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Laplace transform

1. Introduction

The Mittag-Leffler function is such a one-parameter function defined in the complex plane C by

Ea(z)zgm, (1.1)

where o > 0 is the parameter and I" the Gamma function [2]. It was originally introduced by G.M. Mittag-Leffler in 1902 [1].
Obviously, the exponential function e? is a particular Mittag-Leffler function with the specified parameter « =1, or in other
words, the Mittag-Leffler function is the parameterized exponential function.

In recent years the Mittag-Leffler function has caused extensive interest among scientists, engineers and applied mathe-
maticians, due to its role played in investigations of fractional differential equations (see, for example, [2,6,7,9-11]). A large
of its properties have been proved (see, e.g., [2,3,6,8]), among which the following one will perhaps receive considerable
interests from the society of dynamical systems: the function t — E,(at*) solves the fractional differential equation of
order o

$DYx(t) =ax(t), t=0, (12)

where gD‘g‘v denotes the Caputo’s derivative operator of order «, that is,

t
C o _ 1 / _ \n—a—1,(m)
ODtX(t)_il"(n—a) t—-r1) xW(r)dr, (1.3)
0

* This work was supported by the Natural Science Foundation of China under the contract No. 60970149.
* Corresponding author,
E-mail addresses: jgpeng@mail.xjtu.edu.cn (J. Peng), kexueli@gmail.com (K. Li).

0022-247X/$ - see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2010.04.031


https://core.ac.uk/display/82398736?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:jgpeng@mail.xjtu.edu.cn
mailto:kexueli@gmail.com
http://dx.doi.org/10.1016/j.jmaa.2010.04.031

636 J. Peng, K. Li / J. Math. Anal. Appl. 370 (2010) 635-638

where n is the minimum integer not less than «, and x((t) the traditional n-order derivative of x(t). Since the particular
Mittag-Leffler function e possesses the semigroup property (i.e., e?+) = e85 for all t,s > 0), it seems reasonable to
assume that the function E, (at¥) also enjoys the semigroup property

Eq(a(t +5)*) = Eq(at*)Eq (as*), Vt,s>0. (1.4)

Recently, we have found in some existing publications that the semigroup property of E, (at%) is taken for granted and used
to derive other properties of the Mittag-Leffler function (see, e.g., [3, formula (3.10)], [4, formula (5.1)]).

The purpose of this note is to prove that the function Ey(at®) cannot satisfy the semigroup property unless o« =1 or
a =0, and to further develop a new equality relationship involving Ey(at%), Ey(as®) and Ey(a(t + s)*). To this end, the
following properties of Mittag-Leffler function and Caputo’s fractional derivative are needed:

(P1) (cf. [2, formula (2.140)]) The Laplace transform of Caputo’s derivative is given by

P n—1
SDEFOG) =27F) =Y 2781 W0, (15)
k=0
wheren—1 <o <n, CDf‘f(t)(A) and ]‘(A) denote the Laplace transforms of SD‘t"f(t) and f(t), respectively.
(P2) (cf. [12, p.287]) The Laplace transform of the function E (at®) is given by

— a—1

Eq(at®) (1) = o

= Rex > |a|l/@. (1.6)

2. Counterexample and disproof

According to [2, formula (1.65), p. 16], the Mittag-Leffler function E (z) for o = % is computed by

o0

Zk 2
E = ——— =¢* .erfc(—2), 2.1
%(z) gf(gﬁ-l) e“ -erfc(—2) (2.1)

where erfc(z) is the complementary error function, which is defined by

erfc(z) = %/e_tz dt. (2.2)

Let a=1 and t =s =1. Then, we have that
Ey (a(t +9)7) = E (v2) =€? -erfe(—2), (2.3)
1 N 2 2 1) 2
Ey(at?)Ey(as?) = (Ey ()" =e* - (erfe(=1))". (24)

Using the software Matlab to compute erfc(z) with 0.1% precision, we get the result that erfc(—1) ~ 1.8427 and
erfc(—+/2) ~ 1.9545. Which shows that E1 (a(t +5)2) # E1 (at?)E1 (as?) fora=1and t =s = 1.
2 2 2
The above example shows that the function Ey(at*) does not possess the semigroup property (1.4) for the specified
o= % and a = 1. In fact, it can be further proved that the function E,(at¥) cannot possess the semigroup property unless
o =1 or a=0. Indeed, if the semigroup property (1.4) is available, then, as a direct result of the well-known fact that the
exponential functions are the only non-zero anywhere-continuous functions with the semigroup property (cf. [5, p. 197]),
there exists a real constant ¢ such that E, (at%) = e for all t € R. By the Laplace transform formula (1.6), it follows that
ko{—1 1 —
- . VRexr > max]c,|a® '}. (2.5)
A —a A—c

It is clear to see that the above equality holds only when ¢« =1 or a=c=0.

3. A new equality relationship

By the definition (1.3) it is clear that the Caputo’s fractional derivative operator is nonlocal in the case of non-integer
order «. The memory character of Caputo’s derivative operator is perhaps the cause leading to the result that E, (at%), as
an eigenfunction of Caputo’s derivative operator (see Eq. (1.2)), does not possess semigroup property that is non-memory.
This seems to tell us that any equality relationship involving E, (at%), E4(as*) and E(a(t + s)*) should be of memory and
hence be characterized with integrals. The equality relationship stated in the following theorem is a result of the above
idea. Without loss of generality, the following discussion is restricted to the case that 0 <o < 1.
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Theorem 1. For every real a there holds that

t+s t S
Eq(at®) Eq(at®) Eq(at®)
— " dt — dr — d
t+s—1)* (t+s—1)% t+s—1)%
0 0 0
- Eq(ar®)Ey (ar%)
o \dry ) Eq (dl,
= dridry, t,s>0. 31
af/(t—l-S—T]—rz)”“ e ) G1)

00

Proof. Denote Ey(at*) by f(t) for convenience. Then, by the definition (1.3) we have that, for all t,s > 0,

t
¢ o _ 1 / L dfTty)
Ofo(t+S)_F(l—o() t—1)*—"dr
0

dt
t+s f( )
_ T
F(l — f(H— —-7)¢
:CD‘r"f(r)|r=t+S T )/(t—i—s e Y f(r)
1 d
—af(t+s)— m/(t-{-s—t)_“ {1(;) dr. (32)
0

In the last equality the fact that T(t) = Eq (at®) solves Eq. (1.2) is used. Making Laplace transform with respect to t in both
sides of (3.2), we get by the property (1.5) that

n -~ d
KR =3 16 =afu) ~ 1o / t+s—0ymY D 4e (3.3)

where fs () and ((t+s— 7)"%) (1) represent respectively the Laplace transforms of f(t+s) and (t +s— 7)~% with respect
to t. For the integral term in (3.3), by integrating by parts we have that

S ~ Sd t4+5s—1) %A
/((t+5 T) Ol) f( )df—(t a)()»)f(S) ((t+S)_a)(A)_/ (( +5s dTT) )( )

0 0

f(oydr

N

=1 —ap@ f(5) = ((t+97) () —a /((t +s— 1)1 G0 f (1) dr,

0
which, combining with the quality (3.3), leads to that
N
1% )“a_l OtA @1 1 OlA d 34
I'd—a) ' fs(M) = —(t+)7%)(r t+s—17)" "YW f(r)dr. .
(1= fu) = o (C+ 97t a [ S (s =07 )0 f (@) (34)

0
So, making the inverse Laplace transform in both sides and using the convolution property of Laplace transform, we get that
t t s ot
/(t— ) Yf(r +s)dt :/(t—i—s— )% f(r)dt +a/</(t+s -7 —r)"‘lf(r)dr)f(r)dr.
0 0 0 ‘0

Replacing the integral variable T with 7 4+ s in the left term yields directly equality (3.1). The proof is therefore com-
pleted. O

Remark 1. It should be noted that for & = 1, the integrals in (3.1) are divergent and hence equality (3.1) is not available.
However, it can be shown that the semigroup property of Eq(at) is just the limit state of equality (3.1) as « 1 1. Indeed, if
we multiply both sides of (3.1) with 1 — « and integrate by parts, then, letting o 1 1 we get that the limit state of the left
is just Eq(a(t + s)) and that of the right is E1(at)Eq(as).



638 J. Peng, K. Li / J. Math. Anal. Appl. 370 (2010) 635-638

References

[1] G.M. Mittag-Leffler, Sur I'intégrale de Laplace-Abel, C. R. Acad. Sci. Paris (Ser. 1I) 136 (1902) 937-939.
[2] L Podlubng, Fractional Differential Equations, Academic Press, New York, 1999.
[3] G. Jumarie, Laplace’s transform of fractional order via the Mittag-Leffler function and modified Riemann-Liouville derivative, Appl. Math. Lett. 22 (11)
(2009) 1659-1664.
[4] G. Jumarie, Probability calculus of fractional order and fractional Taylor’s series application to Fokker-Planck equation and information of non-random
functions, Chaos Solitons Fractals 40 (2009) 1428-1448.
[5] W. Rudin, Principles of Mathematical Analysis, third ed., McGraw-Hill, New York, 2004.
[6] Y. Li, Y.Q. Chen, I. Podulubny, Mittag-Leffler stability of fractional order nonlinear dynamic systems, Automatica 45 (2009) 1965-1969.
[7] D. Matignon, Stability results for fractional differential equations with applications to control processing, in: IMACS-SMC Proceedings, Lille, France, July
1996, pp. 963-968.
[8] L. Galeone, R. Garrappa, Explicit methods for fractional differential equations and their stability properties, . Comput. Appl. Math. 228 (2009) 548-560.
[9] M. Moze, ]J. Sabatier, A. Oustaloup, LMI characterization of fractional systems stabilityvBOOK074 , in: ]. Sabatier, et al. (Eds.), Advances in Fractional
Calculus: Theoretical Developments and Applications in Physics and Engineering, Springer, Netherlands, 2007, pp. 419-434.
[10] Z.M. Odibat, Analytic study on linear systems of fractional differential equations, Comput. Math. Appl. 59 (2010) 1171-1183.
[11] B. Bonilla, M. Rivero, ].J. Trujillo, On systems of linear fractional differential equations with constant coefficients, Appl. Math. Comput. 187 (1) (2007)
68-78.
[12] F. Mainardi, R. Gorenflo, On Mittag-Leffler functions in fractional evolution processes, J. Comput. Appl. Math. 118 (2000) 283-299.



	A note on property of the Mittag-Leffler function
	Introduction
	Counterexample and disproof
	A new equality relationship
	References


