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The problem of the number p(n, I), (1 s I S n), of permutations on the set (1, . . ., n} with 
longest ascending subsequence of given length I is considered. By placing further restrictions on 
the ascending subsequence, combinatorial identities are obtained which allow I he explicit 
calculation of p(n, I) in some cases. 

1. Introduction, definitions and notation 

Ulam [5] asks: what is the distribution of the length of the longest monotone 
subsequence of terms in a random permutation of the first n2 + 1 natural numbers? 
Hammersley, in a recent discussion [l] of this problem, established the result: if T, 
is a random permutation, uniformly distributed over the symmetric group S, and if 
I(=,) is the length of the longest ascending sequence (q.v.) in 7rn then, for some 
constant c, 1: -IR l(~~> converges to c in probability. Hammersley conjectwed that 

c = 2. Support has been given to this by Logan and Shepp [3] who, by variational 
methods based on a relation between the probability distribution of 1(~,,) and 
Young tableaux [4], showed. that c 2 2. It is also known [2] that c < 2.49. 

In this note we consider some of the combinatorial aspects of the problem. (In 
view of [4], this is equivalent to considering combinatorial properties of Young 
tableaux, in terms of which some of our results (e.g. (17)) are already known.) We 
begin with some definitions and notation. 

Let SB be the symmetric g:roup of permutations of the set (1,. . ., n} where r’or 7r 
in & we write, as usual, 

7f = (WI,. . ., n,). 0: 

The integers iI,. . ., i,, give an ascending sequence in 7~ if 

lsi*<i2< l ** <i,sn; n(i,) < n(iz) < - - . < n(i, j (23 

and then Z(T), the length of the longest ascending sequence in T, is the largest 
integer for which I2) holds. We refer to the ‘gap’ between T,_ I and n, (i = 2,. . ., n) 

in (I) as the ith gap, the first gap coming before 7~ and the (n + l)th or last gap 
coming after w, . l many of our arguments depend on our producing elements of S,,+, 

out of those of S,, by inserting (n + 1) into a suitable gap. 
Let P(n, m),(l S m S n), be the set of permutations in S, with longest ascending 
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mm)= c ,c(a), (3) 
aE&l.m 

where 
A ,,=~a:O=ao~al~~~~<u~=n} 

and 
c (a0, al, . . ..alll.n+l)+c(ao,bi,~..,~,n-I-:l) 

= (n -f- 1)c(4z0, ax,. - ., a,, 12). (4) 

Ws rmw continue this work by de&r&@, first of ah, some of the c(u). 

AS a pre~i~~~i~ry example of out method of proof we kstabhsh the identity (c.f* 
Pascal’s triangle.\ 

c(0, r, r + 1, * . ., n) = c (0, f, r + 1, . . ., n - 1) + c(0, I - 1, r, l . ‘, n - 1) co 
which, since 

c(0, n)= I= c(0, 1,2, l l .,‘n), 

yields (c,f. [I, 16.161 where a more direct proof is given). 

c(Q,r,r+ l,*.*,n)= n- ( 3 t-l l 

To prove (5), we observe that any element of C(0, ,‘; I + 1,. . ., n) may be obtained 
bj .nserting rt into either the last gap of an element of C(U, r, r + 1,. . ., n - 1) or the 
kst gap of an element of C(0, I - I, r, . . ,, n - 1). 

The ~(0, r, pt) also satisfy a fami@ of relations. For ex >myIe, we maty produce a 
member 2 C(0, 1, nj by inserting n in the secorJ gap of an Lltement of C(0, n - 1) 
or of C(O* r, n - 1) for t = 1,. . ‘, n - 2; anQ since all the elements of C(0, I, n) may 
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be produced in this way we have the set identity 

C(O,l,n)= { “< C(O,r,n - 1) 
r=l 

) u C(0, n - l), n22 

and so 

c(O,l,n)=e(O,n-l)+“g c’:O,r,n-1), n32 (8) 
r-1 

(where we make the convention now and hereafter that UF=, = 4, xF=, = 0 
whenever b C a). Similar insertion arguments sho:qr that 

c(O,s,n)=c(O,n-l)+ “f c(O,r,n-1), naS+l13, (9 r=s-: 

and hence, in particular, we have from (8, 9), 

c(O,l, n) = c(O,2, n), n S3. (10) 

We may bring (8, 9) into a ‘Pascal’ form, simrlar to (5), but with different 
‘boundary’ conditions, by writing 

c(O,r,n)=f(n - l,n - r), n-laral (11) 

and we then obtain, after some manipulation, the equation 

f(~r)=f(n,r-l)+f(n-l~r), natal (12) 

gether Hith, from (lo), 

f(pt,n)=f(n,n-l), n31 

where we also take (c.f. (6)) 

f(n,O)= 1, n 20. 

(13) 

(14) 

The problem is thereby seen to be equivalent to another well known problem, that 
of determining the number of walks, on the non-negaiive quadrant of the integral 
square lattice in two dimensional Euclidean space with the restriction y < x, from 
the origin to the point (n, r), 0 s r G n. This follows since (12, 113, 14) are just the 
equations governing the number in question. Hence, we find (see e.g. [6, ~3s. 26-27, 
16%1841) that 

f(nJ)= (l--I-)(y), 
n+l 

n 2 r 20. W) 

(The f(n, r) have an i Merpretation also in terms of v,ermutaPions as the mmber of 7~ 
in P(n + 2,2) such ti 11, with v as in (l), 

7r1= r -!- 1, n2 =ni2, 
so 

c(O,l,pt)= &n--2,r)=f(n-1,n-I), na2.) 
r=O 



Far all tie elements of C(B,1, s, n) are produced by insorting n into either the 
~econdgapofanelemeotofC(0,r,s-l,n-. f),t=l,...,s-Zorthesthgapofm 
ekment of C(;ol,I,r, n - l), r = s,..., 
C(0, I, 32.- I)* Hence 

n - 2, or the slth gap of an element of 

n - 1 as b2. (18) 

More generally, we may shaw tha+ 

and equations (IS), (16) are t i&cient br us to prpve inductively that 
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On the other hand (18, 19) have not, as yet, yielded closed expressicbns for 
~(0, f, S, n) akin :o (17). [Eqs. (20a, b) do, however, reveal an error in Table XIV of 
111: c(O,i,7,9) should be 3751, the value correctly given for c (0,2,7,9), and not 
4M.l 

The extension of such results to longer asc~: ding sequences is straightforward 
and, for some a, it is then easy to determine c(a) explicitly. For example 
correspondins to (18, 19) we have, again by an insertion argument, 

c(O,l,2 ,..., n -2,n)=c(0,1,2 ,..., jn-2,n-l)-; c(o,i,2 ,..., n-3,n--ij, 

n24 

from which it follows, since 

c(O,1,2 ,...) n-l,n)= 1, n 32, 
that 

c(O,1,2,. . ., n - 2, n) = (n - l), n 23. 

Corresponding to (20) we find 

c(u) = c(O,1,2,. . ., n - 2, ‘1) Q E A,,,+ 

and hence, combining these results with (3) we have (c.f. [I, 15.111) 

p(& n - 1) = C c(a) = (n - lj(n - l), n 2 2. (21) 
l =kl.,-l 

Similarly we may show that 

c(O,3,4 ,..., n)= 
( ) 

n 2 1 , IE 23, 

c(O,1,2 ,..., n-3,n)=2 

c(a)=c(O,l,2 ,..., n-S,n), uEA,,-~, a&3, 

and so (c.f. [l, 15.14)) 

n 24, 

nZ=4 

p(n,n-2)= F c(o)= c(O,3,4 ,..., n)+ c c(u) 
l E ma-2 ,al=?l-2 

aI<3 

=(n~‘)~[~n2’)-1][2(n21)-l], n23. (22) 

Considering u in A,,-3 we obtain, after the same manner, 

c(a) = @,1,2 ,..., n- 4,n), aEA,,,+ al=1,a2<5, ~135 
* 

c(a)= @,2,3 ,..., n -3,n), a E Am”+ al = 2,az<5, n 35 

c(O,1,5,6,. . ., II)== c(O,2 5,6 ,..., n), nb5 

c(al= c(O,3.4,. . ., rl - 2, n), a EI /LA, ff, == 3, rz XL 



It f&&s,_ cokxting the terms top&er m before using (3), that p(rr, n - 3) is a 
polynomial of degrquc six in n (disproA$ (19.13) of [1)x the formula given there 
being one of degree seven in n). 

It remains a challenge to find more elegant formulae for the c(u) and in 
Fart’!cula.r to give an explicit solution for (14 j 19). 

Eq. (17)? involving as it Joes the Catalan numbers C,, 

c-+=1 at ( ) O-1 n 

reveals an association with other well Anown combinatorial problems, as, for 
example, the walk problem idready mentioned, in tihich these numbers also occur. 
The association is stlteady known in the case of Young tableaux but a direct proof 
wouic’ be welcome ;VS it might suggest other ways of calculating c(u). 

The permutations in Sn may be further restricted by taking account of longer 
descending sequences as we11 as longest ascending sequences: what then are the 
analogues of the present re:;ults? 
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