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In this work, we established abundant travelling wave solutions for nonlinear coupled
evolution equation. This method was used to construct solitons and travelling wave solutions of
nonlinear coupled evolution equation. The tanh—coth method combined with the Riccati equation
presents a wider applicability for handling nonlinear wave equations.
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1. Introduction

The investigation of the travelling wave solutions for nonlinear
partial differential equations plays an important role in the
study of nonlinear physical phenomena. Nonlinear wave phe-
nomena appear in various scientific and engineering field, such
as fluid mechanics, plasma physics, optical fibers, biology, solid
state physics, chemical kinematics, chemical physics and geo-

* Corresponding author. Tel.: +90 222 2393750.
E-mail addresses: abekir@ogu.edu.tr (A. Bekir), acevikel@yildiz.edu.
tr (A.C. Cevikel).

1018-3647 © 2010 King Saud University. Production and hosting by
Elsevier B.V. All rights reserved.

Peer review under responsibility of King Saud University.
doi:10.1016/j.jksus.2010.06.020

Production and hosting by Elsevier

ELSEVIER

chemistry. Nonlinear wave phenomena of dispersion, dissipa-
tion, diffusion, reaction and convection are very important in
nonlinear wave equations. New exact solutions may help to find
new phenomena. In recent years, a variety of powerful methods
such as inverse scattering method (Ablowitz and Segur, 1981;
Vakhnenko et al., 2003), the tanh-sech method (Malfliet,
1992; Malfliet and Hereman, 1996; Wazwaz, 2004a), extended
tanh method (ElI-Wakil and Abdou, 2007; Fan, 2000), sine—co-
sine method (Wazwaz, 2004b; Bekir, 2008), homogeneous bal-
ance method (Fan and Zhang, 1998), Exp-function method
(Bekir and Boz, 2008; He and Wu, 2006), and the (%)-expan-
sion method (Wang et al., 2008; Bekir, 2008) were used to de-
velop nonlinear dispersive and dissipative problems.

The pioneer work of Malfliet (1992), Malfliet and Hereman
(1996) introduced the powerful tanh method for a reliable
treatment of the nonlinear wave equations. The useful tanh
method is widely used by many such as in (Wazwaz, 2004a,
2005, 2006) and by the references therein. Later, the tanh—coth
method, developed by Wazwaz (2007a), is a direct and effec-
tive algebraic method for handling nonlinear equations.
Various extensions of the method were developed as well in



https://core.ac.uk/display/82400688?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
mailto:abekir@ogu.edu.tr
mailto:acevikel@yildiz.edu.tr
mailto:acevikel@yildiz.edu.tr
http://dx.doi.org/10.1016/j.jksus.2010.06.020
http://dx.doi.org/10.1016/j.jksus.2010.06.020
http://dx.doi.org/10.1016/j.jksus.2010.06.020
http://www.sciencedirect.com/science/journal/10183647

128

A. Bekir, A.C. Cevikel

Wazzan (2009a,b) and systematically studied in Gomez and
Salas (2008a,b).

Our first interest in the present work is in implementing the
tanh—coth method combined with Riccati equation method to
stress its power in handling nonlinear equations, so that one
can apply it to models of various types of nonlinearity. The
next interest is in determining the exact travelling wave solu-
tions for (2 + 1)-dimensional breaking soliton equations.
Searching for exact solutions of nonlinear problems has at-
tracted a considerable amount of research work where com-
puter symbolic systems facilitate the computational work.

(2 + 1)-Dimensional breaking soliton equations (Hirota
and Ohta, 1991):

Uy + Ol + dowvy + 4oury = 0,

_ )
u}‘ = Vx,

where o is a known constant. Eq. (1) describes the (2 + 1)-
dimensional interaction of a Riemann wave propagating along
the y-axis with a long wave along the x-axis. In the past years,
many authors have studied Eq. (1). For instance, Zhang has
successfully extended the generalized auxiliary equation meth-
od to the (2 + 1)-dimensional breaking soliton equations in
Zhang (2007)). Some soliton-like solutions were obtained by
the generalized expansion method of Riccati equation in
Cheng and Li (2003). Recently, a class of periodic wave solu-
tions were obtained by the mapping method in Peng (2005).
Two classes of new exact solutions were obtained by the singu-
lar manifold method in Peng and Krishna (2005). Very re-
cently, Jacobi elliptic function solutions and their degenerate
solutions are obtained by a generalized extended F-expansion
method in Ren et al. (2006).

2. The tanh—coth method

Wazwaz has summarized for using tanh—coth method. A PDE
Pu, 1y, thy, ) Uy, Uy, Uyy, Uy, - - ) = 0. (2)
can be converted to on ODE

ow,uv,u,u”,...)=0. (3)
upon using a wave variable ¢ = x+y— fr. Eq. (3) is inte-
grated as long as all terms contain derivatives where integra-

tion constants are considered zeros. Introducing a new
independent variable

Y =tanh({) or Y =coth({) ¢=x+y—f1, 4)
leads to change of derivatives:

d . d

& ) d &

el (1- Y)<72Yd—Y+ (1- Y)W>

d3 d d2 (5)
a4 _q_y 25 4 _v)

& (1 Y)((GY 2) 7 6Y(1 Y)dY2

d3
+(1-7 2—)
(1-vy-L
The tanh—coth method (Wazwaz, 2007a,b) admits the use
of the finite expansion

U =S(Y)=> aY +> bYH (6)
k=0 =1

k

where m is a positive integer, for this method, that will be deter-
mined. Expansion (6) reduces to the standard tanh method
(Malfliet, 1992) for b, = 0,1 < k < m. The parameter m is usu-
ally obtained, as stated before, by balancing the linear terms of
the highest order in the resulting equation with the highest
order nonlinear terms. If m is not an integer, then a transforma-
tion formula should be used to overcome this difficulty. Substi-
tuting (6) into the ODE results is an algebraic system of
equations in powers of Y that will lead to the determination
of the parameters a; (k =0,...,m),b, (k=1,...,m) and .
The function Y satisfies the Riccati equation

Y =A+BY+CY, (7)
where A, B and C are constants (Wazwaz, 2007c), and

dY|
e (8)

3. The Riccati equation and its special solutions

The Riccati equation

Y =A+BY+CY, 9)

has specific solutions for B = 0 given in Wang et al. (2006) by
1 1 ¢ ¢

A:§7C:—§7 letanh§7coth§7
1 1 4 4
=5.C=3, Yz—tanéisecé,tani,fcoti,
A=1,C=-1, Y,;=tanh{, coth¢, (10)
A=1,C=1, Ys=tan& —coté,
1 1
A=1,C=-4, Y, :EtanhZQE coth2¢&,
A=1,C=4, Yg:%tanZC,f%cotkf.

Other values for Y can be derived for other arbitrary values
for A and C. To show the efficiency of the method described in
the previous part, we present some example.

4. Travelling wave solutions of the (2 + 1)-dimensional breaking
soliton equations

We consider the (2 + 1)-dimensional breaking soliton Eqgs. (1).
Using the wave variable £ = x + y — it and proceeding as be-
fore we find

— Bu' + ot + dowy' + doudv = 0,
e (1)

u =v.

Integrating the second equation in the system and neglecting
the constants of integration, we find
u=nv. (12)

Substituting (12) into the first equation of the system and inte-
grating, we find

—cu + dou® + o/’ = 0. (13)
Balancing »” with ? in (13) gives

m+2=2m, (14)
so that

m=2. (15)
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The tanh-—coth method admits the use of the finite
expansion

b
UE) =S(Y)=ay+a Y2+7‘2. (16)
By substituting Eq. (16) in Eq. (13), collecting the coeffi-
cients of Y’ (i=0,...,8) and setting it to zero, we obtain
the system

60, C* + 4o¢af =0,

100a; BC = 0,

8aaga; + 8aa; AC + 4oa, B* — Pfa; =0,

60a; AB =0,

8aa by + 4oca(2) — Pag + 20by C? + 20a, 4% = 0, (17)
60b, BC = 0,

4ub, B> + 8aayh, + 8aby AC — by =0,

10ah; AB = 0,

dob; 4 6aby A = 0.

Solving this system by Maple gives B = 0 and the following
six sets of solutions:

(1) The first set:

a(,:—%AC, a =0, b :—%Az, B =—4A4Cu. (18)
(1) The second set:
1
@=—3AC. @ =0, b=-24 f=aaCx  (19)

(ii1) The third set:

ap = —%AC, a = —%C{ by =0, B=—44Co. (20)
(iv) The fourth set:

aO:—%AC, a :—%CZ, by =0, B=4A4Co. (1)
(v) The fifth set:

ay=AC, a = —%CZ, b = —%Az, = 164Cu. (22)
(vi) The sixth set:

ay = —34C, a, = —%CZ, b = —%AZ,

This in turn gives the following general set of solutions

w=—2AC-ILYQ), =44, (24)
wi=—3AC-2AYQ), p=44Cy (25)
iy — ,%AC,%CZ Y2(&), B=—4A4Ca, (26)
u,V:—%AC—%CZYZ(é)v B =4ACo, (27)
uV:AC-%CZW(af)—%AZY’Z(@, = 164Ca, (28)

uyy = —3A4C — ; Y (&) - 3 p Y2(8),

5 B=—164Cx, (29)

where 4 and C are arbitrary constants and Y takes many trig-
onometric and hyperbolic functions as shown in (10).

Case I: We first consider u;(x, t). We use the first result of
(18). We then apply the related Y functions for this choice of
A and C.

Using the first case in (10) where 4 =4 and C = —1 gives
the solution

3 2 (€ 3 2(¢
u = fgcsch (§> and v = *gCSCh 5 ) (30)
and soliton solution

_ 3 2(¢ 3 2 (¢
U = gsech (i) and v, = gsech (5 , (31)

where ff = a.
For A =1and C =1 we find § = —a, and we therefore ob-
tain the solution

uz = —%cscz(é) and v; = —%csc2(g’)7 (32)

and the soliton solution

Uy = —% sec’(¢) and vy = —g sec’(&), (33)

3 1
Us = *g |:1 + 4(tan f T sec é,)2):| . (34)

For A =1 and C = -1 we find f =4, and we therefore
obtain the solution

3 3
ug = —Ecschz(f) and vs = —zcschz(i), (35)
and the soliton solution
3 ). 3 5
u; = Esech () and v, = isech 9. (36)

For A =1 and C =1 we find § = —40, and we therefore
obtain the solutions

3 3
uy = —Ecscz(é) and vy = —zcsc2(é), (37)

Uy = —% sec’(¢) and vy = —% sec?(¢). (38)

For A =1and C = —4 we find f§ = 160, and we therefore ob-
tain the solution

Uy = % [16 — coth?(2¢)] and vy = % [16 — coth?(2&)], (39)

and the soliton solution

3
Uy =

=3 [16 — tanh*(2¢)] and v, =

[16 — tanh?(2¢)].

oo W

(40)

For A =1 and C =4 we find f = —16a, and we therefore ob-
tain the solutions

u12=f§[16+cot2(25)] and v12:72[16+cot2(25)], (41)

U3 = —%[16+tan2(2cf)] and vj3 = —%[16+tan2(2cf)]. (42)
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Case II: We first consider uy(x, t). We use the second result
of (19). Using the first case in (10) where 4 =4 and C = —1
gives the solution

1 1
Uy = 3 {1 — 3coth? (g)} and vy = 3 {1 — 3coth? (g)],

(43)
and the soliton solution
1 q 1
Uis = 3 {1 — 3tanh® (%ﬂ and vi5 = 3 {1 — 3tanh’ (g)},
(44)

where f§ = —a.
For A =1and C = we find § = o, and we therefore obtain
the solutions

U = fé[l +3cot?(é)] and v = fé[l +3cot?(&)],  (45)

= _%[1 +3tand(@)] and vy = —é[l +3tan2(@)], (46)

B | R B
P8 (tan & + sec &)’

1 3
and Vig = —g |:1 +m):| . (47)

For A =1and C= —1 we find § = —40a, and we therefore
obtain the solution

1

Uy = % [1 —3coth?(¢)] and vy = 5[1 — 3coth?(¢)], (48)

and the soliton solution
1 1
tn =5 [1 —3tanh*(¢)] and vy = 3 [1 — 3tanh®(¢)]. (49)

For A =1 and C =1 we find § = 4o, and we therefore obtain
the solutions

iy = —%[1 +3c0(¢)] and s — —%[1 + 30, (50)
Uy = ,%[1 +3tan’(¢)] and vy = ,%[1 +3tan?(¢)]. (51)

For A =1 and C = —4 we find ff = —16a, and we therefore
obtain the solution

3 3
Uy =2 — gcothz(zf) and vy3 =2 — gcothz(%), (52)
and the soliton solution
Uyy =2 — %tanhz(%) and vy =2-— %tanhz(%). (53)

For A =1 and C = 4 we find = 160, and we therefore obtain
the solutions

Uys = =2 — %cotz(Zf) and vy = -2 — gcotz(%), (54)

3 3
e = —2 — 2 tan?(2¢) and vy = -2 — 2 tan?(2¢). (55)

Case III: We next consider uyy(x, t). We use the third result
of (20). Using the first case in (10) where 4 =4 and C = —1
gives the solutions uy,u, and vy, v,.

For A =1and C =1 we find § = —a, and we therefore ob-
tain the solutions ujs, uy, us, v3,v4 and vs.

For A =1 and C = —1 we find f§ = 40, and we therefore
obtain the solutions ug, u7, v and v;.

For A =1 and C =1 we find § = —4a¢, and we therefore
obtain the solutions ug, ug, vg and vy.

For A =1 and C = —4 we find § = 160, and we therefore

obtain the soliton solution

uy; = 6sech?(2¢) and vy = 6sech?(2¢), (56)
and the solution

Urg = —6csch2(2£) and vy = —6csch2(2§“). (57)

For A =1 and C =4 we find f = —16a, and we therefore ob-
tain the solutions
ty = —6sec’(28) and vy = —6sec?(28), (58)
Uz = —6esc>(28) and vy = —6esc?(28). (59)

Case IV: We next consider uy(x,t). We use the fourth re-
sult of (21). Using the first case in (10) where 4 = % and
C= —% gives the solutions wuyq, 15, vi4 and vys.

For 4 =1and C =4 we find § = o, and we therefore obtain
the solutions Uye, U17, U184 V16, V17 and V8.

For A =1 and C = —1 we find f = —4a, and we therefore
obtain the solutions w9, 29, V19 and vs.

For A =1and C =1 we find f§ = 40, and we therefore ob-
tain the solutions usy, ty, vy and vay.

For 4 =1 and C = —4 we find = 160, and we therefore
obtain the soliton solution

uz; = 2[1 — 3tanh?*(2¢)] and vy = 2[1 — 3tanh?(28)],  (60)
and the solution
uzp = 2[1 — 3coth’(2¢)] and vsy, = 2[1 — 3coth?(2¢)].  (61)

For A =1and C =4 we find f = —16a, and we therefore ob-
tain the solutions

U3z = —2[1 + 3tan2(2é)}
w3y = —2[1 + 3cot?(2¢))

and vy = —2[1 + 3tan*(2¢)], (62)
and vy = —2[1 4+ 3cot?(28)].  (63)

Case V: We next consider uy(x, 7). We use the fifth result of
(22). Using the first case in (10) where 4 =1 and C = —1 gives
the solution

I . .
Uzs = V35 = 3 {2 + 3tanh® <%) + 3coth? (%)} ) (64)

where ff = —4o.
For A =1and C =1 we find = 4a, and we therefore ob-
tain the solutions

Uzg = V3¢ = é |:2 -3 tan2 <§) — ?)(L‘Ot2 <§>:| s (65)

Uz = V37 = é [2 —3(tan & =+ sec cf)2 — 3(tan & =+ sec g’)’z}, (66)

For A =1 and C = -1 we find f = —16a, and we therefore
obtain the solution

Uz = V3g = —%[2 + 3tanh®(&) + 3coth?(¢)]. (67)

For A =1and C = 1 we find § = 16a, and we therefore obtain
the solution

1
139 = vig =5 [2 — 3tan?(&) — 3cot?(&)). (68)
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For A =1 and C = —4 we find f = —640, and we therefore
obtain the solution

Ugo = V4 = —4 — 6tanh*(2¢) — %cothz(%), (69)

For A =1 and C = 4 we find § = 64a, and we therefore obtain
the solution

Uy = vy =4 — 6tan*(2&) — %cotz(%), (70)

Case VI: We next consider uy,(x, ). We use the sixth result
of (23). Using the first case in (10) where 4 =% and C = f%
gives the solution

U =V = % {1 — tanh’ (g) — coth® (g)} (71)

where f§ = 4o.
For A ={and C =1 we find § = —4a, and we therefore ob-
tain the solutions

Ugz = V43 —% |:1 + tan2 (g) + COt2 (g):|7 (72)

,%[1 + (tan & £sec&)* + (tan & £sec &) ], (73)

Ugy = Vag =

For A =1and C = —1 we find f§ = 160, and we therefore ob-
tain the solution

Ugs = V45 = %[2 — tanhz(f) — COthz(é)] (74)

For A =1and C =1 we find f = —16a, and we therefore ob-
tain the solution

Uss = Vag = 72[2 + tan®(¢) + cot*(&)]. (75)

For A =1 and C = —4 we find § = 64, and we therefore ob-
tain the solution

Uy = vg7 = 12 — 6tanh?(2¢) — %cothz(%)]. (76)

For A =1 and C = 4 we find f = —64«, and we therefore ob-
tain the solution

Ugg = V48 = —12 — 6tan2(2é) — %cotz(%)}. (77)

Comparing some of our results with Zhang’s (2007), Cheng
and Li’s (2003) and Peng’s (2005) results, it can be seen that the
results are the same. Some of these results are in agreement
with the results reported by others in the literature, and new
results are formally developed in this work.

5. Conclusion

The tanh—coth method combined with the Riccati equation
was successfully used to establish solitary wave solutions.
Many well known nonlinear wave equations were handled by
this method. The performance of the this method is reliable
and effective and gives more solutions. The applied method
will be used in further works to establish more entirely new
solutions for other kinds of nonlinear wave equations. The
availability of computer systems like Mathematicaor Maple
facilitates the tedious algebraic calculations. The method
which we have proposed in this letter is also a standard, direct

and computerizable method, which allows us to solve compli-
cated and tedious algebraic calculation.
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