,—1 and Tap—2.4 t0 Ton—1,4 for
0<a<2n—-3.
e The Hasse diagram of 1G(2, 2n) is isomorphic to the disjoint union of :
1. the Hasse diagram of IG(2, 2n — 1), whose vertices are the classes in IG(2, 2n) associated to the Schu-
bert varieties contained in X1 1;
2. the Hasse diagram of IG(1, 2n — 2), corresponding to the classes Ty to Top—3;
with parts 1 and 2 linked by the double arrow joining Tap_3 to Top—2 and the simple arrows joining T, to
Tp1for1<p<2n-3.

Proof. We will denote by Higm,n) the Hasse diagram of IG(m, N).
e Let Gy be the subgraph of Hig(2 2n+1) induced by the vertices 7, for A such that A1 <2n—1. We

need to prove that G = Hig(2,2n). First notice these graphs have the same set of vertices. Then
use the diagram:

¢
0O —=1G(2,2n)
Ji
IG(2,2n+1)

where i is the natural inclusion and ¢ (¥) = X'/K for each X € Q. Looking at incidence conditions
we notice that ¢*v, =i*t, for each Schubert class v, of IG(2,2n), and we get

¢ (V1 Uy =9 v Ug*u, =i*(t1 U Ty),

hence Gy and Hig(2,2n) have the same arrows. Now the vertices of Hig(2 2n+1) DOt contained in
G1 correspond to the classes t; with A1 =2n — 1, that is to the Schubert varieties contained in
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the closed orbit @ = P2"~1, So the graph G, they induce is isomorphic to IG(1,2n). Finally, the
arrows joining G and G, are determined using the Pieri rule 4.

e For IG(2,2n) the result is simply a consequence of the isomorphism between IG(2,2n + 1) and
the Schubert subvariety X171 of IG(2,2n) stated in 1.2, and of the Pieri rule for 1G(2, 2n) proved
in [BKT09, Thm. 1.1]. O

This result can be easily generalized to all symplectic Grassmannians IG(m, N):

Proposition 7.

o The Hasse diagram of IG(m, 2n) is made of the union of :
1. the Hasse diagram H1 of IG(m, 2n — 1), whose vertices are the cohomology classes of IG(m, 2n) asso-
ciated to the Schubert varieties contained in Xym;
2. the Hasse diagram H; of IG(m — 1, 2n — 2).
The arrows from H; to H are of two types:
- simple arrows A — w for A, pusuchthat a1 <2n—1—-m, Ap—1 21, An=0and u=(r1,..., Am—1, 1);
- double arrows A — p for A, suchthat i1 =2n—1—-m, Ay =0and u = 2n—m, A, ..., Am).
There is no arrow from H, to H,.
o The Hasse diagram of IG(m, 2n + 1) is made of the union of:
1. the Hasse diagram H1 of IG(m, 2n), whose vertices are the cohomology classes associated to the Schu-
bert varieties of IG(m, 2n + 1) not contained in the closed orbit;
2. the Hasse diagram H; of the closed orbit O = 1G(m — 1, 2n).
The arrows from H, to Hy are simple and of two types:
- A= ufork, usuchthat iy =2n—mand u=Q2n+1—m, A2, ..., Am);
- A= puforx,wsuchthat2(n—m)+#1<i<m|y=21}<m<2n—1—-mandu=2n+1—
m, A2, ..., Ay —2m-m), —1,..., =1).
There is no arrow from H; to H;.

The proof is very similar to the m = 2 case. However, the determination of the arrows between
both parts of the Hasse diagram is a bit more complicated and uses a Pieri rule for the symplectic
Grassmannian proved by Pragacz and Ratajski [PR96, Thm. 2.2], hence we will not give it here.

1.6. Embedding in the usual Grassmannian

The easiest way to find a Giambelli formula for IG(2,2n + 1) is to use the Giambelli formula on
Gr(2,2n+ 1) and to “pull it back” to IG(2, 2n + 1). More precisely, we use the natural embedding:

j:1G(2,2n+1) < Gr(2,2n+1).

We first prove that j,([IG(2,2n + 1)]) = o1, which means that j identifies IG(2,2n + 1) with a
hyperplane section of Gr(2,2n + 1). It is enough to prove that if C is a line in Gr(2,2n + 1) not
contained in j(IG(2,2n + 1)), then C intersects j(IG(2,2n + 1)) in only one point. Any line C not
contained in j(IG(2,2n + 1)) can be written as

C={reGr@.2n+1)|VcEcw}

where dimV =1, dimW =3 and W ¢ VL. Hence the only point in C N j(IG(2,2n + 1)) is ¥ =
wnvt

Now using the same arguments as for Lemma 1 and the fact that j,([IG(2,2n + 1)]) = 01, we can
prove
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Lemma 3.

e Ifa+b <2n—2, thenj*oqp = Tqp.
e Ifa+b >2n—2, then

J*0ap =Tap + Tag1.6-1-
This proves that the map j* is surjective and that its kernel is generated by the class

n—1

> =D ongini.
i=0
1.7. Giambelli formula
With Lemma 3 and the Giambelli formula for Gr(2,2n+ 1), we can prove a Giambelli formula with

respect to 71 and 7y,1. First define d; := (Tq1+j-i)1<i, j<r,» With the convention that t1p =0 if p <0 or
p > 2. We have

Proposition 8 (Giambelli formula).

0 1da_p ifa+b<2n—3,
Tab = Lo—o(=DP 7] %dag if@b)y=(C+1+p,c—1-p),
2n—2—c

(=197 Pry dygr if(@,b)=(c+1+p.c—p),
wheren —1<c<2n—-2and0<p<2n—2—c.

We can also state a Giambelli formula expressing classes in terms of the e, :=cp(Q):

Proposition 9 (Another Giambelli formula).

€q€h — €a+1€p—1 ifa+b<2n-3,
Tap =1 D ey —eaey + 2351 (~1) " e 1 jen1-j ifa+b=2n-2,
eqep +2 311 (=) eqy jep | ifa+b>2n—1.

1.8. Two presentations for the classical cohomology ring

1.8.1. Presentation in terms of the classes ep,

Proposition 10 (Presentation of H*(1G(2, 2n + 1), Z)). The ring H*(1G(2, 2n + 1), Z) is generated by the
classes (ep)1<p<an—1 and the relations are
det(eryj—i)igij<r=0 for3<r<2n, (R1)

en+2) enpieni=0. (R2)
i>1
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Proof. First of all, the quotient bundle Q of IG(2,2n + 1) is the pullback by the restriction map i
of the quotient bundle Q% on IG(2,2n + 2). So the i*c,(QT) =c,(Q) =ep for 1 < p < 2n gen-
erate H*(IG(2,2n + 1), Z). But Q having rank 2n — 1, i*c,(Q%) = 0, hence the cohomology ring of
IG(2,2n+1) is generated by the (e,)1<p<2n—1. Then we follow the method from [BKT09, Thm. 1.2] to
obtain presentations for the isotropic Grassmannians. Consider the graded ring A :=Z[ay, ..., dxn-1],
where dega; =i. Set aqp =1, and a; =0 if i <0 or i > 2n — 1. We also define dyp := 1 and
dy :=det(ai4j—i)1<i,j<r for r> 0. For all r > 0, set by := af + 22i>1(—1)iar+,~ar_,~. Now let ¢ :
A — H*(IG(2,2n + 1),7Z) be the degree-preserving morphism of graded rings sending a; to e; for
all 1 <i<2n— 1. Since the e, generate H*(IG(2,2n + 1), Z), this morphism is surjective. To prove
that relations (R1) and (R2) are satisfied, we must check that ¢ (d;) =0 for all r > 2 and ¢ (b,) =0.

(R1) Expanding the determinant d, with respect to the first column, we get the identity
r .
dr= (=D aidys.
i=1
Hence the identity on formal series:
2n—1 ) ) )
( > a,f‘) (Z(—l)’d,t‘) =1. (2)
i=0 i>0
On IG(2,2n + 1) we have the following short exact sequence of vector bundles
0— S — Oy = 2— 0,
so ¢(S)c(Q) =1, where ¢ denotes the total Chern class. But
2n—2 )
Q=) ut
i=0

so (2) implies

cS)=) (=D'pwnt'.

i>0

Since S has rank 2, it follows that ¢ (d;) =0 for all r > 2, hence the relations (R1).
(R2) From the presentation of I1G(2, 2n + 2) in [BKT09, Thm. 1.2], we know that

Ui 23 (=1 Vnsitn-i =0
i>1

in IG(2, 2n + 2). Pulling back by i we get (R2).

Now consider the Poincaré polynomial of IG(2,2n + 1) computed in [Mih05, §2.2.3]:

Hi':] (q2n+272i _ 1) 1_[,1'11:[+1 (q2n+472i _ 1)
@ —1D@"1-1)...(q—1)

P(IG(m,2n+1),q) =

for m = 2. Evaluating this polynomial at g =1, we get that the rank of H*(IG(2, 2n 4 1)) is 2n?.
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As in the proof of [BKT09, Thm. 1.2], we will need the following lemma:

Lemma 4. The quotient of the graded ring Z|[a1, .. ., ag] with dega; = i modulo the relations

det(ai4j-i<ij<r=0, m+1<r<m-+d

is a free Z-module of rank (m;d).

To prove the previous lemma notice that the above presentation is nothing but the presentation
of the cohomology ring of the usual Grassmannian Gr(m,m + d). Now to conclude the proof of the
proposition we use

Lemma 5. Let A = Z[ay, ..., aq] be a free polynomial ring generated by homogeneous elements a; such that
dega; =i. Let I be an ideal in A generated by homogeneous elements c1,...,cqin Aand ¢ : A/ — H bea
surjective ring homomorphism. Assume:

C1. H is a free Z-module of rank ]_[,-(gggg ).

C2. For every field K, the K-vector space (A/I) ®z K has finite dimension.

Then ¢ is an isomorphism.

This result was proven in [BKT09, Lem. 1.1]. Apply it for

H=H"(IG2,2n+1),Z),  I=(ds,...,d,by), and A, ¢ asabove.
Condition C1 is an immediate consequence of the rank calculation. For condition C2 it is enough to
prove that A/I is a quotient of A/(ds,...,don+1). Indeed, by Lemma 4, the last module is a free Z-

module of finite rank. So we are left with proving that d;,4+1 belongs to the ideal I. But the following
identities of formal series hold:

2n—1 ) 2n—1 o 2n—1 ) )
( > ait’> ( > (—1)’ait’> =Y (=D'bit*,
i=0 i=0 i=0
( > (—1)‘a,~t') <Zd,~t‘> =1.
i=0 i>0
Hence we get:
2n—1 ) 2n—1 ] ] )
Z a;t' = ( Z (—1)lbit2') (Zd,‘tl>.
i=0 i=0 i>0
Modding out by the ideal I, it yields:
2n—1 ) n—1 ] ) 2n—-1 ] ) 2 ) )
Y at'= (Z(—l)'bitz‘ + ) (—1)'bit2’><2dit‘ + > dit’).
i=0 i=0 i=n+1 i=0 i>2n+1

In degree 2n + 1, we get 0 = dy,+1, which ends the proof of the proposition. O
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1.8.2. Presentation in terms of T and 1 1
First we will need a presentation for the symplectic Grassmannian IG(2,2n) in terms of v; and
U1,1:

Proposition 11. The ring H* (IG(2, 2n), Z) is generated by the classes vy, v1,1 and the relations are

1
— det(U11+j—i)1<i,j<2n—1 =0,
U1

det(vy1+j-i)1<i, j<on = 0.

Proof. We will use Lemma 5. Set R := Zl[aj,az], where dega; = i. We denote by ¢ : R —
H*(IG(2, 2n), Z) the surjective ring homomorphism given by a; — 7;i. We also use the convention
that ag=1 and a; =0 for i ¢ {0, 1, 2}. For r > 1, set §; := det(a4j—i)1<i,j<r- We have the recurrence
relation

8 =a18r—1 — 28,2, (3)

which is equivalent to the identity of formal series

(Zaiti) (Z(—l)"aiti) 1.

But ¢ (a;) = 74i = ¢;(S*). Moreover, as

0— St — O — S*—0,

where we denote by S the tautological bundle on IG(2,2n), we have c¢(St)c(S*) =1, hence &, =
¢ ((SH*) = ¢,(Q) (Q being the quotient bundle on IG(2,2n)). Since Q has rank 2n — 2, we have
¢(8;) =0 for all r > 2n — 2, and in particular we get ¢ (82,—1) = ¢ (820) = 0. We can write 821
as

d2g+1 = a1 Pg(ar, az),

where Pg(ai,a2) is a homogeneous polynomial of degree 2q. Now set 5§q+1 := Pq(aq,az). We want
to prove that ¢ (85, ;) = 0. For this, since IG(2, 2n) is a hyperplane section of the usual Grassman-
nian Gr(2,2n), we use Lefschetz’s theorem. In particular, we obtain that the multiplication by the
hyperplane class v; is surjective from HZ'"2(IG(2,2n),Z) to H®"~1(IG(2, 2n), Z). But these vector
spaces have the same dimension n — 1, so it is bijective. As we already know that ¢ (82,_1) =0 it
implies that ¢ (8, ;) =0. Now let I := (8}, ;,52). We proved that ¢(I) =0 so we may define é:R/
I — H*(IG(2, 2n), Z). Now check that conditions C1 and C2 are satisfied:

(C1) H*(G(2,2n), Z) is a free Z-module of rank 2n(n — 1) = %ﬂfgidm.

(C2) For every field K, (R/I) ®z K is finite-dimensional. Indeed R/I is a quotient of R/(d2;—1,d2n),
which is isomorphic with H*(Gr(2, 2n), Z), hence a free Z-module of finite rank.

Finally Lemma 5 yields that ¢ is an isomorphism, hence the result. O

Now we deduce a presentation of H*(IG(2, 2n + 1), Z) using classes 71 and 71 1:
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Proposition 12 (Another presentation of H*(1G(2, 2n + 1), Z) ). The ring H*(IG(2, 2n + 1), Z) is generated by
the classes t1, T1,1 and the relations are

det(Ty1+j-i)1<i, j<on =0,

1
= det(Ty1+j-i)1<i, j<ant1 = 0.
1

Proof. First notice that 7y and 71,; generate the cohomology ring of IG(2,2n + 1) since they are the
pullbacks of the Chern classes of the dual tautological bundle over Gr(2,2n + 1) by the surjective
restriction map j. Then define R :=Z[aq, az], where dega; =i. We denote by ¢ : R — H*(IG(2, 2n +
1), Z) the surjective ring homomorphism given by a; — 7;i. We also use the convention that ag =1
and a; =0 for i ¢ {0,1,2}. For r > 1, set & :=det(ay4j—i)1<i j<r- On Gr(2,2n 4+ 1) we know by the
usual presentation (see for instance [ST97, §3]) that

det(oq1+j-i)1<i, j<2n = 0.

Now define SQqH as in the proof of Proposition 11. Using the embedding in the symplectic Grass-

mannian IG(2,2n + 2), we get that ¢(6§n+1) = 0. Indeed, we only have to pull back the rela-

tion Uildet(v11+j4)1gi,j<2n+1 = 0 proven in Proposition 11. Finally, set I = (d2n,d/2n+l) and apply
Lemma 5. O

2. Quantum cohomology
Our main goal in this section is to prove a quantum Pieri formula for IG(2,2n + 1). We denote

the quantum product of two classes 7; and 7, as T » T;,. The degree of the quantum parameter g is
equal to the index of IG(2,2n + 1), so degq = 2n.

Theorem 1 (Quantum Pieri rule for IG(2,2n + 1)).

Tat1.b + Tab+1 ifa+b#2n—3anda#2n—1,

T,y = Ta,b+1 + 2Ta41,b + Tag2,b—1 l:fa +b=2n-3,

’ Ton—1.p+1 + qTp ifa=2n—1and0<b<2n-3,
q(T2n—1,—1 + T2n—2) ifa=2n—1andb=2n-2,
Ta41.b+1 ifa+b#2n—4,2n—3anda#2n—-1,
g Tay = Ta+1.b+1 + Ta+2.b ifa+b=2n—4o0r2n-3,

’ ’ qTh+1 ifa=2n—1andb # 2n — 3,

q(t2n-1,-1 + T2n—2) ifa=2n—1andb=2n-3.

The previous theorem is proved in 2.5, and from this a quantum presentation is deduced in 2.6.
To prove the quantum Pieri formula, we first study in 2.1 the moduli spaces of stable maps of degree
1 to IG(2,2n + 1). Then in 2.2 we describe conditions for the Gromov-Witten invariants to have
enumerative meaning. Finally, in 2.3 and 2.4 we compute the invariants we need. From now on, we
denote IG(2,2n+ 1) by IG.

2.1. The moduli spaces /\_/loj(lG, 1)

If X is a smooth projective variety we denote by /\_/lg,n(X, B) the moduli space of stable n-pointed
maps f in genus g to X with degree 8 € Hy(X, Z). This moduli space is endowed with n evaluation
maps (evi)1gign Mapping a stable map f to its value at the i-th marked point. We refer to [FP97] for
more details. If X has Picard rank 1, which is the case when X =1G(2,2n+ 1), then 8 =dH for some
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d > 0, H being the positive generator of the Picard group. In this situation, we will simply denote the
degree as the integer d. In this section we prove

Proposition 13. For every r € N, the moduli space My (IG, 1) is a smooth projective variety. Moreover, it has
the expected dimension 6n — 6 4.

Proof. To prove this, we use a remark of Fulton and Pandharipande in [FP97, §0.4], which states that
for all r > 1, the moduli space ,/Wo,r(IP’m, 1) is a locally trivial fibration over the variety Gr(P!, P™)
of lines in P, having /\_/to,r(IP”, 1) as a fiber. Moreover, this last moduli space is isomorphic to the
configuration space P![r] of Fulton-MacPherson. The fibration is simply the map

Mo, (P™, 1) — Gr(P', P™),
[f:(Cip1.....p) > P f(O)

which to any stable map of degree one associates its image line.

The Pliicker embedding embeds IG as a closed subvariety of a projective space P™ (with m =
(2n — 1)(n + 1)). Under this embedding, lines in IG are lines in P™. From [FP97, §5.1], we know that
this yields an embedding Mo ;(IG, 1) < Mo (P™, 1). If we denote by Y; the variety of lines on IG,
we see that

[fv(C;pla"'va)]GMO,T(IG71) <:> ([fa(C;plv"'ﬁpr)]EA_/IO,T(IP)mal) andf(C)eY1).

Hence the following diagram:

Mo (P™, 1) — Gr(P', P™)

)]

Mor(IG, 1) —— ¥,

is a fiber square, which means that the map /\_/lo,r(IG, 1) — Y; is locally trivial. Since the fiber P'[r]
is known to be smooth, we only need to prove that the variety of lines Y; is also smooth.
First notice that lines in IG are of the form

D(Uq,U3):={X €lG2,2n+1) |U; C X C Us}

where dimU; =i and Us C Ull. Hence Y; is a subvariety of the (type A) flag variety F(1,3;2n + 1).
Let us denote by S; and S3 the tautological bundle on F(1, 3;2n + 1) and consider the homogeneous
vector bundle € := S} ® (53/851)* on F(1, 3;2n 4 1). Let also 7 be the projection map from the com-
plete flag variety F(C2'*1) to the two-step flag variety F(1,3; 2n + 1). If we denote by U, ... ,Uant+1
the tautological bundles on F(C?"1), we see that £ = 7. (U; ' ® Uz/U1)~"). Hence

2
HO(F(l, 3;2n+1), S) = HO(F((CZ’H‘]),U]*] ® (uz/u])—l) — /\(CZTH-])*’

the last equality being a consequence of the Borel-Weil theorem. This implies that the form w is a
generic section of the vector bundle S§ ® (S3/81)* on F(1, 3; 2n 4 1). From the condition Us C Uf—, it
follows that the zero locus of this section is exactly the variety Y. Moreover, the vector bundle £ is
generated by its global sections. Hence Y7 is smooth, and so is ./\_/tg,r(IG, 1).

Finally, Y1 having codimension 2 in F(1, 3; 2n+ 1), we have dim MO,T(IG, 1) =dimY; +dimP![r] =
6n—-6+4+r. O
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2.2. Enumerativity of the invariants in MOYZ(IG, 1) and Mog(IG, 1)

In this section we will use a Kleiman-type lemma for quasi-homogeneous spaces, due to Graber in
[Gra01, Lem. 2.5]:

Lemma 6. Let X be a variety endowed with an action of a connected algebraic group G with only finitely many
orbits and Z an irreducible scheme with a morphism f : Z — X. Let Y be a subvariety of X that intersects the
orbit stratification properly. Then there exists a dense open subset U of G such that Vg € U, f~1(gY) is either
empty or has pure dimension dimY 4+ dim Z — dim X. Moreover, if X, Y and Z are smooth and we denote by
Yreg the subset of Y along which the intersection with the stratification is transverse, then the (possibly empty)
open subset f~1(gYreg) is smooth.

This enables us to prove the following enumerativity result for degree one Gromov-Witten invari-
ants on IG(2,2n +1).

Theorem 2 (Enumerativity of the Gromov-Witten invariants). Let r be a positive integer and Y1, ..., Y be
subvarieties of IG of codimension at least 2 intersecting the closed orbit generically transversely and represent-
ing cohomology classes y1, ..., yr such that

.
Z codim y; = dim Mo ;(IG, 1).
i=1

Then there exists a dense open subset U C SpgnJrl such that for all g1, ..., g € U, the Gromov-Witten invari-
ant I1(y1, ..., ¥r) is equal to the number of lines of 1G incident to the translates g1Y1, ..., &Yr.

Proof. The result is proven by successively applying the Transversality Lemma 6. First we prove that
stable maps with reducible source do not contribute to the Gromov-Witten invariant by applying the
lemma to the following diagram

M\ M*

|

X(%_ IG"

where Y = (Yq,...,Y;), ev =evq x --- x ev;, M = Mg (IG,1) and M* is the locus of map with
irreducible source, which is a dense open subset by Proposition 13.

We should also prove that it is not possible for a line to be incident to one of the subvarieties Y;
in more than one point, since such a line would contribute several times to the invariant. Suppose
for example that there exists a line L that intersects Y7 in at least two points. Then any stable map
f whose image curve is L corresponds to a map f in Mg ,,1(IG, 1) (in fact in /\/l("irJrl(IG, 1)) that

contributes to the invariant I1(y1, y1....,¥). By Proposition 13, Mg .1(G, 1) has dimension 6n —
5 + r. Moreover, since each Y; intersects the closed orbit generically transversely, Y1 x Y1 x --- x Y;
intersects all 271 Spgﬂr]—orbits of IG™*! generically transversely. Hence applying Lemma 6 to the
following diagram

510G )

e

YixYixeox Y, s G

and using the fact that codimy; > 2 we conclude that such a line cannot exist.
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Now using

M*

|-

SingY "~ IG"

where SingY denotes the singular locus of Y, we may assume that Y is smooth. Moreover, since
Y1, ..., Y, intersect the closed orbit generically transversely, a third application of Lemma 6 allows us
to assume that this intersection is transverse everywhere. Finally, applying the lemma to

M*

|-

XC;' IG"

we conclude that there exists a dense open subset U C Spgn+1 such that for all (g1,..., &) € U,

Nizq evi’l(giYi) is a finite number of reduced points, which equals the number of lines incident to
all the g;Y;. O

Remark 4. Theorem 2 enables us to compute the Gromov-Witten invariants by geometric means.
However, Schubert varieties will not be appropriate to perform this calculation. Indeed, the inter-
section of any Schubert variety and the closed orbit is not even proper. So we will instead use the
restrictions of the Schubert varieties of the usual Grassmannian.

2.3. Computation of the invariants in ./Woyz(IG, 1)

In this paragraph, we use Theorem 2 to compute all invariants of IG of the form I (c, 8), where
o and B are the classes of the restriction to IG of some Schubert varieties Y; and Y, of the usual
Grassmannian, defined with respect to complete flags F, and G,. In order for the varieties Y; and
Y, to verify the conditions of the theorem, we will need some technical conditions to hold for the
defining flags F, and G,. We state these conditions in Lemma 7 and prove that they hold for generic
flags: this is quite straightforward, and the list of conditions is in fact longer to state than to check.
Then we compute the invariants in Proposition 14.

Notation 1. Denote by

o I, the variety of complete flags in C>"*1;
e Ay the variety of antisymmetric 2-forms with maximal rank on C?"*1.

Lemma 7. Assume n > 2. Then the set of triples (F,, Go, ®) € F, x F, x Ay such that the following hold

) YO p<2n+1, wF, has maximal rank;
) YO< p<2n+1, wg, has maximal rank;

) YO0< p,q<2n+1, Fy N Gq has the expected dimension;
(C4); dim(Fan41-iNGiy3NFE NG =1;0<i<2n—2);
(C5)i  dimF_i N Giy3 NGy =1 and dim(F2n—i N Giz3NGH)TNFa=1; (0<i<2n—2);
(C6);  dim Fanp1-i N Gz N Fi =1 and dim(Fop41-i NGipa NFHT NG =1; 2<i<2n—4);
(C7)i dim(Fp_i NGiy)tNFy=1;(2<i<2n—4);
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(C8);  dim(Fz,-iNGiz2) NGy =1; 2<i<2n—4);
(C9) Fi1¢Gys

(C10) Gy ¢ F:;

(C11); Fan_1-iNGiy3N Gy =0; (0<i<2n—6);
(C12); Fant1-iNGiy1 NF{=0; (4<i<2n—2);

is a dense open subset in F, x F, x Ay.

Proof. I, x F, x A, is a (quasi-projective) irreducible variety. Moreover all conditions are clearly
open. So it is enough to show that each of them is non-empty.

(C1), (C2) and (C3) Obvious.

(C4); Since n > 2, we may choose the flags F, and G, such that the subspace A := Fp41-i N Git3
has dimension 3 and A together with the lines L := F; and L’ := G; are in direct sum. Then
there exists a form w € A, such that AN L+ N L'+ has dimension 1.

(C5); As before we may choose F, and G, such that A := Fp,_; N G;43 has dimension 2 and A,
L:=G; and B := F, are complementary. So we may construct @ € A, such that (ANLH)-NB
has dimension 1. First construct wp on A@ B @ L. Let ac A\ 0 and b € B\ 0. There exists
wo a symplectic form on A @ B such that wg(a, b) # 0. Then we extend wg to w defined on
A® B @ L by setting w(a,l) =0, w(d,l) #0 and for instance w(B,l) =0 for all B € B, where [
generates L and a,a’ generate A.

(C6); As in (C5);.

(C7); We may choose F, and G, such that L := Fy,_; N G;j4» has dimension 1 and is in direct sum
with A := F,. But then there exists w € A, such that A ¢ Lt

(C8); As in (C7);.

(C9) G{- is a general hyperplane, so it does not contain Fj.

(C10) As in (C9).

(C11); Fap—1-iNGj43 is a line and Gf is a general hyperplane, so their intersection is zero.

(C12); As in (C11);. O

We can now define the varieties we will use to compute the invariants, which will be restrictions
of the Schubert varieties of the usual Grassmannian:

Lemma8.let0< j<n—1and0<i<2n—1-—2j beintegers. Let
Xij:={XeGr|¥NFj1 #0, ¥ C Fapt1-i—j}
be a subvariety of Gr := Gr(2, 2n + 1), where F, is a complete flag satisfying condition (C1). Then:

1. X;j j and IG intersect generically transversely.
2. LetY; j:= X; j N IG. We have

Ton—1—jit+j + Ton—jivj—1 fj#0andi##2n—1—2j,

[v; 16 = Ton—j,2n—2—j ifj#0andi=2n—1-2j,
b Ton—1,i ifj=0andi#2n—1,
0 ifj=0andi=2n-1,

where we denote by [V1'C (respectively by [V ") the class of the subvariety V in IG (respectively in Gr).

Proof. 1. In the Schubert cell C; j C X; j, a direct computation shows that T, X; j ¢ T,IG as soon as
Fiqn¢ Fﬁﬂ_i_j, which is true by condition (C1). So C; j NIG is transverse. Applying again (C1), we
notice that C; j NIG is an open subset of X; j NIG.
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2. We have [X; j1°" = o2n—1j.i+j- Moreover, the previous item implies that [Y; ;17 = o[ X; j1°".
So

O2n—1—ji+j+1 + O0am—ji+j ifj#0andi#2n—1-2j,

v; ,]Gr _ O2n—j2n—1—j ifj # Oandi=2n—-1-— 2j,
b Oon1.it1 if j=0andi#2n—1,
0 ifj=0andi=2n-—1.

- ln—-1-%] .
Moreover, [Y; j1°" =j.[Yi j1'°, [Yi j1'° =3y > @pTan-1-p,itp and juTap = Og b1 for a+b>2n—1,

so we can determine the o), by identifying both expressions. O

We now assume all genericity conditions (C1)-(C12) are satisfied and prove
Proposition 14. Let 0 <i<2n—2,0<2j <2n -2 —iand 0 < 2l <i be integers. Set Y1 :=Y; j(F,)
and Y := Yy,_3_;1(G,), where the complete flags F, and G, as well as the form w verify the transversality

conditions of Lemma 7. Then

1. The intersections Y1 N Q and Y, N O are transverse. Moreover

] ifior j#0,
YiNnO=
! {{F1@1<} ifi=j=0,
YN0 = ] 1}‘1};&211—20rl;£0,
{Gi1® K} ifi=2n—2andl=0.

2. If jorl > 2, there exists no line passing through Y, and Y. Else there exists a unique line passing through
Y1 and Y. Therefore the Gromov-Witten invariant I1(tqp, Tc,g) equals 1ifa=c=2n—1andb+c=
2n — 2, and 0 in the other cases.

Proof. 1. Y1NO={X e€lG| XN Fiz1#0,K C X C Fopy1-i—j}, SO ifi4+ j#0, then K C Fony1-i—j,
which, according to (C1), implies that Y; N @ = ¢, so the intersection is transverse. Moreover if i +
j=0 we get Y1 NO = {F1 & K}. Denote by X the point K & F1. To prove transversality at Xy we
use the embedding in the usual Grassmannian Gr:= Gr(2,2n + 1). It is well known that Tx,Gr =
Hom(Xo, C?"*1/ ). Now express T, Y1 and Tx,O as subspaces of Tx,Gr:

TxpY1 = {¢ € Tz, Gr | ¢(f1) =0},
T5,0 = {¢ € T5,Gr | ¢ (k) =0},

where f1 and k generate F1 and K. We see that these subspaces are complementary in Tx,Gr. Com-
puting dimY; =2n — 2 and dimO = 2n — 1 we conclude that they generate Tx,IG. We can proceed
in a similar fashion for Y, N Q.

2. We first study the case where j or [ > 2. Let D :=D(V, W) be a line meeting Y; and Y;. Then
we must have V C Fypqq-i—j N Gij3—;. But according to (C3), this subspace is either zero or it has
codimension 2n +4 — j —1I. So for j+1> 3, it is zero and there is no line. If j =2 and [ =0 (and
symmetrically if j =0 and | =2), we must have V C Fyp_1-i N Giy3 N GlL =0, which is impossible by
(C11); (respectively by (C12);). So for a line to exist we must have j and [ < 1.

Now assume j, ! < 1. There are four cases to study:
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a) Let A = Fan41-iNGit3. We have dimA =3 by (C3). But V C A and V C F;-: NG5 since F1, Gy C
W and W C V+. By (C4);, we have dimANF{: NG{ =1, hence V=ANFL NG{. So WDV +
(F1 & G1) (F1 and G; are in direct sum by (C3)). To show equality, it is enough to prove that the
sum is direct. If not then there exists a non-zero vector of the form af; + bg; in V, where f; and g;
generate F1 and Gq. So afy; +bg1 € A C Fap41—i, which implies bg1 € Fap4+1—i, hence b=0 or i =0.
If b=0, then V = Fy, and consequently F1 C GlL, which is impossible by (C9). So i = 0. But then
af1 +bgq € G3, so af1 € Gz and also a = 0. Hence V = G; C Fi, which is excluded by (C9).

b) Let A = Fy,_; N Git3. By (C3), dimA = 2. By (C5);, dimANG; =1, so V = AN Gy . Moreover
dimV+LNF,;=1. We have W > V 4G+ VL NF,. To determine W, it is enough to show that the sum
is direct. First, V + G; is direct, because if it was not we would have V = G4, so G; C Fa,_;, which
is impossible by (C3). Finally the sum V @ G1 4+ V1 N F; is direct, or we would have VN Fy C Gjy3.
But dim F> N Gj+3 =0 by (C3) since i <2n —4.

c) This case is similar to 2b); the proof uses (C3) and (C6);.

d) By (C3), we get dimFy,—1 N Giyp =1, so V = Fy;—1 N Gj2. We must have dimW N F, # 0.
But V ¢ F», or else we would get G;1 N Fa # 0, which is impossible by (C3) since i < 2n — 4. Now
W c V! implies W N F, ¢ VN F,, which has dimension 1 by (C7);. So W c VXN F, @ V. Similarly,
using (C8);, we get WNGy=V-LNGy, 50 WD VOVLINF,+ VNG, Now we only have to show that
this sum is direct. If not, then there exists a non-zero vector of the form av + bf, in VL N G,, where
v and f, generate V and V1 N F,. As v € G, we obtain bf; € Gi;2, so b =0 because i < 2n — 4.
Hence V1 NG, =V and consequently V c G, and dim Fy,_; NGy < 1, which is impossible since i > 2.

The final formula for I1 (g, Tc,4) follows from a straightforward calculation. O

2.4. Computation of some invariants in /Wo,3([G, 1)

In the previous section we computed the two-pointed invariants in IG, which is equivalent to
computing the quantum terms of the product by the hyperplane class 1. Indeed, the divisor axiom
[KM94, §2.2.4] yields

Ii(y1, Y2, 1) =1 ()1, v2),

where 1 and y, are any cohomology classes. Hence to obtain a quantum Pieri rule for IG(2, 2n + 1),
we are left to compute the quantum product by 77 1. So we have to determine all invariants of the
form I1(t1,1, Ta, T) with |A| + || = 6n — 5, that is to compute the number of lines through the
following subvarieties:

Y1={¥€lG| ¥ NFjt1 #0, ¥ C Fant2-i—j},
Yo={XY €lG| ZNGi41 #0, ¥ CGip31},
Y;={X €lG| X C H),

where 0<i<2n—1,0<2j<2n—1—iand 0<2l<i are integers, F, and G, are isotropic flags and
H is a hyperplane.
As before we use a genericity result which is proved in a similar way as Lemma 7:

Lemma 9. Assume n > 2. Then the set of 4-uples (F., G, H, ®) € Fy x Fn x P2" x Ay, satisfying the following
conditions

(C1) VYO0< p<2n+1, wp, has maximal rank;

(C2) YO0< p<2n+1, wg, has maximal rank;

(C3)  wn is symplectic;

(C4) VYO0<p,q<2n+1, Fp N Gq has the expected dimension;
(C5) VYO0<p,q<2n+1, F, N Gg N H has the expected dimension;
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)i dim(Fany2-iNGiy3sNHNF NG =1; 1<i<2n—2);

(C7)i  dimFan41-iNGiy3NHNGY =1 and dim(Fop41-iNGips NHNGH)LNF, =1; (0<i< 2n - 3);
(C8); dimFyy42-iNGijiaNH ﬂFlJ‘ =1and dim(Fap42-iNGit2 ﬂHﬂF%‘)J‘ NGy =1,2<i<2n-1);
(C9)i  dim(Fan1-i N Gipz NHF NFy=1; 2<i<2n - 3);

(C10); dim(F2p11-iNGiya NH)T NG =1; 2<i<2n-3);

(C11) F1 ¢ Gy;

(C12) Gy ¢ Fi;

(C13); F—iNGiz3aNHN G =0; (0<i<2n—5);

(C14); Fapi2-iNGip1 NHNF{=0; 4<i<2n—1);

(C15); F2NGit3NG =0;0<i<2n—3;

(C16); GaNFapya—iNFL=0;2<i<2n—1;

is a dense open subset of F, x F, x P?* x Ay.
Under these assumptions we can prove

Proposition 15.

1. The intersections Y; N O are transverse. Moreover

? ifi+j>2,
Y1NO={{F1 &K} ifi=1and j=0,
{(K@®L|LCFp} ifi=0andj=1,
i £2n—2
YN0 = ] ('ll’l.dl;é n orl#0,
{Gi®K} ifi=2n—2andl=0,

YsNO=4.

2. If jorl > 2, there is no line meeting Y1, Y and Ys.
3. If j and | < 1, there is a unique line meeting Y1, Y, and Ys. Therefore the Gromov-Witten invariant
I1(T1,1, Tap, Te.d) equals 1 ifa=c=2n—1and b+ c =2n — 3, and 0 in the other cases.

Proof. 1. The case of Y, NO has already been treated in the proof of Proposition 14. If ¥ € Y1 N O, we
must have K C Fppyp—i—j, s0i+j=1.Ifi=1and j=0, then Y1 NO = {K @ Fq}, and transversality
is proven as in Proposition 14. If i=0 and j=1, then Y1NO={K® L |L C F2}. Take Yo =K @ (f2)
where f> is a non-zero element in F,. Again we express Tx,Y; and Tx,O as subspaces of Tx,Gr,
where Gr is the usual Grassmannian:

Tz, Y1 ={¢ €Tz, Gr| ¢(f2) € F2/(f2). ¢(k) L fo}.
T5,0={¢ €Tx, Gr|¢(k) =0},

with k a generator of K. We see that the intersection of Tx,;Y; and Tx,O has dimension 1. Computing
dimY; =2n—1 and dimO = 2n — 1 we conclude that they generate Ty, IG. Finally, Y3 N O = ¢ since
K ¢ H by (C3).

2. By (C5), Fony2-i—jNGit3—iNH =0 as soon as j+1> 3. Moreover if j=2 and | =0 then we
get W D Gy, hence V C Fop—iNGix3NHN G{-. But this space is zero by (C13);, so there is no line. By
(C13);, we get the same result when j=0 and [ =2.

3. There are four cases:
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a) We have V = Fani2-i N Giy3 NH N F{ N GT by (C6);. Moreover W > V + F1 + Gy. To obtain
equality we only have to show that the sum is direct. First V # Fy since F{ ¢ GlL by (C11). Finally if
G1 CV @Fy, as V C F{, we would have Gy C F{, which is impossible by (C12).

b) We have V = Fapi1-i N Gip3 N H N G{ by (C7);. Moreover W C V + Gy + Fo N VL. We prove
now that this sum is direct. First V # G1, or we would have G1 C H, which is excluded by (C5). Now
FoNVL ¢V @Gy since F,NGiys NG =0 for i <2n— 3 by (C15);.

©) V = Fany2-i N Giy2 N H N F{ by (C8);. Moreover W >V + F1 + G2 N V+ (by (C9); and (C10);),
and this sum is direct (same argument than in the previous case, using condition (C16);).

d) V=Fup1—iNGia NH, WOV +WNF,+WnNGy=V 4+ F,NVY+Gyn VL This sum is
direct; indeed, F, N V+ £ G, NV~+ car F, NGy =0 by (C4); in addition V ¢ F, NV-@® G, NV, or
we would get G N Fpr1—i # 0, which is impossible by i > 2.

The final formula for I1(71,1, Ta,p, Tc,4) follows from a straightforward calculation. O

2.5. Quantum Pieri rule

We can now prove Theorem 1:

Proof of Theorem 1. We start with the invariants I1 (71, 74, Tc.¢), Which are equal to the two-pointed
invariants I1(tqp, Tcq) because of the divisor axiom. The first item of Proposition 14 enables us to
apply the Enumerativity Theorem 2. Then we use the second item of Proposition 14. For j =1=0 we
get that for all 0 <i< 2n— 2, we have I1(T2n—1.i, Tan—1,2n—2—i) = 1. Then setting j=0 and | > 0 we
recursively get I'1(T2n—1,i, Tan—1-1.2n—2—i+1) = 0 (for all i and I > 0). Finally, setting j and [ > 0 we get
I1(Ton—1—j,i+j» T2n—1—1,20n—2—i+) =0 (for all i and j, 1> 0). Hence:

1 (T1. Tap. Teg) = 1 ifa=c=2n-1,
PR Tab e = 0 ifgorc < 2n — 1.
Similarly, Proposition 15 and Theorem 2 imply

1 ifa=c=2n-1,
0 ifaorc<2n-—1.

(71,1, Tabs Te,d) = {
Using the classical Pieri rule and Poincaré duality, we get our result. O
Using the quantum Pieri formula we can fill out the Hasse diagram from Fig. 1 to obtain the
quantum Hasse diagram of IG(2,7) in Fig. 4. As a comparison see the quantum Hasse diagram of
IG(2, 6) in Fig. 5.
2.6. Quantum presentation

Proposition 16 (Presentation of QH* (IG(2, 2n + 1), Z) ). The ring QH*(IG(2, 2n + 1), Z) is generated by the
classes 11, 71,1 and the quantum parameter q. The relations are

det(t1+j-)1<i j<on =0,

1
o det(ty1+j-i)1<i,j<an+1 +9=0.
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qo1,1 qo
4031

Fig. 4. Quantum Hasse diagram of 1G(2, 7).

V1,1 V2,1 3,1 V3,2

qui,1 qu2,1

Fig. 5. Quantum Hasse diagram of 1G(2, 6).

Proof. Siebert and Tian proved in [ST97, Prop. 2.2] that the quantum relations are obtained by eval-
uating the classical relations using the quantum product. Define 82, and &), 41 as in the proof of

Proposition 11 and denote by &, and 8§n+1 the same expressions with the cup product replaced by
the quantum product.

Now we consider the quantum products T, := (71)2" 9 » (11,1)* for 0 < a < n. For reasons of
degree it has no g-term of degree greater than 1. First we prove that I7;, has no g-term if a #0, 1. To

prove this, we decompose IT; for a > 0 as

Mo =711 % ((0)* ™ (11,1)7).

Notice that for degree reasons, (71)2™" % (ty1)*! has no g-term. Moreover, if a > 2, the classical
Pieri formula 4 implies that this product contains only classes 7.4 with ¢ <2n — 1. Then we use the
quantum Pieri formula 1 to conclude that there is no g-term in I7,. We are now left with computing
the g-term of [Ty and I11. Set o := (71)? for p <2n—1. o), has no g-term. We have ITo = 71 * Qn—1
and [Ty = 71,1 * a2,—2. We compute recursively the coefficients of 7, and 71,1 for p<2n—3in a)p
using the classical Pieri rule. We find

ap =Tp + (p — 1)Tp_1,1 + terms with lower first part.
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Then
O2n—2 = Ton—1,—1 + (2n — 2)Typ_2 + terms with lower first part

and

oon—1 = (2n — 1)12p—1 + terms with lower first part.

Finally we use the quantum Pieri rule to deduce that

ITy = classical terms + (2n — 1)q,

IT{ = classical terms + q.

But

8on = ITop — (2n — 1)IT; + linear combination of IT,’s witha > 2,

52n+1 = I1p — 2nI1; + linear combination of IT,’s witha > 2,

hence 65y =682y and 85, ; =685, ., —q. O
2.7. Around a conjecture of Dubrovin

In 1994, Dubrovin stated a conjecture relating properties of the quantum cohomology of Fano
varieties and properties of their derived category:

Conjecture 1. (See Dubrovin [Dub98, Conj. 4.2.2].) Let X be a Fano variety. The big quantum cohomology of X
is generically semisimple if and only if its derived category of coherent sheaves DP (X) admits a full exceptional
collection.

Let us recall some definitions involved in the statement of this conjecture:

Definition 2.

1. An (ordered) collection (Eq, ..., Em) of objects in DP(X) is exceptional if Hompp x (Ei, Ej) =0
for all i > j and Hompp x, (Ei, Ei) =C for all i.

2. A collection (Eq, ..., Eq) of objects in D?(X) is full if it generates the derived category, i.e. if the
smallest triangulated subcategory of DP(X) containing the collection is D?(X) itself.

3. A finite-dimensional associative algebra is semisimple if it has no non-trivial nilpotent ideals.
Moreover, the (big or small) quantum cohomology ring QH*(X) of a smooth projective variety
X is said to be generically semisimple if it is semisimple as an algebra for generic values of the
quantum parameters.

In this section, we check the conjecture for odd symplectic Grassmannians of lines. We first show
that the (small) quantum cohomology ring of IG(2, 2n + 1), localized at q # 0, is semisimple. To do
this we adapt the presentation of Proposition 16 to make the symmetries more apparent:
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Theorem 3.

1. The ring QH*(IG(2, 2n + 1), Z) is isomorphic to RS2, where

R = Z[xlaxzs q]/(hZH(xlaX2)7 hﬂ (X%a X%) +q)

and xq1 and x, are the Chern roots of the tautological bundle S and h;(y1, y2) is the r-th complete sym-
metric function of the variables y1, y>.
2. QH*(IG(2, 2n + 1), Z) g0 is semisimple.

Proof. 1. We use the recurrence relation (3) from Proposition 11 to prove that &, = h;(x1, x) for all r.
Then

hany1(x1, x2)
Sy = BB 2 )
X1+ X2

2. It is enough to prove the semisimplicity of R localized at g # 0. We may assume q = —1.
Using (X1 — x2)han(x1, x2) = 21 — %21 and noticing that we must have x, # 0, the first relation
implies that x; = ¢x, where ¢ # 1 is a (2n + 1)-th root of unity. Replacing in the second relation
hn(x3,%3) — 1 =0, we get x3" =1+ ¢. Since ¢ # —1, this equation has 2n distinct solutions. So we
have 2n distinct solutions for x1, and for each x; we have 2n distinct solutions for x,, which gives us
(at least) 4n? distinct solutions for the pair (x1, x2). But the number of solutions, counted with their
multiplicity, should be equal to twice the rank of H*(IG(2, 2n + 1), Z), which is equal to 2n2. So there
are no other solutions, and all solutions are simple. Hence the semisimplicity. O

Since semisimplicity of the small quantum cohomology implies generic semisimplicity of the big
one (see [Cio05, Lem. 3]), Theorem 3 proves that the big quantum cohomology of IG(2,2n + 1) is
generically semisimple. So to confirm Dubrovin’s conjecture in this case it is enough to find a full
exceptional collection.

In [Kuz08], Kuznetsov computed full exceptional collections for the symplectic Grassmannian of
lines. His method can easily be adapted to the odd symplectic case. Here we denote the tautologi-
cal bundle by U instead of S to avoid confusion with symmetric powers. We denote by yén 41 the
following collection of integer pairs, ordered lexicographically:

Vi i={k,)eZ*|0<k<2n—Tand0<I<n—1}.
Theorem 4. The collection C! := {S'U* (k) | (k, 1) € y{nﬂ} is a full exceptional collection in DP(IG(2, 2n+1)).

Proof. We use the Lefschetz full exceptional collection for the Grassmannian Gr(2,2n + 1) intro-
duced by Kuznetsov. This collection is different from the collection previously obtained by Kapranov
in [Kap88] and more suitable for restriction to a hyperplane section.

Let

Vong1 = {(k,) e Z* |0<k<2nand0<I<n—1}.

Then C := {S'U*(k) | (k, 1) € Yoni1} is a full exceptional collection in DP(Gr(2,2n + 1)) (cf. [Kuz08,
Thm. 4.1]). Since C is a Lefschetz exceptional collection, it follows from [Kuz08, Prop. 2.4] that C' is
an exceptional collection for IG(2,2n + 1). As in the even case, it remains to show by induction that
it is full. We first introduce

375,1_1:{(k,l)eZz]0<k<2n—1and0<l<n}
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and prove

Lemma 10. For all (k,]) € jjén—l' the vector bundle S'24* (k) lies in the subcategory of the derived category
DPG(2, 2n + 1)) of IG(2, 2n + 1) generated by the Lefschetz collection C'.

Proof. We have férH \ Von—1 ={(0,n), ..., (2n — 1,n)}. Moreover, we have the following exact se-
quences on Gr(2,2n+ 1) for 0 < p <n from [Kuz08, Eq. (11)]:

2n—2—p
0— ST 1P 5 W@ ST PYM (1) —> - — /\ W ®U*2n—2—p)
2n—1-p p p—1
- /\ Weu*2n—1-p) - /\W*®(’)(2n—p)—> /\ W*®@U*(2n — p)
— = SPU*2n—p) —> 0.
These exact sequences can be restricted to IG(2, 2n + 1).

For p =n, we get a resolution of S"/*(n) by objects of the subcategory generated by C. Tensoring
by O(i) for 1 <i<n—1, we also get resolutions for S"U*(n+ 1),...,S"U*(2n — 1). Then for p =
n—1, we get a resolution of S"U/*, and again, after tensoring by O(i) for 1 <i<n — 2, we obtain
resolutions of S"U*(1), ..., S"U*(n — 2). To conclude the proof, we are left with finding a resolution
of S"U*(n — 1) by objects of the subcategory generated by C. Let W D W be a (2n + 2)-dimensional

vector space endowed with a symplectic form @ extending w. On Grz(2, W), we have the following
bicomplex from [Kuz08, Prop. 5.3]:

S
W* @ "1y (1) ——— S"U*(1)

A2 W* @ ST20*(2) ——= W* @ S"1U*(2) —= S"U*(2)

ANTTWrurn—1) = N"?W*@ S *n—1) — --- —— S"U*(n—1)

|

N'W*@0m — AW QUrn) —— -+ —> W* @ S"1*(n) = S"U*(n)

whose associated total complex is exact. Restricting this complex to

Gry(2, W) C Grg(2, W),

we get a complex such that every entry except S"U/*(n — 1) is an object of the subcategory generated
by C. Hence S"U*(n — 1) also belongs to the latter category. 0O
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We will need a further lemma for the inductive step:

Lemma 11. Let V C W be a (2n — 1)-dimensional vector space such that wyy has maximal rank. Let X :=
IGR2, W), Xy :=IG(2, V) and iy : Xy — X be the natural embedding. We get the following Koszul resolution
foriy,Ox,:

0 — Ox(=2) = Ux(=1) ®Ux(=1) = Ox(—=1)® ® S%UUx — Ux S Ux

—> OX — iV*OXV — 0.

Proof. To each vector space V as above corresponds a section ¢y of U* @ U™ on IG(2, W); moreover,
the zero locus of ¢y is IG(2, V) C IG(2, W). Since

dim Xy =4n — 7 =dim X — 4 =rk(Uy ® Uy).

any such section ¢y is regular, hence the sheaf i,Ox, admits a Koszul resolution of the above
form. O

We may now use induction on n to prove the theorem. For n = 1, the result is obvious. Now
assume that n > 2, that the result is proved for n — 1, and that the Lefschetz collection for n is not
full. Then there exists an object F € D(IG(2, 2n + 1)) which is right orthogonal to all bundles in the
collection, i.e. such that:

0 = RHom(S't*(k), F) = H*(X. S'u* (k) ® F)

for all (k,I) € 3751171. Let V be such as in Lemma 11 and iy : Xy < X be the embedding. We will
prove i{, F = 0. Let (k,]) € yén—l' Tensoring the resolution of Lemma 11 by S'U/*(—k) ® F, we get

0— SU2 -k @F - (S U-1-k @ F & S U2 -k @ F)*

= (SU1-) @ F)™ & SH2U(—k) @ F® S"2U(-2— k) @ F
— (S"U-k @ F@ S u(-1-k & F)® - su—k & F
— SU(-k) ® F®iy,0x, — 0.

Moreover
SU(—k) ® F @iy, Ox, Ziv.(iv*(SUK) & F)) Ziv.(SU—k) @iv*(F)).
If (k.)€ Vs, . then (k+2,0), (k+2,1—1), k+1,1+1), k+1,1), k+2,1-2), k1+2), kI+1),

(k+1,1—1) and (k,]) are in ﬁzln—r Hence the cohomology of the five first terms of the above complex
vanishes, and

RHomy (S'u* (k), iy *F) = H*(Xv, S'U*(—k) @ iy *F) =0
for all (k,I) € yz’n_1. By the induction hypothesis, we get iy *F = 0.

Lemma 12. If, for some F € DP(IG(2, 2n+ 1)), we have iy *F = 0 for every (2n — 1)-dimensional vector space
V for which the conditions of Lemma 11 hold, then F = 0.
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Proof. If F #0, let ¢ be the maximal integer such that the cohomology sheaf H%(F) is non-zero.
Consider P € Supp(HI(F)). As long as n > 2, there exists a (2n— 1)-dimensional subspace V such that
P C V and w)y has maximal rank. It follows that P e Supp(i{,H?(F)), hence i}, H%(F) # 0. The functor
i}, being right exact, by choice of g we obtain that #4(i}, F) is also non-zero, hence iy, F #0. O

This concludes the proof of the theorem. O

It should be mentioned that it is not known whether the Dubrovin conjecture holds for the sym-
plectic Grassmannian of lines. Indeed, although Kuznetsov has found a full exceptional collection for
these varieties, Chaput and Perrin proved in [CP09, Thm. 4] that their small quantum cohomology is
not semisimple. What happens for the big quantum cohomology is still unknown.
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