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Abstract

In this paper, an inverse problem of constructing a linear n degree of freedom mass-spring system from part of its physical
parameters and part of modality of its maximal or minimal natural frequencies is considered. The solvability and the expression of
the solution is derived. The numerical algorithms and some numerical examples are given.
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1. Introduction

A linear n degree of freedom system of n point masses simply interconnected by springs is characterized by the
generalized eigenvalue equation (see [5]),
(K — AMp)u =0, (1.1)
where ), = @2, w is the natural frequency, u is the modality, K, is the stiffness matrix,

ki +ky =k
—ky  ko+k3s —k3

K, = , (1.2)
_kn—l kn—l + kn _kn
_kn kn + kn+1
and M, = diag(m, ...,m,) is the mass matrix. Of particular interest are matrices K, satisfying certain row sum

conditions, namely (see [13]):

e K, is a Jacobi matrix with all row sums equal to zero.We shall refer to such a Jacobi matrix as free—free.
e K, is a Jacobi matrix with all row sums, save the first, equal to zero. We shall call this type fixed—free.
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e K, is a Jacobi matrix with first and last row sums positive, while all others are zero. K,, with this property will be
called fixed—fixed.

In this paper, we will consider reconstructing a fixed—fixed mass-spring system, with k; > 0, k,+1 > 0, m, >0, m;,
kiy1>0fori=1,2,...,n—1.

Inverse vibration problem, roughly speaking, is how to reconstruct a stiffness matrix and a mass matrix from
prescribed natural frequencies or modalities or some physical parameters. Inverse vibration problems for mass-spring
system have been of interest for many applications, because of n degree-of-freedom mass-spring system may be thought
of as finite-difference or finite-element approximations of continuous systems. Gantmakher and Krein [4], Boley and
Golub [1], Gladwell [5], Zhou and Dai [17], Chu [3] had showed that inverse eigen-problems arise in classical vibration
theory which the reconstruction of mass-spring system may be thought of as basic inverse vibration problem.

There are many important results on reconstructing a mass-spring system with different given data, for example,
Hochstadt [7], Hald [6], de Boor and Golub [2], Ram [15,16] and Jiménez et al. [11] have given us the algorithms
for computing physical parameter m; and k; with all or partial natural frequencies of system by constructing a Jacobi
matrix; Peter Nylen and Frank Uhlig [12,13] focus on the reconstruction of mass-spring system with nature frequen-
cies from the modified system; Hochstadt [8] and Hu etc. [9] has reconstructed a Jacobi matrix with its sub-matrix
and all eigenvalue; Hu etc. [10] and Peng [14] has reconstructed a Jacobi matrix with its eigenpairs and subsystem;
In this paper, we will also consider reconstructing a fixed—fixed mass-spring systems from some physical param-
eters of subsystem and two natural frequencies and parts of its modalities, where two natural frequencies are the
maximal and the minimal one which have been of important interest for engineering applications. The problems are
as follows.

Problem FDDMK I. Given u € R" and w; € R4, fori =1,2,...,n, find (M,, K,), such that, w; is the maximal
(or the minimal) natural frequency of (M;, K;), u is a modality corresponding to wy,.

Problem FDDMK II. Given w;, w} € Ry fori =1,2,...,n, find (M,, K,), such that w; and w;" is the maximal
and the minimal natural frequencies of (M;, K;),fori =1,2,...,n.

Problem FDDMK III. Given w,, w; € R4, X>,Y> € R" P, andm;, k; € Ry fori=1,2,..., p,find (M,, K,,) and
X1, Y1 € R?, such that, w, and w;' is the maximal and the minimal natural frequencies of (M,, K,) respectively, x
and y is the modality corresponding to w, and w;' respectively.

Where, R is the set of all positive number, R” is the set of all n-dimension vector. M; and K; be i by i leading
principal sub-matrix of M,, and K,,, respectively. (M;, K;) denote the i degree of-freedom mass-spring system including
physical parameters m1, mo, ..., m; and k1, ka, ..., ki, ki+1. (M;, K;) is a subsystem of (M,,, K,), 6(M;, K;) is the
set of all roots from det(K; — AM;) = 0. x = (XT, Xg)T and y = (Y, YzT)T, Xi=(q,..., x,,)T, Yi=01,..., y,,)T,
Xo=(xpg1s---, x,,)T, Yo=0ps1s---s yn)T. sign(o) = 1,0 or —1, when o > 0, o = 0 or o < 0, respectively.

This paper is organized as follows. In Section 2, we discuss the properties of (1.1), and the uniqueness of the solutions
for Problem FDDMK I and II. In Section 3, we show the existence of the solution for Problem FDDMK III, and derive
an expression of the solution. In Section 4, we give an algorithm to compute the solution of problem FDDMK III, and
some numerical examples to illustrate the results obtained in this paper are given.

2. Preliminary results, solving problem FDDMK I and II

Lemma 1. Ifm; >0fori=1,2,...,n,a;= (ki +kiym; ", bi=—kizim;", ci=—kizim; |, then (K, — AM,)u=0
is equivalent to Au = Au, where

aq bl

c1 a b
A:Mn*IKn: .. 2.1
Ch—2 an—1 by

Cn—1 dn
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Remark. A* € R, is an eigenvalue of A and u* € R" is an eigenvector corresponding to A* if and only if 1* is a
general eigenvalue of matrix-pairs K,,, M,,, and (K,, — 2*M,)u* = 0.

Note that bjc; >0 fori =1,2,...,n — 1, matrix A is a Jacobian matrix which has some important properties as
follows (see e.g., [5,17]).

Property 1. Suppose A; be ai x i leading principal sub-matrix of Jacobi matrix A, D;(4) = det(A; — Al), I is the
identity matrix of size i, then

D;(A) = (a; — 2)D;_1(A) —bj—1ci1D;2(4), i=2,3,...,n, (2.2)

where Do(A) =1and D{(A) =a; — /.

Property 2. Suppose that A7) is an eigenvalue of A;, /lY) and )Vfi) is the minimal and maximal zero point of D; (1),

then

(1) DiAYy=0, Di_1 (WD) £0,fori=2,...,n;
) )»E") < }tg"_l) << /1(12) < )V(ll) < iéz) << /lfl”).

Property 3. Suppose that x = (x1, x2, ..., xn)T and y=(y1, y2, .-, y,,)T is an eigenvector corresponding to maximal
eigenvalue 4 and minimal eigenvalue p, respectively, then (1) x;x;4+1 <0, y;yiy1>0fori =1,2,...,n— 1;0r (2)
sign(x;) = (—1)j*"sign(xj), sign(y;) =sign(y;) fori, j=1,2,...,n.

Let ¢, (A1) = det(K; — AM;), it has the similar properties with D;(4) = det(A; — AI). The following lemmas
are a direct result from Property 1-3. Their proofs are similar to the proof of Property 1-3, and are omitted (see
[5,17]).

Lemma 2. Suppose that py(A) =1, (A1) =ki + ko — Amy, ¢;(A) =det(K; — AM;) fori =2,3,...,n — 1, then
0; () = (ki + ki1 — Imi); () — K} (0, (2.3)

Note that ¢; (1) is made of physical parameters my, ma, ..., m; and ki, ka, ..., ki, kit+1.

(@)

gi) and ;

Lemma 3. Suppose that 2D s a zero point of @;(4), ®
of mass-spring system (M;, K;) fori =1,2,...,n then

is the minimal and the maximal natural frequency

1) @, DY £0fori=2,3,...,n;

2) 0< wﬁ") < wgn_l) <. < w(12) < wgl) < w(22) << wﬁ,n).

Lemma 4. Suppose that u = (uy, us, ..., un)T and v = (v, va, ..., vn)T is a modality corresponding to the maxi-
mal and the minimal natural frequency of mass-spring system (My, K, ), respectively, then it is true that (1) uiu;1
<0,vv41>0 for i =1,2,...,n — 1; or (2) sign(u;) = (=1)/"'sign(u;), sign(v;) = sign(v;), for i, j =1,
2,...,0.

In the following, we find the solution of Problem FDDMK I and II. Obviously, solving Problem FDDMK T is
equivalent to solving the inverse general eigen-pairs problem as follows: given 4; = a)lz and real vector u, find M,,, K, €
R™ " such that

(Kp — InM)u=0, ¢;(i;)=0, fori=1,2,... n. 2.4)

Let E; =k; (ui—1 — u;), Fy = (k2; 2o, i) — ki), fori =2, ... ns Ai = (g — A + Jithigr, Doy = (i —
uiy1)F; — Ej, AkH—l =Agu;i F; — E;,fori =1,2,...,n— 1.
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Theorem 1. Without loss of generality, we assume that w; is the maximal natural frequency of (M;, K;). Suppose
that ky >0 and Y!_ m; = Q> 0, Problem FDDMK 1 has unique solution, if and only if, the following conditions are
satisfied

) O0<bhi<da<- <y, 1(L) #0,i=2,...,n—1,n, where J; :wiz;

(2) sign(u;) = (=) lsign(uy),i =2,...,n—1,n;

(3) Ailp; Dggyy # 0, sign(D) =sign(Ay,) =sign(Dy,, ), fori =2,3,...,n—1;
@) sign(2i D AT = k) =1;

(5) unfl(Pnfl()bn) Dp_1— Mn(Pnfz(;Ln)Ak,, =0;

©6) sign(Q = Y0 Am ATH =15

(7) Sign(n® — 2 3 02) Dy AT+ iyt — DA A ) =1

Proof. Necessity. Assume that Problem FDDMK I has unique solution, that is, Eq. (2.4) have unique solution. Hence,

conditions (1) and (2) can be derived from Lemmas 3, 4. Expanding (2.4), we obtain fori =1,2,...,n
(i —ujp1)kivr — Anuimi = ki(ui—1 — u;), (2.5)
Qi1 Gidkiet = 2@ Gdmi = I 9i 5 () — ki (), (2.6)
where ug = up4+1 =0, ¢_;(4) =0.
Since m; >0 and k;41 >0fori =2,...,n — 1, we have condition (3) and
mi=Ami /A, kipg =D, /A fori=2,... ,n—1 2.7)

By Egs. (2.5) and (2.6) for i = 1, we have
(ur —uxky — Jpuimy = —kyuy,  ky — Aymy = —kj. ((2.8),(2.9))

Since m > 0 and k, > 0, we have conditions (3) and (4), and

my=0p /A k=0 /Ay =mly — k. (2.10)
Similarly by Egs. (2.5) and (2.6) fori =n, u,, # 0 and ¢,,_1(4,) # 0, ky + kn+1 — Anm, can be expressed as
Kty — k2 2
ko ot — Jnitty = UL d Ky kg — Ay = 22 () 2.11)
Up an—]()"n)
Hence, condition (5) can be derived when substituting k,, = Ag, /A, into (2.11).
Finally, since ) ;_, m; = Q and (2.11) we obtain
n—1 n—1
my=Q=Y mi == (Dw;/D0)s  knp1 = Anmy + kn(uy 1, = 1), (2.12)
i=1 i=1

where m, > 0 and k,+1 > 0, so the conditions (6) and (7) can be derived.

Sufficiency: Since conditions (3) and (4) hold and & is given, m and k, can be computed according to (2.10). ¢ (1)
can be reconstructed with m1, k1, k» and we can compute ¢, (42) and @y(42). When ¢, (42) # 0 and condition (3)
holds we can compute m» and k3 by (2.7). Generally, ifm1, ..., m;_j and ky, ..., ki1, k; are given, we can reconstruct
@;_1(A) and we can compute ¢;_;(4;) and ¢;_,(4;). When ¢;_;(4;) # 0 and condition (3) holds we can compute m;
and kjy1 fori =2,3,...,n — 1. Finally m,, and k,,+1 can be computed by (2.12) when the conditions (5)—(7) holds.
So we get all physical parameters of a fixed—fixed mass-spring system. Such a system satisfy (2.4). This completes the
proof. [J

Next, we discuss Problem FDDMK II.
Obviously, it is an inverse general eigenvalues problem as follows: given A; and /;, /“L;k e RT,fori=2,3,...,n,
find M,, K,, € R"*", such that

0121 =0, @;(4)=0, ¢;(A)=0 fori=2,3,...,n. (2.13)
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Expanding (2.13), if ¢;_; (%) # 0, @;_; (A7) # 0, we obtain
ki + ko =Aimy,  kizg — Aim; =W; ki1 —}v;km,' =Wi*,fori=2,3,...,n, 2.14)

where W; = ki(kiQDi_z()ti)(Pl:ll (i) — 1), Wr = ki(ki§0i—2(/1f)€0,:11 (4) = 1.
It is easy to prove Theorem 2 by the same method which we use to prove Theorem 1.

Theorem 2. Suppose m; >0 and ki > 0. Problem FDDMK 11 has unique solution, if and only if

D O<A <A << My<hi<lda< <l

@) @iy i) # 0, 9r_1 () # 0, fori =2.3,....n;
(3) sign(mid; —ki)=1;
(4) 6;0m; 0, # 0, sign(d;) = sign(dy,;) = sign(dy,,,), i =2,3,...,n.

If the above conditions are satisfied, the physical parameters of mass-spring system have the expression as follows:
m; =0m, /0, kiv1= 5/{,.“/51' fori=2,...,n,
where 5,’ = },,' — i;ﬁ, 5mi = W;‘< — W,', 5k = Wi* — );k W,'.

i+1
3. The solvability conditions of problem FDDMK III

In fact, Problem FDDMK III is a general inverse eigen-problem as follows: given A, u € Ry, X»,Y> € R"7? and
Kp_1 € RP=Dx=D a1, e RP*P find kpy1 € Ry, My, Ky € R™ and X1, Yy € RP, such that

(Kp — iMy)x =0, (K, —uMy)y =0, (3.1
xTM,y=0. (3.2)

Expanding (3.1) and (3.2), we obtain four questions as follows:

Problem FDDMK IIL1. Given kp1, Xp1 # 0, ypi1 # 0, M, K, € RP*P, find X1, ¥y € R such that

(Kp - }~Mp)Xl =kp+1xp+]Epp, (Kp - ,“Mp)Yl ka+1}’p+lEpp, (3.3)

where E ), be the pth column of p x p identity matrix.

Problem FDDMK IIL2. Givenkp,41 >0, x;, y;,fori =p+1, p+2, x, and y,, is the solution for Problem FDDMK
1.1, find m 41 > 0 and k42 > 0, such that

{ AxXprimpi1 + (Xpy2 — XpyDkpr2 =kpr1(xpp1 — xp), (3.4)
Wp+1mpy1 + (Yp+2 — Yp+Dkpto = kpr1(Yp+1 — ¥p)-

Problem FDDMK IIL.3. Given k| >0, m ;41 and k. is the solution for Problem FDDMK 1II1.2, find m; > 0 and
kiy1>0,fori =p+2,...,n,such that

{iximi + (i1 — xp)kivr = ki(xi — xi—1), (3.5)

uyimi + (yiy1 — ykiv1 =ki(yi — yi—1),

wherei =p+2,...,n,Xp41 = Yp+1 = 0.

Problem FDDMK I11.4. Given m;,k; fori =1,2,..., pand x;, y; fori =p+1,...,n, X1, Y] is the solution for
Problem FDDMK IIL.1, m 41, k42 is the solution for Problem FDDMK 1I1.2, find k1 > 0, such that

n
XTMpY1 + mpi1Xpi1ypar + Z m;x;y; =0. (3.6)
i=p+2
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Lemma 5. Suppose a¢ a(M, K ), then there exists unique solution u in the equation
(Kp —aMp)u = BE,),, 3.7)

and u can be expressed as follows:

=B(K, — oM, 'E,, = Pum (3.8)

u= —o = , .
p p pp 0, (@)

where u* = (uj, u3, ..., u;)T, ui = @i_1(@)] |§.’:i+1 kj, u;‘, = q)p_l(oc).

Proof. ¢, (o) = det(K, — aMp) # 0 because of o ¢ 6(M), K)), According to the definition of inverse matrix, we
obtain

(Kp —aM,)™' = ——(K, — aM,)*,

@, ()
where (K, — aM)* is adjoint matrix of K, — M. So there exists unique solution u in Eq. (3.7) as follows:

u= i(Kp —oaM,) Epp.

(o)

We have (3.8) by straightforward computing the pth column of (K, — aM,)*.

Lemma 6. Supposethat i, u¢ o(M,, K,), A # p,and X1=(x1, x2, ..., xp)T, Yi=(y1, y2, .-+, yp)T are the solutions
of equations (K, — AMp) X1 = cE,, (K — uM,)Y| = dE),, respectively. It is true that

XM,y = — 420 (3.9)
(A= we,(e,(w

where @, (2, (1) = @, _1 (D@, (1) — @1 (WP, ().
Proof. According to two equations (K, — AM,)X| =cE pp, (K, — uM,)Y; =dE,,, we obtain

YK, —IM)X1 =cYTE,y, XT(K,—iM,)Y)=dX]E,. (3.10)
Noting that XT M, Y =Y M, X, and XTK,Y1 = YK, X1, itis true that

(h—wWX{ MYy =dX]E,, — cYTEp,. (3.11)
By Lemma 5 we obtain

o= Hem ="

When 4 # u, substituting (3.12) into (3.11) yields (3.9). This completes the proof. [J
Using Lemmas 26, it is easy to have the following results.

Theorem 3. Problem FDDMK 111.1 has unique solution, if and only if

1) @,(2) #0, ¢, #0;

(2) sign(xixp41) = sign(;_1 (D@, (1), sign(yiyp+1) = sign(@;_ (W, (W) fori =1,2,..., p;
(3) sign(xixjt1) =sign(p;_1(Dp;(A) =—1,fori=1,2,....,p—1;

@) sign(y;yi+1) =sign(o; 1 (We;(w) =1,fori=1,2,...,p—1.
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If the above conditions are satisfied, the solution has the expression as follows:

®p—1(4) Qi1 (D), .
x,,:mkpﬂxpﬂ, xXi = (;) D kp1Xpt1 1_[ ki fori=1,2,...,p—1,

j=i+1
® 1(#) Pi—1 (W .
Yp= T —kp iy Yi=—kppiypsr || ki fori=1,2,....p—1. (3.13)
p( ) @p(,u) =il

Now, by using the theory of linear systems we can get the solution of Problem FDDMK II1.2 and II1.3. At first, let
Hj =7xi(yig1 — yi) — Wi (xig1 — xi), Gi = (% — Xi—1) i1 — ¥i) — i = Yi—) (i1 = xi), Qi1 = Axi (Vi — Yi—1) —
wyi(xi —xj—1), fori=p+1,...,n
Theorem 4. Problem FDDMK I11.2 has unique solution, if and only if

Hp1Gpr10p+1 #0,  sign(Hpq1) =sign(G p41) = sign(Qp+2),
and the solution has the expressions as follows:

Mmpt1 =kp1Gpi1/Hps1,  kpro=kpy10py2/Hpi1. (3.14)
Theorem 5. Problem FDDMK I11.3 has unique solution, if and only if

HiG;iQi+1 #0, sign(H;)=sign(G;) =sign(Q;y1) fori=p+2,...,n
If the above conditions are satisfied, the solution has the expression as follows:

m;=kiG;/H;, kiy1=kQiy1/H;. (3.15)

Corollary. Suppose that m; and k; have the expression of (3.14) and (3.15), respectively, there exists a relation formula

ki =kpi1Qpiok? fori=p+2.....n+1, (3.16)
mi =kpy10Qpto2m; fori=p+2,....n, (3.17)
wherekp+2—H;Jil,k;‘: p+1l_[] p+2Q,+1/H,t_p+3 on+lim! =kfGi/H;, fori=p+2,...,n

Proof. Using (3.15) to recur from i to p + 2, we get

i—1
Qj+1 .
k,:kpﬂ.]_[ o i=p+3,...,n+1. (3.18)
j=p+2

Substituting k12 =kp110 p+2/Hpy1 into (3.18) yields (3.16) and substituting (3.16) into (3.15) yields (3.17). This
completes the proof. [J

Remark. q)p(i), (pp(u),d)p(/l, WXp, Yp> Gpy1, Opyoa, mi(i = p +1,...,n) are all function of k. Let

Ry(2) = (kp = imp)p, 1(2) — k5@, 2(D).,  Rp(w) = (kp — pmp)e, (1) — koo, 5 ().
3 =0, 1o, 1. 8 =0, (DRW + 0, | (WRy(D). 3y =Rp(DR, ().
8 =0, 1D, 1) =, (W, (D=0, 8 =0, (DR — @, (DRp().

2 2
5( )= Xp+1(Vp+2 = Yp+1) — Yp+1(Xpt2 — Xp+1), 55 )= (Xp4+2 = Xp+ 1) Yp+19 p—1 (1),

2

0 = —(ps2 — Yp+1)Xp+10,_1(4),

5(3)_ - 5(3)__; 5(3)_ ’
0 = A= Wxpr1Yyp+1, O] = =AXpp1Yp+1@Qp_1 (W), 0y = UXp1Yp+1Q 1 (4).
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0 =07 | Hpyr =87 m* ., fori=0,1,2.
00 =0 wm; fori=p+2,....n j=01.2

The following notations can be introduced to solve Problem FDDMK III.4.

@) @, = (kp +kps1 — 2mp) o, (D) = K29 2 (D 2kps10,_1 () + Ry(D).
(i) @, () = (kp +kpr1 = ump)Q,_1 (1) = kp@, 5 (W =kp 10,1 (1) + Rp(10).
(i) @, (D)@, =03"k2, | + 0" kpi1 + 05
(V) By ) =0 10y (1) = @, 1 (W@, (2) = 8\ kpa1 + 8y = 5.

V) xp =kpp1Xp+190,—1 (D/[kp+10,_1(4) + Rp ()],
V) yp =kpr1Yp+19p, 1 (W/kpr19, 1 (1) + Rp (W],

i) Gps1 =105 0, (D@, (W) + 87 kpr10,(0) + 0L kpr10, (010, (D@, (1)].
Vi) Qpr2 = 1050, (D@, (1) + 07 @, (Dkpi1 + 35 0, (Wkp11/10, (D, (0].
() mpp1 =kpp1 55 0, (D0, (W) + 01" 0, (Dkpi1 + 05 0, (Wkp) /[0, (D, (W)].
x) mi = kp10 0, (D@, (1) + 05 0, (Dkps1 + 85 @, (Whpi1) /[0, (D)@, ()].

Theorem 6. Problem FDDMK 111.4 has a solution, if and only if,
D @, (D) #0, 0, #0;

(2) Pot> + 9.t + Yo = 0 has a positive root t*, where y% + y% # 0, y% # 0;
(3) 75t + 91t + yo = 0 has infinite roots t* > 0, when y% + y% + y(z) =0.

If the above conditions are satisfied, the solution has the expression as follows:
kpi1 =15 # —Rp(D)/0,_1(A) and  — Ry()/@,_; (W),

6) <(0 6 6 6) (0 6 6 6 <(6) <(0
where y, = 56 )55) + 55 )(/)p_l(i) + 5; )(p[,_l(,u), Y= 5(() )5§ ) 4 55 )R,,(}v) + 5§ )R,,(,u) + 5% ), Yo = ()(())5( ),

6 4 5 6 1
55‘ : pr+1yp+155- ) + Z?:[H—Z xi}’i(sl(j), 5§ ) =xp+l)’p+15(() )/()v — .

Proof. Using Lemma 6 and X1, Y} is the solution of Problem FDDMK IIL1, when ¢, (%) # 0, ¢, (1) # 0, it is true
that

k127+1x[9+1yp+1 ¢p(/1’ ;u)

T
X{MpY, =
Because of Problem FDDMKII1.2 has a solution 71, 1 which has the expression (ix), we can compute 71 p 41X p4+1Yp+1-
Similarly, we can compute m;x;y; fori = p + 2, ..., n by the expression (x). It holds that
XTMY =3 X p11Ypa1 @p G 1) /LG — 10, (), (1)]

. kp1Xp1p4135) 0, (D0, (10 + 8V 0, (Dkpit + 05 ¢, (k1)
0, (D, (1)

. Z 4153 (350 @, (D0, (1) + 313 0, (D1 + 65 0, (k1)

3.19
NN ) G149

i=p+2

Reduce (3.19), we get by (3.6)

3670 (D0, (1) + 0170, (Dhepi1 + 05 0, (10Kt + 85 kp1 = 0. (3.20)
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Substituting (i)—(iii) into (3.20), we get
2
V2kp+l +'))1kp+1 +'))()=0 3.21)

Hence, Problem FDDMK I11.4 has a solution if and only if y2t2 —+ 71t + 7o = 0 has a positive root t* which is not
equal to —R,(4)/¢,_;(7) and =R, (1) /@, (1). We can get k41 =1*.

Theorem 7. Problem FDDMK III has a solution, if and only if, the following conditions are satisfied

(1) sign(xi) = (=1)""'sign(x,), sign(yi) =sign(ya), i = p+1,...,n;

(2) sign(p; _1(De; (1) =—1,sign(p; _ (We; (W) =1,i=1,2,....p— 1

() sign(@;_1 (D, (D) = (=P sign(o; (W, ) =1,i=1,2,...,p—1;

@ ¢,(D) #0, ¢, #0;

(5) HiG;Qi+1 # 0,sign(H;) =sign(G;) =sign(Qiy1), i=p+1,...,n;

(6) 512 + 11 + 79 = O has a positive root t* which is not equal to —Rp(A)/@p_1(A) and =R, (W) /@ 1 (1)

Proof. Necessity. It is clearly given by Theorems 3-6.

Sufficient: We can get physical parameters k11, m;, kiy1 fori=p+1,...,nand x;, y; fori =1,2,...,pbya
construction method. Using m;, k; fori =1, 2, ..., p,we can get polynomial function to compute ¢, (4) and ¢, (1) for
i=0,1,...,p—1; Using x;, y; fori = p +1,...,n, we can calculate H, and G;, Q;41 fori=p+2,...,n;
Finally we compute 7,, 7; and 7. If 7, 4 y,¢ + 7, = 0 has a positive root #* which is not equal to —Rp(D)/@p_1(2)
and =R, (1)/ ¢, (W), we getkpyy =17

Whenmy,...,mp and ky, ..., kp, k,y1 are given, we can calculate ®p (A) and ?p (w). Then computing x;, y; for
i=1,2,..., pby(3.13), computing m 1 and k1 by (3.14), computing m;, ki1 fori = p +2,...,n by (3.18).
So we get all physical parameters with m; >0 and k;+1 >0 fori = p + 1,...,n and sign(x;) = (—1)”_isign(xn),

sign(y;) = sign(y,) fori =1, 2, ..., p. This completes the proof. [
4. Algorithm and example

According to above discussion an algorithm to solve problem FDDMK-III is presented as follows.

Algorithm FDDMK. Given m;, k; fori =1,2,...,pand x;,y; fori = p + 1,...,n, w1, w2 € R4, then the
Algorithm constructs k41, m;, ki1 fori =p +1,...,nand XlT YlT.

(1) If there is iy, ip € {_1, 2,..., p}suchthatm; <Oork;, <0, gotostep (8). If there is i3, is € {p+1,...,n}such
that sign(x;;) # (—1)" 7" sign(x,) or sign(y;,) # sign(y,), goto step (8).

(2) Compute 1 = a)%, compute ¢;(4) fori =1,2,..., p —1by (2.3). If there is i5s € {1,2, ..., p — 1} such that
sign(go,-5 ()»)(piSH()L)) # —1, goto step (8).

(3) Compute u = w%,compute @;(n) fori=1,2,..., p—1by (2.3). If there is ig € {1,2,..., p — 1} such that
sign(g;, (1)) # Sign(g;, 11 (1)), goto step (8).

(4) Compute Hp11 and H;, G, Qi1 fori=p+2,...,n.1If Hy11 =0or H;G; Q; =0 then goto step (8); If there
isiz € {p+2, ..., n} such that fail to sign(H;;) = sign(G;,) = sign(Q;,), goto step (8).

(5) Compute R, (%), R,(u) and 6 fori =0,1,2and j =0, 1,2,3, 4, 02 for j=0,1.2andi=p+2,....n,
5(/6) fori =0, 1, 2, 3. Then calculate y; fori =0, 1, 2, if y2t2 + 71t + 79 = 0 has a positive root #* which is not equal
to —Rp()v)/(pp,] (2) and —Rp(W/@p_1 (W, thenletkpyy = t*, else goto step (8).

(6) Compute (pp(/l) and (pp(,u), if (pp(/l) =0or (pp(,u) =0, goto step (8). If there is ig, ig € {1,2,..., p — 1} such
that sign(¢;, 1 (D@, () # (D717 or sign(e;, 1 (W@, (W) # 1, goto step (8).

(7) Compute xp, yp and G 41, O py2, if sign(G p41) = sign(Q p42) = sign(H 1), then calculate m 1 and k2,
else goto step (8).

(8) Stop compute and exit program. Problem FDDMK III has no solution.

(9) Compute x; and y; fori =1,2,..., p — 1 by (3.13). Compute m; and k; fori = p +2,...,n by (3.17).
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Example. Given A = 3.6926, 1 = 0.0965, p =4,n =9,6 = 1.0e — 012, m; =my =m3 =myg =4, k; = ky =
ks =ks =4, X> = (x5, x5, X7, X3, X9) T = (0.0972, —0.2322, 0.2958, —0.2685, 0.1586)T, Y> = (v5, V6, ¥7, ¥8, y9) ' =
(0.2365, 0.2243, 0.1904, 0.1382, 0.0726) ", Employing algorithm FDDMK, we can know that v3 + v} +v3 < & which
is computed by MATLAB. Applying Algorithm FDDMK by MATLAB, we choose k11 = 1.0 in case 1 and let k¢
has errors in case 2 where k41 = 0.9999, two solution are as follows:

Case 1: kp11 = 1.0, a specially structured Jacobi matrix can be constructed as follows:

8.0000  —4.0000
—4.0000  8.0000 —4.0000
—4.0000  8.0000 —4.0000
—4.0000 5.0000 —1.0000
Ko= —1.0000 49842 —3.9842
—3.9842 7.9576 —3.9734
—3.9734 7.9537 —3.9803
—3.9803 7.9563 —3.9760
—3.9760 7.9524

Mg = diag(4, 4, 4,4,3.9852,3.9775,3.9771, 3.9782, 3.9765),

where X 1= (x1, X2, X3, x4) T =(0.0142, —0.0240, 0.0265, —0.0208)T, Y1 =(y1, y2. y3., y4) T=(0.0628, 0.1196, 0.1648,
0.1942)", (ke k7. kg, ko, k1) = (3.9842, 3.9734, 3.9803, 3.9760, 3.9764). (ms, mg, m7, mg, mo) = (3.9852, 3.9775,
3.9771,3.9782, 3.9765).

From the above 9 x 9 Jacobi matrix K9 and diagonal matrix Mg, we recompute the general spectrum of matrix-pair
Ko and My by MATLAB 6.1, and get

a(Mo, ko) = (0.0965, 0.2506, 0.7559, 1.1083, 1.7792, 2.4036, 2.8667, 3.5477, 3.6926) T,
and the eigenvector X to the maximal eigenvalue 3.6926 is
X = (0.0142, —0.0241, 0.0266, —0.0209, 0.0975, —0.2328, 0.2966, —0.2692, 0.1590)7,
and the eigenvector X to the minimal eigenvalue 0.0965 is
Y = (—0.0629, —0.1198, —0.1651, —0.1945, —0.2369, —0.2247, —0.1907, —0.1384, —0.0727)".

Case 2: kp11 =0.9999, a specially structured Jacobi matrix can be constructed as follows:

8.0000 —4.0000
—4.0000  8.0000 —4.0000
—4.0000  8.0000 —4.0000
—4.0000 4.9999 —0.9999
Ko= —0.9999 49841 —3.9842
—-3.9842 7.9576 —3.9734
—3.9734  7.9537 —3.9803
—3.9803 7.9563 —3.9760
—3.9760 7.9524

Mg = diag(4, 4, 4,4,3.9852,3.9775,3.9771, 3.9782, 3.9765),

where X1=(x1, X2, X3, x4) 1 =(0.0142, —0.0240, 0.0265, —0.0208)T, Y1 =(y1, y2, y3, y4) '=(0.0628, 0.1196, 0.1648,
0.1942)T, (kg, k7, kg, ko, k10) = (3.9842, 3.9734, 3.9803, 3.9760, 3.9764). (ms, mg, m7, mg, mo) = (3.9852, 3.9775,
3.9771,3.9782, 3.9765).

From the above 9 x 9 Jacobi matrix K¢ and diagonal matrix Mg, we recompute the general spectrum of matrix-pair
K9 and M9 by MATLAB 6.1, and get

a(Mo, K9) = (0.0965, 0.2506, 0.7559, 1.1083, 1.7792, 2.4036, 2.8667, 3.5477, 3.6926) ",
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and the eigenvector X to the maximal eigenvalue 3.6926 is
X = (0.0142, —0.0241, 0.0266, —0.0208, 0.0975, —0.2328, 0.2966, —0.2692, 0.1590)",
and the eigenvector X to the minimal eigenvalue 0.0965 is
Y = (—0.0629, —0.1198, —0.1651, —0.1945, —0.2369, —0.2247, —0.1907, —0.1384, —0.0727)".

These obtained data show that Algorithm FDDMK is quite efficient.
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