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1. Introduction

We consider the following p-Laplace evolution equations:

{atu—div(WuH’_zVu)=divf, t>0, xeR", (11)

u(0,x) =up(x), xeR",

where p > % is a constant, u : (0, 00) x R" — R is unknown, f : (0, 00) x R" — R" and ug : R" — R are given external

and initial data. It is well known that a classical solution of (1.1) does not generally exist. Hence we introduce the notion of
weak solutions.

p

Definition 1.1. For ug € L2(R™) and f € L?-7((0, 00) x R"), we call u a weak solution of (1.1) if there exists T > 0 such that

(1) u e L>®(0, T; L*(R")) with Vu € LP(0, T; LP(R")); and
(2) u satisfies (1.1) in the sense of distribution, namely, for all ¢ € C'(0, T; Cg, (R™)) and for almost all 0 <t < T,

t t

t
/u(t)go(t)dx—//uatgodtdx—i—//|Vu|p_2Vu'V<pdrdx=/u0(p(0)dx—//f-V(pdrdx.

R" 0 R? 0 R R 0 R?

For the existence of a weak solution is shown by Browder [1], LadyZenskaja, Solonnikov and Ural'ceva [7] (cf. Otani [10]).
In this paper, we study the Holder continuity of Vu, particularly, we show a relationship between the Holder continuity of
Vu and the regularity of the external force f.
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The Holder continuity of Vu was firstly shown by DiBenedetto and Friedman [4,5] and Wiegner [11] when f = 0.
Misawa [8] showed the Holder continuity of Vu if f is locally Hélder continuous with respect to t and x. In this paper, we
give a weaker condition of the external force f for the Holder continuity of Vu than the condition given by Misawa.

To state the main theorem, we introduce some notation. For tp € R and R > 0, we write an open interval Ig(tp) :=
(to — R?, tg). For xo € R" and R > 0, we denote the n-dimensional open ball with radius R and center xo by Bg(xg). We
define a parabolic cylinder Qg (to, Xo) by Qr(to, Xo) := Ir(to) x Br(tp). For an integrable function f on a measurable set A,
we denote an integral mean (f)4 by

1
(Dai= A/ fdx.

Theorem 1.2. Assume that for some constant K > 0 and y > n + 2, the external force f satisfies

14

// (f) By <x0)|” Tdtdx < KR (1.2)
Qr(to.Xo)

forall (tg, xo) € (0,00) x R" and 0 < R < 1 satisfying Qg (to, Xo) C (0, 00) x R™. Let u be a weak solution of (1.1). Then Vu is Holder

continuous with exponent y > 0 depending only on n, p, y. Furthermore, for all ¢ > 0, there exists a constant C > 0 depending only
onn,p,y, K, & and ||Vu||1(0,00) xR such that

|Vu(t,x) — Vus, )| < C(it =17 + x = yI¥),
forall (t,x), (s, y) € (g,00) x R".

Remark 1.3. If f is Holder continuous in (0, c0) x R", then the assumption (1.2) holds. Furthermore, if V f € L7 (0, oo; LI(R™))
with %—l—g < 1, then the assumption (1.2) holds. Thus, we need not the assumption that f is Holder continuous with respect
to t.

Remark 1.4. The assumption that Vu belongs to L*((0, oo) x R") can be replaced by the assumption that for some M > 0,

// [Vu|P dxdt < MR"2—° (1.3)
Qr(to,X0)

for sufficiently small o > 1 and for Qg(to, o) C (0,00) x R", namely Morrey regularity for |Vu|P. If the external force f
is in the space of functions of bounded mean oscillation, then Vu € L"((0, 00) x R") for all r > p by Misawa [9] and the
assumption (1.3) holds. Since the assumption (1.2) implies the boundedness of mean oscillation of f, the boundedness of
Vu is not an essential assumption.

Remark 1.5. We only treat the case p > 2 in this paper since we may obtain the Hdélder continuity of Vu for the case

2 p <2 by almost same argument. Especially, we may show the Morrey regularity of |Vul|P for the case nz% <p.

n+2
Furthermore, even for the case 1 < p < we may also show the local Holder continuity of Vu by assuming the Morrey

regularity of |Vu|P (cf. Choe [2]).

n+2 ’

At the end of this section, we introduce further notation. For a parabolic cylinder Qg(to, xo), we define a parabolic
boundary 9, QR (to, Xo) by

p Qr(to, X0) := ({to — R?} x Br(x0)) U (Ir(to) x 3Bg(x0)).

For (t,x), (s, ¥) € R x R", we write a parabolic distance dist,((t, x), (s, y)) by

. 1
dist, ((¢,x), (s, ¥)) :==max{|t — 5|2, |x — y|}.
For A, B C R x R", we write a parabolic distance dist, (A, B) by

dist,(A, B) := inf dist,(z, 7).
p( ) zeA,Z eB p( )

We denote a constant depending on «, 8, ... by C(«, B, ...). The same letter C will be used to denote difference constants.
We use subscript numbers if we consider the relation between the constants.
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2. Proof of Theorem 1.2
From Remarks 1.4 and 1.5, we may assume without loss of generality that p > 2 and the boundedness of the gradient of
the solution. By the scaling argument, we only consider (tg, xo) € (1, 00) x R" and we will show the Hélder continuity at

(to, x0). We abbreviate the center of open balls and parabolic cylinders.
For R < 1, we consider the following reference equation:

{ dv —div(IVv|P2Vv) =0, (t,X) € Qg, 21)

vV=u, (t,x) € 9pQrg.

For the existence of a solution of (1.2), we refer to LadyZenskaja, Solonnikov and Ural’ceva [7, Theorem 6.7 on p. 466].

Lemma 2.1. There exists a constant C > 0 depending only on n, p such that
p_
/(v —u)?dx|i—o + // Vv — Vu|Pdtdx < C//|f - (f(f))BR|"’l dt dx.
Br Qr Qr

Proof. Subtract (1.1) from (2.1), multiply (v — u) and integrate in Qg. Then we obtain

//8t(v—u)2dtdx+/ (IVVIP=2Vv — |Vu|P~2Vu) - (Vv — Vu) dt dx

// (f®), )~(Vv—Vu)dtdx.

We utilize algebraic inequalities

(IpP*p—lal’2q) - (p—q) > Colp —qI”,

which hold for all p,q € R", where Cy is a positive constant depending only on n, p (cf. DiBenedetto [3, Lemma 4.4 on
p. 13]). By the Holder inequality and the Young inequality, we have

// 8 (v — w)?dtdx + Co(n, p)//Wv—Vulpdtdx

/f (f®), )-(Vv—Vu)dtdx

P ]_% ,];
< (/ |f - (f(t))BR|PTl dtdx) (/ |Vv—Vu|pdtdx>
Qr Qr

< L(g’p) //|Vv—Vulpdtdx+C1(n,P)//|f— (F©), |7 dedx. o
Qr

Remark 2.2. When 1 < p < 2, we utilize the following algebraic inequalities:

(IpI”%p — a1’ 2q) - (p — q) = Colp — ql*(Ip| + la).

which hold for all p, q € R", where Cq is a positive constant depending only on n, p.
The following lemma is given by DiBenedetto [3].

Lemma 2.3. (See DiBenedetto [3, Theorem 5.1 on p. 238].) There exists a constant C > 0 depending only on n, p such that

1
suprv|<C< flel”dtdx)
Qr |QR]

2

Using Lemma 2.3, we obtain the following lemma:
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Lemma 2.4. There exists a constant C > 0 depending only on n, p such that

b
sup |Vv| < C{K2RzV -2 4 1V (0,00 )} (2.2)

QR

In particular, |Vv| is bounded on Qg.

Proof. By Lemma 2.1 and the assumption (1.2), we have

//|Vv|pdtdx<C(p)<//|Vv—Vu|pdtdx+//|Vu|pdtdx>
Qr

Qr Qr

_p_
< C(p)(//|f - (.f(t))BR“*l dtdx + |QR|||Vu”fDO((0’OO)XRn)>
Qr
< C(p)(KRV + |QR|||VU”€°°((O,OO)><R”))'

Using Lemma 2.3, we obtain (2.2). O
Remark 2.5. If the assumption (1.3) holds, then we have the following growth estimate of |Vv|:

sup |Vv| < C(K? + M2)R™%.
QR

The next lemma is given by DiBenedetto [3].

Lemma 2.6. (See DiBenedetto [3, Theorem 1.1' on p. 256].) For 0 < § < 1 and R < 1, there exist constants oy > 0 and C > 0 depending
only on n, p such that

p—2

R+Rmax(L VI, 20 )} o
2 )

diStp(Qg,apQu)
2

0sc(Vv) < C||Vv||LoO(QR1,5)
Qr 2

Using Lemma 2.6 we will show the following lemma:
Lemma 2.7. For 0 < § < 1, there exists a constant C > 0 depending only on n, p such that,

p—2
§ 2 &0 8
85;(Vv)<8R ||Vv||Lm(QR1{5)+C||VV||LOC(QR1{5)(1+max{1,||Vv||L§O(QR1;5)}) Ré%

Proof. Either if R® > I, then

8SC(VV) 2| VVliep) € SR‘SIIVVIILOO(QRH )
R 2 v
2

Otherwise, if 0 < R® < }l, then

) ) R178 2 R 2 % R178 R
g e =mnl (%) -(3) ) (5 -2)]

1-6
= R—(1 —R%) > g1,
2 8

Therefore, by Lemma 2.6, we obtain

p=2
0sC(VV) < C(p, M VVllie(q s (1 4+ max{1, Vv 2o DPR®. O
Qr = [
2

We slightly modify an iteration argument, since the monotonicity of the oscillation of Vu is not easily obtained.
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Lemma 2.8. (Cf. Giaquinta [6, Lemma 2.1 on p. 86].) Let ¢ = ¢ (s) be a non-negative function on [0, oo). Assume that for some constants
Ro, Ao, A1, B, a, B > 0 with 8 < «, the function ¢ satisfies

#(p) <Aoo (R),
o
$(p) < Ar (%) 6(R) + BR
forall 0 < p < R < Ry. Then, there exists a constant C > 0 depending only on Ao, A1, o, B such that
0 B
b(p) < C{ (E) o (R) + Bpﬁ}.
Proof. Let r <1 be chosen later and for R < Ry, let p =rR. Then by the assumption we have
#(R) < A1r%¢(R) + BRP.

We fix 8 <y <« and we put r =rg satisfying Ajrf < rg. Then

¢ (roR) < A1r3¢(R) + BR? <r¥¢(R) + BRP.

Therefore, for k € NU {0}, we have

k
qb(rgHR) < rg‘H)qu(R) + Brgﬁ RP Zr(])(y_ﬂ)~
j=0
Since

oo

k B
jv—8) iv-8 _ _To
Yo Y T =t
=0 j=0 To —To

we obtain

¢>(r’6R) < rgy¢>(R) + rgﬁ

BR
B y
To —To

for k e NU {0}. For p > 0, there exists ko € NU {0} such that rg"‘HR <p< rﬁ"R. Therefore, we obtain

k kg BRP
$(p) < Ao (rg°R) < A0<T0V¢(R) +10 = y)
To —To

_ v _ P BRP
<Ao<roy<§> ¢<R)+r0ﬁ<§> o y>. 0
T 0

O—T

Proof of Theorem 1.2. Fix 0 < p < R < 1. Then

[/|Vu - (Vu)Qp|pdtdx< C(p)(// |Vu —Vv|pdtdx+//|Vv - (Vv)Qp|pdtdx>. (2.3)

Qp Qp Qp

First, we estimate foﬂ |Vv — (Vv)q, |Pdtdx. Either if 0 < p < g, then by Lemma 2.7

//|Vv - (Vv)Qp}pdtdxg // osc(Vv)P dt dx
Qp

Q

p n+2+pé
<CODITVIq R
2
p—2

b2 .
+COPIVVInq, ) (1+max{1 VY2 g ) })PORT 2P,
2 2
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Otherwise, if £ < p <R, then

p) n+2+p
//yw — (Vv)q, |’ dtdx < 2"T2FP (E) /f|VV — (Vv)q,|"dtdx
Qp

Qp
0 n+2+p
Viarard (E) /f Vv — (V) q, [P dtdx.

Qr
Since

QR
we obtain

n+2+p
//!VV — (Vv)q,|"dedx < can, p)(%) //|Vu — (Vg |"dtdx+ VYl q R
Q Qg 7

P

//|Vv - (VV)QR|pdtdx< C(n, p) // Vv — Vu|P dtdx + C(n, p) //Wu - (Vu)QR|pdtdx,
Qr Qr

p—2

p b= PAO pn+2+ps
+C(n,p)IIVVIle(QR1_5)(1 + max{1, IIVVIILEC(QR]_B)}) Rt
BV 2
+C(n,p)// |Vu — Vv|P dtdx.
Qr

Next, we estimate [f, |Vv — Vu|Pdtdx. By Lemma 2.1, we have

/ |Vu — Vv|Pdtdx < C(n, p)KRY .
Qr
Therefore, by (2.3), we obtain

0 n+2+4p
//|Vu — (VU)Qp |pdde < C(n, p)(E) //|Vu - (VU)QR |P dtdx
Qp Qr

+CO PV, , R
2

p=2
+C(n, p)||VV||foo(QR1_8 (1 + max(1, ||Vv||L30(QR1_8)
v 2

})Pao Rn+2+p6ao

+C(n, p)KRY .
Since y > n+ 2, we can apply Lemma 2.8 for ¢ (p) = fop [Vu — (Vu)q, |P dtdx and we obtain

//[w — (Vu)g, |P dtdx < Cp™ 2Py
Qp

for some y > 0. Therefore Vu is Holder continuous with exponent y > 0. O

Remark 2.9. If the assumption (1.3) holds, then we can modify the estimate (2.4) by

n+2+p
[/|Vu—(Vu)Qp|pdtdx<C(%) //|Vu—(Vu)QR|Pdth

Q/) Qr
L CRTF2HPI-G(1-0)p | cgr+2+pdao—§p(1-9)(1+272a0) 4 cppy.

Therefore for sufficiently small o > 0, we obtain
0 n+2+p
f/qu — (Vu)q, |v dtdx < C(E) //Wu — (VU)o ,p dtdx + CR"T2+pY
Qp Qr

for some y > 0 and we can apply Lemma 2.8.

(2.4)
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