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Abstract

The Mahler measures of certain polynomials of up to five variables are given in terms of

multiple polylogarithms. Each formula is homogeneous and its weight coincides with the

number of variables of the corresponding polynomial.
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1. Introduction

Lately, there has been some interest in finding explicit formulae for the Mahler
measure of polynomials. The (logarithmic) Mahler measure of a polynomial
PAC½x1;y; xn� is defined as

mðPÞ ¼ 1

ð2piÞn

Z
Tn

log jPðx1;y; xnÞj
dx1

x1
; y;

dxn

xn

;

where Tn ¼ fðz1;y; znÞACnj jz1j ¼ ? ¼ jznj ¼ 1g is the n-torus.

ARTICLE IN PRESS

E-mail address: mlalin@mail.ma.utexas.edu.
1Supported by Harrington Fellowship.

0022-314X/03/$ - see front matter r 2003 Elsevier Inc. All rights reserved.

doi:10.1016/S0022-314X(03)00101-X

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Elsevier - Publisher Connector 

https://core.ac.uk/display/82396831?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


For the one-variable case, Jensen’s formula

1

2p

Z 2p

0

log jeiy 	 aj dy ¼ logþjaj

(where logþ x ¼ log x if xX1 and zero otherwise), provides a simple expression of
the Mahler measure as a function on the roots of the polynomial:

Given PðxÞ ¼ a
Y

j

ðx 	 ajÞ; then mðPÞ ¼ log jaj þ
X

j

logþjaj j:

The two-variable case is much more complicated. Several examples with
explicit formulae have been produced. Boyd [2,3] and Smyth [9] have computed
several examples and expressed some of them in terms of special values of
L-functions of quadratic characters. Also Boyd [3] and Rodriguez Villegas [8]
have obtained analogous results with L-functions of certain elliptic curves.
Further, Boyd and Rodriguez Villegas [4], Maillot [7], and Vandervelde [11] have
produced examples where the Mahler measure is expressed as combinations of
dilogarithms.

There are only a few examples for three variables. Smyth [10] related the measure

of a þ bx	1 þ cy þ ða þ bx þ cyÞz to combinations of trilogarithms and diloga-
rithms. Vandervelde [1] obtained the measure of 1þ x þ azðx 	 yÞ as combinations
of trilogarithms.

In this paper, we express the Mahler measure of some particular cases of up to
five-variable polynomials as combinations of multiple polylogarithms. More
precisely, we determine the Mahler measure of

ð1þ w1Þyð1þ wnÞ þ að1	 w1Þyð1	 wnÞy

in C½w1;y;wn; y� for n ¼ 0; 1; 2; 3:We will refer to these as examples of the first kind.
We also consider

ð1þ w1Þyð1þ wnÞð1þ xÞ þ að1	 w1Þyð1	 wnÞðy þ zÞ

in C½w1;y;wn; x; y; z� for n ¼ 0; 1; 2 (examples of the second kind).
In addition to these, we use the same method starting from Maillot’s example [7],

in order to compute the Mahler measure of

ð1þ wÞð1þ yÞ þ ð1	 wÞðx 	 yÞ:

2. Summary of the results for the case a ¼ 1

In order to be concrete and for future reference, we summarize the results obtained
for the particular case of a ¼ 1:
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The third and fifth formulae can be also written as

p3mðð1þ vÞð1þ wÞð1þ xÞ þ ð1	 vÞð1	 wÞð1	 xÞyÞ

¼ 7pzð3Þ þ 16ðLðw	4; w0; 2; 2Þ 	 Lðw	4; w
2
	4; 2; 2ÞÞ; ð1Þ

p3mðð1þ wÞð1þ xÞ þ ð1	 wÞðy þ zÞÞ

¼ 7

2
pzð3Þ 	 16 log 2 Lðw	4; 3Þ þ 16ðLðw0; w	4; 1; 3Þ 	 Lðw2	4; w	4; 1; 3ÞÞ: ð2Þ

Here w0 is the principal character and w	4 is the real odd character of conductor 4,
i.e.,

w	4ðnÞ ¼
1 if n � 1 mod 4;

	1 if n � 	1 mod 4;

0 otherwise:

8><
>:

The L functions are defined by

Lðw1;y; wm; n1;y; nmÞ :¼
X

0ok1ok2o?okm

w1ðk1Þw2ðk2ÞywmðkmÞ
kn1
1 kn2

2 yknm
m

:

This series is absolutely convergent if ReðnmÞ41 and ReðniÞX1 for iom:
We would like to point out that all these formulae are new, except for

mðð1þ xÞ þ ð1	 xÞyÞ; proved in [9], and mð1þ x þ y þ zÞ:
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3. Idea of the procedure and some technical steps

Let PaAC½x1;y; xn�; a polynomial where the coefficients depend polynomially on

a parameter aAC: We replace a by a 1	w
1þw

: A polynomial P̃aAC½x1;y; xn;w� is

obtained. The Mahler measure of the new polynomial is a certain integral of the
Mahler measure of the former polynomial. More precisely,

Proposition 1. Let PaAC½x1;y; xn� as above, then,

mðP̃aÞ ¼
1

2pi

Z
T1

m Pa 1	w
1þw

� 	 dw

w
: ð3Þ

Moreover, if the Mahler measure of Pa depends only on jaj; then

mðP̃aÞ ¼
2

p

Z
N

0

mðPxÞ
jaj dx

x2 þ jaj2
: ð4Þ

Proof. Equality (3) is a direct consequence of the definition of Mahler measure. In

order to prove equality (4), write w ¼ eiy: Observe that as long as w goes through the

unit circle in the complex plane, 1	w
1þw

goes through the imaginary axis iR; indeed,
1	w
1þw

¼ 	i tan y
2


 �
: The integral becomes

mðP̃aÞ ¼
1

2p

Z 2p

0

m P a tan y
2ð Þj j

� 	
dy ¼ 1

p

Z p

0

m Pjaj tan y
2ð Þ

� 	
dy:

Now make x ¼ jajtan y
2


 �
; then dy ¼ 2jaj dx

x2þjaj2;

mðP̃aÞ ¼
2

p

Z
N

0

m Pxð Þ jaj dx

x2 þ jaj2
: &

Our idea is to integrate the Mahler measure of some polynomials in order
to get the Mahler measure of more complex polynomials. We will need the
following:

Proposition 2. Let Pa with a40 be a polynomial as before, (its Mahler measure

depends only on jaj), such that

mðPaÞ ¼
FðaÞ if ap1;

GðaÞ if a41:

�

ARTICLE IN PRESS
M.N. Lal!ın / Journal of Number Theory 103 (2003) 85–10888



Then

mðP̃aÞ ¼
2

p

Z 1

0

FðxÞ a dx

x2 þ a2
þ 2

p

Z 1

0

G
1

x

 �
a dx

a2x2 þ 1
: ð5Þ

Proof. The proof is the same as for Eq. (4) in Proposition 1, with an additional

change of variables x-1
x
in the integral on the right. &

Recall the definition for polylogarithms which can be found, for instance, in
Goncharov’s papers [5,6]:

Definition 3. Multiple polylogarithms are defined as the power series

Lin1;y;nm
ðx1;y; xmÞ :¼

X
0ok1ok2o?okm

xk1

1 xk2

2 yxkm
m

kn1
1 kn2

2 yknm
m

which are convergent for jxijo1: The weight of a polylogarithm function is the
number w ¼ n1 þ?þ nm:

Definition 4. Hyperlogarithms are defined as the iterated integrals

In1;y;nm
ða1 : y : am : amþ1Þ

:¼
Z amþ1

0

dt

t 	 a1
3
dt

t
3y3

dt

t|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
n1

3
dt

t 	 a2
3
dt

t
3y3

dt

t|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
n2

3y3
dt

t 	 am

3
dt

t
3y3

dt

t|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
nm

;

where ni are integers, ai are complex numbers, and

Z bkþ1

0

dt

t 	 b1
3y3

dt

t 	 bk

¼
Z
0pt1p?ptkpbkþ1

dt1

t1 	 b1
y

dtk

tk 	 bk

:

The value of the integral above only depends on the homotopy class of the path
connecting 0 and amþ1 on C\fa1;y; amg: To be concrete, when possible, we will
integrate over the real line.

It is easy to see (for instance, in [6]) that

In1;y;nm
ða1 : y : am : amþ1Þ ¼ ð	1ÞmLin1;y;nm

a2

a1
;

a3

a2
;y;

am

am	1
;

amþ1

am

 �
;

Lin1;y;nm
ðx1;y; xmÞ ¼ ð	1ÞmIn1;y;nm

ððx1;y; xmÞ	1 : y : x	1
m : 1Þ
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which gives an analytic continuation to multiple polylogarithms. For instance, with
the above convention about integrating over a real segment, simple polylogarithms
have an analytic continuation to C\½1;NÞ:

There are modified versions of these functions which are analytic in larger sets, like
the Bloch–Wigner dilogarithm,

DðzÞ :¼ ImðLi2ðzÞÞ þ log jzjargð1	 zÞ zAC\½1;NÞ ð6Þ

which can be extended as a real analytic function in C\f0; 1g and continuous in C:
We will eventually use some properties of DðzÞ:

Dð%zÞ ¼ 	DðzÞ ð) DjR � 0Þ ð7Þ

	2

Z y

0

log j2 sin tjdt ¼ Dðe2iyÞ ¼
XN
n¼1

sinð2nyÞ
n2

: ð8Þ

More about DðzÞ can be found in [12].
Often we will write polylogarithms evaluated in arguments of modulo greater than

1, meaning an analytic continuation given by the integral. Although the value of
these multivalued functions may not be uniquely defined, we will always get linear
combinations of these functions which are one-valued, since they represent Mahler
measures of certain polynomials.

Now recall Eq. (4). If the Mahler measure of Pa is a linear combination of multiple

polylogarithms, and if we write jaj
x2þjaj2 ¼

i
2

1
xþijaj 	 1

x	ijaj

� 	
; then it is likely that the

Mahler measure of P̃a will be also a linear combination of multiple polylogarithms.
This will be the basis of our work.

In order to express the results more clearly, we will establish some notation.

Definition 5. Let

G :¼ /s1; s2; tS ðD Z=2Z"Z=2Z"Z=2ZÞ

an abelian group generated by the following actions in the set ðRÞ2:

s1 : ða; bÞ/ð	a; bÞ;

s2 : ða; bÞ/ða;	bÞ;

t : ða; bÞ/ 1

a
;
1

b

 �
:

Also consider the following multiplicative character:

w : G-f	1; 1g;

wðs1Þ ¼ 	1 wðs2Þ ¼ wðtÞ ¼ 1:

ARTICLE IN PRESS
M.N. Lal!ın / Journal of Number Theory 103 (2003) 85–10890



Definition 6. Given ða; bÞAR2; aa0; define,

log ða; bÞ :¼ log j a j:

Definition 7. Let aAR; x; yAC;

La
r ðxÞ :¼ LirðxaÞ 	 Lirð	xaÞ;

La
r:1ðxÞ :¼ log j a jðLirðxaÞ 	 Lirð	xaÞÞ;

La
r;sðx; yÞ :¼

X
sAG

wðsÞLir;s ðx; yÞ3 a;
1

a

 �s �
;

La
r;s:1ðx; yÞ :¼

X
sAG

wðsÞlog a;
1

a

 �s

Lir;s ðx; yÞ3 a;
1

a

 �s �
;

where

ðx1; y1Þ3ðx2; y2Þ ¼ ðx1x2; y1y2Þ

is the component-wise product.

Observation 8. Let aAR; x; yAC; then,

La
r;sðx; yÞ ¼ La

r;sðx;	yÞ ¼ 	La
r;sð	x; yÞ

and analogously with La
r;s:1

Observe also that the weight of any of the functions above is equal to the sum of
its subindexes.

We will need some technical propositions:

Proposition 9. Given aAR40Z
T1

L
a 1	w

1þwj j
n ðiÞ dw

w
¼ 	4nLa

nþ1ð1Þ þ 4La
n:1ð1Þ: ð9Þ

Proof. By definition,Z
T1

L
a 1	w

1þwj j
n ðiÞ dw

w
¼
Z
T1

Lin ia
1	 w

1þ w

����
����

 �
	 Lin 	ia

1	 w

1þ w

����
����

 � �
dw

w

¼ 2i

Z
N

0

ðLinðixÞ 	 Linð	ixÞÞ 2a dx

x2 þ a2
ð10Þ

(which can be proved in the same way as Eq. (4) in Proposition 1).
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Recall that

LinðixÞ ¼ 	In

1

ix
: 1

 �
¼ 	

Z 1

0

dt

t þ i
x

3
dt

t
3y3

dt

t|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
n

;

using this and the fact that 1
tþ i

x

	 1
t	 i

x

¼ 	 2ix
t2x2þ1

; the integral in (10) becomes

	8

Z
N

0

Z
0pt1pt2?ptnp1

x dt1

t21x2 þ 1

dt2

t2
y

dtn

tn

a dx

x2 þ a2
: ð11Þ

But

Z
N

0

ax dx

ðt21x2 þ 1Þðx2 þ a2Þ ¼
Z

N

0

1

x2 þ t	2
1

	 1

x2 þ a2

 �
ax dx

t21a
2 	 1

¼ a

2ðt21a2 	 1Þ log
x2 þ t	2

1

x2 þ a2

 �����N
0

¼ 	 a

t21a2 	 1

Z 1

t1

ds

s
þ a log a

t21a2 	 1
: ð12Þ

The integral in (11) becomes

8

Z
0pt1pt2?ptnp1

Z 1

t1

ds

s

a dt1

t21a2 	 1

dt2

t2
y

dtn

tn

	 8 log a

Z
0pt1pt2?ptnp1

a dt1

t21a
2 	 1

dt2

t2
y

dtn

tn

:

Although the sum of these two integrals is well defined, each of them is not defined
for a41 if we choose the real segment ½0; 1� as the integration path. We choose a

different integration path, such as gðyÞ ¼ eiyþ1
2 for 	ppyp0:

By using
2a

t21a2 	 1
¼ 1

t1	1
a

	 1
t1þ1

a

; and
R 1

t1
ds
s
¼
R t2

t1
ds
s
þ?þ

R 1
tn

ds
s
we get

4n Inþ1
1

a
: 1

 �
	 Inþ1 	1

a
: 1

 � �
	 4 log a In

1

a
: 1

 �
	 In 	1

a
: 1

 � �
¼ 	4nðLinþ1ðaÞ 	 Linþ1ð	aÞÞ þ 4 log aðLinðaÞ 	 Linð	aÞÞ

¼ 	4nLa
nþ1ð1Þ þ 4La

n:1ð1Þ &

Observe that we will only use the above proposition for the case n ¼ 2:
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Proposition 10. For z ¼ eiy; aAR40;Z 1

0

Lx
nðzÞ

a

x2 þ a2
dx þ

Z 1

0

Lx
nðzÞ

a

a2x2 þ 1
dx ¼ i

2
La

n;1ðiz; iÞ: ð13Þ

Proof. By definition, the sum of the integrals is equal to

Z 1

0

ðLinðzxÞ 	 Linð	zxÞÞ a

x2 þ a2
þ a

a2x2 þ 1

 �
dx: ð14Þ

Use that

LinðzxÞ ¼ 	
Z 1

0

dt

t 	 1
zx

3
dt

t
3y3

dt

t
¼ 	

Z
0pt1p?ptnpx

dt1

t1 	 1
z

dt2

t2
y

dtn

tn

:

The term in (14) with a
x2þa2

is equal to

Z 1

0

Z
0pt1p?ptnpx

1

t1 þ 1
z

	 1

t1 	 1
z

 !
dt1

dt2

t2
y

dtn

tn

a

x2 þ a2
dx:

Writing a
x2þa2

¼ i
2

1
xþia

	 1
x	ia

� 	
; we get

i

2
In;1 	1

z
: 	 ia : 1

 �
	 In;1

1

z
: 	 ia : 1

 �
þ In;1

1

z
: ia : 1

 �
	 In;1 	1

z
: ia : 1

 � �

¼ i

2
Lin;1 iza;

i

a

 �
	 Lin;1 	iza;

i

a

 �
þ Lin;1 iza;	 i

a

 �
	 Lin;1 	iza;	 i

a

 � �
:

The other integral can be computed in a similar way (or taking advantage of the

symmetry a21
a
)

i

2
Lin;1

iz

a
; ia

 �
	 Lin;1 	iz

a
; ia

 �
þ Lin;1

iz

a
; 	 ia

 �
	 Lin;1 	iz

a
; 	 ia

 � �
:

Adding both lines, we get the result. &

Proposition 11. For z ¼ eiy; aAR40;

Z
T1

Z 1

0

Lx
nðzÞ

a 1	v
1þv

�� ��
x2 þ a 1	v

1þv

�� ��2 dx
dv

v
þ
Z
T1

Z 1

0

Lx
nðzÞ

a 1	v
1þv

�� ��
a 1	v

1þv

�� ��2x2 þ 1
dx

dv

v

¼ 2iðLa
n;2ðz; 1Þ þLa

n;1:1ðz; 1ÞÞ: ð15Þ
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Proof. Consider the first integral. By definition, this is

Z
T1

Z 1

0

ðLinðzxÞ 	 Linð	zxÞÞ
a 1	v
1þv

�� ��
x2 þ a 1	v

1þv

�� ��2 dx
dv

v
:

We do the same change of variables as in the proof of Eq. (4) in Proposition 1 and
we get

4i

Z
N

0

Z 1

0

ðLinðzxÞ 	 Linð	zxÞÞ y dx

x2 þ y2

a dy

y2 þ a2
: ð16Þ

In the same way as in (12), we have:

Z
N

0

a y dy

ðx2 þ y2Þðy2 þ a2Þ ¼
a

a2 	 x2
log a þ

Z 1

x

ds

s

 �
:

Integral (16) becomes

	4i

Z 1

0

Z
0pt1p?ptnpx

1

t1 þ 1
z

	 1

t1 	 1
z

 !
dt1

dt2

t2
y

dtn

tn

log a þ
Z 1

x

ds

s

 �
a dx

x2 	 a2
:

This integral decomposes into two summands, one with
R 1

x
ds
s
and the other with

log a: But, as before, when we do this, each summand no longer converges if we
integrate on the real interval ½0; 1� and if 0pap1: So, we will change the path of

integration as we did before, to gðyÞ ¼ eiyþ1
2

for 	ppyp0:

We first compute the integral with
R 1

x
ds
s
: By using that a

x2	a2
¼ 1

2
1

x	a
	 1

xþa

� 	
;

we get

2i In;2
1

z
: a : 1

 �
	 In;2 	1

z
: a : 1

 �
þ In;2 	1

z
: 	 a : 1

 �
	 In;2

1

z
: 	 a : 1

 � �

¼ 2i Lin;2 za;
1

a

 �
	 Lin;2 	za;

1

a

 �
þ Lin;2 za;	1

a

 �
	 Lin;2 	za;	1

a

 � �
:

The term with log a yields

2i log a In;1
1

z
: a : 1

 �
	 In;1 	1

z
: a : 1

 �
þ In;1 	1

z
: 	 a : 1

 �
	 In;1

1

z
: 	 a : 1

 � �

¼ 2i log a Lin;1 za;
1

a

 �
	 Lin;1 	za;

1

a

 �
þ Lin;1 za;	1

a

 �
	 Lin;1 	za;	1

a

 � �
:
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The other integral is absolutely analogous, except that we useZ
N

0

a y dy

ðy2x2 þ 1Þðy2 þ a2Þ ¼
a

a2x2 	 1
log a 	

Z 1

x

ds

s

 �

(we can also compute it using the symmetry a21
a
). &

4. Examples of the first kind

The Mahler measure of the polynomials that we study in this section depends only
on the absolute value of the parameter a; hence, we will write the formulae with
a ¼ jaj in order to simplify notation.

We start with the simple polynomial 1þ ay; whose Mahler measure is

mð1þ ayÞ ¼ 1

2p

Z 2p

0

log j1þ aeiyj dy ¼ logþ a: ð17Þ

The first application of our procedure yields:

Theorem 12. For aAR40;

pmðð1þ xÞ þ að1	 xÞyÞ ¼ 	iLa
2ðiÞ: ð18Þ

Proof. By Eq. (4) in Proposition 1,

pmðð1þ xÞ þ að1	 xÞyÞ

¼ pmð1þ xÞ þ pm 1þ a
1	 x

1þ x
y

 �

¼ 2

Z
N

0

logþ z
a dz

z2 þ a2
¼ 	

Z 1

0

log w
2a dw

w2a2 þ 1

¼ i

Z 1

0

Z 1

w

ds

s

1

w þ i
a

	 1

w 	 i
a

 !
dw ðwe made z ¼ w	1Þ

¼ i I2 	 i

a
: 1

 �
	 I2

i

a
: 1

 � �
¼ 	i Li2 iað Þ 	 Li2 	iað Þð Þ ¼ 	iLa

2ðiÞ: & ð19Þ

Recall that we mean the analytic continuation of Li2: If we want to avoid this and
work with the series, the formula should be stated in the following way:

pmðð1þ xÞ þ að1	 xÞyÞ ¼
	iLa

2ðiÞ if ap1;

p log a 	 iLa	1

2 ðiÞ if a41:

(
ð20Þ
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The ap1 case is clear. For the a41 case,

mðð1þ xÞ þ að1	 xÞyÞ ¼mðð1	 xÞy þ að1þ xÞÞ

¼ log a þ m
1

a
ð1	 xÞy þ ð1þ xÞ

 �

which proves formula (20).
Now we apply the procedure again:

Theorem 13. For aAR40;

p2mðð1þ wÞð1þ xÞ þ að1	 wÞð1	 xÞyÞ ¼ 4La
3ð1Þ 	 2La

2:1ð1Þ: ð21Þ

Proof. By Proposition 9,

p2mðð1þ wÞð1þ xÞ þ að1	 wÞð1	 xÞyÞ ¼ 	 1

2

Z
T1

L
a 1	w

1þwj j
2 ðiÞ dw

w

¼ 4La
3ð1Þ 	 2La

2:1ð1Þ: &

As before, we can express this with the following formula:

p2mðð1þ wÞð1þ xÞ þ að1	 wÞð1	 xÞyÞ

¼
4La

3ð1Þ 	 2La
2:1ð1Þ if ap1;

p2 log a þ 4La	1

3 ð1Þ 	 2La	1

2:1 ð1Þ if a41:

(

Note that we could compute the same Mahler measure using formula (20) for the
Mahler measure of mðð1þ xÞ þ að1	 xÞyÞ: By doing this, we obtain a different
formula for the Mahler measure of the polynomial considered in Theorem 13:

Theorem 14. For aAR40;

p2mðð1þ wÞð1þ xÞ þ að1	 wÞð1	 xÞyÞ ¼ 	ipLa
2ðiÞ 	La

2;1ð1; iÞ:
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Proof. We integrate formula (20) and use Proposition 2:

p2mðð1þ wÞð1þ xÞ þ að1	 wÞð1	 xÞyÞ

¼ 	2i

Z 1

0

Lx
2ðiÞ

a

x2 þ a2
dx þ 2p

Z 1

0

log
1

x

 �
a

a2x2 þ 1
dx

	 2i

Z 1

0

Lx
2ðiÞ

a

a2x2 þ 1
dx: ð22Þ

The sum of the first and third integrals is La
2;1ð	1; iÞ ¼ 	La

2;1ð1; iÞ because of

Proposition 10 with n ¼ 2 and z ¼ i:
The second integral is the same as the one that occurs in Eq. (19) and it yields

	ipLa
2ðiÞ:

Adding the three terms together we prove the statement. &

If we compare the two formulae that we have got for mðð1þ wÞð1þ xÞ þ að1	
wÞð1	 xÞyÞ; we have proved the following equality between multiple polylogarithms:

Corollary 15. For aAR40;

4La
3ð1Þ 	 2La

2:1ð1Þ ¼ 	ipLa
2ðiÞ 	La

2;1ð1; iÞ: ð23Þ

Proof. This corollary is obtained from the two formulae for the Mahler measure of
ð1þ wÞð1þ xÞ þ að1	 wÞð1	 xÞy: See the appendix for a direct proof. &

Let us do the process of integration one more time.

Theorem 16. For aAR40;

p3mðð1þ vÞð1þ wÞð1þ xÞ þ að1	 vÞð1	 wÞð1	 xÞyÞ

¼ 4pLa
3ð1Þ 	 2pLa

2:1ð1Þ 	 2iðLa
2;2ði; 1Þ þLa

2;1:1ði; 1ÞÞ: ð24Þ

Proof. We will integrate Eq. (22) of Theorem 14. The term of higher weight
corresponds to

	
Z
T1

Z 1

0

Lx
2ðiÞ

a 1	v
1þv

�� ��
x2 þ a 1	v

1þv

�� ��2 dx
dv

v

	
Z
T1

Z 1

0

Lx
2ðiÞ

a 1	v
1þv

�� ��
a 1	v
1þv

�� ��2x2 þ 1
dx

dv

v
:

We solve this part by Proposition 11, setting z ¼ i and n ¼ 2:
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The third term is

	p
2

Z
T1

L
a 1	v

1þvj j
2 ðiÞ dv

v
¼ 4pLa

3ð1Þ 	 2pLa
2:1ð1Þ

by Proposition 9. &

5. Examples of the second kind

In this section, we still have that all the Mahler measures only depend on a ¼ jaj:
We start with a different polynomial, 1þ x þ ay þ az:

Theorem 17. For aAR40;

p2mð1þ x þ ay þ azÞ ¼FðaÞ

¼
2La

3ð1Þ if ap1;

p2 log a þ 2La	1

3 ð1Þ if aX1:

(
ð25Þ

Proof. This was proved by Vandervelde [11]. It is also possible to adapt some of the

proofs of mð1þ x þ y þ zÞ ¼ 7
2p2zð3Þ: For instance, following Smyth [10],

for V ¼
2 0 1

1 1 0

1 1 1

0
B@

1
CA mð1þ x þ ay þ azÞ ¼ mðð1þ x þ ay þ azÞV Þ

¼mð1þ x2z þ axy þ axyzÞ ¼ mðx	1 þ ay þ ðx þ ayÞzÞ

¼ 2

p2
ðLi3ðaÞ 	 Li3ð	aÞÞ ¼ 2

p2
La

3ð1Þ

for 0pap1:
Another possibility is to adapt the elementary proof given in Boyd [2]. For

0pap1:

p2mð1þ x þ ay þ azÞ ¼ p2mð1þ ay þ xð1þ awÞÞ ¼ p2m
1þ ay

1þ aw
þ x

 �

¼
Z p

0

Z p

0

logþ
1þ aeit

1þ aeis

����
���� ds dt
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¼
Z
0ptpspp

log j1þ aeitj 	 log j1þ aeisj ds dt

¼
Z p

0

ðp	 tÞ log j1þ aeitj dt 	
Z p

0

s log j1þ aeis j ds

¼ 	 2

Z p

0

t log j1þ aeitj dt

(here we have used that 0pap1; and formula (17)).
Now use that

log j1þ aeitj ¼ Re
XN
n¼1

ð	1Þn	1

n
aneint ¼

XN
n¼1

ð	1Þn	1 cos ðntÞ
n

an ð26Þ

and apply integration by parts,

p2mð1þ x þ ay þ azÞ ¼ 	 2
XN
n¼1

ð	1Þn	1 sinðntÞ
n2

ant

�����
p

0

þ 2

Z p

0

XN
n¼1

ð	1Þn	1 sinðntÞ
n2

andt

¼ 4
XN

n¼1 ðoddÞ

an

n3
¼ 2ðLi3ðaÞ 	 Li3ð	aÞÞ:

When aX1; use that

mð1þ x þ ay þ azÞ ¼ log a þ m
1

a
þ x

a
þ y þ z

 �
: &

If we compare with formula (20), for example, we may wonder whether the
formula in the second case aX1 of (25) is a value of 2La

3ð1Þ:

FðxÞ¼? 2Lx
3ð1Þ; x41:

Meaning, as always, some branch of the analytic continuation of Li3:
We will see now that this is false. We should have for x41;

p2 log x þ 2 Li3
1

x

 �
	 Li3 	1

x

 � �
�? 2ðLi3ðxÞ 	 Li3ð	xÞÞ:

Differentiating, and using that x Li3
0ðxÞ ¼ Li2ðxÞ;

p2

x
þ 2

x
Li2 	1

x

 �
	 Li2

1

x

 � �
�? 2

x
ðLi2ðxÞ 	 Li2ð	xÞÞ:
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Multiplying by x; and differentiating again,

Li1
1

x

 �
	 Li1 	1

x

 �
¼ Li1ðxÞ 	 Li1ð	xÞ:

Since x41; the left term is

log
x þ 1

x 	 1

 �

(using that the principal branch of Li1 is equal to 	logð1	 xÞ). The term in the right
is equal to

	
Z 1

0

1

t 	 1
x

	 1

t þ 1
x

dt ¼ 	 lim
a-p	

Z 0

	a

ieiy

2
dy

eiyþ1
2

	 1
x

þ logðx þ 1Þ

(we integrated on the path gðyÞ ¼ eiyþ1
2

for 	ppyp0).

¼ 	 log
x 	 1

x

 �
þ lim

b-p
2
	
log

cos b e	ib x 	 1

x

 �
þ logðx þ 1Þ

¼ log
x þ 1

x 	 1

 �
	 ip:

	gðyÞ ¼ e	iy þ 1

2
for 	ppyp0 represents the other homotopy class and in this

case, the integral is

¼ log
x þ 1

x 	 1

 �
þ ip:

Hence, both functions are not equal, which implies that FðxÞ cannot be expressed
as 2Lx

3ð1Þ:

Theorem 18. For aAR40;

p3mðð1þ wÞð1þ xÞ þ að1	 wÞðy þ zÞÞ ¼ 	ip2La
2ðiÞ þ 2iLa

3;1ði; iÞ: ð27Þ

Proof. Applying Proposition 2 to formula (25),

p3mðð1þ wÞð1þ xÞ þ að1	 wÞðy þ zÞÞ

¼ 4

Z 1

0

Lx
3ð1Þ

a

x2 þ a2
dx þ 2p2

Z 1

0

log
1

x

 �
a

a2x2 þ 1
dx

þ 4

Z 1

0

Lx
3ð1Þ

a

a2x2 þ 1
dx: ð28Þ
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The sum of the first and third integrals is 2iLa
3;1ði; iÞ because of Proposition 10

with n ¼ 3 and z ¼ 1:
The second term is the same as the one in integral (19) in Theorem 12, equal to

	ip2La
2ðiÞ:

Adding the three terms together we prove the statement. &

Finally, our result with the maximum number of variables:

Theorem 19. For aAR40;

p4mðð1þ vÞð1þ wÞð1þ xÞ þ að1	 vÞð1	 wÞðy þ zÞÞ

¼ 4p2La
3ð1Þ 	 2p2La

2:1ð1Þ þ 4 ðLa
3;2ð1; 1Þ þLa

3;1:1ð1; 1ÞÞ: ð29Þ

Proof. We will integrate Eq. (28) of the above theorem as always. The highest weight
term corresponds to

2

i

Z
T1

Z 1

0

Lx
3ð1Þ

a 1	v
1þv

�� ��
x2 þ a 1	v

1þv

�� ��2 dx
dv

v
þ 2

i

Z
T1

Z 1

0

Lx
3ð1Þ

a 1	v
1þv

�� ��
a 1	v

1þv

�� ��2x2 þ 1
dx

dv

v

which can be evaluated using Proposition 11 setting z ¼ 1; n ¼ 3:
Finally,

	p2

2

Z
T1

L
a 1	v

1þvj j
2 ðiÞ dv

v
¼ 4p2La

3ð1Þ 	 2p2La
2:1ð1Þ

by Proposition 9. &

6. Integration of Maillot’s formula

So far we have been considering the cases of 1þ ay and ð1þ xÞ þ aðy þ zÞ
and integrated them several times. We may wonder what happens with an
‘‘intermediate’’ case, namely 1þ x þ ay: This case is not so easy to handle, so we
will consider the following variant of the two variable case: 1þ ax þ ð1	 aÞy;
with aAC: This time the Mahler measure will depend on the argument of
a as well.

According to Maillot [7],

pmða þ bx þ cyÞ ¼ a log j a j þ b log j b j þ g log j c j þ D a
b

�� ��eig

 �

; W;

p log maxfj a j; j b j; j c jg; not W;

(
ð30Þ
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where W stands for the statement that j a j; j b j; and j c j are the lengths of the sides
of a triangle; and a; b; and g are the angles opposite to the sides of lengths j a j; j b j
and j c j; respectively (Fig. 1A).

In our particular case,

pmð1þ ax þ ð1	 aÞyÞ ¼ j arg a j log j 1	 a j þ j argð1	 aÞ j log j a j

þ
DðaÞ if ImðaÞX0;

Dð %aÞ if ImðaÞo0:

�
ð31Þ

since j a j; j 1	 a j and 1 are the lengths of the sides of the triangle whose vertices are
0; 1 and a in the complex plane (Fig. 1B). For the argument in the dilogarithm,
g ¼ j arg ðaÞ j; then we have to take a or %a so g is always positive.

We will integrate as always. We replace a by 1	w
1þw

:

Theorem 20. We have the following:

p2mðð1þ wÞð1þ yÞ þ ð1	 wÞðx 	 yÞÞ ¼ 2L1
3ð1Þ þ

p2

2
log 2: ð32Þ

Proof. We will apply Proposition 1 to Eq. (31) and then the change of variables

w ¼ eiy; which implies 1	w
1þw

¼ 	i tan y
2


 �
: With that change, a will be always pure

imaginary, so j arg a j ¼ p
2
(Fig. 1C).

p2mðð1þ wÞð1þ yÞ þ ð1	 wÞðx 	 yÞÞ

¼ 1

2

Z p

	p
	p
2
log cos

y
2

 �����
����þ y

2

����
����log tan

y
2

 �����
����þ D i tan

y
2

 �����
����

 � �
dy:

Using definition (6) of Bloch–Wigner dilogarithm,

¼ 1

2

Z p

	p
	p
2
log cos

y
2

 �����
����þ Im Li2 i tan

y
2

 �����
����

 � � �
dy:
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Fig. 1. (A)Relation among the parameters in Maillot’s formula. (B) Triangle for the general case of

1þ a þ ð1	 aÞy: (C) Triangle for the case a ¼ 	i tan y
2


 �
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For the first term, make t ¼ p	y
2
; this part becomes

	p
2

Z p

0

log j sin tj dt ¼ 	 p
2

Z p

0

ðlog j2 sin tj 	 log 2Þ dt

¼ p
4

Dðe2ipÞ þ p2

2
log 2 ¼ p2

2
log 2

by Eq. (8).

For the second term, make x ¼ tan y
2


 �
; then dy ¼ 2 dx

x2þ1
; the integral becomes

Z
N

	N

ImðLi2ðij x jÞÞ dx

x2 þ 1
¼ 1

i

Z
N

0

ðLi2ðixÞ 	 Li2ð	ixÞÞ dx

x2 þ 1
¼ 2L1

3ð1Þ:

The last equality is a particular case of the value computed for expression (10) in
Proposition 9.

Adding both terms we obtain the result. &

7. Concluding remarks

To conclude, let us observe that all the presented formulae share a common
feature. Let us assign weight 1 to any Mahler measure, to p and to any logarithmic
function. Then all the formulae are homogeneous, meaning all the monomials have
the same weight, and this weight is equal to the number of variables of the
corresponding polynomial.
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Appendix A. Some additional remarks about the case a ¼ 1

In this appendix, we would like to give some additional details about the
computation of the specific formulae that occur in the table of results for a ¼ 1:
All but two of these formulae can be directly deduced from the theorems
we have proved. These exceptions are: the formula with the term zð5Þ and
formula (2).

For the formula with the term zð5Þ:
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Theorem A.1. We have the following,

p4mðð1þ vÞð1þ wÞð1þ xÞ þ ð1	 vÞð1	 wÞðy þ zÞÞ ¼ 93 zð5Þ: ðA:1Þ

Proof. By Theorem 19 we have to prove that

4p2L1
3ð1Þ þ 4L1

3;2ð1; 1Þ ¼ 93 zð5Þ ðA:2Þ

i.e.,

7p2zð3Þ þ 8ðLi3;2ð1; 1Þ 	 Li3;2ð	1; 1Þ þ Li3;2ð1;	1Þ 	 Li3;2ð	1;	1ÞÞ ¼ 93 zð5Þ:

Now we use formula (75) of [1], which in this particular case, states that

Li3;2ðx; yÞ ¼ 	 1

2
Li5ðx yÞ þ Li3ðxÞ Li2ðyÞ þ 3Li5ðxÞ þ 2Li5ðyÞ

	 Li2ðx yÞðLi3ðxÞ þ 2Li3ðyÞÞ

for x; y ¼ 71:
Taking into account that

Likð1Þ ¼ zðkÞ and Likð	1Þ ¼ 1

2k	1
	 1

 �
zðkÞ ðA:3Þ

we get

Li3;2ð1; 1Þ 	 Li3;2ð	1; 1Þ þ Li3;2ð1;	1Þ 	 Li3;2ð	1;	1Þ ¼ 	21

4
zð2Þzð3Þ þ 93

8
zð5Þ:

We obtain the result by using that zð2Þ ¼ p2
6
: &

For formula (2) we have the following:

Proposition A.2. We have

X
0pjok

ð	1Þ jþkþ1

ð2j þ 1Þ3k
¼ 7

4
zð3ÞLðw	4; 1Þ 	

3

2
zð2ÞLðw	4; 2Þ

	 2 log 2 Lðw	4; 3Þ þ 2
X

0omon ðm evenÞ

w	4ðnÞ
m n3

:

Proof. Writing l ¼ 2j þ 1 and l þ n ¼ 2k; the left side is equal to

X
0pjok

ð	1Þ jþkþ1

ð2j þ 1Þ3k
¼ 2

X
0ol;nðl;n oddÞ

ð	1Þ
ðl	1ÞþðlþnÞ

2 þ1

l3ðl þ nÞ ¼ 2
X

0ol;nðl;n oddÞ

w	4ðnÞ
l3ðl þ nÞ:
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Now write

1

l3ðl þ nÞ ¼
1

l3n
	 1

l2n2
þ 1

ln3
	 1

n3ðl þ nÞ:

Using formulae (A.3), we get the first two terms of the statement. We need to look at
the last two terms together in order to ensure convergence,

X
0on

w	4ðnÞ
n3

X
0olðl oddÞ

1

l
	 1

l þ n

 �
¼
X
0on

w	4ðnÞ
n3

	log 2þ
Xn

0omðm evenÞ

1

m

0
@

1
A

and the statement follows. &

Formula (2) can be obtained from the above proposition and the fact that
Lðw	4; 1Þ ¼ p

4
:

Appendix B. A direct proof for Corollary 5

Recall the statement:

Corollary 15. For aAR40;

4La
3ð1Þ 	 2La

2:1ð1Þ ¼ 	ipLa
2ðiÞ 	La

2;1ð1; iÞ:

Proof. First observe that after the change a21
a
; equality (23) remains the same with

the cancelation of a term of the form p2 log a in each side. Then, it is enough to prove
Eq. (23) for 0oap1:

Eq. (23) is equivalent to

8
XN

n¼1ðoddÞ

an

n3
	 4 log a

XN
n¼1 ðoddÞ

an

n2

¼? 	2 ip
XN

n¼1 ðoddÞ

inan

n2
þ 4a

Z 1

0

dt

t2 þ 1
3

dt

t
3

dt

t2 þ a2
þ dt

a2t2 þ 1

 �

¼ 2p
XN

n¼1 ðoddÞ

ð	1Þ
n	1
2 an

n2

þ 4

Z 1

0

arctan s

s

p
2
	 arctan

s

a

� 	
	 arctanðasÞ

� 	
ds: ðB:1Þ

Our strategy will be as follows: we will prove the equality for the derivatives and
for the particular case a ¼ 1: In order to prove the equality for the derivatives, we
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will do the same, i.e., we will examine the case a ¼ 1 and differentiate again and
compare the second derivatives.

Let us start with a ¼ 1: The term in (B.1) becomes

¼ 2p
XN

n¼1 ðoddÞ

ð	1Þ
n	1
2

n2
þ 2p

Z 1

0

arctan s

s
ds 	 8

Z 1

0

arctan2 s

s
ds:

Make s ¼ tan x:

Z 1

0

arctan2 s

s
ds ¼

Z p
4

0

x2

sin x cos x
dx

¼ x2 logðtan xÞj
p
4

0 	
Z p

4

0

2 x ðlogð2 sin xÞ 	 logð2 cos xÞÞ dx:

The first term is zero. For the second term make y ¼ p
2
	 x

¼ 	
Z p

4

0

2 x logð2 sin xÞ dx þ
Z p

2

p
4

ðp	 2 yÞ logð2 sin yÞ dy

¼ 	
Z p

2

0

2 s logð2 sin sÞ ds þ p
Z p

2

p
4

logð2 sin sÞ ds:

Using properties (7) and (8), of the Bloch–Wigner dilogarithm,

¼ s Dðe2isÞj
p
2

0 	
Z p

2

0

XN
n¼1

sinð2 n sÞ
n2

ds 	 p
2

Dðe2pisÞj
p
2
p
4

¼ 	
XN

n¼1 ðoddÞ

1

n3
þ p

2

XN
n¼1 ðoddÞ

ð	1Þ
n	1
2

n2
:

Using the power series of 1
1þs2

and integrating, it is easy to see that

Z 1

0

arctan s

s
ds ¼

XN
n¼1 ðoddÞ

ð	1Þ
n	1
2

n2
:

Putting all of this together in Eq. (B.1), we conclude

	ipL1
2ðiÞ 	L1

2;1ð1; iÞ ¼ 8
XN

n¼1 ðoddÞ

1

n3
¼ 4L1

3ð1Þ

as we expected.
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We differentiate the original Eq. (B.1) and multiply it by a:

4
XN

n¼1 ðoddÞ

an

n2
	 4 log a

XN
n¼1 ðoddÞ

an

n

¼? 2p
XN

n¼1 ðoddÞ

in	1an

n
þ 4a

Z 1

0

arctan s
1

s2 þ a2
	 1

a2s2 þ 1

 �
ds: ðB:2Þ

Set a ¼ 1; we get

4
3

4
zð2Þ 	 2 lim

a-1
log aðlogð1þ aÞ 	 logð1	 aÞÞ¼? p

i
ðlogð1þ iÞ 	 logð1	 iÞÞ:

This is an equality, because the first term in the left and the term in the right are

equal to p2
2
and the other term is zero.

Apply integration by parts on the last term of (B.2):

4a

Z 1

0

arctan s
1

s2 þ a2
	 1

a2s2 þ 1

 �
ds

¼ p arctan
1

a

 �
	 arctanðaÞ

 �
	 4

Z 1

0

arctan
s

a

� 	
	 arctanðasÞ

� 	 ds

s2 þ 1
:

Now we differentiate (B.2),

	4 log a
XN

n¼1 ðoddÞ
an	1 ¼? 2p

XN
n¼1 ðoddÞ

ðiaÞn	1 	 2 p
a2 þ 1

þ 4

Z 1

0

1

s2 þ a2
þ 1

a2s2 þ 1

 �
s ds

s2 þ 1
:

And this is an equality indeed, which can be seen from the fact:

4 log a

a2 	 1
¼ 4

Z 1

0

1

s2 þ a	2
	 1

s2 þ a2

 �
s ds

a2 	 1
: &
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