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Introducing a new infrared cut-off for the holographic dark-energy, we study the correspondence between
the quintessence, tachyon, K-essence and dilaton energy density with this holographic dark energy
density in the flat FRW universe. This correspondence allows to reconstruct the potentials and the
dynamics for the scalar fields models, which describe accelerated expansion.
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1. Introduction

Recent astrophysical data from distant Ia supernovae, Large Scale
Structure and Cosmic Microwave Background observations [1–5]
show that the current Universe is not only expanding, it is acceler-
ating due to some kind of negative-pressure form of matter known
as dark energy [6,7]. The simplest candidate for dark energy is the
cosmological constant [8], conventionally associated with the en-
ergy of the vacuum with constant energy density and pressure, and
an equation of state w = −1. The present observational data favor
an equation of state for the dark energy with parameter very close
to that of the cosmological constant. The next simple model pro-
posed for dark energy is the quintessence (see [9–11]), a dynamical
scalar field which slowly rolls down in a flat enough potential.
The equation of state for a spatially homogeneous quintessence
scalar field satisfies w > −1 and therefore can produce acceler-
ated expansion. This field is taken to be extremely light which is
compatible with its homogeneity and avoids the problem with the
initial conditions. Other scalar field models proposed to explain the
nature of the dark energy, are related with K-essence models based
on scalar field with non-standard kinetic term [12,13]; string the-
ory fundamental scalars known as tachyon [14] and dilaton [15];
scalar field with negative kinetic energy, which provides a solution
known as phantom dark energy [16]. Dark energy models involv-
ing non-standard equations of state have also been considered in
[17,18] (for a review on above mentioned and other approaches,
see [6]). To define a suitable cosmological dynamics in all scalar
field models, a wide variety of potentials have been proposed on
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the basis of phenomenological considerations, without worrying
about the microscopic origin of the potentials, lacking the theo-
retical root.

Another alternative to the solution of the dark energy problem,
is related with some facts of the quantum gravity theory known as
the holographic principle [19–23]. This principle emerges as a new
paradigm in quantum gravity and was first put forward by ’t Hooft
[20] in the context of black hole physics and later extended by
Susskind [23] to string theory. According to the holographic prin-
ciple, the entropy of a system scales not with its volume, but with
its surface area. In the cosmological context, the holographic prin-
ciple will set an upper bound on the entropy of the universe [24].
In the work [22], it was suggested that in quantum field theory
a short distance cut-off is related to a long distance cut-off (in-
frared cut-off L) due to the limit set by black hole formation. If
the quantum zero-point energy density is caused by a short dis-
tance cut-off, then the total energy in a region of size L should
not exceed the mass of a black hole of the same size, namely
L3ρΛ � LM2

p . Thus, if we take the whole universe into account,
then the vacuum energy related to this holographic principle is
viewed as dark energy, usually called holographic dark energy. The
largest L allowed is the one saturating this inequality so that we
get the holographic dark energy density

ρΛ = 3c2M2
p L−2 (1.1)

where c2 is a numerical constant and M−2
p = 8πG . In this Letter

we use a new IR cut-off proposed in [25] for the holographic dark
energy

ρΛ = 3M2
p

(
αH2 + β Ḣ

)
(1.2)

where H = ȧ/a is the Hubble parameter and α and β are constants
which must satisfy the restrictions imposed by the current obser-
vational data. In addition to the fact that the underlying origin of
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the holographic dark energy is still unknown, the inclusion of the
time derivative of the Hubble parameter may be expected as this
term appears in the curvature scalar (see [26]), and has the correct
dimension. This kind of density may appear as the simplest case of
more general f (H, Ḣ) holographic density in the FRW background.
By other hand, contrary to the IR cut-off given by the event hori-
zon [27], this model avoids the causality problem.

Viewing the scalar field dark energy models as an effective de-
scription of the underlying theory of dark energy, and considering
the holographic vacuum energy scenario as pointing in the same
direction, it is interesting to study how the scalar field models
can be used to describe the holographic energy density as effec-
tive theories. In this Letter, we will reconstruct the holographic
quintessence, tachyon, K-essence and dilaton models, connecting
this scalar-field models with the holographic dark energy. Consid-
ering the holographic density (1.2) for the case of dark energy
dominance, the explicit form of this scalar fields and potentials
will be found and some comments about the cosmological dynam-
ics will be given.

2. The model

Let us start with the Friedman equation taking into account
the holographic dark energy density given by (1.2) [25]. Restrict-
ing our study to the current cosmological epoch, in this work we
are not considering the contributions from matter and radiation
and we assumed that the dark energy ρΛ dominates, thus the
Friedman equation becomes simpler. From our expression for the
holographic dark energy (1.2) it follows the Friedman equation

H2 = αH2 + β Ḣ (2.1)

and integrating this equation with respect to the cosmological time
t we obtain

H = β

α − 1

1

t
(2.2)

which gives rise to the power-law expansion a ∝ tβ/(α−1) . Though
the presented solution was found for the case of dark energy dom-
inance, the scale parameter a shows a matter dominance behavior
for β/(α − 1) = 2/3, indicating that this model avoids conflict with
the coincidence problem. Similar expression for H was obtained in
[27] using the future event horizon as the infrared cut-off, and in
[28] in the small t limit of an infrared cut-off that depends on lo-
cal and non-local quantities. By other hand, from the conservation
equation

∂ρΛ

∂t
+ 3H(ρΛ + pΛ) = 0 (2.3)

and using a barotropic equation of state for the holographic energy
and pressure densities pΛ = ωΛρΛ , we obtain an expression for
the EoS parameter ωΛ

ωΛ = −1 − 2αH Ḣ + β Ḧ

3H(αH2 + β Ḣ)
(2.4)

replacing H from Eq. (2.2) in (2.4) one can write

ωΛ = −1 + 2

3

α − 1

β
(2.5)

which express ωΛ in terms of the constants α and β . In order to
obtain accelerated expansion, the constants α and β must satisfy
the restrictions followed from Eq. (2.2), (2.5): β > α − 1 if α > 1
or β < α − 1 if α < 1, if we consider the −1 < ωΛ < −1/3 phase.
Note that for α < 1, β > 0 or α > 1, β < 0 the holographic density
describes a phantom-like phase of the evolution with wΛ < −1.
3. Correspondence with scalar field models

In this section we establish a correspondence between our pro-
posal for the holographic density and various scalar field mod-
els, by comparing the holographic density with the corresponding
scalar field model density and also equating the equations of state
for this models with the EoS parameter given by (2.5). In this work
we are not considering the contributions from matter and radi-
ation to the Friedman equation, and for this reason the solution
presented here differs from the one presented in the work [25].
Therefore we will not fix the constants here and will impose con-
ditions on α and β dictated by the existence in each model of
attractor solutions giving accelerated expansion.

3.1. Holographic quintessence model

In the flat Friedman background the energy density and pres-
sure density of the scalar field are given by [6]

ρ = 1

2
φ̇2 + V (φ), p = 1

2
φ̇2 − V (φ). (3.1)

The equation of state parameter for the scalar field is given by

ωφ = φ̇2 − 2V (φ)

φ̇2 + 2V (φ)
(3.2)

which compared with the holographic EoS parameter (2.5) gives
the equation

φ̇2 − 2V (φ)

φ̇2 + 2V (φ)
= −1 + 2

3

α − 1

β
(3.3)

which together with the equation

ρφ = 1

2
φ̇2 + V (φ) = 3M2

p

(
αH2 + β Ḣ

)
(3.4)

can be solved to obtain the explicit expressions for the scalar field
and the potential, namely

φ =
(

2β

α − 1

)1/2

M p ln t (3.5)

and

V (φ) = 3β − α + 1

(α − 1)2
M2

p exp

(
−

√
2(α − 1)

β

φ

M p

)
. (3.6)

A detailed analysis of the cosmological dynamics of an exponential
potential is given in [6]. This potential can produce an acceler-
ated expansion provided that β/(α − 1) > 1 (see Eq. (3.3)) and
also has cosmological scaling solutions [9]. In the context of the
phase-space analysis as presented in [6], the exponential potential
for the scalar field has attractor solutions which give rise to an ac-
celerated expansion if α and β satisfy (α − 1)/β < 1, which is the
same condition required by the power-law accelerated expansion.

3.2. Holographic tachyon model

The tachyon field has been proposed as the source of dark
energy [29,30] and may be described by effective field theory cor-
responding to some sort of tachyon condensate with an effective
Lagrangian density given by [31,32].

L = −V (φ)
√

1 + ∂μφ∂μφ. (3.7)

In a flat FRW background the energy density ρ and the pressure
density p are given by

ρ = V (φ)√ ˙2
, p = −V (φ)

√
1 − φ̇2 (3.8)
1 − φ
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where V (φ) is the tachyon potential. From Eqs. (3.8) follows the
tachyon equation of state parameter

ωT = φ̇2 − 1. (3.9)

Establishing the correspondence between the holographic dark en-
ergy and tachyon energy density, using Eqs. (1.2), (3.8) for the
respective densities

ρΛ = 3M2
p

(
αH2 + β Ḣ

) = V (φ)√
1 − φ̇2

(3.10)

and comparing the EoS parameters (2.5), (3.9) φ̇2 − 1 = ωΛ , one
obtains after integration with respect to t

φ =
√

2(α − 1)

3β
t (3.11)

where we assumed the integration constant equal to zero. There-
fore, using Eq. (3.10) and the expression (2.2) for H we obtain for
the tachyon potential in terms of the scalar field (3.11)

V (φ) = 2M2
p

(
1 − 2(α − 1)

3β

)1/2(
β

α − 1

)
1

φ2
, (3.12)

this inverse square potential also corresponds to the potential ob-
tained for scaling solutions in the context of brane world cosmol-
ogy [33,34]. Considering the phase-space analysis, note that for the
tachyon system with the inverse square potential in the case of a
scalar-field dominated solution (see [6,35]), the condition for ac-
celerated expansion translates into the condition

2
α − 1

β

[
1 − 2

α − 1

β

]−1/2

<
2

3
(3.13)

or equivalently −1/9(1 + √
10 ) < (α − 1)/β < 1/9(−1 + √

10 ),
which gives the only viable late-time attractor solution [6,36]. Note
that this restriction is consistent with the one imposed by the
power-law accelerated expansion (α−1)β < 1 and with (α−1)β <

1/2, so that the square root is well defined. An holographic corre-
spondence with the tachyon, phantom and Chaplygin gas models
using the event horizon, was proposed in [37–39].

3.3. Holographic K-essence model

The scalar field model known as K-essence is also used to ex-
plain the observed late-time acceleration of the universe. It is
well known that K-essence scenarios have attractor-like dynam-
ics, and therefore avoid the fine tuning of the initial conditions
for the scalar field [40]. This kind of models is characterized by
non-standard kinetic energy terms, and are described by a general
scalar field action which is a function of φ and X = −1/2∂μφ∂μφ,
and is given by [41]

S =
∫

d4x
√−g p(φ, X) (3.14)

where p(φ, X) corresponds to a pressure density and usually is re-
stricted to the Lagrangian density of the form p(φ, X) = f (φ)g(X).
Based on the analysis of the low-energy effective action of string
theory (see [41] for details) the Lagrangian density can be trans-
formed into

p(φ, X) = f (φ)
(−X + X2). (3.15)

From the energy–momentum tensor for this Lagrangian density,
follows the next expression for the energy density of the field φ

(see [41])

ρ(φ, X) = f (φ)
(−X + 3X2). (3.16)
And the equation of state using (3.15) and (3.16) is given by

ωK = X − 1

3X − 1
. (3.17)

Equating this parameter with the holographic EoS parameter (2.5)
ωK = ωΛ we find the solution for X

X = 1

3

(
3β − α + 1

2β − α + 1

)
(3.18)

which shows that X is constant. The condition X < 2/3 which
gives rise to an accelerated expansion, translates into α − 1 < β .
Eq. (3.18) can be solved to obtain the expression for the scalar field
in the flat FRW background

φ =
[

2

3

(
3β − α + 1

2β − α + 1

)]1/2

t (3.19)

where we have taken the integration constant φ0 equal to zero.
Using the correspondence between K-essence and holographic

energy densities, Eqs. (3.16) and (1.2) (ρΛ = ρ(φ, X)) and replacing
X by Eq. (3.18) and H from (2.2) we get a simple equation for f (φ)

with solution given by

f (φ) = 6M2
pβ

[
2β − α + 1

(α − 1)2

]
1

φ2
(3.20)

where we used Eq. (3.19) for φ. Hence, as a result of this holo-
graphic-K-essence correspondence one obtains the K-essence po-
tential f (φ) given by (3.20), which is a result of the power-law
expansion.

3.4. Holographic dilaton field

This model is described by the pressure (Lagrangian) density

pD = −X + ceλφ X2 (3.21)

where c is a positive constant and X = 1/2φ̇2. This model appears
from a four-dimensional effective low-energy string action [42] and
includes higher-order kinetic corrections to the tree-level action in
low energy effective string theory. The correspondence between
the dilaton energy density given by ρD = −X + 3ceλφ X2 (see [42]),
and the holographic energy density (1.2) gives the equation

ρD = −X + 3ceλφ X2 = 3M2
p

(
αH2 + β Ḣ

)
(3.22)

and the correspondence with the holographic dark energy equation
of state is written as

ωD = −1 + ceλφ X

−1 + 3ceλφ X
= −1 + 2

3

α − 1

β
. (3.23)

Solving this equation with respect to φ and integrating with re-
spect to t we find

φ = 2

λ
ln

[
λ√
6c

(
3β − α + 1

2β − α + 1

)1/2

t

]
(3.24)

replacing Xeλφ from Eq. (3.23) and using Eqs. (3.24) and (2.2) in
Eq. (3.22), we can express λM p in terms of α and β .

λM p =
√

2

3

[
1

β(2β − α + 1)

]1/2

(α − 1) (3.25)

which is well defined in the region of interest β > (α − 1) (with
β > 0, so that the square root is well defined). In the dynamics
of the autonomous system for this model, the condition for ac-
celerated expansion corresponds to λM p <

√
6/3 (see [6]), which

translates into the condition −2 < (α−1)/β < 1. In the case λ = 0,
which corresponds to α = 1, the original ghost condensate scenario
with p = −X + X2 is recovered, and ωΛ = ωD = −1.



202 L.N. Granda, A. Oliveros / Physics Letters B 671 (2009) 199–202
4. Discussion

We propose an infrared cut-off for the holographic dark en-
ergy model, which includes a term proportional to Ḣ . Contrary
to the holographic dark energy based on the event horizon, this
model depends on local quantities, avoiding in this way the causal-
ity problem. In the case of dark energy dominance, the power-law
expansion appears as the solution to the Friedman equations, and
this avoids conflict with the coincidence problem. Our proposal au-
tomatically generates scalar-field potentials which give rise to scal-
ing solutions in a FRW cosmological background. We found that in
the case of quintessence, the potential is a negative exponential of
the field and has attractor solutions giving rise to accelerated ex-
pansion for β/(α − 1) > 1; for the tachyon field, the potential has
an inverse squared form, which contains a late-time attractor so-
lution in the region of the constants satisfying (3.13). The potential
for the K-essence holographic correspondence has also an inverse
squared dependence on the field given by (3.20), and the model
(3.15) with this potential, has an attractor solution with acceler-
ated expansion for β/(α − 1) > 1 (see [41]). We also considered
the dilaton condensate without potential, and used the correspon-
dence to find the form of the scalar field and established the region
for the constants in which we can expect scaling solutions giving
rise to accelerated expansion. In summary, a connection between
the studied scalar field models and the holographic dark energy
has been established. As a result and using the proposal (1.2) we
have reconstructed the potentials. Note however, that the obtained
power law expansion (2.2) is a result of the restriction of the holo-
graphic density to the dark energy dominance. Nevertheless, the
obtained results favor the proposed infrared cut-off as a viable
phenomenological model of holographic density.
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