
l

is
ded in

f all
ory is

retic
s
-

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Elsevier - Publisher Connector 
Topology and its Applications 150 (2005) 1–18

www.elsevier.com/locate/topo

Continua and theirσ -ideals

Riccardo Camerlo

Dipartimento di matematica, Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129 Torino, Italy

Received 4 September 2003; received in revised form 14 June 2004; accepted 7 October 2004

Abstract

It is proved that a coanalytic invariantσ -ideal of continua of the plane is eitherGδ or it is complete
coanalytic. The structure of the complete lattice of invariantσ -ideals of continua is investigated.
 2004 Elsevier B.V. All rights reserved.
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Introduction and notation

A continuumis a compact connected (non-empty) metric space. It isnon-degenerateif it
contains more than one point. ForX a Polish space, letC(X) be the set of allsubcontinua
of X, that is all subspaces ofX that are continua. This is a closed subset ofK(X) (the
Polish space of all compact subsets ofX endowed with the Vietoris topology), so it
a Polish space in its own right. Since every compact metric space can be embed
RN—actually in[0,1]N—C(RN) (or C([0,1]N)) can be regarded as the Polish space o
continua (up to homeomorphism) and provides the setting in which continuum the
usually performed.

Given a classF ⊆ C(X) of continua, one can investigate the descriptive set theo
complexity ofF (see, for example, [3,6,2]). Knowing thatF is Γ -complete for some clas
Γ of sets in Polish spaces entails that the complexity of any definition ofF is bounded be
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low by the complexity ofΓ . As a reference for these and other basic concepts of descr
set theory used in this paper, see [4].

In various mathematical contexts, one can formalize notions ofsmallnessusing the
concept ofσ -ideals. For continua this can be stated as follows.

Definition. Let ∅ �= I ⊆ C(X). ThenI is aσ -ideal of continuaif:

(1) I is hereditary, that is∀C ∈ I ∀C′ ∈ C(X) (C′ ⊆ C ⇒ C′ ∈ I);
(2) if ∀n ∈ N Cn ∈ I and if

⋃
n∈N

Cn is a continuum, then
⋃

n∈N
Cn ∈ I.

In other words, a non-empty class of continua is aσ -ideal if it is closed under sub
continua and under countable unions that are continua. Examples ofσ -ideals of continua
often come from dimension theory (continua of dimension not greater than some fin,
countable dimensional continua, continua whose non-degenerate subcontinua are
dimensional,. . .); other examples include Suslinian continua, continua contained in c
able unions of homeomorphic copies of a given continuum,. . . . More examples will be
discussed later.

This paper investigates structural properties forσ -ideals of continua in affine spacesRn,
2� n � ω, where form � n the spaceRm will always be thought of as naturally embedd
in Rn.

In Section 1 a dichotomy result forσ -ideals of continua is proved, along the lines
Kechris, Louveau and Woodin dichotomy forσ -ideals of compact sets [5] according
which aσ -ideal of compact sets in a Polish space is eitherGδ or complete coanalytic. T
state this, callF ⊆ C(X) invariant if it is closed under homeomorphism.

Theorem. LetI be a coanalytic invariantσ -ideal of continua of the planeR2. Then either
I is Gδ or it is �1

1-complete.

Corollary. Let I ⊆ C(Rn), 2 � n � ω, be a coanalytic invariant class of continua.
I ∩ C(R2) is aσ -ideal of continua and it is notGδ , thenI is �1

1-complete.

The hypotheses aboutI being invariant can be relaxed quite a bit, but they cannot
be dropped.

Section 2 remarks that it is immaterial whether the study of invariantσ -ideals of con-
tinua is undertaken in affine spacesRn or the corresponding cubes[0,1]n. The choice for
Rn is made to have the affine structure of such spaces available, but same results
[0,1]n.

The family of all invariantσ -ideals of continua ofRN is a complete lattice under in
clusion, which will be denoted byL. Indeed,L has a least element (F1(R

N), the set of all
singletons), a biggest element (C(RN)) and, given any non-empty familyG ⊆ L,

⋂
G is an

invariantσ -ideal of continua, so infG = ⋂
G; consequently also supG exists and it is the

intersection of all invariantσ -ideals of continua containing
⋃

G.
Starting with Section 3 the structure ofL is studied. It follows from the above that

∅ �= F ⊆ C(RN) then there is a smallest invariantσ -ideal of continuaFσ containingF ;
Fσ is called theinvariant σ -ideal of continua generated byF . SinceFσ is the closure
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of F under homeomorphism, subcontinua and theℵ0-ary operation of countable union
that are continua, one might expect that the construction ofFσ from F would require
transfinite induction up toω1. However this is not the case.

Theorem. Let ∅ �= F ⊆ C(RN) and let X ∈ C(RN). ThenX ∈ Fσ if and only if X is
included in a countable union of continua each of which is homeomorphic to some m
of F .

Concerning the descriptive complexity ofFσ , the following is proved.

Theorem. Let ∅ �= F ⊆ C(RN). Suppose thatK = {K ∈ K(RN) | ∃C ∈ F (K is embed-
dable inC)} is a coanalytic subset ofK(RN). ThenFσ ∈ �1

1(C(RN)).

As a consequence, it will follow that the invariantσ -ideal of continua generated by th
arcs is�1

1-complete.
In Section 4, as a consequence of the observation thatL\{C(RN)} has a biggest elemen

I∞ which is complete coanalytic, a purely descriptive set theoretic argument show
non-existence of a universal continuum for non-universal continua (that is for continu
containing Hilbert cubes). A countable chain of invariantσ -ideals of continua (which ar
big in some sense) is given whose supremum is less thanI∞.

It is worth remarking here that several arguments in this paper are based on
category theorem or the following simple consequence of it: ifX is a non-degenerate co
tinuum and ifX0,X1, . . . are closed subsets ofX that coverX, then there isn ∈ N such
thatXn contains a non-degenerate continuum.

1. A dichotomy theorem

This section is devoted to prove the following theorem.

Theorem 1. Let C be a fixed non-degenerate continuum of the planeR2. SupposeI is a
coanalyticσ -ideal of continua of the plane containing all continua which are obtaina
from C by an affine non-degenerate orientation preserving transformation. Then eitI
is Gδ or it is �1

1-complete.

The case of main interest is whenI is closed under homeomorphism. So it is wo
stating explicitly this particular case: a coanalytic invariantσ -ideal of continua in the plan
is eitherGδ or �1

1-complete.

Proof of Theorem 1. The proof is achieved establishing a sequence of propositions.

Proposition 2. Let K ∈ K(R2) have cardinality at least2 and letA,A′ be fixed distinct
points ofK . Then there is a continuous functionfKAA′ : (R2)2 → K(R2) \ {∅} such that,
whenP,P ′ are distinct points ofR2, thenK is homeomorphic withfKAA′(P,P ′) via an
affine orientation preserving transformation of the plane which sendsA to P andA′ to P ′.
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Proof. Let fKAA′(P,P ′) = ϕψτ(K) whereϕ,ψ, τ :R2 → R2 are defined as follows:

• τ is the rotation with centre the originO such thatτ(A′) − τ(A) is concordly paralle
to P ′ − P (the identity ifP = P ′);

• ψ is defined by∀z ∈ R2 ψ(z) = ‖P ′−P‖
‖A′−A‖ z;

• ϕ is the translation sendingψτ(A) to P .

To see continuity offKAA′ , assume(Pn,P
′
n) is a sequence of pairs of points converg

to (P,P ′); let τ,ψ,ϕ be as above for constructingfKAA′(P,P ′) and letτn,ψn,ϕn be
the corresponding functions used in producingfKAA′(Pn,P

′
n). If P �= P ′ thenϕnψnτn(K)

converges toϕψτ(K) since the distanced(ϕnψnτn(x),ϕψτ(x)) converges uniformly to
0 for x ∈ K . If P = P ′, then limn→∞ diam(ϕnψnτn(K)) = 0 and limn→∞ ϕnψnτn(K) =
ϕψτ(K) = {P }.

Finally, if P �= P ′ thenϕ,ψ, τ are non-degenerate affine orientation preserving tr
formations of the plane andϕψτ(A) = P,ϕψτ(A′) = P ′. �
Proposition 3. The following functions are continuous:

(1) G :K(R2) \ {∅} → R2 assigning to each compact subspaceK ⊆ R2 the middle point
of the bottom basis of the smallest, possibly degenerate rectangleR(K), with edges
parallel to the coordinate axes, containingK ;

(2) G′ :K(R2) \ {∅} → R2 assigning toK ∈ K(R2) \ {∅} the middle point of the top bas
of R(K);

(3) w :K(R2) \ {∅} → R+
0 assigning toK the width ofR(K).

Proof. Let π1,π2 :R2 → R be the projections onto the first and second coordinates
spectively.

(1) Observe that

∀K ∈ K
(
R2) \ {∅}, G(K) =

(
minπ1(K) + maxπ1(K)

2
,minπ2(K)

)
;

moreover the minimum and maximum functionsK(R) \ {∅} → R are continuous since
for H,H ′ ∈ K(R) \ {∅}, |minH − minH ′| � dH (H,H ′) and similarly for max. SoG is a
composition of continuous functions.

(2) Similar to (1), as

∀K ∈ K
(
R2) \ {∅}, G′(K) =

(
minπ1(K) + maxπ1(K)

2
,maxπ2(K)

)
.

(3) ∀K ∈ K
(
R2

) \ {∅} w(K) = maxπ1(K) − minπ1(K). �
Fix a non-degenerate continuumC ⊆ R2 and A,A′ ∈ C be such thatd(A,A′) =

diam(C). Define a functionF :K(R2) \ {∅} → K(R2) \ {∅} according to the following
cases.

Case1: C is not a segment. To defineF(K) consider two subcases.
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Subcase1a: G(K) �= G′(K). Then let F(K) = σ(fCAA′(G(K),G′(K))), where
σ :R2 → R2 has equations{

X = w(K)
3wfCAA′ (G(K),G′(K))

(
x − π1G(K)

) + π1G(K),

Y = y.

SoF(K) is obtained by shrinking, or enlarging,fCAA′(G(K),G′(K)) along the horizonta
direction, leaving the vertical line throughG(K) and G′(K) fixed, in such a way tha
wF(K) = w(K)

3 .
Subcase1b:G(K) = G′(K). Let �v be the unitary vector orthogonal toA′ −A such that

(�v,A′ − A) is positively oriented andr the line throughA of direction �v; let A − α�v,
A + β �v be the end points of the orthogonal projection ofC on r . Then letF(K) =
[π1G(K) − a,π1G(K) + b] × {π2G(K)}, wherea, b ∈ R+

0 are such thatb + a = w(K)
3

and, ifw(K) �= 0, (a, b) is proportional to(α,β).

Case2: C is a segment. Then letF(K) be the possibly degenerate segment with extre
G(K),G′(K).

Proposition 4. The functionF is continuous.

Proof. Suppose firstC is not a segment. IfK is such thatG(K) �= G′(K) (note that
theseK form an open set) the continuity ofF in K follows using continuity of the co
efficients ofσ as functions ofK . If G(K) = G′(K), that is the convex hull ofK is
a, possibly degenerate, horizontal segment centered inG(K) with length w(K), then
F(K) is a, possibly degenerate, horizontal segment containingG(K) with length w(K)

3 .
If F(K) is not a point the pieces ofF(K) to the left and to the right ofG(K) are
proportional to the extension of the corresponding parts ofC around the line through
A,A′. Let Kn be a sequence inK(R2) \ {∅} converging toK . Then limn→∞ G(Kn) =
limn→∞ G′(Kn) = G(K), limn→∞ w(Kn) = w(K); since also the left-right proportion
are preserved, limn→∞ F(Kn) = F(K).

If on the other handC is a segment,F(K) = fCAA′(G(K),G′(K)). AgainF is a con-
tinuous function. �

So F(K) is a continuum, homeomorphic toC if R(K) is neither a segment nor
point, such thatG(K) ∈ F(K),G′(K) ∈ F(K),R(F (K)) ⊆ R(K), the horizontal base
of R(F(K)) lie on the corresponding bases ofR(K) andR(F(K)) is at leastδ = w(K)

6 far
from the vertical edges ofR(K).

Proposition 5. For every continuumC′ ⊆ R2, C′ ∩ F(C′) �= ∅.

Proof. If R(C′) is a segment or a point thenG(C′) ∈ C′ ∩ F(C′).
Suppose otherwise and supposeC′ ∩ F(C′) = ∅. Then there isε ∈ ]

0, δ
2

[
such that the

openε-neighborhoodOε of F(C′) is disjoint fromC′. Oε is connected, so it is arcwis
connected (see, for example, [9, Theorem 8.26]). SinceG(C′),G′(C′) ∈ Oε, this means
that there is an arcL ⊆ Oε with an end point on each horizontal basis ofR(C′) such thatL
is disjoint from the vertical edges ofR(C′) andR(C′) \ L has two connected componen
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SinceL ∩ C′ = ∅, andC′ has points both on the left vertical edge and on the right ver
edge ofR(C′), a contradiction is reached.�
Proposition 6. The following functions are continuous:

(1) t :K(R2) \ {∅} → K(R2) \ {∅} defined byt (K) = K ∪ F(K);
(2) L : (K(R2) \ {∅})2 → K(R2) \ {∅} defined byL(K,K ′) = fCAA′(G(K),G(K ′)).

Moreovert maps continua to continua.

Proof. (1) By continuity ofF and the union. (2) By continuity ofG andfCAA′ . The last
assertion follows from Proposition 5.�
Proposition 7. For K ∈ K(K(R2) \ {∅}) let

T (K) = {
t (K)

}
K∈K,

Λ(K) = {
L(K,K ′) | (K,K ′) ∈K2},

Θ(K) =
⋃

T (K) ∪
⋃

Λ(K).

ThenΘ :K(K(R2) \ {∅}) → K(R2) is continuous. IfK ⊆ C(R2) andK is not empty then
Θ(K) ∈ C(R2).

Proof. IndeedT (K) andΛ(K) are compact, by the continuity oft andL, and compac
union of compact sets is compact. Moreover, union is continuous.

If K ⊆ C(R2),K �= ∅, note that each element ofT (K) is connected, as well as ea
element ofΛ(K). Moreover, forK,K ′ ∈K, the continuumL(K,K ′) links t (K), t (K ′) so
Θ(K) is connected too. �

Now the proof is completed using above propositions and the basic idea of the pr
the dichotomy of Kechris, Louveau and Woodin as in [4, Theorem 33.3].

AssumeI is notGδ . Then by [4, Theorem 21.18] there is a Cantor setE ⊆ C(R2) such
thatQ = E ∩ I is countable dense inE. MoreoverI must contain some non-degener
continua. Fix such non-degenerate continuumC ∈ I and letΘ|K(E)\{∅} :K(E) \ {∅} →
C(R2) be as above, for thisC. It is enough to establish

∀K ∈ K(E) \ {∅} (
Θ(K) ∈ I ⇐⇒ K ⊆ Q

)
,

sinceK(Q) is �1
1-complete. IfK �⊆ Q, thenΘ(K) /∈ I asI is aσ -ideal of continua. So

supposeK ⊆ Q. If I contains some segments (and so contains all of them), thenΘ(K) ∈ I
sinceΘ(K) is a continuum which is countable union of continua inI. If I contains no
segments thenF(K) is not a segment for anyK ∈ K and againΘ(K) is a countable
union of elements ofK and continua obtained fromC by an affine orientation preservin
transformation. So againΘ(K) ∈ I. �

Now think of R2 as a subspace ofRn, for 2� n � ω.
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Corollary 8. Let C be a fixed non-degenerate continuum of the planeR2 andI ⊆ C(Rn),
2 � n � ω, be a coanalytic class of continua containing all continua of the plane ob
able fromC by affine non-degenerate orientation preserving transformations. IfI ∩C(R2)

is aσ -ideal of continua and it is notGδ , thenI is �1
1-complete.

Proof. By applying Theorem 1 and its proof toI ∩ C(R2). �
A way to prove that a given subset of a Polish space is notGδ is to show that it is meagr

and dense. Since the classΨ of pseudo-arcs is denseGδ , Corollary 8 gives the following.

Corollary 9. Let I ⊆ C(Rn), 2 � n � ω, be a coanalytic class of continua closed und
planar affine non-degenerate orientation preserving transformations of some fixed p
continuumC. If I ∩ C(R2) is a σ -ideal of continua dense inC(R2) and does not contain
pseudo-arcs, thenI is �1

1-complete.

Note that, since the classΨ of pseudo-arcs is the only comeagre homeomorphism c
in C(Rn), 2 � n � ω, not containing pseudo-arcs is a necessary and sufficient con
for an invariant class of continua for being meagre.

The main tool in the proof of Theorem 1 was the functionΘ—actually its restriction
Θ :K(C(R2)) \ {∅} → C(R2)—depending on a fixed non-degenerate planar contin
C ∈ I. To summarize its features, let me recall here the steps of its definition (restric
K(C(R2)) \ {∅}).

• G :C(R2) → R2 assigns toC′ the midpoint of the bottom basis of the least (possi
degenerate) rectangleR(C′), with edges parallel to the coordinate axes, containingC′;

• F :C(R2) → C(R2) is a continuous function such that, ifR(C′) is not a degenerat
rectangle,F(C′) is the image ofC by a non-degenerate affine orientation preserv
transformation,C′ ∩ F(C′) �= ∅,G(C′) ∈ F(C′) (if R(C′) is a degenerate rectang
thenF(C′) is either a segment or a singleton, containingG(C′));

• t :C(R2) → C(R2) is defined byt (C′) = C′ ∪ F(C′);
• L : (C(R2))2 → C(R2) is a continuous function such that, ifG(C′) �= G(C′′), then

L(C′,C′′) is image ofC by an affine non-degenerate orientation preserving tr
formation andG(C′),G(C′′) ∈ L(C′,C′′) (if G(C′) = G(C′′), then L(C′,C′′) =
{G(C′)});

• finally, Θ(K) = ⋃
C′∈K t (C′) ∪ ⋃

(C′,C′′)∈K2 L(C′,C′′).

As in [5] for the original dichotomy, usingΘ it is possible to generalize the argume
employed and get the following.

Theorem 10. Let I be a coanalyticσ -ideal of continua ofR2 satisfying the hypothes
of Theorem1. LetB ⊆ I andBΘ the class of continua obtained by applying the funct
Θ to countable elements ofK(B) (thusBΘ ⊆ I). If there exists an analytic setA with
BΘ ⊆ A ⊆ I, then there is aGδ setH with B ⊆ H ⊆ I.
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Proof. Deny. Then we can apply [4, Theorem 21.22] toC(R2) \ I andB. This gives a
Cantor setF ⊆ B ∪ (C(R2) \ I) such thatF ∩ B is homeomorphic withQ. Consider the
continuous functionϕ = Θ|K(F)\{∅} :K(F) \ {∅} → C(R2). Then, forL ∈ K(F) \ {∅},

L ⊆ F ∩ B ⇐⇒ Θ(L) ∈ BΘ ⇐⇒ Θ(L) ∈ I,

soϕ−1(BΘ) = ϕ−1(I) = K(F ∩ B) \ {∅}, which is�1
1-complete. Hence there cannot

any analyticA satisfyingBΘ ⊆ A ⊆ I. �
Using the construction carried out in Propositions 2 through 7 the following is

achieved.

Theorem 11. LetI be an analyticσ -ideal of continua ofR2 satisfying the closure hypoth
esis of Theorem1. ThenI is actuallyGδ .

Proof. This is similar to the proof of [5, Section 1, Theorem 11]. Instead ofK(E) use
C(R2) and the functionΘ instead of union. Note that Saint Raymond’s Lemma 10 u
and stated there for a compact metric spaceE, works for any Polish space (embed it in
compactification). �
Remark. Unlike the dichotomy of Kechris, Louveau and Woodin forσ -ideals of compac
sets, there cannot be a similar general dichotomy forσ -ideals of continua, so it is necessa
to require some closure hypotheses, like the ones stated in Theorems 1 and 11. Ind
set of all continua included inQ × {0} is a�0

2-completeσ -ideal of continua of the plane
It actually consists of degenerate continua; for a less trivial counterexample takeσ -
ideal of continuaI ⊆ C(R2) formed by all vertical segments of the plane having ratio
abscissae and their points. SoI ∈ �0

2(C(R2)) since, forX ∈ C(R2),

X ∈ I ⇐⇒ π1(X) ∈ F1(R) ∧ minπ1(X) ∈ Q

(whereF1(R) is the family of singletons of the real line) while�0
2-hardness ofI is wit-

nessed by the functionR → C(R2), x �→ {(x,0)}.

2. Invariant σ -ideals in cubes

This paper studiesσ -ideals of continua in Euclidean spacesRn or RN. This allows to
use the affine structure of such spaces, which is not available in cubes[0,1]n or the Hilbert
cube[0,1]N, where the study of continua is usually performed. Note however that, de
with invariantσ -ideals of continua, this is not restrictive at all. Indeed the following ho

Proposition 12. Let 2 � n � ω. For F ⊆ C(Rn), denote by[F]n ⊆ C(Rn) the saturation
of F with respect to the relation of homeomorphism. Then:

(1) If I is an invariant class of continua inRn thenI ∩ C([0,1]n) is an invariant class
of continua in[0,1]n andI = [I ∩ C([0,1]n)]n. MoreoverI andI ∩ C([0,1]n) are
Wadge bireducible as subsets ofC(Rn),C([0,1]n), respectively. If in additionI is a
σ -ideal of continua, thenI ∩ C([0,1]n) is aσ -ideal of continua.
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(2) If J is an invariant class of continua in[0,1]n then[J ]n is an invariant class of con
tinua inRn andJ = [J ]n ∩C([0,1]n). MoreoverJ and[J ]n are Wadge bireducible
as subsets ofC([0,1]n),C(Rn), respectively. If in additionJ is aσ -ideal of continua,
then[J ]n is aσ -ideal of continua.

Proof. (1) I ∩ C([0,1]n) is closed under homeomorphism inC([0,1]n) since bothI and
C([0,1]n) are.

Let g :R → ]0,1[ be a homeomorphism and letγ :Rn → ]0,1[n be then-fold Cartesian
product ofg. If X ∈ I, thenγ (X) ⊆ [0,1]n andX,γ (X) are homeomorphic. Soγ (X) ∈
I ∩ C([0,1]n) andX ∈ [I ∩ C([0,1]n)]n. Conversely, ifX ∈ [I ∩ C([0,1]n)]n, thenX is
homeomorphic to someX′ ∈ I ∩ C([0,1]n), thusX ∈ I.

The functionX ∈ C(Rn) �→ γ (X) ∈ C([0,1]n) and the natural inclusion map witne
thatI andI ∩ C([0,1]n) are Wadge bireducible.

If I is aσ -ideal of continua, then such isI ∩ C([0,1]n), being the intersection ofσ -
ideals of continua.

(2) Closure under homeomorphism of[J ]n is granted by definition.
Now note thatJ is both included in[J ]n andC([0,1]n). Conversely, letX ∈ [J ]n ∩

C([0,1]n). Then there existsX′ ∈ J such thatX,X′ are homeomorphic. Consequen
X ∈ J .

The natural inclusion map and the functionX ∈ C(Rn) �→ γ (X) ∈ C([0,1]n) grant
Wadge bireducibility ofJ and[J ]n.

Suppose now thatJ is a σ -ideal of continua. Closure under subcontinua of[J ]n is
granted by this same property ofJ . Suppose∀m ∈ N Xm ∈ [J ]n and that

⋃
k∈N

Xk is a
continuum. Thenγ (

⋃
k∈N

Xk) = ⋃
k∈N

γ (Xk) ∈ J and thus
⋃

k∈N
Xk ∈ [J ]n. �

As an illustration one can state the dichotomy theorem for an invariantσ -idealJ of
continua in some cube. Note that if such aJ contains a planar non-degenerate continu
then (thinking of[0,1]2 as naturally embedded in[0,1]n or [0,1]N) J ∩ C([0,1]2) is
dense inC([0,1]2) since each homeomorphism class of (planar) non-degenerate co
is dense (among planar continua).

Corollary 13. Let J ⊆ C([0,1]n),2 � n � ω, be a coanalytic invariantσ -ideal of con-
tinua. IfJ ∩C([0,1]2) is notGδ ( for example, ifJ contains some non-degenerate plan
continua but the pseudoarc is not inJ ), thenJ is �1

1-complete.

Proof. SinceJ is coanalytic, by Proposition 12 one has that[J ]n is coanalytic too. On the
other hand[J ]n∩C(R2) is notGδ , asJ ∩C([0,1]2) is notGδ by the hypothesis. It follows
from Corollary 8 that[J ]n is �1

1-complete and thusJ is �1
1-complete by Proposition 1

again. �

3. Generating families

For ∅ �= F ⊆ C(RN) defineFσ as the smallestσ -ideal of continua containingF as a
subset and invariant under homeomorphism. It will be called theinvariantσ -ideal of con-
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tinua generated byF ; it is the intersection of all invariantσ -ideals of continua containin
F . If F = {X}, write Xσ for {X}σ and call it thethe invariantly principalσ -ideal of con-
tinua generated byX. Also, letF⊥ be the family of all continuaZ ∈ C(RN) such that
Zσ ∩Fσ is the set of singletons; again, this is denotedX⊥ whenF = {X}.

Lemma 14. LetX,X′, Y ∈ K(RN). AssumeX ⊆ Y and supposeX,X′ are homeomorphic
Then there isY ′ ∈ K(RN) such thatX′ ⊆ Y ′ andY,Y ′ are homeomorphic.

Proof. Let
∏

n∈N
[an, bn],∏n∈N

[cn, dn] be Hilbert cubes inRN such thatY is con-
tained in the pseudo-interior

∏
n∈N

]an, bn[ of
∏

n∈N
[an, bn] and X′ is included in the

pseudo-interior
∏

n∈N
]cn, dn[ of

∏
n∈N

[cn, dn]. Let f :X → X′ be a homeomorphism. Us
ing [11, Theorem 6.3.4],f can be extended to a homeomorphism̄f :

∏
n∈N

[an, bn] →∏
n∈N

[cn, dn]. Let Y ′ = f̄ (Y ). �
If ∅ �= F ⊆ C(RN), thenFσ is the smallest subclass ofRN closed under homeomo

phism, subcontinua and countable unions that are continua. A typical manner to ge
such a class is to start withF and use a transfinite process to close it successively u
the three required conditions. For example,

Fσ =
⋃

α∈ω1

Fα,

whereF0 is the class of all continua homeomorphic to some subcontinuum of mem
of F and, forα > 0, Fα is obtained by taking all those countable unions of member⋃

β∈α Fβ that happen to be continua and all subcontinua of such unions. This way
sure under subcontinua and countable unions that are continua is granted by the in
construction, so it is enough to see that

⋃
α∈ω1

Fα is invariant and, in turn, it is enough t
establish by induction that eachFα is closed under homeomorphism. Invariance ofF0 is
required by definition. So letα > 0, let X ∈ Fα andY ∈ C(RN) be homeomorphic toX.
There areX0,X1, . . . ∈ ⋃

β∈α Fβ such that
⋃

n∈N
Xn is a continuum andX ⊆ ⋃

n∈N
Xn.

By Lemma 14, letZ ∈ C(RN) be homeomorphic with
⋃

n∈N
Xn and such thatY ⊆ Z.

Then there are subcontinuaZ0,Z1, . . . of Z, with Zn,Xn homeomorphic for eachn ∈ N,
such thatZ = ⋃

n∈N
Zn. By inductive hypothesis,∀n ∈ N Zn ∈ ⋃

β∈α Fβ and thusY ∈ Fα .
However it turns out that this inductive process stops very early.

Theorem 15. Let∅ �= F ⊆ C(RN). ThenFσ = F1.

Proof. It will be shownF2 ⊆ F1. Fix X ∈ F2. There areX0,X1, . . . ∈ F1 such thatX ⊆⋃
n∈N

Xn (and
⋃

n∈N
Xn is a continuum, but this will not be used). So, for eachn ∈ N

there areXn0,Xn1, . . . ∈ F0 such thatXn ⊆ ⋃
m∈N

Xnm. It is then enough to show tha
wheneverX ⊆ ⋃

n∈N
Yn with Y0, Y1, . . . ∈F0 (and it can be assumed∀n ∈ N X ∩ Yn �= ∅),

thenX ⊆ ⋃
n∈N

Zn whereZ0,Z1, . . . ∈ F0 and moreover
⋃

n∈N
Zn a continuum. By the

invariance under homeomorphism it can be further assumed thatX ⊆ [1
3, 2

3]N. Fix h ∈ N

and setKh = X ∩ Yh. For eachx ∈ Kh let ]a0, b0[ × ]a1, b1[ × · · · × ]arx , brx [ × [0,1]N �
x be an open subset of[0,1]N with diameter less than 1

2(h+1)
whereai, bi ∈ [1

4, 3
4]. By

compactness extract a finite subcoveringV1, . . . , Vkh
of Kh, where eachVj is of the form
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]uj

1, v
j

1[× · · ·×]uj
rj , v

j
rj [×[0,1]N; let Wj = [uj

1, v
j

1]×· · ·×[uj
rj , v

j
rj ]×[0,1]N,Rj = Kh ∩

Wj . So theRj are compact and coverKh. Finally, let Qj = [uj

1 − ε, v
j

1 + ε] × · · · ×
[uj

rj − ε, v
j
rj + ε] × [0,1]N, whereε ∈ R+ is such that eachQj is still included in[0,1]N

and has diameter less than1
h+1. Now note that eachQj is a product of closed interval

it is homeomorphic to the Hilbert cube and it containsRj in its pseudo-interior; using
[11, Theorem 6.3.4], there is an embedding ofYh into Qj (let Zhj be its range) which is
identity onRj . Note moreover that each point ofZhj is less that 1

h+1 apart from some poin

of Kh ⊆ X (since actually diam(Zhj ) < 1
h+1). Do this for eachh ∈ N. SoX ⊆ ⋃

h,j Zhj

and eachZhj is inF0. It remains to show that
⋃

h,j Zhj is compact. Letxp be a sequence i⋃
h,j Zhj ; by thinning it can be assumed thatxp converges in[0,1]N to somex. If xp ∈ Zhj

for infinitely manyp, thenx ∈ Zhj . Otherwise it can be assumed that eachxp belongs to a
differentZhj ; in this case limp→∞ d(xp,X) = 0 and sox ∈ X ⊆ ⋃

h,j Zhj . �
This allows to state another synthetic description ofFσ .

Corollary 16. Let ∅ �= F ⊆ C(RN) and letX ∈ C(RN). ThenX ∈ Fσ if and only ifX is
included in a countable union of continua(so without requiring this union to be compac)
each of which is homeomorphic to some member ofF .

Proof. The proof of Theorem 15 established thatX ∈ Fσ if and only if X ⊆ ⋃
n∈N

Yn

where eachYn is embeddable in someZn ∈ F . Using Lemma 14, replace eachYn in the
union with a continuumZ′

n homeomorphic withZn. �
Corollary 17. Let X be a continuum such that each non-empty open subset ofX contains
a continuum homeomorphic withX. LetF ⊆ C(RN) and supposeX ∈Fσ . ThenX ∈ F0.

Proof. By Corollary 16,X ⊆ ⋃
n∈N

Yn, with eachYn homeomorphic to an element fro
F . Letn ∈ N be such thatX∩Yn contains an open non-empty subsetU of X. SinceU con-
tains a homeomorphic copy ofX, it turns out thatX is embeddable inYn, soX ∈F0. �

The following is also achieved.

Theorem 18. Let∅ �= F ⊆ C(RN). Suppose thatK = {K ∈ K(RN) | ∃C ∈ F (K is embed-
dable inC)} is a coanalytic subset ofK(RN). ThenFσ ∈ �1

1(C(RN)).

Proof. By the proof of Theorem 15,Fσ is the set of continua contained in some cou
able union of continua embeddable in elements ofF . ThusFσ = C(RN) ∩ H, where
H ⊆ K(RN) is the set of compact setsK such that there areK0,K1, . . . ∈ K with
K ⊆ ⋃

n∈N
Kn. To conclude, let{Un}n∈N be an open basis forRN. Using an argumen

from [1] note that, for eachK ∈ K(RN), K ∈ H if and only if for every compact non
empty K ′ ⊆ K there isn ∈ N such thatUn ∩ K ′ �= ∅ and Un ∩ K ′ ∈ K. This gives a
coanalytic definition forH and thus forFσ . �



12 R. Camerlo / Topology and its Applications 150 (2005) 1–18

9. By
sets of
, since

of

) be

ver I

he
tate-

-

of
ted
l

-

To see an application of Theorem 18, consider the invariantly principalσ -ideal gener-
ated by the arc.

Theorem 19. If A ⊆ RN is an arc, then the invariantly principalσ -idealAσ is a complete
coanalytic subset ofC(RN).

Note that once coanalyticity is established, completeness follows from Corollary
Theorem 18, it is then enough to find a coanalytic characterization of compact sub
arcs (note that this will entail that compact subsets of arcs actually form a Borel set
such a class is analytic). The following characterization will do.

Theorem 20. Let K be a compact metric space. ThenK is homeomorphic to a subset
[0,1] if and only if the following hold:

(1) each connected component ofK is either a point or an arc;
(2) if L is a connected component ofK andL is an arc with end pointsx, y, thenL\{x, y}

is open inK .

Note that these conditions define indeed a coanalytic subset ofK(RN), since, after
fixing an open basis{Un}n∈N for RN, they can equivalently (though less transparently
expressed by the conjunction of the following:

(a) if C ∈ C(RN), thenC ⊆ K implies thatC is either a point or an arc;
(b) for all P,Q ∈ C(RN), x ∈ RN, if P,Q are non-degenerate subcontinua ofK and

P ∩ Q = {x}, then there isn ∈ N such thatx ∈ Un,Un ∩ K ⊆ P ∪ Q.

Recall here that classes of homeomorphism are Borel subsets ofC(RN).
It remains only to establish Theorem 20. This may well be a folklore result, howe

was not able to find a reference in the literature.

Proof of Theorem 20. Any compact subset of[0,1] satisfies the conditions. To prove t
converse, letK be a (non-empty) compact metric space fulfilling (1) and (2) in the s
ment of the theorem and notice first that the family of connected components ofK that
are arcs is a null collection: for allε ∈ R+ there are only finitely many of them of diam
eter greater thanε. Let K̃ = {x ∈ K | ord(x,K) � 1}, E = {x ∈ K | ord(x,K) = 1}; so
K̃ is obtained by removing all points ofK that are interior of connected components
K that are arcs. To ease notation, letp :E → E assign to each end point of a connec
component ofK that is an arc the other end point. Note thatK̃ is a zero-dimensiona
compact subset ofK and, by enlargingK , it may be assumed that̃K is perfect. SoK̃ is
homeomorphic to the middle third Cantor setC1/3 ⊆ [0,1]; the idea is to build carefully
a homeomorphismϕ : K̃ → C1/3 in such a way that, ifx, y ∈ E,p(x) = y, then the open
interval ]min(ϕ(x),ϕ(y)),max(ϕ(x),ϕ(y))[ is disjoint fromC1/3, so that finally the seg
ment betweenϕ(x),ϕ(y) can be restored. To this aim a suitable Cantor scheme{Ct }t∈2<ω

on K̃ will be constructed.
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Let {Y1, . . . , Yh} be a partition ofK̃ in finitely many clopen non-empty subsets of
ameter less than12.

Claim. For any clopenY ⊆ K̃ , the set{x ∈ Y | x ∈ E ∧ p(x) /∈ Y } is finite.

Proof. Deny and pick a sequence of distinct pointsxm ∈ Y ∩E such that∀m ∈ N p(xm) /∈
Y . By thinning, assume limm→∞ xm = x. So x ∈ Y . Moreover, since the family o
connected components ofK that are arcs is null, limm→∞ p(xm) = x, so eventually
p(xm) ∈ Y . �

Using the claim it is possible to refine the partition in such a way that each me
contains at most one pointx ∈ E without containing the correspondingp(x) too. Suppose
indeed thatx1, . . . , xm are the distinct elements of{x ∈ Yj ∩ E | p(x) /∈ Yj }. Let Ỹj be
the decomposition space obtained fromYj by identifying eachx,p(x) whenever both are
in Yj ∩ E and letπ :Yj → Ỹj be the natural map. TheñYj is compact zero-dimensiona
it is homeomorphic to the upper semicontinuous decomposition determined by th
nected components of the space obtained fromYj by restoring the original arc betwee
every pair of pointsx,p(x) ∈ Yj ∩ E. So Ỹj admits a partition into clopen sets such th
π(x1), . . . , π(xm) are in different elements of the partition. Consider the preimages u
π of these sets.

So nowK̃ has been partitioned into setsX1, . . . ,Xn such that:

(1) eachXi is clopen non-empty;
(2) eachXi has diameter less than12;
(3) for everyi there is at most onexi ∈ E ∩ Xi such thatp(xi) /∈ Xi .

A clopen subsetZ of K̃ such that there is exactly one elementz ∈ E∩Z with p(z) /∈ Z will
be calledspecial; the pointz will be called thecharacterizingpoint ofZ. Modulo reindex-
ing, it can be assumed that inX1, . . . ,Xn the special sets are listed first (sayX1, . . . ,X2k)
and in such a way that ifx1, . . . , x2k are the corresponding characterizing points, t
p(x2j−1) = x2j for 1 � j � k. Let C0i1 = Xi+1 for 0 � i < n − 1 andC0n−1 = Xn. Set
alsoC0i = Xi+1 ∪ · · · ∪ Xn for 0 � i < n − 1. Moreover, the pointsx1, x3, . . . , x2k−1 get
a labelleft and the pointsx2, x4, . . . , x2k get a labelright. This will be retained throughou
the construction and will indicate that, at subsequent partitionings, if a clopen set
splitting containsxi , for i � 2k odd, as its (unique) already labeled element, then it wil
listed last; if it containsxi for i � 2k even, it will be listed first (so it will appear, in th
Cantor scheme, in the leftmost or rightmost position, respectively).

The next step will consist in repeating the process within eachXi , splitting it in clopen
non-empty subsets of diameter less than1

3, taking care that at each stage of the construc
the pointsx2j−1, x2j are kept adjacent, as well as for any other pair of end points o
connected components ofK that are arcs that at some stage gets separated. So su
that k stages of the construction have already been performed. The indices of the
the Cantor scheme built so far form a finite binary tree; the terminal nodes are assoc
finitely many clopen non-empty subsets ofK̃ of diameter less than1

k+1 forming a partition
of K̃ . For each suchZ le t ∈ 2<ω be such thatCt = Z. Moreover, each suchZ contains at
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most one elementz ∈ E with p(z) /∈ Z and, in this case,z has got a labelright or left. Let
{Z1, . . . ,Zl} be a partition ofZ in clopen subsets of diameter less that1

k+2 and such tha
eachZr contains at most one elementzr ∈ E with p(zr) /∈ Zr . The only thing still needed
is to decide the order in which the above listZ1, . . . ,Zl is given, for making the next ste
in the construction of the Cantor scheme. There are three cases to consider.

Case 1: Z is not special.In this case proceed as at the first stage. List first
Z1, . . . ,Z2q , the special sets of the partition in such a way that, ifz1, . . . , z2q are the corre-
sponding characterizing points,p(z1) = z2,p(z3) = z4, . . . , p(z2q−1) = z2q . Assign label
left to z1, z3, . . . , z2q−1 and labelright to z2, z4, . . . , z2q .

Case2: Z is special and its characterizing pointz has got label left.Note that now there
is an odd number of special sets in the partition ofZ. It may be thus assumed that the
areZ1,Z2, . . . ,Z2q,Zl and, if z1, . . . , zq, zl are their characterizing points, thenp(z1) =
z2,p(z3) = z4, . . . , p(z2q−1) = z2q, zl = z. Givez1, z3, . . . , z2q−1 labelleft, z2, z4, . . . , z2q

labelright (zl = z retains its labelleft).

Case3: Z is special and its characterizing pointz has got label right.Again there is
an odd number of special sets in the partition ofZ. The listing is now arranged in suc
a way thatZ1,Z2,Z3, . . . ,Z2q+1 are these special sets and, ifz1, z2, . . . , z2q+1 are the
corresponding characterizing points, thenz1 = z,p(z2) = z3,p(z4) = z5, . . . , p(z2q) =
z2q+1. The pointsz2, z4, . . . , z2q get labelleft, while z3, z5, . . . , z2q+1 are markedright
(andz1 = z keeps its labelright).

In any of the three cases letCt�0r1 = Zr+1 for 0 � r < l − 1 and letCt�0l−1 = Zl . Set
alsoCt�0r = Zr+1 ∪ · · · ∪ Zl for 0� r < l − 1.

This way, each point ofE gets labeled in the course of the construction.
Notice that∀α ∈ 2N

⋂
n∈N

Cα|n is a singleton{xα} and this defines a homeomorphis
K̃ → 2N, xα �→ α. Composing this with the usual homeomorphism 2N → C1/3 via ternary
expansion, one gets the homeomorphismϕ : K̃ → C1/3 ⊆ [0,1].

Now letx ∈ E. Supposex got labelleft during the construction (same argument if it g
labelright). Then note thatp(x) got labelright at the same stage. Letu,u′ ∈ 2<ω be such
thatCu,Cu′ were the special sets appearing in the construction at the stage whenx,p(x)

got their labels and havingx,p(x) as their respective characterizing points. Then ei
u = t�1, u′ = t�01 for somet ∈ 2<ω or u = t�1, u′ = t�0 for somet ∈ 2<ω (this case
happens when the two special sets are the last ones listed in the corresponding pa
In both cases,x = xα,p(x) = xα′ whereα = t�10∞, α′ = t�01∞. Thusϕp(x) < ϕ(x)

and no points of imϕ = C1/3 are between them, soϕp(x),ϕ(x) are the extrema of one o
the intervals that get deleted in the construction of the Cantor setC1/3. For each such pa
x,p(x) restore the interval between them, thus getting

T = C 1
3
∪

⋃
x∈E

[
min

(
ϕ(x),ϕp(x)

)
,max

(
ϕ(x),ϕp(x)

)]
.

Matching each connected component ofK that is an arc with end pointsx,p(x) with
the corresponding[min(ϕ(x),ϕp(x)),max(ϕ(x),ϕp(x))], the homeomorphismϕ can be
extended to an embeddingψ :K → [0,1] (whose range isT ). �
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A somewhat similar construction, involving the building of a specific embedding
zero-dimensional separable metric space into the Cantor space, is in [7].

The following easy fact will be employed in the sequel.

Lemma 21. If X is a connected Polish space withcard(X) > 1 and Y is a closed, zero
dimensional subspace ofX, thenY is nowhere dense inX.

Proof. If not, let U be a non-empty open subset ofX with U ⊆ Y . There is thenV non-
empty clopen inY such thatV ⊆ U (note thatV �= X sinceY �= X). As V is closed in
Y , it is closed inX too; moreover, beingV open inY , it is open inU and so open inX,
contradicting connectedness ofX. �
Corollary 22. LetH be a non-degenerate continuum and, for eachm ∈ N, letKm be closed
in H . SupposeH = ⋃

m∈N
Km. Then, for somēm ∈ N, H ∩Km̄ contains a non-degenera

continuum.

Proof. Otherwise eachH ∩ Km would be zero-dimensional and thus, by Lemma
nowhere dense inH , contradicting Baire category theorem.�
Lemma 23. Let ∅ �= F ⊆ C(RN) and letY ∈ Fσ be a non-degenerate continuum. Th
every open non-empty subset ofY contains a non-degenerate continuum homeomorph
a subcontinuum of some element ofF .

Proof. By Corollary 16,Y ⊆ ⋃
n∈N

Yn where eachYn is homeomorphic to some eleme
Xn ∈F . LetU ⊆ Y be open non-empty and letZ be a non-degenerate subcontinuum ofU .
By Corollary 22, there isn ∈ N such thatZ ∩ Yn contains a non-degenerate continuumW ,
which is thus homeomorphic to a subcontinuum ofXn. �
Lemma 24. Let Z ∈ C(RN),∅ �= F ⊆ C(RN). ThenZ ∈ F⊥ if and only if, for allX ∈ F ,
the continuaX,Z do not have common(up to homeomorphism) non-degenerate subcon
tinua.

Proof. If Y is a non-degenerate continuum embeddable both inZ and in some continuum
X ∈ F , thenY ∈ Zσ ∩ Xσ ⊆ Zσ ∩Fσ .

Conversely, letY ∈ Zσ ∩ Fσ be a non-degenerate continuum. By Lemma 23,Y con-
tains a non-degenerate subcontinuumW embeddable inZ. SinceW ∈ Fσ , by Lemma 23
againW contains a non-degenerate subcontinuumT embeddable in someX ∈ F (and in
Z too). �
Theorem 25. Let∅ �= F ⊆ C(RN). Then:

(1) F⊥ is an invariantσ -ideal of continua;
(2) F ⊆ F⊥⊥ (consequentlyFσ ⊆ F⊥⊥) andF⊥⊥⊥ = F⊥;
(3) if F ∈ �1

1(C(RN)) thenF⊥ is coanalytic.
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Proof. (1) If Z ∈ F⊥ and Y is a subcontinuum ofZ, thenYσ ∩ Fσ does not contain
non-degenerate continua, soY ∈ F⊥.

Assume∀n ∈ N Zn ∈F⊥ be such thatZ = ⋃
n∈N

Zn is a continuum and suppose the
is a non-degenerate subcontinuumY ⊆ Z that is embeddable in someX ∈ F . By Corol-
lary 22, for somen ∈ N, Y ∩ Zn must contain a non-degenerate subcontinuumT , which is
thus embeddable inX, contradictingZn ∈F⊥. By Lemma 24,Z ∈F⊥.

Invariance under homeomorphism follows from Lemma 24 (or directly from the d
ition).

(2) By Lemma 24.
(3) By Lemma 24 and the fact that homeomorphism is an analytic relatio

C(RN). �
Corollary 26. If F ⊆ C(RN) is an analytic class of continua having a member contain
a pseudo-arc but there is a non-degenerate planar continuumZ such that no element o
F contains a subcontinuum homeomorphic to a non-degenerate subcontinuum ofZ, then
F⊥ is a complete coanalytic subset ofC(RN).

Proof. By Theorem 25, Corollary 9 and Lemma 24.�
The result in the particular case whenF has the pseudo-arc as its unique element

been already obtained in [10].

Corollary 27. Let NHI ⊆ C(RN) be the set of continua containing no hereditarily ind
composable subcontinuum. Then NHI is�1

1-complete.

Proof. By Corollary 26 applied to the familyF of hereditarily indecomposable continu
which is aGδ subset ofC(RN) (see [8]). �

4. The maximal invariant σ -ideal of continua

Forn � 1 let

In = {
X ∈ C

(
RN

) | [0,1]n does not embed intoX
}

and let

I∞ = {
X ∈ C

(
RN

) | [0,1]N does not embed intoX
}
.

ThenI1 ⊆ I2 ⊆ I3 ⊆ · · · ⊆ I∞. Using the fact that, for 1� n � ∞, each open non-empt
subset of[0,1]n contains a subcontinuum homeomorphic to[0,1]n and applying Baire
category theorem, it turns out that eachIn is an invariantσ -ideal of continua and it is
coanalytic by direct computation on the definition. Observe moreover that for 2� n � ∞,
In is big, in the sense that its orthogonalI⊥

n is just the class of singletonsF1(R
N) (this

follows from the fact that[0,1]n contains subcontinua in which[0,1]n does not embed).
If I is an invariantσ -ideal of continua that does not coincide with the entireC(RN),

thenI ⊆ I∞. SoI∞ is the maximal invariantσ -ideal of continua. In [6] it is proved tha
I∞ is complete coanalytic.
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Let F be an invariant hereditary class of continua andX be a continuum. ThenX is
universalfor F if, for any continuumY ,

Y ∈ F ⇐⇒ Y can be continuously embedded inX

(in particular,X ∈F ). For example, the Hilbert cube, as well as any continuum contai
a Hilbert cube, is universal for the class of all continua.

Proposition 28. There is no universal continuum for the class of non-universal contin

Proof. For X a continuum,{Y ∈ C(RN) | X contains a homeomorphic copy ofY } is an-
alytic. SinceI∞ is the family of non-universal continua, the result follows from�1

1-
completeness ofI∞. �

Proposition 28 can be restated by saying that the preorder of embeddability a
continua, which has a biggest element, namely the (biembeddability equivalence c
the) Hilbert cube, does not have a second biggest element. This implies also tha
continuumX does not contain a Hilbert cube, then there is a continuumY strictly between
X and[0,1]N in the preorder of embeddability. Indeed, by Proposition 28 there is a
universalZ not embeddable intoX. Let Y ba a non-disjoint union ofX andZ.

In L the chainI1 ⊂ I2 ⊂ I3 ⊂ · · · is not enough to approach the maximal invari
σ -idealI∞.

Theorem 29. sup{In}n�1 �= I∞.

Proof. For eachn � 1, h ∈ N, let pnh : [0,1] → [0,1]n be a 1
n+h

-map. Moreover letQ ∩
]0,1[ = {qnh | n � 1, h ∈ N} with eachQn = {qnh}h∈N dense inQ ∩ ]0,1[. Consider the
upper semi-continuous decompositionM of [0,1]2 whose elements are:

• the sets{qnh} × p−1
nh ({a}), for n � 1, h ∈ N, a ∈ [0,1]n;

• the singletons{(t, x)} for t /∈ Q ∩ ]0,1[, x ∈ [0,1].

Let π : [0,1]2 → M be the quotient map and define∀t ∈ [0,1] Mt = π({t} × [0,1]). So

• for n � 1, h ∈ N, Mqnh
is ann-cell;

• for t /∈ Q ∩ ]0,1[, Mt is an arc.

Now it remains to show thatM ∈ I∞ \ sup{In}n�1.

Claim. If a continuumX is such that every non-empty open subset containsm-cells for
unbounded values ofm, thenX /∈ sup{In}n�1.

Proof. Let F = ⋃∞
n=1In, so that sup{In}n�1 = Fσ . If X ∈ Fσ , by Corollary 16,X ⊆⋃

n∈N
Xn, where∀n ∈ N Xn ∈ F . Baire category theorem implies the existence ofn ∈ N

such thatX ∩ Xn contains an open non-empty subset ofX and som-cells for unbounded
values ofm, contrary toXn ∈F . �
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Claim. Every non-empty open subsetU of M contains cells of unbounded dimension.

Proof. Let V = π−1(U). ThenV is a non-empty open subset of[0,1]2, invariant with
respect to the equivalence relation associated with the decomposition. Letu,v, y ∈ [0,1]
be such thatu < v, [u,v] × {y} ⊆ V . For anyn � 1 there ish ∈ N such thatqnh ∈ ]u,v[.
Thusπ(({qnh}× [0,1])∩V ) (which is contained inU ) is an open non-empty subset of t
n-cell π({qnh} × [0,1]) and therefore contains ann-cell. �

Having established thatM /∈ sup{In}n�1, the proof will be completed by the followin
claim.

Claim. No subcontinuum ofM is homeomorphic to the Hilbert cube.

Proof. Let Q ⊆ M be homeomorphic to the Hilbert cube. SinceQ cannot be containe
in Mt for any t ∈ [0,1], the set oft ∈ [0,1] such thatQ ∩ Mt �= ∅ is an interval[a, b]. If
t ∈ ]a, b[\Q thenMt is an arc andQ ∩ Mt separatesQ, which is impossible. �

Concerning Theorem 29 and the remark preceding it, it would be interesting to
the cofinality ofI∞ in L.
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