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1. Introduction

Abstract A new variable speed control moment gyro (VSCMG) steering law is proposed in order
to achieve higher torque precision. The dynamics of VSCMGs is established, and two work modes
are then designed according to command torque: control momentum gyro (CMG)/reaction wheel
(RW) hybrid mode for the large torque case and RW single mode for the small. When working in
the CMG/RW hybrid mode, the steering law deals with the gimbal dead-zone nonlinearity through
compensation by RW sub-mode. This is in contrast to the conventional CMG singularity avoidance
and wheel speed equalization, as well as the proof of definitely hyperbolic singular property of the
CMG sub-mode. When working in the RW single mode, the motion of gimbals will be locked. Both
the transition from CMG/RW hybrid mode to RW single mode and the reverse are studied. During
the transition, wheel speed equalization and singularity avoidance of both the CMG and RW sub-
modes are considered. A steering law for the RWs with locked gimbals is presented. It is shown by
simulations that the VSCMGs with this new steering law could reach a better torque precision than

the normal CMGs in the case of both large and small torques.
© 2016 Production and hosting by Elsevier Ltd. on behalf of Chinese Society of Aeronautics and
Astronautics. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org,
licenses/by-nc-nd/4.0/).

large spacecraft and space sgructures,d' or agile satellites that
need rapid maneuverability.® Extensive testing results have
been obtained for attitude control with CSCMGs (usually

Control momentum gyros (CMGs) have been used as space-
craft attitude control actuators for many years.' ® Due to their
torque amplification feature, single-gimbal constant speed
CMGs (CSCMGs) are especially advantageous for actuating
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referred to as CMGs when there is no risk of confusion). Some
of these focus on the subject of CMG configuration design,
such as roof type,” and pyramid® or five pyramid type sys-
tems.*” Margulies and Aubrun'® and Bedrossian et al.'' ana-
lyzed the corresponding singularities, and divided them into
two types for which null motion'? and robust pseudo-inverse
method'*'* are adopted to avoid/escape. In addition, Mont-
fort and Dulot'’ investigated the reconfiguration of a CMG
system in case of failures. Although CMGs can provide larger
torque than reaction wheels (RWs), they also introduce larger
torque error. To reduce this torque error, several approaches

1000-9361 © 2016 Production and hosting by Elsevier Ltd. on behalf of Chinese Society of Aeronautics and Astronautics.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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have been proposed including to model the system as precisely
as possible'®!” or to utilize certain variation isolation meth-
ods."® A third is to employ mixed actuators for spacecraft atti-
tude control.'”?® The first two approaches, however,
essentially cannot decrease torque error, and the third, despite
of its ability to produce more precise torque, requires more
than one set of actuators.

In 1997, Ford and Hall first introduced the concept of a
variable speed control moment gyro (VSCMG) when it was
called a “gimbaled momentum wheel.”?' The term VSCMG
was coined in Ref. 22 Whereas the wheel speed of a conven-
tional CMG is kept constant, the wheel speed of a VSCMG
is allowed to vary continuously. Consequently, a VSCMG
can be considered as an integration of a RW and a conven-
tional CMG. The extra degrees of freedom, owing to wheel
speed variance, can be used to avoid the singularities of its
CMG sub-mode,”*** or store kinetic energy in an integrated
power/attitude control system (IPACS).>>*® When considering
the lifespan and reliability of the actuators, wheel speed equal-
ization is an extra issue for VSCMGs, and useful algorithms
toward this objective have been developed.”” > However, the
problem of reducing the torque error of VSCMGs by utilizing
extra degrees of freedom has barely been explored.

In this paper, a new steering law is proposed for one set of
VSCMGs that can provide high-precision torque outputs for
both large and small command torque inputs by fully utilizing
the two work modes of a VSCMG. The operation mechanism
of the steering law is shown in Fig. 1. The remainder of this
paper is organized as follows: Section 2 models the dynamics
and divides the work modes of the VSCMGs. The steering
law for CMG/RW hybrid mode and RW single mode are then
designed in Sections 3 and 4. Section 5 presents numerical
examples to verify the effectiveness of the proposed steering
logic, and the paper closes with concluding remarks.

2. Dynamics and work modes of VSCMGs

A VSCMG is composed of a spin wheel and a gimbal that sup-
ports it, as shown in Fig. 2. The gimbal rotates about the gim-
bal axis, whose unit vector is denoted as g, and the wheel
rotates about the spin axis, whose unit vector is denoted as
s. g is perpendicular to s. The angular velocities of the gimbal
and the wheel are denoted as & and Q, respectively, where 9 is
the gimbal angle of the VSCMG, and together they produce an
angular momentum A. The gimbal movement changes the
direction of angular momentum, and thus generates torque
by CMG sub-mode in the opposite direction of the unit vector
t, which is given as g x s; variation of the wheel speed produces

Fig. 2 Structure of a VSCMG.

torque by RW sub-mode in the direction of s. Generally speak-
ing, the torque of CMG sub-mode is far greater than that of
RW, and the total output torque of the VSCMG is mainly
from the CMG sub-mode. Therefore, the total torque of the
VSCMG deviates slightly from the opposite direction of ¢.

A cluster of VSCMGs is usually composed of n (n > 3)
non-coplanar VSCMGs for three-axis attitude control of a
spacecraft, and each VSCMG in the cluster usually holds the
same mass and inertia parameters as another. Note that the
pyramid and five pyramid configurations all belong to the
non-coplanar type. In general, it is reasonable to consider only
the axial angular momentum of the wheels.”>** Therefore, the
total angular momentum of the VSCMGs can be expressed in
the spacecraft body frame as

hc = i:h, = zn:IQ,'S,‘ = A;IQ (1)
i=1 i=1

where &; and Q; represent the axial angular momentum and the
spin rate of the wheel of the ith VSCMG; I is the axial moment
of inertia of each wheel in the cluster; s; is the unit column vec-
tor for the ith VSCMG along the direction of the spin axis;
Ay =[s1,8,...,8,); and Q= [Q), ..., Q,]".

According to theorem of angular momentum, the output
torque of the VSCMGs can be given by the time derivative
of h., that is

T, = —h. = —AJ[Q]'5 — A,IQ
= C(6,Q)5 + D(5)2

C(6,Q) = —A4,1Q]

D(8) = —A,I

I Work mode division l

[

1

‘ Steering law design of CMG/RW hybrid mode ‘

¢ )

i

‘ Steering law design of RW single mode

Gimbal sigularity
avoidance and wheel

Torque Deadzone
distribution

compensation

Design of transient Steering law design
processes of RWs

speed equalization

Fig. 1

Gimbal speed

‘ ‘ Wheel speed equalization and ‘

planning integrated singularity avoidance

A design flow chart of the high-precision steering law for VSCMGs.

€ja.2016.10.017

Please cite this article in press as: Huang X et al. A new steering approach for VSCMGs with high precision, Chin J Aeronaut (2016), http://dx.doi.org/10.1016/j.

86
87
88
89
90
91
92
93
94
95
96
97
98

99
100

102

103
104
105
106
107
108
109

113


http://dx.doi.org/10.1016/j.cja.2016.10.017
http://dx.doi.org/10.1016/j.cja.2016.10.017

114
115

116
117

118
119

121

122
123

124

125
126
127
128

129
130

132

133
135

136

137
138

140

141

142
143

145
146
148

149
150
151

152

153
154

156

157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179

CJA 728
14 November 2016
A new steering approach for VSCMGs with high precision

No. of Pages 13

3

where 4, = [t|,ta,...,t,] in which #; is the unit column vector
for the ith VSCMG along the direction of the transverse axis;
6=1[0,0,...,0,]", with &, the gimbal angle of the ith
VSCMG; and []¢ is an operator that brings an arbitrary col-
umn vector z = [z1, 22, . . ., Z,JT to a diagonal matrix defined as

[z}d = diag(z1,22,..-,2u) (3)

From Eq. (2) it can be seen that the output torque of the
VSCMGs can be divided into two parts. The first part,
(9, 9)5, caused by the change of the direction of k., is called
the CMG sub-mode. The second part, D(6)£2, caused by the
variation in magnitude of A, is called the RW sub-mode.

To calculate 4; and A4, in Eq. (2), we make the following
deduction. The vectors s; and ¢; in 4y and A, can be computed
as

§; = COS ;8 + sin d;t (4)
t; = Ccos 5,’[,'0 — sin 5,‘5,‘0 (5)

where s, and t;, are the initial values of s; and ¢,, respectively.
Taking the time derivative of Eqgs. (4) and (5) yields

il’ = —5,'3,' (6)

Consequently, A; and A,, which are functions of gimbal
angles, can be written as

8= Siti:

A, = Aylcos 8] + Aylsin 8]° (7)
A, = Aglcos 8]° — Aylsin 8] (8)
where Ay, and A, are the initial values of A4; and A4,, respec-
tively; and sind = [sin Jy,sin J,, ..., sin 5,,]T,
cosd = [cos 1, €08y, .. ., COS 5,,]T.

Denoting R = [C,D] and x = [g}, Eq. (2) can also be
written in the more compact form of
T. = Rx 9)

The steering law for the VSCMGs is developed based on
Eq. (9). The work mode of VSCMG:s is first divided into two
sub modes according to the magnitude of the command tor-
que. One is the CMG/RW hybrid mode, which generates rela-
tively large torque with motions of gimbals and wheels, and
the other is the RW single mode, which generates high-
precision small torque with the gimbals locked and only the
wheels in motion. In the CMG/RW hybrid mode, torque error
can increase due to the torque amplification feature of CMG
sub-mode. In contrast, gimbals are locked in the RW single
mode, and the torque error amplification effect vanishes, yield-
ing higher output torque accuracy than the CMG/RW hybrid
mode. The VSCMG system in RW single mode is essentially
similar to a set of reaction wheels.

Considering the operating conditions of a spacecraft, it is
suggested that a work mode switching strategy be applied
based on the spacecraft flight mode, which can be obtained
from control systems in orbit. In order to accommodate differ-
ent application scenarios and maintain significant perfor-
mance, a switching strategy for the two work modes is
designed as follows: When performing an attitude maneuver,
the VSCMG system is placed in the CMG/RW hybrid mode;
once the maneuver is finished and the attitude is expected to

be stable in the subsequent period, a “lock gimbals” command
is relayed to the VSCMGs, and then a transient process of
locking all the gimbals from CMG/RW hybrid mode to RW
single mode is applied. When the gimbals are locked com-
pletely, the VSCMGs switch to the RW single mode. When a
new attitude maneuver is required again, an “unlock gimbals”
command will be sent to the VSCMGs, and, similarly, the
VSCMGs will switch into a transient process of unlocking
all the gimbals from RW single mode to the CMG/RW hybrid
mode. Once the transition is completed, the VSCMGs work
under CMG/RW hybrid mode and can provide the large tor-
que required in fast attitude maneuvers.

In the next two sections, steering laws of CMG/RW hybrid
mode and RW single mode are designed. The transient process
of locking the gimbals from CMG/RW hybrid mode to the
RW single mode and the reverse unlocking process are consid-
ered part of the RW single mode.

3. Steering law of CMG/RW hybrid mode

When large torque is needed, such as during attitude maneu-
vers, the VSCMG system is expected to work under the
CMG/RW hybrid mode. For design of the hybrid mode steer-
ing law, firstly, a weighted pseudo-inverse solution xt and a
null space solution xy of Eq. (9) are derived. The dead-zone
nonlinearity of gimbal angular velocity is then compensated
by the RW sub-mode, which can reduce torque error.

3.1. A weighted pseudo-inverse solution based on the singularity
measurement for torque distribution

Because of the torque amplification function of the CMG sub-
mode, the desired torque is expected to be supplied mainly by
the CMG sub-mode when the gimbal configuration is far away
from singular states. When the gimbal configuration is near
singular states, the RW sub-mode is expected to provide more
torque within its capability. According to this idea, a weighted
pseudo-inverse solution for torque distribution based on the
singularity measurement of Eq. (9) is achieved as’>*

dr

xr = —R!T. (10)

T

where R} = WR™(R WRT)71 is a weighted pseudo-inverse of
R; the weight matrix W takes the form of W = diag
(Wg], Wg27 cooy Weny VVSI7 WQ? N an)’ where Wg/ = 1, ng =
ng.e"”" forj=1,2,...,n, in which k|, = det(A‘.AtT) is the sin-
gularity measurement of the gimbal, and Wf’/ and ¢ are respec-
tive positive parameters that can be adjusted. The ratio
between W,; and W,; reflects that between the torques supplied
by CMG and RW sub-modes. That is, when the gimbal config-
uration is far away from singular states, k; has a larger value,
and W is relatively small, yielding a relatively small torque by
the RW sub-mode. Otherwise, a smaller «;, leads to a larger
Wy, and then larger torque will be contributed to the RW
sub-mode.

From the weighted pseudo-inverse solution above, the
gimbal angle velocities are

5= w,C"(Cw,C" + DW,D") ' T, (11)
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where W, =diag(Wy, Wy, ..., We) and
W, = diag(Wy, Wy, ..., Wy,) are weight sub-matrices of W.
Eq. (11) holds a similar mathematical form as the singularity
robust steering law proposed by Wie'™:

ko= WA (AW A"+ V) 5, (12)

where x., W., A., V. and 7. represent gimbal angle, weight
matrix, CMG torque matrix, supplementary robust term and
desired torque, respectively. Comparing Eq. (11) with
Eq. (12) we can see that the term DW,D" in Eq. (11) plays a
similar role as the term V. in Eq. (12), which implies that the
weighted pseudo-inverse solution Eq. (10) has the capability
of escaping from CMG singularities automatically to some
extent. It is also noticeable that the steering law Eq. (12) was
designed for CSCMGs, and it cannot be free from torque
error; however, the weighted pseudo-inverse solution
Eq. (10) does not produce any torque error with the aid of
the extra RW sub-mode.

3.2. A null space solution for CMG singularity avoidance|escape
and wheel speed equalization

It is well known that a cluster of VSCMGs with a non-
coplanar configuration is theoretically always nonsingular;
however, in practice the output torque is mainly presented
by the CMG sub-mode, which is probably singular, and it is
called the CMG singularity of the VSCMGs. Therefore, avoid-
ance of the CMG singularity is of great significance. In addi-
tion, wheel speed equalization is also an important issue.
Since the wheel speeds of the VSCMGs vary with time, the
wheels may work at significantly different speeds for long peri-
ods, and this is harmful to the reliability and lifespan of the
system. Hence, nearly equal speeds for all wheels are expected
for an excellent steering law. Both CMG singularity avoidance
and wheel speed equalization can be achieved by a null space
solution that generates zero torque. In this section, the null
space solution is derived, together with the proof for a theorem
that shows the existence of the null space solution for all CMG
singularities.
The corresponding homogeneous equation of Eq. (9) is

0=Rx (13)
and a general solution of Eq. (13) is
XN = kNPRy (14)

where ky is a constant scalar to be determined; y is an arbi-
trary 2n x 1 vector; Pg = (Ey, — RER)W is a positive semi-
definite symmetric matrix, with E,, the 2n-order identity
matrix. The Lyapunov method is used to design a vector
y to achieve singularity avoidance and wheel speed
equalization.
Let dr and €y be the desired gimbal angle position and the
desired wheel speed, respectively, then an error state variable
o—90
can be defined by e, = { o -Q
é, = —(x7 + xn) = —x. Selecting V, =1ele, > 0 as the Lya-
punov function and using Eq. (14), the time derivative of V, is

}. Its time derivative is

V, = egé.d = —e}(xT +xn) = —eaTxT — kNeZPRy (15)

Clearly, if y chosen as y = e,, knel Pgy takes its maximum
positive value, V, becomes as small as possible. According to
the Lyapunov theorem, the error variable e, is global asymp-
totically stable if the null space solution is given by

xn = knPry = knPre,

= kn(Es, —R;R)W{ G } (16)
Q—Q
Next, the desired gimbal angle position d; and wheel speed
Q; are computed. Q; can be chosen directly as the expected
constant value of the wheel speed, but the choice of d; is much
more complicated, as is shown below.
In order to obtain dy, define Ad = d; — 0 as the gimbal angle

error and k; = Z—f as a second singularity measurement, where
g1, and o3, are the maximum and minimum singular values
of A,, respectively. Let k() and x,(é + Ad) denote the singu-
larity measurement at times ¢ and ¢ + Az, respectively, where Az
is a small time interval. By employing first order Taylor expan-
sion we obtain
8K2 T

K2(0 + Ad) = 1,(0) + <%> Ao (17)

Notice that the range of x; is 0 < x, < 1, and the further
the gimbal position is away from singular states, the closer
the singularity measurement k; is to 1. Set x,(é + Ad) as the
maximum value of 1, and substituting it into Eq. (17) we can
get the minimum norm solution of Ad as

£ 8K2|:(8K2) 81c2:| (1) = Lo0@® o0 (o

06 06 ) 06 |1, /08> DO
where
T T
U3, S1V13 ¢ U S1vig
T T
Oic 1 | #3e52V23¢ O3 U SrVai s
% | - |Tal| (19)
([T : 071, .
T T
u},*‘nvn}‘r ulrsnvnl‘t

(for the deduction of Eq. (19), see Appendix A).

Using Eq. (18), the desired gimbal angle d; can be computed
as 0r = 0 + Ad.

The preceding null space solution can be used for singular-
ity avoidance and/or escape. The important concern then
arises, like in the CSCMG system, of whether the null space
solution always exists at a singular point or not. The type of
singularity for CSCMGs is called elliptic when its null space
solution does not exist and hyperbolic otherwise.'”'" In con-
trast, as shown in the following theorem, the null space solu-
tion at any CMG singularity of VSCMGs always exists with
the reconfiguration of not only gimbal angles 3, but also wheel
speeds Q.

Theorem 1. All the internal CMG singularities of VSCMGs are
hyperbolic, i.e. the null space solution at any CMG singularity
always exists.

S

ol and the cor-

responding ith and total angular momentum by k; and k. By
means of a Taylor series expansion, one can deduce

Proof. Denote a CMG singularity by x* = [ 0

¢ja.2016.10.017

Please cite this article in press as: Huang X et al. A new steering approach for VSCMGs with high precision, Chin J Aeronaut (2016), http://dx.doi.org/10.1016/j.

296
297
298

299
300

302

303
304
305
306
307
308
309
310
311
312

313
314

316

317
318
319
320

321
322

324

325
326

328

329
330
331
332
333
334
335
336
337
338
339
340
341

342
343
344

345
346
347


http://dx.doi.org/10.1016/j.cja.2016.10.017
http://dx.doi.org/10.1016/j.cja.2016.10.017

348

350

351

352
353

355

356

357
358

360

361
362

364

365

366
367

369

370
371

373

374

375
376

378

CJA 728
14 November 2016
A new steering approach for VSCMGs with high precision

No. of Pages 13

5

dh,‘ = h,'(xs + dx) — h,‘(xs)
+00

= b (& doi+ ngg,)kh,- (20)

k=1
In addition, the following relations can be derived from Egs.
(1) and (6):

o= tilh, Tk — —h;, ok — —ti|hi, Zh — h;,

95; Po; %0, oo
Fokand TR
7 = 75, (1EN)
>y
g =0 (1€ {0}UN,BEN, > 1)
i) O

oy _ Phi _ 4 Ph Ph o
o, =Sl gpg =l g5a0 = Sl G500 = il
Fokand TR )
30,00 — 916,00 (“ € N)

(1)

where |h;| = IQ; represents the magnitude of angular momen-
tum A;. Substituting Eq. (21) into Eq. (20), we obtain

1
dh,' — (t,|h,|d6, + S,‘IdQ,’) + E [—h,(dé,)z + t,Id5,dQ,]
1
+3 [—t:| ;| (d6;)? — 5:1(do;)*de))
41 [h-(dé-)4 - t-1(d5-)3d9-]
4' 1 1 1 1 1

1
+ 5 |:t,‘h,|(d5,)5 + Sil(déi)4dgf:| + .-

= (t,|h;|dd; + 5;1dR)) {1 - % (ds)’ +%(d5,-)4 - }

+ (hidd; — £,1dQ;) {— %d&; + %(dé,-f - é (do)’ + -- ]
(22)
By virtue of power series expansion, we have
1 —5(ds;)" +4(doy)* — - =
(23)

—%d5i+ﬁ(d5f)3 —é(d5f)5+"’ — 1zcos(ddi)

do;

When g, — 0, 50920 _, | 1=eos@0) _ d gy subsituting these

into Eq. (22), we have
1
dh,‘ = (t,|h,|d(3, + S,'IdQ,‘) + 5 (h,d(s, 2 t,IdQ,)dé, (24)

which can be used to show that

dhe = "dh;
i=1
= —(Cdé + DAQ) + %Z[hi(dé,-)z — £;1d5;dQ)) (25)
i=1

When the CMG sub-mode of the VSCMGs is singular, the fol-
lowing constraints hold:

u-t;,=0 (i=12,...,n) (26)

where u represents the singular direction. With Eq. (26) and
the equation Cdé+ DdQ =0, since dx = L?g} is null
motion, taking the dot product of Eq. (25) with u results in
IR ER s
h, == h;(dd;)” ==dé" P 2
udh, 2;:; (doy)” =5 doTPds (27)

where P = [p,,p,...,p,)* = [uhy,uh,, ... uh,)". The definition
of null motion implies dk. = 0, and thus Eq. (27) becomes
do"Pds =0 (28)

To obtain a null displacement solution for dd, express the
overall null variations dx as a linear combination of its null
space basis vectors based on Eq. (13):

dé 2n—rank(R) N
[ }:dx: > /l,-nl»:N/l:{ ‘s}z (29)
dQ — No
where  A=[A1,/,..., )Mz,Hank(R)]T is  weight  vector;
N=[n,ny,... ,nzn,rank(R)]T are null space basis vectors, with

N; and Ngq the top and bottom half sub-matrices of /V, respec-
tively, both with the dimension n x (2n — rank(R)). Note that
for a non-coplanar VSCMG system, we have rank(R) = 3 and
2n —rank(R) = 2n — 3 > n. From Eq. (29) we obtain

do = N;A (30)
Substituting it into Eq. (28) produces
i'0i=0 (31)

where Q = NgPN,;. This quadratic form represents a con-
straint equation that the admissible null motions must satisfy
in the vicinity of a singular point. For any A satisfying Eq.
(31), a null motion can be obtained by substituting it into
Eq. (29).

Similarly to CSCMGs, the solutions to Eq. (31) can be
classified according to the properties of the quadratic form as
(1) definite Q or (ii) indefinite or singular Q. When condition (i)
holds, the only solution to Eq. (31) is 4 = 0, which indicates
that this singular point is an isolated point and null motion is
impossible; thus escape by null motion is impossible from this
type of singular configuration. This type of singularity can be
also termed elliptic. The other possibility for Q is to be
indefinite or singular. This type of singularity can be termed
hyperbolic. A nonzero solution about A implies that null
motion can be generated at the singularity, which generally
guarantees escape from that singular point.

As a fact, Q is definitely singular for VSCMGs, which
demonstrates that all internal CMG singularities are hyper-
bolic. By means of singular value decomposition, Nj is given
by

Nﬁ = U5S5 Vﬁ

T

Vi

O1s T

Va5

= [ulﬁy s, ... »umﬂ Onx(n—3)
Ono VT
(2n-3)8

(32)
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where o;5 (i = 1,2,...,n) are the singular values of Vs, and u;s,
v;s the column vectors of Us and Vs, respectively. As a result,
one can obtain

T
o015 us
T ”ga
O = N;PN; = [vi5,V25,- - -, Vus]
Ons
T
0(n-3)n Uy 3)s
D 015
X . . : [uléy Uy, ... 7”715} Onx(nf})
L pn Ons
r .7
Vis
V;; n
2 : T
X . = NvisVis
. i=1
T
L V(2n-3)s
(33)

where 1 = p,6%. Eq. (33) illustrates that rank(Q) < n, and,
taking the relationship » > 3 into consideration, we obtain

rank(Q) <n <2n-3 (34)

Since the dimension of Q is (2n — 3) x (2n — 3), Q is singular
and implies that all the CMG singularities of the VSCMGs
are hyperbolic. This completes the proof. J

3.3. A strategy of compensating the dead-zone nonlinearity of
gimbal speeds

The dead-zone nonlinearity of rotational motion is one of the
important problems that decrease servo control accuracy.
When the rotation speed is within the dead-zone, the control
accuracy will deteriorate rapidly due to friction. Furthermore,
because of the torque amplification effect, for VSCMGs, the
dead-zone nonlinearity of gimbal speeds is much more signifi-
cant than that of wheel speeds. Therefore, an attempt is made
here to improve the dead-zone nonlinearity of gimbal rotation
speeds.

Recall that & = &1 + dn, where &1 produces output torque
while dy is devoted to singularity avoidance. In order to miti-
gate the dead-zone effect, an scheme is designed to properly

adjust 3T.

Suppose the threshold of the dead-zone is Smin- If the ith
gimbal rotation speed falls into the dead-zone, i.e. \5,-| < Sumins
we can adjust the solution Sir to 8 + Adir along its previous
rotational direction, which makes a new gimbal speed 5}‘ out
of the dead-zone 5mm- That is to say, we get a new gimbal speed
57 such that

16¢] = (i1 + Adir) + | = (01 + din) + Adyr
= |51 + AS:T' = Smin (35)

As the increment AS,T is along the same direction of S,T, an
adjusting algorithm can be given by

mq&@m%rm|mmm

. . 36
O |51| > 5min ( )

Note that Ad;r induces an error torque, which can be com-
puted as

AT = —A,1[Q* Ad iy (37)
This error torque can be compensated by the RW sub-mode
AQ =147 (4,47) AT (38)
The resulting new wheel acceleration is

Q@ =Q+AQ (39)

Since the magnitude of Ay is below the dead-zone S,

Ad; and thus AT takes small values. This feature ensures
that torque error compensation is feasible by the RW
sub-mode.

4. Steering law of RW single mode

When small torque is required, such as in attitude stabilization,
VSCMGs are expected to work in the RW single mode. To this
end, a steering law for this mode, including a switching process
between the CMG/RW hybrid mode and the RW single mode,
is designed in this section.

4.1. Two transient processes

The RW single mode can be considered as a special case of the
CMG/RW hybrid mode in which the gimbals are locked. In
this section, the process of locking the gimbals is designed as
a transient process by the following two steps.

4.1.1. Gimbal speed planning of the transient process

The goal of the locking transient process is to reduce the gim-
bal speed to zero smoothly and, at the same time, maintain the
desired output torque. Based on the former sections, the gim-
bal speed & is composed of a weighted pseudo-inverse solution
1 that generates a nonzero torque and a null space solution dy
that generates a zero torque. This leads to the gimbal speed
planning method of the transient process, which is to reduce
the &t and &y to zeros synchronously.

The planning of &r can be realized by planning its weight
matrix  W; specifically, we design W, in W=
diag(We1, Wea, ...y Wen, Wo, W, ..., Wy,) to be the following
declining parabolic function

Wei )
Wu=— (1=Tu) i=12....n (40)

tr
where ¢ is current time from the beginning of the transient pro-
cess; ng is the initial value of W,; and T, is the time span of
the transient process. The decrease of W,; will produce a tor-
que error AT, and this can be compensated via the RW sub-
mode by adding AL to the original wheel acceleration 2 where
AR is given by

AQ =147 (4,47) AT (41)

The planning of x can be realized by planning the coeffi-
cient ky of the whole null space solution xy = knPry. kn 1S
also defined as a declining parabolic function:
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K, 5
kn =5 (t—Tu) (42)
T:
tr
where kON is the initial value of ky. Since the output torque of
the null space solution is zero, the adjustment of ky does not
introduce any torque error.

4.1.2. A null space solution for integrated singularity avoidance
and wheel speed equalization during transient process

There are three goals of this null space solution: singularity
avoidance of the gimbals, singularity avoidance of the wheels,
and wheel speed equalization. Compared with the second step
in the last section, the only difference is that the additional
goal for singularity avoidance of wheels is demanded here.
Therefore, the method to get a null space solution here could
be similar to that of the last section. The variation is only that
the singularity measurement of the gimbals be replaced by an
integrated singularity measurement x, 4, which reflects the sin-
gular status for both the gimbals and the wheels, and is defined
by

Koall = K2emg X K2 rw (43)

where K, o, 18 the second singularity measurement of the gim-
bals, which is just the former «»; and «; , is that of the wheels.
Karw can be defined by .y = Z—:, where g, and o3, are the
maximum and minimum singular values of A, respectively,
which reflect wheel configuration. It should be noted that both
Ky.emg and ;. range from O to 1. The further the correspond-
ing configuration is from singular states, the more the mea-
surement is close to 1. So, if we set the expected integrated
singularity measurement as K = Kaemg X Kapw = 1, We can
have xemg =1 and x,,, = 1. Thus, both the gimbals and
wheels will be far away from their singular states. For the inte-

grated singularity measurement x5y, 0’3{;‘”
follows:
Supposing that the singular value decomposition of A, is

given by

can be computed as

3
A, = US; V;r = Zait”it"; (44)

i=1

We can obtain

T T
Uy S1V13¢ Ui SiVine
T T
3K2.cmg 1 U3, $2V23¢ O3 Ui SHvaie
T — = (43)
00 Ot : a5, i
T T
u3tsnvn3.t ultsnvnl.t

Similarly, supposing the singular value decomposition of A4, is
given by

3
As = U\'Sv V;r = Zaisuisv;l; (46)
=1
where g;; (i = 1,2, 3) are the singular values of A;, and u;, v;
the column vectors of Uy and Fj, respectively. We then obtain

T T
Uyt vi3 up vy
T T
Okr e 1 | HasT2V23s a3, | HisT2V21s
% o] | | 7
Is : Is .
T T
u3xtnvn3,s ulstnvnl,s

where v;, are the elements of vector v;. Finally, the result of

s,
Z24l can be expressed as
00

8}{2 all a(K2 cmzK2.rw) a(KZ cmg) 8(K2 rw)
— = - = y w cm, - 4
6 26 95 o T e s (48)
The transient process of unlocking the gimbals from the
RW single mode to the CMG/RW hybrid mode is just the
reverse process of locking the gimbals described above, so its
planning work can be carried out similarly.

4.2. A steering law of RWs with gimbals locked completely

When the gimbals are completely locked, the VSCMGs have
been turned into RWs, and it is essentially the same as general
reaction wheel configurations. As long as the wheel configura-
tion is nonsingular, which can be guaranteed by the transient
process design, and wheel speeds are absent from saturation,
three independent control torques can always be generated.
A pseudo-inverse steering law can be designed as

Q@=-1'd"(4,4")"'T, (49)

5. Numerical simulations

Numerical simulations are presented in this section to study
the performance of the proposed steering law for VSCMGs.
Attitude maneuvering/stabilization of a spacecraft is involved.
Rigid spacecraft dynamics and the proportional-derivative
(PD) controller deduced in Ref. 14 are applied here. We
rewrite them here with slight symbol changes for convenience:

Joo + Jo + o (Jo + A,IQ) = T, (50)

T. = [Ter, Tey, Tec]"
Tor = Kpwey + Kaxy + (I, — I, — L) — heoo,
T, = Kpep + Kqyéo
Te. = Kpeey + Kaby + 0o(Ie + I — 1) + ey,

(51)

where o is the attitude angle velocity of the spacecraft; w, is
the magnitude of the orbit angle velocity; ey = ¢, — ¢,
eg =0, — 0 and e, =, — are attitude errors of the three
axes between the actual Euler angles (¢, 0,) and the expected
final Euler angles (¢,,0.,%,); J=1,+ AgIgA; + ASISA:+
A,I,A,T is the inertia of the total system, with I, the inertia of
the spacecraft without VSCMGs, I, = diag(ly, I, ..., L),
I, = diag(ly, Iy, ..., 1), I, = diag(ly, In,. .., I,), and I,;, I;
and I;; (i=1,2,...,n) the moments of inertia along g, s and
t of the ith VSCMG, respectively, and 4, = [g,,8,,..., 8,
I, I, and I are the diagonal elements of J, which mean the
principal axial moments of inertia; 4., and /.. are x and z com-
ponents of the momentum of the total system, which can be
computed as H = Jw; Ky, Kp,, K- and Kq,, Ky, Ky. are PD
parameters of the PD controller.

The main parameters of the spacecraft-VSCMGs system
used in the simulations are shown in Table 1, where Quin
and Q.. are the minimum and maximum values of wheel
speed of a VSCMG; Q, is Nominal wheel speed of a VSCMG;
Smin and Smax are the minimum and maximum values of gimbal
rotational speed of a VSCMG; 4 is the initial gimbal angles of
the VSCMGs. These parameters are close to those of the
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Table 1 System model parameters and initial conditions.

Variable Value

I, (kgm?) [1100 -20 10}
—20 900 -15
—10 —15 800

Ll Ly (i=1,2,...,n) (kgm?) 0.0336, 0.0535, 0.0356

I (kg m?) 0.0398

Qnin> Pmax (r/min) 3600, 7200

Q) (r/min) 6000

Smins Omax ((°)fs) L, G

9o (°) [90,0,—90,0]"

Te1, Tez, Tes (N 'm) 0.0002, 0.002, 0.02

CMG1 =x,

Fig. 3 VSCMG system with standard pyramid configuration.

Pleiades-HR.®> Assume 4 VSCMGs are mounted in the space-
craft with a standard pyramid configuration, as shown in
Fig. 3. In addition, Gaussian distributions are applied for
the torque noises of the RW sub-mode, and CMG sub-mode
outside and inside of the gimbal dead-zone, with all zero means
and standard deviations Ty, T, Te3, respectively.

The PD parameters for the controller are chosen as

Koy =77, Kgx = 600
Kpy = 60,  Kay, = 500 (52)
Kp: =65, Ky =550

Table 2 summarizes the parameters for the steering law.

The results presented in Figs. 4-11 are composed of two
parts. The first, an attitude maneuver with initial attitude
(45°, 0°, 0°) and expected final attitude (0°, 0°, 0°), is carried

Table 2 Control
parameters.
Variable Value

Wy G=1,2,3,4) 1.0
Wy (i=1,2,3,4) 40.0
& 5.0
kn 0.2

2.0 . . . .
— Without null motion
—— With null motion
1.5 1
L
] 0 uuuuuu f-“"'-——‘_—_‘
o
05 i
1.5 /f
1.0 ~
O 0.5 1
0
0 1 2
_05 1 1 1 1
0 10 20 30 40 50

Time (s)

Fig. 4 Singularity measurements x; without and with null
motion.

7500
)
E 6500
I
(5]
?,,C)L L
3 5500}
=

4500 L . L L

0 10 20 30 40 50
Time (s)
(a) Without null motion

7500
)
.\% 6500
=
B
[=%
1
£ 5500
=

4500 L L L L -

0 10 20 30 40 50
Time (s)

(b) With null motion

—CMG1 ——CMG2 - CMG3 ----CMG4

Fig. 5 Wheel speeds without and with null motion.

out to validate the effectiveness of the steering law for
CMG/RW hybrid mode. Fig. 4 plots the singularity measure-
ments x; without (Case 1) and with (Case 2) a null motion. In
Case 2, we can see that i increases from zero rapidly, imply-
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0.06 F
B
Z, 0.02
S
S
Q
g -0.02
S

-0.06 : : L

62.0 62.5 63.0 63.5 64.0
Time (s)
(a) Without compensation

0.06
£ 002}
3
5 - HANASA A MY g AT,
5]
2 002
S

~0.06 1 1 1 1 1 1

62.4 62.8 63.2 63.6
Time (s)
(b) With compensation
— T\.cnur - Tu.cmu """" T:.crmr

Fig. 6 Torque error without and with compensation of dead-
zone nonlinearity.

0-10s | CMG/RW hybrid mode

10-40 s | Transient process of locking gimbals
40-60 s | RW single mode

60-90 s | Transient process of unlocking gimbals
90-100 s | CMG/RW hybrid mode

Fig. 7 A typical work cycle.

ing an rapid escape from the initial singular state, and it
remains almost always greater than 0.9 afterwards. In contrast,
K, can easily become smaller than 0.5 in Case 1. In other
words, the gimbal configuration in Case 2 is further away from
singular states than that in Case 1. Fig. 5 presents variations of

9

60
& 20
= |
Q \
% s

i
g
£ -20
]
-60 - - - -
20 40 60 80 100
Time (s)

(a) Whole process

<
8 B e
&
2
E
G}

0 20 40 60 80 100

Time (s)
(b) Partial enlargement
—CMG1T —=CMG2 = CMG3 --- CMG4

Fig. 8 Gimbal speeds during work cycle.

0.4

2w

&k,

2. cmg

0 20 40 60 80 100
Time (s)

Fig. 9  Singularity measurements of gimbals and wheels during
work cycle.

wheel speeds without (Case 1) and with (Case 2) a null motion,
and it clearly shows that all wheel speeds tend to approach the
desired wheel speed of Q; = 6000 r/min in Case 2, while they
almost remain unchanged in Case 1. From these two figures,
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10
6200
_ 6100
b
B 6000 =
oy
©
&
= 5900 F
5800 1 1 1 1
0 20 40 60 80 100
Time (s)
(a) Whole process
6020
6010 !
= \
£ .
E 6000 i VR s e e S T
= 7 YW
[
g
25990
3
=
5980
5970 1 1 1 1
0 20 40 60 80 100
Time (s)
(b) Partial enlargement
—RWI ——RW2 - RW3 ----RW4
Fig. 10 Wheel speeds during work cycle.

the effectiveness of singularity avoidance/escape and wheel
speed equalization via null motion is verified. Fig. 6 compares
the torque errors in a time interval of the cases without (Case
1) and with (Case 2) the compensation of the dead-zone non-
linearity. In this time interval, two gimbal speed dead zones
appear if no compensation is added. We can see that the tor-
que errors in three axis, Txermors Tyerror AN T% oy, are signifi-
cantly decreased after the compensation.

In the second part, an attitude stabilization with initial state
(1.5°, —1.2°, 0.9°) is implemented to validate the effectiveness
of the steering law of RW single mode. VSCMGs go through
a typical complete work cycle, as shown in Fig. 7, starting from
and eventually getting back to the CMG/RW hybrid mode in
the process. Figs. 8-10 show variations in gimbal speeds, the
second singularity measurements of the gimbals/wheels, and
the wheel speeds during the work cycle. Fig. 8 shows the
smoothness of the gimbal speeds in the whole process. Fig. 9
shows that the second singularity measurements of both the
gimbals and the wheels are almost always larger than 0.1,
implying that constant nonsingular configurations are held
for both (once the gimbals or the wheels are near to a singular
state, the responding singularity measurement Kcmg OF Kapw
will be approximately smaller than 0.05). Fig. 10 shows that
the wheel speeds are successfully equalized to the expected

10
£
Z
=
S
b5}
(5}
=
o
3
=
- l O 1 1 1 1 1 1
74 75 76 77 78 79
Time/s
(a) In CMG/RW hybrid mode
10
B
Z
=
£
(8]
(5]
=
2
S
=
- l 0 w3 A e e ke il
74 75 76 77 78 79
Time/s

(b) In RW single mode

r\' Lerror

— T, e T

yerror

Fig. 11
mode.

Torque errors in CMG/RW hybrid mode and RW single

speed Qq all the time. These three figures validate the design
of the transient processes. Fig. 11 compares torque error of
the same small command torque in CMG/RW hybrid mode
with compensation of the gimbal speed dead-zone (Case 1,
which is not switched into RW single mode) and in RW single
mode (Case 2, as in Fig. 7). It shows that the torque error is
weakened by one order of magnitude in Case 2, which meets
our expectations.

If a singularity is hyperbolic for CSCMGs under a gimbal
configuration, the corresponding CMG singularity of
VSCMGs under the same gimbal configuration is definitely
hyperbolic, since the null motion of CSCMGs is also fit for
VSCMGs. Now are two examples showing that elliptic singu-
larities for CSCMGs are still hyperbolic for VSCMGs.

(1) Case 1

For simplicity, unit and all equal magnitude CMG momen-
tum is assumed. The gimbal angles are d = [90°,0°, —90°, OO]T.
The fact rank(C) =2 demonstrates the singularity of this
configuration.
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Table 3 Singular type results of an ordinary configuration.

Actuators (0] eig(0) Definite/Indefinite/Singular Q Singular type
CSCMGs [—0.6618 1.0174 [—2.2772 Negative definite Elliptic
| 1.0174 —1.6364 | —0.0210
VSCMGs [—0.6618 1.0174 —0.5024 0.5826  0.8827 [ —4.3040 Infinite and singular Hyperbolic
1.0174 —1.6364 0.5659 —1.8961 —0.7322 —0.9150
—0.5024  0.5659 —0.2227 0.3389  0.3743 0.5409
0.5826 —1.8961 0.3389 —1.2425 —0.4159 0.2532
| 0.8827 —0.7322 0.3743 —0.4159 —0.6614 0

For this case, the judgment matrix Q for CSCMGs by Ref.
11 is

0 [ 12000  —0.7200 (53)
CSEMGs ™ 1 _0.7200  0.8640
and its eigenvalues are

eig(Qescmas) = [0.2927,1.7713]" (54)

It is evident that Qcgcmgs 1S positive definite and this singular-
ity is elliptic.

On the contrary, in case of VSCMGs, the judgment matrix
is

1.2000 —0.7200 0.6000 0.7200 —0.6000
—0.7200 0.8640 —2.3867 —2.8640 2.3867
Ovsemas = | 0.6000 —2.3867 3.3778 4.0533 —3.3778
0.7200 —2.8640 4.0533 4.8640 —4.0533
—0.6000 2.3867 —3.3778 —4.0533 3.3778
(55)
and its eigenvalues are
eig(OQysemas) = [—0.7727,0,0,1.1120, 13.3443]" (56)

We can see that Qygcpgs 1S indefinite and singular, which leads
to a hyperbolic singularity.

(2) Case 2

Generally speaking, one wheel speed of the VSCMGs is not
absolutely consistent with another. Therefore, a more general
case is presented here, with the CMG momentum magnitudes
[, hyy s byl = [1.0, 1.25, 1.2, 1.5] Nms instead of all
unit and equal magnitudes, and an ordinary gimbal angle con-
figuration & = [115.0226734945402°,31.838080532974608°,
151.0592758679665°, —4.953509020906268°]". rank(C) =2
indicates the singularity of this configuration. Corresponding
results are shown in Table 3. In this case, an elliptic singularity
for CSCMGs is hyperbolic for VSCMGs once more.

From these two examples, we can see that the CMG singu-
lar type of VSCMGs is hyperbolic while that of CSCMGs is
elliptic in a case of the same gimbal angles, and this is in accor-
dance with the conclusion of Theorem 1.

6. Conclusions

(1) In order to achieve high-precision output torque,
VSCMGs operation modes are distinguished according
to the command torque; the CMG/RW hybrid mode

for large command torque and the RW single mode with
gimbals locked for small command torque.

(2) The steering law for the CMG/RW hybrid mode covers
the problems of torque distribution, singularity avoid-
ance/escape, wheel speed equalization, and compensa-
tion of the dead-zone nonlinearity of gimbal speeds. In
addition, a theorem and proof illustrate that all internal
CMG singularities of VSCMGs are definitely
hyperbolic.

(3) Mode switching strategies are realized by the planning
of the transient processes for locking or unlocking the
gimbals, and the steering law for the RWs with com-
pletely locked gimbals is designed by using the pseudo-
inverse solution. They comprise the steering law of the
RW single mode.

(4) Numerical results validate the effectiveness of the pro-
posed steering law, which allows a set of VSCMGs to
meet the requirement of providing both high-precision
large and high-precision small torque.
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Appendix A

The second singularity measurement of the gimbal structure is
defined as

03t

Ol
where o; and o3, are the maximum and minimum singular val-
ues of A4,, respectively. By means of singular value decomposi-
tion, A, is given by

3

A, = US; V,T = Zait”it"}; (A2)
i=1

where o, (i = 1,2,3) are the singular values of A4,, and u;, v;

the column vectors of U, and V;, respectively. Eq. (A2) multi-

plied by v;; and u;, leads to

AtV/r = Ol j=1273 (A3)

A—tr”ﬁ =0 j=1,2,3 (Ad)

T 0(Eq. (A3)

Calculating u;; é)(Eqé')é(iM)) + v =5~ results in

v
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