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Abstract

A homeomorphism 4 : X — X is expansive provided that there exists a constant ¢ > 0 and for every x, y € X there exists an
integer n, dependent only on x and y, such that d(h"(x), A" (y)) > c. It is shown that if X is a 1-dimensional continuum that
separates the plane into 2 pieces, then 4 cannot be expansive.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

A continuum is a compact, connected metric space. A continuum is a plane continuum if it can be embedded
in the plane. A homeomorphism 4 :X — X is called expansive provided that there exists a constant ¢ > 0 and for
every x, y € X there exists an integer n such that d(h"(x), " (y)) > c¢. Expansive homeomorphisms exhibit sensitive
dependence on initial conditions in the strongest sense in that no matter how close any two points are, their images
will eventually be distant in a certain distance.

One problem of interest is the classification of plane continua that admit (or do not admit) expansive homeo-
morphisms. The Plykin attractor [9] is a 1-dimensional plane continuum that admits an expansive homeomorphism.
A 2-dimensional plane continuum that admits an expansive homeomorphisms has been constructed in [7]. It is known
that tree-like continua and hence, 1-dimensional non-separating plane continua, do not admit expansive homeomor-
phisms [6]. A n-separating plane continuum is a continuum separating the plane into n complementary domains.
The Plykin attractor is a 4-separating plane continuum. The main result of this paper will show that 1-dimensional
2-separating plane continua do not admit expansive homeomorphisms. The corresponding result is still unknown for
3-separating plane continua. For more background information see [4] and [5].

In order for a homeomorphism to be expansive, stretching of subcontinua by the homeomorphism must occur.
In compact spaces, this means that subcontinua must either be stretched and wrapped or stretched and folded. The
dyadic solenoid [11] and the Plykin attractor are examples of continua that admit expansive homeomorphisms that
wrap subcontinua. On the other hand, when subcontinua are stretched and folded, some points do move closer together.
Under this type of action, it appears that the homeomorphism will not be expansive. This is evident in the result that
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tree-like continua do not admit expansive homeomorphisms. Similarly, homeomorphisms that stretch subcontinua of
2-separating plane continua must have some folding. This is the idea in the proof of the main result.

2. Characterization of 1-dimensional 2-separating plane continua

We begin with several important definitions. Let d(x, y) be the Euclidean metric in the plane. If A and B are subsets
of R, define the distance between A and B as d(A, B) = inf{d(x,y) | x € A and y € B} and the Hausdorff distance
between A and B by dy (A, B) = max{sup,., d(x, B), SUPycp d(A, y)}.

Let U be an open cover. The mesh of U is defined by

mesh(U) = sup{diam(U) | U e U}.
For U € U, the core of U is defined as
core(U) = ﬂ{U -V | Veld-— {U}}.

A cover is taut if U NV = ¢ for all disjoint U, V € U. Throughout the paper, we will assume that all covers are taut.
It follows that if I/ is a taut open cover of a compact space, then core(U) # ¢ for each U € U since we are only
considering compact spaces. A cover V refines U if for every V € V there exists U € U such that V. C U; V closure
refines U if V C U; and V 2-refines U if for every V;, V; € V such that V; N V; # @, there exists a U € U such that
V;UV; CcU.U is an amalgamation of U if each element of U’ is the union of elements of U. Define the star of U as

u=Ju.
Ueld

A chain [Cy, Ca, ..., Cy] is a collection of open sets such that C; N C; # @ if and only if |i — j| < 1. A circle-
chain [Cy, C2, ..., Cy]s is a collection of open sets such that C; N C; # @ ifandonlyif |i — j|<lor|i — jl=n—1.
A collection of open sets U is connected if for every U, U’ € U, there exists a chain from U to U’ in U.

A open cover U is 1-dimensional if every element of X is in at most 2 elements of U. X is 1-dimensional if for
every ¢ > 0 there exists a finite 1-dimensional open cover U of X with mesh({/) < ¢. The nerve of cover U, denoted
N(U), is a geometric simplicial complex (a graph if I/ is 1-dimensional) where each element U; € U is represented
by a vertex u; € N (Uf) and there exists an arc (edge) in N ({f) from u; to u; if and only if U; N U; # @. Suppose that
U and V are taut 1-dimensional covers such that V refines U/. Then there is an induced vertex map f:N(V) — N(U)
defined in the following way: Let v; be the vertex of N (V) that corresponds to element V; of VV and let u ; be the vertex
of N (/) that corresponds to element U; of U/. Then construct f in the following way:

(1) If V; Ncore(U ) # @, then let f(v;) =u;.

() IV, CU;NUj, V; N Vi #@and Vi Neore(U;) # @ (or Vi Ncore(U1) # #), then let f(v;) = (uj + (Huj
(or f(vi) = (ujr + (Puj).

(3) If V; C U;NU; but VyyNcore(U;) = @ and Vs Ncore(U;) = ¥ whenever V; NVyr # @, let f(v;) = (Hujr+(3)u;.

Notice that f maps adjacent vertices of N (V) to either the same or to adjacent endpoints of quarter subdivisions of
an edge of N (i), i.e., the same or adjacent vertices of the second barycentric subdivision of N (V). Extend f linearly
onto the edges of N (V) to produce a simplicial map N ())) onto the second barycentric subdivision of N (V).

A finite open cover U is a tree-cover if the nerve N ({f) is a tree. A finite open cover U is 1-cyclic if the nerve N (Uf)
is a graph that contains exactly 1 simple closed curve. A continuum X is tree-like (1-cyclic) if given any ¢ > 0, there
is a tree (respectively, 1-cyclic) cover ¢ of X such that mesh({/) < . Equivalently, X is 1-cyclic if it is the inverse
limit of 1-cyclic graphs.

In this section, it will be shown that 1-dimensional 2-separating plane continua are 1-cyclic continua with “de-
gree 1”7 nested covers. The proof of this is a generalization of the one due to Bing [1] of the theorem that all circle-like
continua that can be embedded in the plane are the nested intersections of refining circle covers with degree 1.

Let S be a simple closed curve in the plane. Then the interior of S is its bounded complementary domain and the
exterior is its unbounded complementary domain. If Y is a subset of the plane, let Y denote the complement of Y.
A closed (not necessarily compact) connected subset W of the plane is an unbounded plane continuum provided that
W is closed, connected and W€ is bounded.
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Theorem 1. Each 1-dimensional 2-separating continuum X has the following properties:

(1) X is 1-cyclic.

(2) For every € > 0 there exists a 1-cyclic cover Uy of X with mesh less than & such that each member of U, is the
interior of a disk.

(3) X is the nested intersection of annuli.

Proof. Given ¢ > 0, let U, be a finite collection of interiors of simple closed curves that covers X with mesh less than
¢ such that no point is in more than 2 elements of U/,. Also let

M = X U {the bounded complementary domain of X}
and
P = X U {the unbounded complementary domain of X}.

Since M does not separate the plane, there exists an unbounded plane continuum W, which does not intersect M but
with a simple-closed-curve-boundary Sw, and is covered by U. Let I/ be the collection of all interiors {Uy}qe of
closed curves such that each U, is a component of the intersection of W< and an element of U,. Let U’ C U be a
minimal finite subcover of X. Notice that no point is in more than 2 elements of I/’.

Likewise, there exists a continuum Q. which does not intersect P such that the boundary is a simple closed curve
S, which is covered by U’. Let V be the collection of all interiors {Vg}ger of closed curves such that each Vg is
a component of the intersection of Q¢ and an element of Z/’. Let V' C V be a minimal finite subcover of X. Again,
no point is in more than 2 elements of V’. Additionally, each member of V' is the interior of a disk. Also, notice that
UFUW:UQ, =R2%

Now we show that V' is a 1-cyclic cover of X by contradiction. Suppose Cy = [CO, e CS]o and C; =
[Cll, e, C,ln]o are distinct circle-chains of V. Let So = p1p2... pap1 and S; =rra ... ryr1 be simple closed curves
such that p; p; 1, pap1,7jrj+1 and rpry are arcs contained CiO s C,(l) s le. and C,ln, respectively. Without loss of gener-
ality, we can assume that S, is in the interior of S; and Sy is not in the interior of §j.

Since Cy and C, are distinct, there is an element C? € Cp that is not in C;. So there exists a point p that is on the
boundary of C?, C?_l and C? N C?-] and that is in the interior of So (being in the interior of Sy, ) but in the exterior of
So, (being separated by S1). Thus, p ¢ W, U Q, and it follows that p € 1. Hence, there exist distinct U;_1, U; € U
such that C? c U, C?71 C U;_1. It now follows from the construction of V' that p is on the boundary of U;, U;_1
and U; NU;_1. But then there exists a U € Uy, distinct from U; and U;_1, such that p € U. However, that implies that
U NU; NU;—1 # ¥ which contradicts the fact that no point is in more than 2 elements of U,. Therefore, VV must have
at most 1 cycle.

To show that X is the nested intersection of annuli, first let A, = W_g‘ — Q7. Then X C A; anddy (X, Ag) <e. Let
e1 = 1 and inductively let

ent1 < (1/2)min{1/(n + 1), d(4,,, X)}.
Then A,,,, C Ag. Hence X =72 A,,. O
Next, we will derive a necessary condition for a 1-cyclic continuum to be embeddable in the plane. Let C =
[Co, ..., Cn—1]o be the circle chain of 1-cyclic cover U. The branch of C; € C is the subset:
B(Ci) ={U e U |if D is a chain from U to C; then D NC = {C;}}.

Let U/ and V be 1-cyclic covers such that

(1) V refines U,

2) C=[Cyp,...,Cu_1]o is the circle chain cover of U,
(3) C'=I[Cy,....C,,_ 1, is the circle chain cover of V,
(4) both Cj and C,, _, intersect the core of Cy.
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For V € V, define FL‘[}(V) = j if there exists U € B(C;) such that V C U € B(C;). Note that there could be two
choices for FZ}} (V), but it does not matter which one is picked. Next define

ALHO L, m— 1) > Z,
such that AZ (0) = 0 and then continue inductively by
AN —1) if Y(CH=r)Y(C]_),
AL =1 AG—D+1 ifLY(CH=1Y(C_)+1or [/ (C))=0and IY(C|_)=n—1,
A= —1 ifLY(CH=r)C/_)—1,0r LY (C)=n—1and IY(C]|_)=0.
Define the degree of V in U by

A} m = 1) = A} (0)]

n

deg;, (V) =

Notice that the degree of )V in U/ is an integer that measures the number of times for which C’ “essentially circles” C.
Also, since both C(’) and Cr’n_1 intersect the core of Cy, this value is independent of our choice for FJ ).

The following definitions and results can be found in [8]: Given a topological space Y let H,(Y), }EIP(Y),
HP(Y) be the pth-dimensional homology group, reduced homology group and cohomology group for ¥ (with in-
tegral coefficients), respectively. If f:X — Y is a continuous function on topological spaces X and Y, then let
fx:Hp(X) — Hp(Y) and f*: HP(X) — HP(Y) to be the induced homology and cohomology homomorphisms, re-
spectively. Suppose that ¥ = (2, D; = (72, U where D; is a nested sequence of polyhedra and If; is a sequence
open covers of Y such that U; 4 refines ;. Then the pth-dimensional Cech cohomology of Y is defined by

HP(Y) = lim (H?(Dy). gf) = lim (H? (NW)). f7)
1—> 00 1—> 00
where g; : D; — D;4 is the inclusion map and f; : N(U;) — N (U;+1) is the induced simplicial map of the nerves.

Let X and Y be homotopic to S'. Given generators e of Hy(X) and B of Hi(Y), the degree of a map f:X — Y
is defined as the integer given by f () = deg(f)B. Since H'(S') is infinite cyclic, it also follows that f*(a) =
adeg(f). Notice that if / and V are 1-cyclic covers of X such that V refines U/, then deg;, (V) = deg(f) where f is
the simplicial vertex map from N (V) to N (if) which is induced from the refinement.

The next theorem is the main result of this section:

Theorem 2. If X is a one-dimensional 2-separating plane continuum, then X = (72, U where {U;}7° | is a sequence
of 1-cyclic covers of X with the following properties:

(1) Uiy refines U;,
(2) mesh(lf;) = 0asi — oo,
(3) degy, Uiv1) =1.

Proof. Since S? — X has 2 path connected components, Hy(S? — X) = Z. So by the Alexander—Pontryagin Du-
ality Theorem, we have H L(X) = Hy(S%? — X) = Z. Also, since each NU;) is homotopic to S!, it follows that
H'(NU;)) = Z. Thus, 1 HY(NWU)) — Hl(N(L{iH)) must be the identity for all but a finitely many i’s. There-
fore, the simplicial vertex map f; : N(U;4+1) — N (U;) must have degree 1. Thus, degul, Ui+ =1. O

3. Wrapping tree-like subcontinua

In this section, we construct a method to measure how a tree-like subcontinuum “wraps” in a 1-cyclic cover. Again,
let U/ and V be 1-cyclic covers such that

(1) V refines U,
(2) C=[Cy,...,Cu_1]o is the circle chain cover of U/,
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Fig. 1. AE(91) =11, (-)Z}{)(V) =6, @%(W) =-5, .QZ}[;(V) =17 and .QZ}{/(W) = 6. The positive direction is taken to be counterclockwise rotation.

(3) C'=I[C,...,C),_,], is the circle chain cover of V,
(4) both C and C], _, intersect the core of Co.

Next, for each C} € (' define @gj (C}) =0.LetV e B(C}) — {C;} and let p(V) be the unique element of the chain
from V to C ; in B(C ;.) that intersects V (i.e. p(V) precedes V in the chain). Then we can define inductively:

Oy (p(V)) if 0Y(V)=T)Y (p(V)),
Of(V)=1 O (p(V) +1 if [Y(V)=TY(p(V) +1,0r [Y(V)=0and LY (p(V) =n -1,
OY(p(V) -1 if LY V)= (p(V)—1,0or IY(V)=n—1and Iy (p(V)) =0.

Finally, for each V € V), define Qz‘j 1V — Zby
Q%(V) = AZ,(j) + @2,)(V) where j is the integer such that V B(C}).

The number A}j( J) measures the “wrapping position” of C}. relative to C|) from the chain [C),...,C }], @2{/ V)
measures the wrapping position of V relative to C} from the chain [C’, ..., p(V), V], and .Qg[} (V) measures the
wrapping position of V relative to C, from the chain [C, ..., C}, ..., p(V), V].(See Fig. 1)

Suppose U is a 1-cyclic cover of X, C C U is the circle-chain of U and H is a tree-like subcontinuum of X such that
H N C # @ for some C € C. Define 7 (H, U) to be some tree-cover of H that refines ¢/ and has minimum cardinality.
Although 7 (H,U) itself is not uniquely determined, the cardinality of 7 (H,{{) is uniquely determined and this
uniqueness will be used in the main result.

Proposition 3. Suppose that 1 < |T (H,U)|. If U eUd and V € T (H,U) such that V C U, then V Ncore(U) # 0.
Proof. Suppose that V N core(U) = @, then there exists a U’ € U distinct from U such that V.C UNU’. Let V' €
T(H,U) such that VNV’ 4@ . Then V' CU or V' CU'.Hence VUV ' CU or VUV’ CcU’. Thus (T (H,U) —
{V,V'HU{V UV} is a tree cover of H that refines U/ with cardinality less than 7 (H, ) which contradicts the
minimality of 7(H,U). O

Define Q(H,U) ={Q € T(H,U) | Q C C for some C € C} as the trunk of 7 (H,U).
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Proposition 4. Q(H, U) is a connected collection of open sets.

Proof. Suppose that Q(H, Uf) is not connected, then there exist nonempty disjoint sets Q,, Op such that Q(H,U) =
9, U Qp and for every Q4 € Q, and Qp € Q) there is no chain in Q(H,U) from Q4 to Qp. Let 0% € Q, and
Q% € Qp. Since T(H,U) is a tree-cover there exists a unique chain Co=1To,Th,...,T,] C T(H,U) such that
To= Q% and T, = Q".

Let j, be the largest integer in {0, ...,n — 1} such that T;, € Q, and let jj, be the smallest integer of {1, ..., n}
greater than j, such that T;, € Qp. If j, + 1 = jip, then [T}, T;,] is a chain from Q, to Q) contained in Q(H, )
which is a contradiction. So suppose that j, > j, + 1. Then there exists Uj, 1 € —C such that T, 1 C Uj, 1. Let
C;,,Cj, €Csuchthat T;, C Cj,, T;, C Cj,, and define Uy, ={U €U | T; CU fori e {j, +1,..., j, — 1}}. Since
[T, 41, ..., Tj,—1]is connected, Uy, is connected. Also note that each T; ¢ Q, U Qp, and hence, T; C U; ¢ C for every
ie{ja+1,...,jp— 1}. Thus, U,y NC = @. Tt follows that U, contains no circle-chain and hence must be a tree-
cover. Notice that since T, 41 C Uj, 41 it follows that Uj, 1 € Uyp and since Tj, 41 N T}, # ¥, we may conclude that
Uj,r1NCj, # #. Thus, Uy, C B(Cju). Likewise, Uj,-1NCj, # ¢ and thus, U, C B(Cjb). So B(Cja) N B(Cjb) #+40,

and it follows that Cj, = C,. Therefore, j, = j, which is a contradiction. O

Proposition 5. Suppose that A, B, and C are distinct elements of T (H,U) such that A1 N Ay # @ and A, N A3 # 0.
If Uy, Uy, Uz €U such that A; C U; fori € {1,2,3}, then Uy, Uy and Us are all distinct.

Proof. If U; = U; for i # j, then (T (H,U) — {A;, A;}) U{A; U A} would be a tree-cover of H that refines I/ but
has cardinality less than 7 (H, ) which is a contradiction that 7 (H,U{) is minimal. O

Proposition 6. Q(H, ) is a chain.

Proof. Since Q(H,U) is a connected subset of a tree-cover. It must also be a tree-cover. So it suffices to show that
Q(H, U) has no branching. Suppose there exist distinct C’, C;,, C;, C. € Q(H,U) such that C'NC, #@,C’'NC; # ¥
and C'NC.#P.Let C,Cq, Cp, Cc € Csuchthat C' C C, C), C Cy, C, C Cpp and C;. C C.. Then by Proposition 5, C,
C,, Cp and C, are all distinct. Furthermore C N C,, C N Cp and C N C, are all nonempty. Thus, C is not a circle-chain
which is a contradiction. O

Lemma 7. Let C =[Cy, ..., Cy—1]o be the circle-chain of U. Then Q(H,U) is a chain indexed as follows:
[Ca(), Cag1 (i), ..., Cuei (i), Coli + 1), ..., Cai G+ 1), Coli + 1), ..., Cp(j)]

where o, f € {0, 1,...,n — 1} and Cy(m) C Ci for each m. Also i is an arbitrarily chosen integer and j denotes an
index which will be given in the proof.

Proof. Pick any integer i. Since Q(H, ) is a chain, it must have 2 endlinks say U and V. Let U’ and V' be the unique
links of Q(H,U) that intersect U and V, respectively. There exist o, a’, 8, 8’ € {0, 1, ..., n — 1} with the following
properties:

(1) eithero’ =a+lora=n—1anda’ =0,
(2) eitherf'=B—1lorp =n—1and =0,
(3) either U C Cy, U' CCy, VCCg,and V' C Cgror V C Cq, V' CCy, U CCg,and U’ C Cp.

Without loss of generality, assume U C C,. Then let Co (i) =U and let Cp (i) = U’ if &’ #0 and Cy (i + 1) = U’ if
a' =0.
Continuing inductively, suppose that [Cy (i), ..., C), (m)] have been found. We have 3 cases to consider:

Casel. O<y <n—1.
Let Q' be the element of Q(H, ) different from C,,_(m) that intersects C, (m). It follows from Proposition 5
that Q' C Cy 4. Let Cpyi(m) = Q.
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Fig. 2. Here i is arbitrarily chosen to be 3. 7 (H,U) is created from U/. Notice that W(H,U{) =2=5—3since f=4>3=q.

Case 2. y =0.
Let Q' be the element of Q(H, U) different from C,_;(m — 1) that intersects C,, (m). It follows again from Propo-
sition 5 that Q" C Cp41. Let Cyy 1 (m) = Q'.

Case3. y=n—1.
Let Q' be the element of Q(H, Uf) different from C, _1(m) thatintersects C) (m). It also follows from Proposition 5
that Q' C Cy. Let Co(m + 1) = Q’.

Since Q(H,U) is finite, this process will stop at the endlink V = Cg(j). O

Define the wrapping number W (H,U) of H on U by:
j— i ifa <8,
waw=|’"" Tesh
j—i—1 ifa>p,

where i, j, @ and 8 are as in Lemma 7. Let B(U, s) be the unique element of 7 (H, ) such that

(1) B(U,s)cUel,
(2) there exists a chain D C 7 (H,U) from Ci(s) to B(U, s) such that DN Q(H,U) = {Cy(s)} where U € B(Cy).

Notice that B(U, s) is at the position where 7 (H, ) has “wrapped” U/ s times. Also, notice that B(Cy, s) = Ci(s).
Here, U is called the symbol and s is called the index of B(U, s). (See Fig. 2.)

Proposition 8. Suppose B(U, s1), B(V, s2) are distinct elements of T (H,U). Then B(U, s1) N B(V, s3) # @ implies
that U N'V #£ 0 and also the following:

() fUUV g CoUCy_q, then s; = 3,
2) ifU=CopandV =C,_1, then sp =51 — 1,
3) ifV=Cypand U =C,_1, then s1 =53 — 1.

Proof. Clearly, B(U, s1) N B(V, s2) # ) implies that U NV # (. Suppose that (1), (2) and (3) are false. Let p, g
be the integers such that U € B(C,) and V € B(C,). Let Dy and D, be the respective unique chains in 7 (H,U)
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from B(U, s1) to Cp(s1) and from B(V, s2) to C,(s2). Finally, let C’ be the unique chain in Q(H, U) from Cp(s1) to
C4(s2). Then Dy UC' U D; is a circle-subchain in tree-cover 7 (H, U) which is a contradiction. O

Next let Uy and U; be 1-cyclic covers of X with such that
(1) U is adegree 1 closure 2-refinement of U,
2) Ch= [Cg, e, Cy(,)—l]o is the circle chain cover of U,

3) C = [C&, e, Crln—l]o is the circle chain cover of U,
(4) both Cé and C ,11_ | intersect the core of C8 .

Define the wrapping number W (U, Uy) of Uy on Uy as

max{szf’{(; V)|V eldy)— min{sz{”,(; V)|V eul}J
n

W(U1,U0)={

where | x| denotes the largest integer less than or equal to x. W (U, Up) counts the maximum number of times that
subchains of U wrap Up.
Now suppose that 7 (H,U;) and Q(H,U;) =

[Ch, D). Coy 41 D)o Gy (). CoG + 1), Co_ (h + 1), G +2), ... Cp ()]

have been found as in Lemma 7. Then, for each U € U, let

o~ Q I V

" w)

i
2, (V) 2
“0 | =3, and [—&—| = 5. Then

For example, suppose that U € Uy and W,V € U such that V, W C U, |
B(V,8)UB(W,6) C B(U,11).
Finally, let

T(H,Up) ={BWU,s)|Uelpands=p+q}.

We first show that under this construction, 7 (H, Up) is a tree-cover of H that refines U and has minimal cardinality.
Then we will compare how H wraps in U to how H wraps in Up.

Proposition 9. Suppose that V, V' € Uy where V NV’ #£ (. Then
U U
|2, (V) = 2,1 (V)| =0, 1 orn.

(0)

c!
J 0 dl_ Uo(ml)J_l

Furthermore, |_
Proof. The proof follows from the fact that degu0 UHy=1.

The next proposition is similar to Proposition 8 and shows that 7 (H,Uy) and 7 (H,U;) have similar properties.
However, 7 (H, Uy) and 7 (H, U;) are constructed in different ways, so the proofs of the propositions are different.

Proposition 10. Suppose §(U0, SU), E(Vo, sy ) are distinct elements of T (H,Uy). Then §(U0, sy) N §(V0, sy) # 0
implies that Uy N Vo #£ O and also the following:

() IFUUV ¢ CYUCY_| then sy =sy.
(2) If Up=C{) then Vo =C°_, and sy = sy — L.
3) IfVo—CothenUo—C _jand sy =sy — 1.
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Proof. If E(Uo, sy) N §(Vo, sy) # @, then clezgly Up N Vy # @. Tt also iollows that there exist distinct B(Uy, py),
B(V1, pv) € T(H,U) such that B(U1, py) C B(Uy, sy), B(V1, py) C B(VO,SV) and B(Uy, py) N B(Vl,Pv) #0.

1
QMO (%

By the definition of B(Uy, s¢) and B(Vy, sv), it follows that sy = py + |
Ui N'Vy #@. We have 9 cases to consider:

J and sy = py —|—L J Clearly,

Casel. UgUVog CQUC? [ andU UV, ¢ CluC)

m—1"

uo Uy

Lv)
Then by (1) of Proposition 8, py = py. Also by Proposition 9, | =1 MO : ]. Hence,

24wy 24 (vp)
Sy =pu+ {TJ =pv+ {TJ sy.

Hence, (1) is true.

Case 2. UOUVOgZC uc? U= C and V| =

n—1° ml

( 1) “0( Vi)

Then by (2) of Proposition 8, py = py — 1. Also by Proposition 9, L ] =0and | ] = 1. Hence,
4wy 24 U 9“1 (V1)
Sy =pu + T =pu=pu—1+ — +1=pyv+ T =sy.

Hence, (1) is true.

Case3. UUV ¢ CQUCY_ |, U;=C)_ and Vi =C].
This is similar to Case 2.

Cased. Up=CJ, Vo=C? |,and U UV, ¢ ClUC!

n—1° m—1"

U
... . 2, (U1)
Then by (1) of Proposition 8, py = py. Also Uy C Cg and V| C C,?_l. Since Uy NV #0 , | u"n : ] =

Yo
|—— uo : 1+ 1 by Proposition 8. Hence,

24 wy) 24 vy
SU—1=Pu+{uOTJ—1=Pv+Lu°TJ+1—1=Sv-

Hence, (2) is true.

Case5. Uy=CJ, Vo=C" |,U1=C}and V| =
Since Cr}a—l intersects the core of CO, V1 cannot be contained in V{ which is a contradiction. So this case is

impossible.

ml

Case 6. Uy _CO, Vo=C% ,,
This is similar to Case 5.

Uy=C)_,andV,=C].

Cases 7-9. Vp = CO, and Uy = Cn 1
This is similar to Cases 4-6. O

Lemma 11. 7 (H, Uy) is tree-cover of H that refines Uy and has minimum cardinality.

Proof. It follows from Proposition 10 that if E(U, s), E(V, t) € T(H,Uy) then E(U, s)N E(V t) # () implies that
either s = ¢ and U, V are elements of U intersecting each other, or s =t — 1, {U,V} = {Cn > Cg}. Hence, a
circle-chain in 7 (H,Up) would imply a circle-chain in Uy composed of the same symbols. But the only circle-
chain in Uy is [CO, Cg, --~,C2,1]o- This would imply that the circle-chain of 7 (H,Uy) must be of the form
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[§(C0, s), §(C0, ), ..., 1/9\(CO s)]o for some s. However that implies that §(C0, s) and §(C0 s) intersect which

n—1° n—1°

is impossible by Proposition 10. Hence, 7 (H, Up) is a tree-cover of H.

To show that 7 (H, Up) is minimal, take the union any two distinct elements of 7 (H, Up) together. It follows from
Proposition 3 that if they do not have the same symbol, then their union cannot be contained in any element of Uy
and thus, the new cover is no longer a refinement. On the other hand, if the elements have the same symbol, then they
must differ in index. Thus, the new cover will contain a circle-chain and hence, will no longer be a tree-cover. O

The trunk Q(H, Uy) of T (H,Up) can now be defined as:
Q(H,Up) = {B(CY.s)| € eCoands = p+q).

Then if we let C,? (s) = §(C0, s), Q(H,Up) is in the form of Lemma 7.
Proposition 12. W (H,Upy) < W(H,U) + W (U1, Up) + 1.

2 )
Proof. Notice that min{ LMOTJ | V e} <0. It follows from this that

W(H,Uy) < max{s | §(U,s) €7 (H,Uy) and U EZ/IO} —min{s | §(U,s) €7 (H,Uy) and U EZ/IO}
<max{p|B(V,p) e T(H,U)and V €Uy} —min{p | B(V, p) € T(H,U;) and V € U; }
Z/[] ul
21(V) 2, (V)
+max{{ o J‘Veul}—min{{ o J)Veul}

n n

SW(H, Uy) + WL, Uy) + 1. O

Proposition 13. Suppose that H is a tree-like subcontinuum of X and Uy, U] are finite 1-cyclic open covers of X such
that U, is a degree 1, 2-refinement of Uy. Then W (H,U1) < W(H, Up).

Proof. There exists C ,1 € C; and integers i1, ji such that

Cl), CLa1+1),...,CLG1) € T(H, Uy)

. ch )
and W(H,Uy) = j1 —i1. Let g = |[—"—| and U € Uy such that C; C U. Then

n
BW,i1+q), BW,iv+q+1),...,BWU, j1 +q) € T(H,Up).
Hence W(H,U;) < W(H,Uy). O
Theorem 14. Let h: X — X be a homeomorphism. Suppose that H is a tree-like subcontinuum of X and Uy and U,

are finite 1-cyclic open covers of X such that both Uy and h(U) are degree 1, 2-refinements of Uy. Then

W (R (H),Uo) < W (H,Up) +nW (h(U), Up) + n.

Proof. Proof is by induction on n. If n = 0 then the theorem is clearly true. Suppose that
W (h"~'(H),Up) < W(H,Up) + (n — DW (hU), Up) +n — 1.

By Proposition 13, W(h" =V (H),U;) < W(h"~'(H),Up). Since W (h"(H), h(Uy)) = W (h"~1(H),U)), it follows
from the induction hypothesis and Proposition 12 that

W (h" (H),Up) < W(h"(H), hU)) + W (hUy), Uo) + 1= W (R (H), Uy) + W (hUh), Up) + 1
< W(H Up) +nW (hU),Up) +n. O
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4. Main result

The topological entropy of a map 4 is a measure of diffusion of points under iterations of /. All expansive homeo-
morphisms of nondegenerate continua have positive entropy. The following definition of entropy is due to Bowen
[10]: For amap 4 : X — X and a non-negative integer n, define

df(x,y) = max d(h'(x), h'()).
0<i<n
Similarly, if 4 is a homeomorphism, define
d, (x,y) = max d(hi(x),hi(y)),
—n<i<0

where again n > 0.

Let K be a compact subset of X and n be a positive integer. A finite subset E,, of K is said to be (n, ¢)-separated
with respect to map & if x and y are distinct elements of E, implies that d," (x, y) > e. Let s, (¢, K, h) denote the
largest cardinality of any (n, £)-separated subsets of K with respect to 4. Then

1 K, h
s(e,K,h) zlimsupw.

n—00 n

The entropy of h on X is then defined as
Ent(h, X) = sup{ lin%)s(e, K, h) | K is a compact subset of X}
E—>

A subcontinuum M of X is stable under homeomorphism %4 : X — X if lim,,_, oo diam(h" (M)) = 0. Likewise, M
is unstable under h if lim,,_, _,, diam(h" (M)) = 0.
The following theorems are due to Kato. The second is found in the proof of Theorem 4.1 of [3].

Theorem 15. If h: X — X is an expansive homeomorphism, then there exists a stable subcontinuum or an unstable
subcontinuum.

Theorem 16. If h: X — X is an expansive homeomorphism and M is an unstable subcontinuum, then there exists an
& > 0 such that s(e, M, h) > 0.
Likewise, if M is a stable subcontinuum, then there exists an &€ > 0 such that s(e, M, hil) > 0.

The proof of the main result now follows in a similar way to the proof that tree-like continua do not admit expansive
homeomorphisms [6]. The next proposition is Cantor’s original definition of connectedness [2].

Proposition 17. Suppose X is connected and a, b, € X. For every & > 0 there exists a finite sequence {x;}!_; C X
such that xy = a, x, =b and d(x;, x;1+1) <é&.

The previous sequence is called a simple chain sequence from a to b with mesh less than &. For a homeomorphism
h and a positive integer n, define L(k, n, €) to be a number greater than 0 such that

d(x,y) < L(h,n,e) implies d(h'(x),h'(y)) <e forall —n<i<n.

m

Lemma 18. (See [6].) Suppose that h: X — X is a homeomorphism of a continuum X and that {x;};._, is a simple
chain sequence of X from a to b with mesh less than L(h,n, e/6). Also, suppose that {x;}]_, is contained in some
tree-cover T such that a and b are in the same element Ty of T and that the mesh of {x;}]_ | is less than the Lebesgue
number of T. If d; (a, b) > €, then there exists xq,Xg € {x,-}:.":1 such that xq, xg are in the same element of T and

g/3<d; (xq,xp) <E€.

Lemma 19. (See [6].) Let h: X — X be a homeomorphism of a compact space onto itself. Suppose that there are
sequences {yp }20:1’ {zn}ff:l such that d(hk(y,,), hk(zn)) < ¢ for all k < n. Then there exists a limit point y of{yl-}?i1
and a limit point z of {z;}72 | such that d(h*(y), h*(2)) < 2¢ for all k.
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Theorem 20. Degree 1, 1-cyclic continua do not admit expansive homeomorphisms.

Proof. Suppose that #: X — X is an expansive homeomorphism of a 1-cyclic plane continuum with expansive con-
stant c. By Theorem 15, there exists a nondegenerate stable or unstable subcontinuum M. Without loss of generality,
we may assume that diam(h’ (M)) < ¢/3 for all i < 0. Since lim;_, _o, diam(h’ (M)) = 0, it follows that M must be
tree-like. By Theorem 16, there exists a y > 0 such that s(y, M, h) > 0. Let ¢ = min{y, ¢/4} and {8}, be a se-
quence of positive numbers such that each 6 < L(h, k, £/6). Let {Uy}72, be a sequence of 1-cycle covers of X such
that

(1) mesh(Uy) < 6,
(2) both Uy41 and h(Uk41) are 1-degree, closure 2-refinements of .

By Theorem 14,
| T (h" (M), Us) | < Ul W (" (M), Ui) < Ukl (W (M, U) +n W (hUics1). Us) + 1)

which has polynomial growth as n increases. Since s(g, M, h) > 0, s, (¢, M, h) must have exponential growth as n
increases. Therefore, for some integer Ny > k,

sn, (e, M, ) > | T (Ve (M), Uy )| + 1.

Let E ,lcv “ be the maximal (N, ¢)-separated set of M. Then by the pigeon-hole principle, there exists aX, b* € E,ivk
such that hNk(a*), Nk (b¥) are in a common element of 7 (hNk (M), Uy). Since dyy (KN (ab), ke (bY)) > &, it follows
from Lemma 18 that there exists xg,xg IS hN"(M) such that ¢/3 < d&k (xéj,x’l;) < ¢ and d(xf;,xg) < 6. Hence,
d(h (xk), hi(xg)) <eforalli <k < Ny.

Now let my € {0,..., Ny — 1} such that d(h™* (xk), hmk(x’f;)) > ¢/3. For simplicity, define y; = 2™ (xX) and
Zx = W' (xg). Then d(hi(yk), hi(zx)) < & forall i <k + my. By Lemma 19, there exist limit points y of {yk},‘{";1 and
z of {zk},?o:l such that d(h' (y), h'(z)) < 2¢ < ¢ for all i. However, since d(yk, zx) = ¢/3 for all k > 0, y and z must

be distinct. Therefore, & is not expansive. 0O

The following interesting results now follow:

Corollary 21. 1-dimensional plane continua that have 2 complementary domains do not admit expansive homeomor-
phisms.

Proof. This follows directly from Theorems 2 and 20. O
Corollary 22. The pseudo-circle does not admit an expansive homeomorphism.
The following questions remain open.

uestion 1. Does there exist a 1-dimensional 3-separating plane continuum that admits an expansive homeomor-
4 8§D P
phism?

Question 2. Does there exist a 2-dimensional non-separating plane continuum that admits an expansive homeomor-
phism?
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