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1. Introduction

In this paper, we consider the following parabolic system

(up)e = Auj,  (x,t) € Bg x (0, T),

i - pi qis

—=u'u.'’, (x,t)€dBgr x (0, T),

gy U Ui (0 €0Brx (0.T) an

ui(x,0) =ujo(x), i=1,2,...,n, n=>2, xe€Bg,

Up41 i=Uq, Pn+1 = DP1, qn+1 =41,
where Bg = {x e RN: |x| < R}; exponents p;,q; >0 (i=1,2,...,n); 3/dn is the outer normal derivative; radially symmetric
functions u; o(x) (i=1,2,...,n) are positive and smooth, satisfying the compatibility conditions; Let T be the blow-up time
of system (1.1). The existence and uniqueness of local solutions to system (1.1) is well known (see, for example, [8]). Nonlin-
ear parabolic system (1.1) comes from chemical reactions, heat transfer, etc., where uq, uy, ..., u, represent concentrations

of chemical reactants, temperatures of materials during heat propagations, etc.
Non-simultaneous and simultaneous blow-up for nonlinear parabolic systems have deserved so much attention (see
[1-3,9,16,19,20,25]). If n =2, system (1.1) turns into
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(u)e = Auy, (uz2)e = Auz, (x,t) € Bg x (0, T),

ouq P1.q ouy P2 q
W=u11u22, W=u22u11, (x,t) € 9Bg x (0, T), (1.2)
u1(x,0) =uq,0(x), uz(x,0) =uz0(x), x€Bg.

For (1.2), Pinasco and Rossi [15] observed that there exist initial data such that u; blows up while u; remains bounded in
bounded domain of RV if and only if q; + 1 < p;. Rossi [18], Pedersen and Lin [14], Chen [4] discussed the simultaneous
blow-up rate estimates of (1.2) in Bpg, respectively. For N = R = 1, Brdndle, Quirés and Rossi [1,2] obtained that non-
simultaneous blow-up happens for every initial data if gy +1 < p; and pp <q2+1,0r g2 +1 < py and p; <q1 + 1.
It is interesting that non-simultaneous blow-up and simultaneous blow-up coexist in the exponent region q; + 1 < pq,
4z +1<pa.

System (1.1) with p; = 0 becomes

(upr = Auj, (x,t)e 2 x(0,T),

ou; qi+1

—=ut' (x,t) €32 x(0,T),

an i+1 (13)
uix.0) =uio(X), i=12,...n. n>2 xe®,

Up4q 1= U1, Gn+1:=4q1.

It is easy to check that blow-up must be simultaneous for (1.3). Pedersen and Lin [13], Wang [22] obtained the simultaneous
blow-up rate estimates if g1q2---qn > 1.

The related discussion on blow-up solutions of parabolic systems can be seen from [5,7,10,17,21,23] and the papers
therein.

By the cited papers above, one can find that non-simultaneous blow-up is possible due to p; > 0. In the present paper,
the solution of (1.1) is making up of n components. The non-simultaneous blow-up means that at least i € {1,2,...,n— 1}
components blow up simultaneously while the other ones remain bounded up to the blow-up time, which has been rarely
considered before. The present paper is arranged as follows, in the next section, a necessary and sufficient condition is given
on the existence of one component blowing up alone. In Section 3, we obtain all of the classifications on the existence of
two components blowing up simultaneously with the other ones remaining bounded. Furthermore, the blow-up rates of
uj_ and u; (ief{l,2,...,n}, ke{1,2,...,n—1}) are obtained. It is interesting that the representations of blow-up rates
are quite different with respect to different values of n, i, and k. In Section 4, we obtain the conditions of u;_g, uj_k41, ..., Uj
(ie{1,2,...,n}, ke{0,1,2,...,n—1}) blowing up simultaneously with the others remaining bounded for every positive
initial data. Moreover, the corresponding blow-up rates and sets are considered.

2. The existence of only one component blowing up

The critical blow-up exponents for (1.1) can be obtained from Rossi [17].

Theorem 2.1. The positive solutions of system (1.1) blow up if and only if
n n
max{p,-—l(i:l,Z,...,n),qu—l_[(l—pj)}>O‘ (2.1)
j=1 j=1

From now on, we assume that (2.1) always holds. Denote &; := &, if subscript i < 0. The set of initial data is denoted
as follows,

N—-1

Vo= {(ul.o, U2,0,--.,Un0): Uio=¢ >0, (Uio0)r =0, (Ujo)r+ (ui,0)r 20,

au;j o(R R
rel0,R), %():(uﬁbu?rio)(m, 1<i<n}. (2.2)

Clearly, U;(t) = u;(R, t) = maxy s)e[o,R]x[0,¢] Ui (¥, ), 1 <i < n. In the sequel, U;(t) ~ (T — t)~Pi represents that there exist
constants C,c > 0 such that c(T —t) % < U;j(t) <C(T —t)~Pi as t near T.

Theorem 2.2. There exist initial data such that u; (i € {1, 2, ...,n}) blows up alone if and only if q; + 1 < p;.
Corollary 2.1. At least two components blow up simultaneously for every initial data ifand only if pj < qj+1forall j=1,2,...,n.

We introduce a lemma on the upper estimate for u;.
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Lemma 2.1. Let T be the blow-up time of system (1.1). If p; > 1, then
_ 1
Ui®) <Cr(T —t) *®iD, (2.3)
- I
where Ct =C(1 +4C1T%)pi’1 , C=C(pi,qi+1, Ui+1,0(R), N,R) > 0,C; =C1(N,R) > 0.

Proof. Let I" be the fundamental solution of the heat equation. By Green'’s identity,

t
1 ar
EUi(t):/F(X—y,t—z)ui(y,z)dy—/ f Ui(r)W(X—y,t—r)dSydr
Z 3Bg

Br
t

+/ / U{”'(r)Ufr]l (O x—y,t—1)dSydt
Z 9Bp

t
2Czu?fl"O(R)-/‘Uf"(r)(t—r)_%dr—2C1T%U,-(t), x€dBg, 0<z<t<T,
z

where Cq, C2 depend only on Bg. Set I(t) :f; Uip"(r)(T — r)*% dt. Then

) /1 —Di
10 > (Cauf o (R)” (5 +261T%) POT )73

Integrating the above inequality from ¢ to T, we obtain that

g (1 PR 1
I(t) < |:2(p,-—1)(C§’u?r11,0(R))p'(§+2C1T%) ] ' (T —t) T D (2.4)
On the other hand, for 0 <z=2t—-T <t <T,
T4z
I(t) > f UPI@)(T — 1)~ 2 dt = (2 — V2)UPi (2)(T — 2)2. (2.5)

z

Combining (2.4) and (2.5), we obtain the estimate (2.3) with
1

€= (ZCZU:‘Tll,o(R))i'J"%1 2- \/5)7"% [Va2@pi - 1)]_ﬁ. m

Proof of Theorem 2.2. Without loss of generality, we only prove the case for i =n. We first prove the sufficient condition.
Let G(x, y,t, T) be Green’s function of the heat equation on By, satisfying %IasR =0 (see [6,11,12]) and

[ cey.ends, <ca-mi, 26)
9Br

where C > 0 depends only on Bg.
Fix u1,0(R),u2,0(R),...,up—1,0(R) and then take My > up o0(R))Pm (m=1,2,...,n —1). One can choose the initial
data (u1,0,u2,0,-.-,Uno0) € Vo such that T satisfies

9m+1

= Pms1 I\Pm
(2um,o(R) +2CM "5 M T2)™ < My (m=1,2,...,n—2),
2(pn—1) - pn—1=gp \ Pn-1
<2un—1,0(R) + LCMn—lch"T 2pn =1 ) < Mp_1,
Pn—1—4¢qn

~ 1 ~
where Ct =C(1 —|—4C1T%)Pn_*1 with C, C; depending only on pp, q1, Bg and uq,o(R).
1
By Lemma 2.1, Uy (t) < Cr(T —t) 2mn-D, Then u,_q satisfies that

(Up—1); = Aup_1, (x,t) € Bg x (0, T),
JuUp— __an _
S scra-o TP, (x,0) € 9B x (0, ), (27)

Up—1(x,0) = up—1,0(%), X € Bg.
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Consider the auxiliary problem

(ith—1)¢ = Allp_1, (x,t) € Bg x (0, T),
ollp_1 an ___an
T Mp_1C;"(T —t) 2D, (x,t) € 9Bg x (0, T),
n
Un—1(x, 0) = tn_1,0(x), X € Bg,
_ . B 4 _ _
where radially symmetric un_1,0 satisfies aug;}” lagy, = Mn_lc?‘T 2en=D, Up_1,0(R) = 2up—1,0(R); Aup_10 = 0,

lin—1,0 2 Un—1,0 in Bg.
For g, + 1 < pp, by Green’s identity and (2.6),

o <20+ 2O T <oy
n— —UYn
So ii;_1 satisfies that
(Hn-1)e = Attt (x,6) € Bg x (0, T),
3%4 > CI(T =0 T, (60 € 9Br x (0,T),
Up—1(x,0) =iin_1,0(x), x By,

1
By the comparison principle, up—1 < up—1 < ani’ll on Bg x [0, T).
Introduce the following auxiliary problem

(lin—2)¢ = Alip—2, (x,t) € Bg x (0, +00),
8l_ln—Z ZZ:
o =M,"} Mp—2, (x,t) €dBg x (0, +00), (2.8)
Up—2(x,0) =1Us_20(X), Xe€Bg,
o n—1
where radially symmetric iip_p 0(x) satisfies “’“g;’” = anfl] Mn_2, Up—2,0(x) = 2up_30(x) for x € IBg; Alip_20(x) >0,
Un—2,0(x) > up—3,0(x) for x € Bg. Considering the problem (2.8) in [0, T), we obtain that
i ; 1
fin—2 < 2Un—2,0(R) +2CM,"}' Ma_2T2 <M"5.
L n—1 1 . n—1
Then i, satisfies ‘“g”n” > M," k"7, (x,t) € 3Bg x (0,T). Due to up_1 < M,",', up— satisfies "”3”,7*2 <M ubn?
1
for (x,t) € 90Bg x (0,T). By the comparison principle, u,_» < Up_3 < M:i’zz on By x [0,T). The boundedness of
Up—3,Up—4a,...,Uq can be proved similarly. So only u, blows up.
Now, we prove the necessary condition. Assume that uy < C. Then u, satisfies
(Un)e = Aup, (x,t) € B x (0, T),
duin q1,,Pn
W < Cuy”, (x,t) € 9Bg x (0, T), (2.9)

un(x,0) =upo(x), XxeBg.

By Green’s identity, we have
Un(t) < Un(2) + 2CCTUP ()T —2)7, z<t<T.

1
Take z such that Up(z) = Uy (t)/2. Then Uy(z) > c(T —z) 2pn-1, z € (0, T). Also by Green’s identity,

t

1 T

SUn1 (0> c/(T — ) T (t — 1) T dr.
0

The boundedness of u,_1 requires that g, +1<p,. O

It can be understood that the blow-up rate for only one component blowing up is equivalent to that of the scalar case
(see [7]).

_ 1
Theorem 2.3. Ifonly u; (i € {1,2,...,n}) blows up, then U;(t) ~ (T —t) 2»i~D.
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3. The existence of only two blowing up

In this section, we discuss the existence of only two components blowing up.

Theorem 3.1. Assume i€ {1,2,...,n}, ke {1,2,....,n—1},andn > 3.Ifq; + 1 < p; and q;_y + 1 < pi_g, then there exist suitable
initial data such that u;_y, u; blow up simultaneously at time T while the others remain bounded up to T. Moreover,

pi—1-q;

(T -1 W(T O T fork=1:
(Uik®, Ui®©) ~ { (T =) @D (7 — ¢y 70 D) forke(2.3,....n—2);

1 _ Pk Gk
(T —t) T (T =) Tk D0 1) fork=n—1.

Without loss of generality, we only prove the case for i =n. We divide Theorem 3.1 into three propositions for k =1,
ke{2,3,...,n—2} and k =n — 1, respectively. At first, we deal with the case for i =n and k=1.

Proposition 3.1.If g, + 1 < py and qn—1 + 1 < pn—1, then there exist suitable initial data such that u,_1, u, blow up simultaneously
at time T while the others remain bounded up to T. Moreover,

_ pn—1—qn 1
(Un-1(0). Un(@®) ~ (T —£) 200=DPn=17D (T — )" Z6n=1)).

In order to prove Proposition 3.1, we introduce a subset of Vj as follows:

R R
Vy = {(um(r), u2,0(r), ..., Uuno () : Umo(r) =Nm + E\/M,%l +4= —Mn

1 1
- \/R2 - (EMW/M%1 +4-— 51\/1,%1>r2, re[0,R],

with My = ul™ (R)uf™! (R), N =um,o(R) (m=1,2,....n),
R

R
where u1,9(R) = —, u;o(R) = — (1=2,3,....,n—-1),
* M2 a = ap

upo(R) = , )»1,)»2,-“,)»11716(0,1)}.

__RrR
[T = 1))

We use the following five lemmas to prove it.

Lemma 31.If g, +1 < pyand gs—1 + 1 < pp—1, then there exists An—z € (3, 1) such that, for any initial data satisfying that
ujo(R) = 2R (j=1,2,...,n—=3) and u,_ 2.0(R) = == in Vy, non-simultaneous blow-up must happen with uy,uy, ..., up_3
remaining bounded.

Proof. Take M; > 2HTRYPi (j=1,2,...,n—2). Consider the following auxiliary problem

(Un—1); = AUp_1, (x,t) € Bg x (0, Tp—1),
oUp_

*a”nl (2" 2R —R)"u”", (x,0) € 3Bg x (0, Tn-1), 3.1)
Up—1(x,0) = up—1,0(%), X € Bg,

where radially symmetric u,_1,0(x) satisfies the compatibility conditions and

An—p to be determined. B B
For problem (3.1), there must exist Ap_» € (%, 1) such that, if A;—» = Ap—2, then T,_q satisfies

2" 3R 2" 3R
T2 2R < Up—1, O(X) ST, R with

9j+1

. _ k 1 )
M]>(2]+1R+2CM]P‘{:1 M]TZ )p] (j:172"'-an_3)5
2 Pn—1-1"Gn_1 \ Pn—2
Mn72 2 (2n_1R—‘,—(pni])CMn chh 1T Z(Pn 1-D ) .
Pn-1—1—¢qn

For any (u1,0,U2,0,...,Un,o0) € V1 with ujo(R) =2/R (j=1,2,...,n—13) and up_ 2,0(R) = —R , we have
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2"3R 2"3R
Un—1,0(R) = = > = for any A,_1 € (0, 1).
! (1= Jn-2)hno1 1= An2 "
Then
on— 3R 2n_3R 2n—3R
—— —2R<Up 1000 < ——— —R<up 1000 < ———7.
1—Jn_2 - 1—n2 ! (1= An-2)An-1

For (up)e >0, up(x,t) > up o(x) = 2" 2R — R. By the comparison principle, up_1 < u,—; and T < T,_1. Hence

aj+1
M;j> (R +2CMT MTEY (j=1.2,....n-3),
— _ Pn_1=17Gn_1 | Pn-2
Moy > (ZTH R 20n1 =D ey MR ) ,
Pn—1—1—qn-1
Consider the second auxiliary problem
(Un—2); = Alip—2, (x,t) € BR x (0, T),
dilp—2 qn—1 -l
P Mp2C7" (T —t) *@n-17D ) (x,£) € dBg x (0, T), (3.2)
n
Un—2(X, 0) = tin—2,0(%), X € Bp,

s _ a1
where radially symmetric ip_30(x) satisfies d””;—zn‘)(x) = Mn,ZC‘;”’IT 217D fy 50(x) = 2" 1R for x € 9Bg;
Atip—2,0(x) 2 0, Un—2,0(%) > tn—2,0(x) for x € Bg.
By Green'’s identity and -1 + 1 < pn—1,

— Pp—1—1-4p— 1
21 =D ey e M
Pn—1—1—qn-—1

Uy <2" 'R+

S0 iip_2 satlsﬁes "“" 2>CI T -1 R b2 (x t) € 3Bg x (0,T). By Lemma 2.1 and pn_1 > 1, we have u,_1 <

Cr(T —t) 2”’" 1= " and hence d”” 2 Cq” T -0 Z‘Pn 1 1)u’J“ 2 (x,t) € 3Bg x (0, T). Then by the comparison principle,
1

Up—o < lp— 2<M:n22~

Introduce the third auxiliary problem

(h—3); = Aﬁn 3, (x,t) € Bg x (0, +00),
in_
Bnn 3 _M"" : Mn_3, (x,0) € 3Bg x (0, +00), (33)

Up-3(x,0) =1y_3,0(X), X€Bg,

n—
where radially symmetric ii,-3,0(x) satisfies 6“5;73"’ = M’Jn ZM,, 3, Up_3,0() = 2"2R for x € 3Bg; Alip_30(X) >

Up—3,0(x) > up—30(x) for x € Bg. Considering problem (3.3) in (0, T), we have

n—2 1

fin_3 <2"2R +2CM/"5) My 3T2 < M5

n—

B n— 1 i dn—2
So ii,_3 satisfies "%“,7*3 > M 22 ub"2 for (x,t) € 3B x (0, T). For up_p < M,"52, un_3 satisfies "%’;3 <M ub™? for
_1
(x,t) € 30Bg x (0, T). Then up_3 <ip_3 < M:” ? . The boundedness of up_4, Uy_s5, ..., u; can be proved similarly. O

Lemma 3.2. If ;, + 1 < pn and qn—1 + 1 < pn_1, then, for the fixed An_» € (%, 1) in Lemma 3.1, there exists )‘;171 < (0, %) such
that non-simultaneous blow-up happens with u,_q blowing up and the others remaining bounded, where the initial data satisfy that

s n—3 n—3 .
ujo(R) =2 (j=1,2,....n = 3), un-2,0(R) = Z—%, uy_1 o(R) = T IR = G2at— in Vi,
n—! n— n— n—

Proof. Take M, > ( ]zj;Rz )Pr_ Introduce the following auxiliary problem

(lin)¢ = Allp, (x,t) € B x (0, +00),
oy ot
W =M;"' Mp, (x,t) € 9B x (0, +00), (3.4)

Un(x,0) =in0(X), Xx€Bg,
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9l 41
where radially symmetric u, 0(x) satisfies ””‘ M Mp, Uno(x) = R for X € 0BR; Alpo(x) =0, Upo(x) = upo(x) for
X € Bg.
Consider problem (3.1) with the initial data u,_1,o satisfying that

2n—3R 2n73R
—————— —2R<up 100 < ——=——F —R,
(1= Xn_2)An—1 S (=)
where A,_1 is to be determined. There exists some }L;Fl € (0, %) such that, if 1,1 = )‘;71- then T,_ satisfies
n—1 R a 1 Pn
My > <7 +2CM! MHT{]) .
1—An—
Similarly to Lemma 3.1, up—1 <up—q and T < T,_1. Hence
on 1R a1 1 Pn
M, > <7 +2CM]'M Tz) .
1—An—
Consider problem (3.4) in [0, T). By Green’s identity,

on— lR 1
ﬁn<—+2CM’” MaT? < M.
1—2n—o2

Then ii,, satisfies 3“" M”1 " for (x,t) € dBg x (0, T). Due to uq < Mp‘ uy satisfies a”” Mlp‘ " for (x,t) € 3Bg x (0, T).

1
By the comparison principle, u, < it < M2". So only u,_1 blows up. O

Lemma 3.3.If gy + 1 < py and gn—1 + 1 < pu_1, then, for the fixed An—z € (3, 1) in Lemma 3.1, there exists A]/_, € (%, 1) such
that non-simultaneous blow-up happens with u, blowing up and the others remaining bounded, where the initial data satisfy that

. . n—3 n n—3 .
ujo(R) =2/R (j=1,2,...,n=3), un20(R) = L&, = G tno(R) = Gt in V.

Proof. Introduce the following auxiliary problem

(un); = Aup, (x,t) € Bg x (0, Tp),
d
Binn:Rq]Hﬁ"v (x,t) € 3B x (0, Tp)

un(x,0) =upo(x), Xx€Bp,

where radially symmetric u, o(x) satisfies the compatibility conditions and

2n73R 2n73R
= —2R < upo(®) < = -
(1= n—2)(1 = A1) s (1= An2)(1 = An1)
with A,_1 to be determined.

Take Mp_q > (%)PM. There exists A//_, € (3, 1) such that, if A,_1 =1/

2n—1R 2 -1 1—gp \ Pn—1
Mn_1>( R 20D oy oo, ) _
1=tp—2 Pn—1—tn

n_1, then T, satisfies that

Take initial data (u1,0,u2,0, ..., Un,0) in Vy such that A; = % (j=1,2,...,n=3), An—a =An_2, An_1= A4 For upo(x) <

#:]Rk,,) — R <upo(x) and uq(x,t) > uq,0(x) > R, up satisfies %}’ > R uP" on 9By x (0, T), and hence u, < u, and
/- -1

T <Tj. So

2n—lR 2 _ Pn—1-gn Pn—1
My—1 2 ( — + (Pn =D CMp_ 1Cq"T 2n=1) > .
1—tn2 DPn—1—4dn

Consider the following auxiliary problem
(Un-1); = Alip-1, (x,t) € B x (0, T),
31—111—1
an
Un—1(x, 0) = lin—1,0(%), X € B,

—_Gn _
=My 1CJ'(T —t) Z0n=D,  (x,t) € 0Bg x (0, T),
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. N . ey .. - -1 —
where radially symmetric u,—1,0(x) satisfies the compatibility conditions and i,_1,0(x) = 12_"- RZ, x € 0BR; Aup_10(x) =0

o
Un—1,0(X) 2 Up—1,0(X), X € Bg.
For g, + 1 < pn and by Green’s identity,

_ 2n-1R 2(pn—1) - Pn=l-gn v
fip_1 < 4 CMp_1CInT2Gn=0 < M1,
n-1x 1—)»,1_2 pn_l_qn n—-1%T S n—1

1
So u,_1 satisfies a”” 1 Cq”(T—t) Ton=D) Du 'p" ' , (x,t) € 3Br x (0, T). For pp, > 1, u, < Cp(T —t) 2mn-D, Hence u,_q satisfies
pn] 1
n—1

‘“g”n <CIMT -0~ 2on= Dubml, (x,t) € 3Bg x (0, T). By the comparison principle, up_1 < iip—1 <M

up. O

. Then only u, blows

Lemma 3.4.

(i) The set of initial data in V1 such that u, blows up while the others remain bounded is open in L°°-topology.
(ii) The set of initial data in Vq such that u,_1 blows up while the others remain bounded is open in L°°-topology.

Proof. Without loss of generality, we only prove case (i). Let (uq,us,...,up) be a solution of (1.1) with initial data
(u1,0,U2,0,-.,Uno) in V¢ such that u, blows up at t =T while the other components remain bounded, say 0 <
2& <uq,up,...,up—1 < M. It suffices to find an L*-neighborhood of (u1,0,u2,0,...,uUn0) in Vy such that any solution
(@1, Uiz, ..., 0p) of (1.1) coming from this neighborhood maintains the property that i, blows up while the others remain
bounded.

By Theorem 2.2, gy + 1 < pn. Take S; > 2M + 26)Pi (j=1,2,...,n—1). Let (i1, {p,...,1Un) be the solution of the
following problem

(ﬁj)[:Aﬁj, (x,t) € Bg x (0, Tp),

A _pi_a;
I _gPign (x,t) € 9Bg x (0, To),

an JTiHr (3.5)
ij(x,00=1jo(x), j=1,2,...,n, n>2, Xxe By,
Uipyr =11, Pnt1:=DP1,  Qn+1:=41,
where radially symmetric (ii1,0, 12,0, ..., Un,0) € Vo is to be determined. Denote
N (u1,0,u2,0, ... tn,0) = { (@10, f2,0. ... lln,0) € Vo: [iij o) —ujx, T —eo)| <& 1<j<n}.
Since (u1,us,...,uy) blows up at time T with fixed &, there exists &9 > 0 such that Ty satisfies that
qj+1 |
P i .
S; (21\/1+2,é;+2csjfl1 ST ) I (j=1,2,...,n=2),
2 1 _ pn—1=qn \ Pn-1
Sp1 > (2M 428 + MCSMC? TSP
Pn—1 n 0
provided (ii1,0, ii2,0, ..., in,0) € N'(U1,0, U2,0, ..., Un,0).
Consider the auxiliary problem
(Up—1)t = Allp-1, (x,t) € Bg x (0, To),
Ollp_ __an
5 = Sna Cfy (To =077, (x.1) € 8By x (0. To),
n
Up—1(x,0) =1p_1,0(%), X € Bg,
where radially symmetric u,—1,0(x) satisfies 3“5”‘0 = Sy 1C T RECEY v n—1,0(X) = 2lip—1,0(x), x € dBR; Allp_1,0(x) 20,
Un—1,0(x) > lip—1,0(x), x € Bg. By Green’s identity,
_ 2 -1 - pn—1—qn 1
lin_1 <2M +2€ + LCSHC? T < s
Pn—1—¢qy 0
1 _
Then 3“"—‘ cq" (To—1t)~ 2on= 00 gt (x,£) € 3B x (0, To). For py > 1, ily < Cry(To —£) 201, So ii,_1 satisfies "“ﬁ,’;,’l <

_1
Pn—1

Cq” (To—1t)~ 2on= on-D " | (x,t) € 3Bk x (0, To). By the comparison principle, iip—1 < fin—1 < S,";' .
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Introduce the following auxiliary problem

(Un—2)¢ = Aﬁn—Zs (x,t) € Bg x (0, +00),
8ﬁn72
an
Up—2(x,0) =un—30(x), x€Bg,

n—

=5 ‘sn 2, (x,t) €3Bg x (0, +00),

where i,_2 0(x) satisfies the compatlblhty conditions and tp—2,0 = 2lip—2,0 0N dBR; Allp—2,0 =0, Uip_20 > liy—2,0 in Bg.
lZn—l _1

By Green’s identity, ip_7 < Snizz in Bg x (0, Tp). So ﬁ"’z >SS, (x.t) € 9Bg x (0, To). For i1 < S;"7', 311#2 <

9n— 1
S 11 P2, (x,t) € 3Bg x (0, To). S0 fln—2 < lln—2 < Sp"7, (. t) € Bg x (0, To). The boundedness of ii; (i=n—3,n—4,...,1)
can be proved similarly. So i, is the blow-up component.

According to the continuity on initial data for bounded solutions, there must exist a neighborhood N(C Vjp) of

(U1,0,U2,0,---,Uno) such that every solution (ii1,1y,...,0,) starting from the neighborhood will enter N (ujo,uz0,

.,Uno) at time T — &g, and hence keeps the property that @i, blows up while the other components remain bounded.
So there must exist a neighborhood Ni(C N) in Vy such that any solution coming from it blows up with @i, blowing up
and the other components remaining bounded. O

Lemma 3.5.If g, + 1 < pn, qn—1 + 1 < pn—1, and uy_1, uy blow up simultaneously at time T while the others remain bounded up
to T, then

_ pn—1—qn _ 1
(Un-1(®), Un(®) ~ ((T =) 7000010 (T — ) 200,
Proof. Due to the boundedness of u; and by Green’s identity, we have
Un(®) < Un(2) + CU" (0)(T — 2)3.

1
For the blow-up property of uy, one can take Uy (z) = UL (®). So Un(2) = (T — )" 2D,

_ pn—1—qn
Similarly to the method of Lemma 2.1, one can obtain Up(t) < C(T —t)~ 2 and Up_1(t) <C(T —t) 2Pn=Dn_1-D
Combining the upper estimate of U, with Green’s identity to u,_1, we have

Un—1(t) < Un_1(2) + CU ()(T - 2) E=

Take Uy_1(2) = 3Uy_1(t). Then Up_1(t) > c(T —t) ~ 2 1)(p,,‘1 DO

Proof of Proposition 3.1. Lemma 3.1 says that there exists A, € (%, 1) such that any initial data in Vy satisfying A1 =
M= =Ap_3= % In_o € (%, 1) develops the non-simultaneous blow-up solution with u; (j=1,2,...,n — 2) remaining
bounded. We know from Lemma 3.2 that there exists A,_, € (0, %) such that the solution of (1.1) with the initial data in
V1 satisfying A=Ay =---=Ap_3= % A2 = An_o and Ap_q = )»,/171 blows up non-simultaneously, where u,_1 blows up
and the others remain bounded. Lemma 3.3 guarantees that there exists A _, € (%, 1) such that u, blows up alone with the
initial data in V; where A=Ay = - =Ap_3 = % An—y = Ap_p and Ap_1 = )\;{71. In addition, the sets of the initial data in
V1 such that u, blows up alone and that u,_1 blows up alone are all open by Lemma 3.4. Notice that V is connected. So
there must exist initial data (suitable A,_; € (Ap_1»An_1)) such that u, and u,;_q blow up simultaneously while the others
remain bounded.
The blow-up rates can be obtained by Lemma 3.5 directly. O

Secondly, we discuss the case for i=n and ke {2,3,...,n—2}, n>4.

Proposition 3.2.If g, + 1 < p, and gu_; + 1 < pn_y, then there exist suitable initial data such that u,_y, u, blow up simultaneously
at some time T while the others remain bounded up to T. Moreover,

(Un ). Un() ~ ((T ) Tk (T — 1) 77,

Without loss of generality, we only prove the case for k =2 by the following five lemmas. Define another subset of Vg
as follows,
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R [ R
Vy = 1{ (u1,0(r), u2,0(r), ..., tno()): Umo() =Nn+ ) Mp +4— EMm
1 2 Y
— |R?2 — EMm Mm+4—§Mm r2, re[0,R],

with My, = u (R)uqurl (R), Nm=umo(R) (m=1,2,...,n),

m+1,0
R R
where u1,0(R) = —, uo(R) = — (1=2,3,...,n—13),
M l_[j:1 (I =Apn
R R
Un—1,0(R) = —————— U2 0(R) = =,
j=1 ¢ _)\j))\n—Z j=1 a _)»j))\n—l
Uno(R) = ———————\ A A2y e(o,1>}.
=1 1—=2x)

Lemma 3.6.If g, + 1 < pn and qu—> + 1 < pn_a, then there exists A, € (%, 1) such that non-simultaneous blow-up happens with

u1,up, ..., Up_3, Up_1 remaining bounded for the initial data satisfying uj o(R) = 2iR(j=1,2,...,n—3)and up_1. o(R) = 2" 32R
in Vz.

Proof. Take M > (2/*1R)PJ (j=1,2,...,n—3), My_1 > 2" 1R)P»-1. Consider the following auxiliary problem

(Un—2)¢ = Aln-2, (x,t) € Bg x (0, Tp—2),
oup—

_ann 2 (2" 3p _ R)Qn 1 gn 22’ (x,t) € Bg x (0, Tn_2), (3.6)
Up—2(x,0) = up—2,0(x), X € Bg,

where radially symmetric u,_5(x) satisfies the compatibility conditions and lz_n;:i — 2R < Up_2.0() < f_";:i — R with
An—> to be determined. B
For problem (3.6), there must exist A,_2 =Ap_2 € (%, 1) such that T,_, satisfies

9j+1

i - - 1 )
Mj > (7R +2CMT MG )P (j=1,2,...,n—4),
2 -1 _ Pn—2=17n—2 \ Pn-3
My-—3 > (2”*2R+MCMYI ¢ T, oD ) ’
Pn—2—1—qn2 2

—n-2
n—1— 2=

2 _ pn—1—qn \ Pn-1
My_1 > (2"—1R+ 2@n =D ey oqe 7 ) .
n

For any (u1,0,U2,0,...,Un,0) € V2 satisfying u;jo(R) = 2iR (j=1,2,...,n—3) and Upn—1,0(R) = %, we have u,_30(R) =

2" 3R 2" 3R
< > L for any A,_ 0,1). Then
—dn2im1 = 1-dns Y *n-1€ (0.1

2n—3R 2n—3R 2n—3R
———— —2R<uUp20X) < —=— —R<hp200) < —————.
1% o 12 ! (1= xn-2)hn 1

For (un—1)t >0, up—_1(x,t) > up_1,0(x) = 2"~ 3R — R. By the comparison principle, u,—» <tz and T < T,_». Hence

9j+1
M;j> (R +2CM T MTHY (j=1.2,....n—4),
2(pn_>9—1) - Pn_2=1-Gp_3 \ Pn-3
Mp_3 > (Zn_zR + MCMH,?,C?[_ZT 2(pp—2-D ) ,
Pn—2—1—(qn-2
2 _ —1—qgn Pn—1
Mpy_1 > (2"’1R + Lcmn el Bt ) .
pn—1—¢qn
Consider the second auxiliary problem
(ﬂn—3)t = Alip_3, (x,t) e Bg x (0, T),
Olp_ _ -2
G =MasCP (T —0) 2T (e.0) €9Bg x (0. 7).
n

Up—3(x,0) =1p_3,0(x), X € Bg,
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s ___n—2
where radially symmetric ,_3,0(x) satisfies "“g% = Mn,3C‘%”’2T 227D {1y 39(x) =2" 2R for x € dBg; Alip_3,0(x) >0
Un-3,0(%) > Uup—3,0(x) for x € Bg.
By Green’s identity and q,—» + 1 < pp—32,

1
fin3 <2"2R 4+ CMy_3CP2T 22D < M5
Pn—2—1—qno2

= __n—2
So ii,_3 satisfies 3"31—77‘3 > CP (T — t) 2(1’"72*”1—117”’33, (x t) € 39Bg x (0,T). By Lemma 21 and py 2 > 1, up_3 <
_ 1
Cr(T —t) ?®n—27D  and hence 6'{” =3 Cq" 2T —1) Z(Pn z 1>up” 3 (x,t) € dBg x (0, T). Then by the comparison princi-
1

- o
ple, up—3 <ip-3 < Mni; .

1
Similarly to the proof for u,_3, we have up_1 < M:ﬁ’ll .

In order to obtain the boundedness of u;_4, we introduce the third auxiliary problem

(lln—4); = Allp_4, (x,t) € B x (0, +00),
In-3

=M,"3 Mn_4, (x,1) €3Bg x (0, +00),

Bl_ln,4
an
Up—4(x,0) =Up—40(X), XE€Bg,
n—
where radially symmetric u,_4,0(x) satisfies "”’2;74‘0 = Mp" 3Mn 4, Up—gao0(x) = 2"~ 3R for x € 3Bg; Aiip_ 4.0(x) =
Un—4,0(X) > up—4,0(x) for x € Bg. By Green’s identity, we have

An— 1
. 1
lin_4 <2"3R+2CM,™ 3Mn aT2 <M
ai n-3 ) -3
- . Up— Pn—3 =P, : dup_ P p
So ii,_4 satisfies 3"r14 >M,"3 u,"} for (x,t) € 3Bg x (0, T). For un 3< Mn”33, Up_4 satisfies 3”774 <M,"3 u;"}. By the
1
comparison principle, up_4 < Up—gq < M:Lf We can obtain u; < ’ (j=n—-5,n—6,...,1), similarly. O

Lemma 3.7. If gn + 1 < pn and qn—2 + 1 < pn_2, then, for the fixed kn_3 € (5, 1) in Lemma 3.6, there exists 1|, _, € (0, %) such

that u,_> blows up while the other components remain bounded for the initial data satisfying uj o(R) = 2R (j=1,2,...,n=13),
3R 2" 3R _ 2" 3R ;
Up—1,0(R) = 5—, up—20(R) = m, and up o(R) = 72— ) inVs.

Proof. Take M, > ( 2 'R )p" Consider problem (3.6) with initial data u,—» 0 satisfying the compatibility conditions and

2R 2R x) < 2R R
—_—— — <Up20 )]s ——="T" —
(1= n-2)An_1 " (1= An—2)An—1

where An_1 is to be determined. There exists some A;,_, € (0, 2) such that, if A,_1 = A/ Tn—y satisfies

n—1’
211 ]R a 1 Pn
M, > <7 +2CM]! MnT{z) .
11—
Similarly to Lemma 3.6, up—» <up— and T < T,_,. Hence

211 ]R 51 1 Pn
Mn><—+2CM"1M Tz) .
1—na

a1 1 _
Considering (3.4) in [0,T), we have u, < f"flR + 2CM{! M,T? < M/". Then i, satisfies %” > Mfl il (x,t) e
n

dBr x (0, T). Due to uq < M{” un satisfies 3“” M”1 uP*, (x,t) € 3Bk x (0, T). By the comparison principle, u, < iy < M,.,”_".
So only up_p blows up. O

Lemma 3.8. If g, + 1 < py and qu_3 + 1 < pu_2, then, for the fixed x,_; € (%, 1) in Lemma 3.1, there exists A]_, € (%, 1) such

that up blows up while the other components remain bounded for the initial data satisfying ujo(R) = 2R (j=1,2,...,n=13),
on— on—3p .
Up—1,0(R) = =—, Up—20(R) = W and up o(R) = m inVj.
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Proof. Introduce the following auxiliary problem

(un); = Aup, (x,t) € Bg x (0, Tp),
dup
I = RTul", (x,t) € dBg x (0, Tp),

un(x,0) =uno0(x), XE€Bg,
where radially symmetric u, o(x) satisfies the compatibility conditions and

2n73R 2n73R
= —2R < Un,0 < = —
(1= Jn-2)(1 = An-1) S (1= A = )
with Ap_1 to be determined.

Choose M,,_, > (E;f )Pr-2_ There exists )‘;1/71 € (2, 1) such that, if A,_1 =21"

n_1» Ln satisfies

on lR In—1 1 Pn-2
Mp—2 > (1_— +2CMPH " Mp_2Tn? ) .

Take the initial data in V; such that A; = % (G=1,2,...,n = 3), An—p = An—2, An1 = An_y. For upo(®) < upo(x) and

uq(x,t) >u1,0(x) > R, we have u, <up and T < Ty. So

211 ]R In—1 1 Pn-2
Mp_2 > (— +2CM," My sz) )

— An—2

Consider the following auxiliary problem

(Un—2); = Alip_p, (x,t) € Bg x (0, +00),

a%”n‘z _Mgr’l‘ 11\/1,, 2. (X.0) € 3Bk x (0, +00),

Un—2(x,0) =tn—20(x), x€Bg,
where radially symmetric un_30(x) satisfies the compatibility conditions and up—30(R) = f;;i; Alp_20(x) = 0
Up—2.0(X) > up—20(x) for x € Bg. By Green’s identity, iip—y < M:il’zz. So ii,_p satisfies BL:," > Mngr’l'f uﬁ” 5. €

1 An—
dBg x (0, T). For up_q1 < Mn"1 , Up_p satisfies alg"n*z < M:” 11 uf;” >, (x,t) € 9Bk x (0, T). By the comparison principle,

_1
Up—p < lln—2 < M,;"?. Then only u, blows up. O
Similarly to the proof of Lemma 3.4, we have
Lemma 3.9.

(i) The set of initial data in V, such that u, blows up while the others remain bounded is open in L°°-topology.
(ii) The set of initial data in V, such that u,_, blows up while the others remain bounded is open in L*°-topology.

Lemma 3.10.If ¢, + 1 < pn, qn—2 + 1 < pp—2, and u,_», up blow up simultaneously while the others remain bounded up to time T,
then

1 1
(Un—2(t), Un(t)) ~ ((T =) 2Pn27D (T —t)” 2D ).
Proof. The proof is similar to the scale case [7]. We omit the detail here. O

By now, we get Proposition 3.2.
Finally, we consider the case for i =n and k =n — 1. Similarly to Proposition 3.1, we give the following proposition
without proof.

Proposition 3.3. If g, + 1 < p, and q1 + 1 < p1, then there exist suitable initial data such that uq, u, blow up simultaneously at
some time T while the others remain bounded up to T. Moreover,

1-1-qq

(U1(t),Un(t)) ((T—t) 2<p1 D (T—t) 2<p1 1)(Pn 1))

At the end of this section, we give the result on n = 2.
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Theorem 3.2. Assumen=2.1fq1 + 1 < py and q2 + 1 < pa, then there exist suitable initial data such that u1, u blow up simulta-
neously at some time T. Moreover, for N =1,

1+43—p) 1+91—-p1

(U1 (t), Uz(l')) ~ ((T —t)” W@ —0-pDT=p)1 (T — )~ A0d1--p1)A-P)] )

Proof. Simultaneous blow-up of (u1, uy) can be proved similarly to the proof of Proposition 3.1. The blow-up rate estimates
can be followed by Theorem 2.1 [24]. O

Remark 3.1. By Theorems 3.1 and 3.2, one can check that all of the cases for the existence of the initial data such that only
two components blow up simultaneously with the other ones remaining bounded are discussed (i.e., the discussion on the
classification of n, i, and k is complete). Furthermore, q; + 1 < p; and q;_ + 1 < p;_x is the coexistent region. In fact, there
exist initial data such that u; (or u;_g) blows up alone (by Theorem 2.2), and there also exist initial data such that u;_j and
u; blow up simultaneously with the others remaining bounded by Theorem 3.1 (n > 3) and Theorem 3.2 (n = 2). All of the
blow-up rates for (u;_g, u;) are obtained. It is interesting that the representations of blow-up rates are quite different with
respect to different values of n, i, and k.

4. Non-simultaneous and simultaneous blow-up for every initial data

In this section, we will discuss the exponent regions where k (€ {1,2,...,n}) components blow up while the other
(n — k) ones remain bounded for every initial data.

Theorem 4.1. Fixi € {1, 2, ...,n} and define ; = Assumepm\l <pim=1,2,...,i—1,i+1,...,n).

2(P
(i) fke{0.1,....n— 2}, Bj == & >0,pj<1(j=i—1,i=2,...,i—k), qikBik < 3, then i g, ui_y1,..., u; blow
up simultaneously while the other (n — k — 1) components remain bounded for every initial data in Vy. Moreover,

(Ui—k(®), Ui 1(0), .., Ui(®)) ~ ((T — ) Pik (T — )y Piksr (T —p)~P1). (4.1)

(i) Ifk=n— 1/3]—M,p]<1(]_1—11 2,..,i41=n),B;>0(=i—1,i—2,...,i+2—n), Biy1_n >0, then
uq,uy,..., Uy blowup stmultaneouslyfor every initial data in V.

Remark4.1. For n > 2 and N > 1, Theorems 4.1(i) shows the exponent regions where non-simultaneous blow-up occurs with
only k (¢ {1,2,...,n—1}) components blowing up simultaneously for every initial data, which consists with Theorem 2.4(I)
of [25] (n=2 and N =1) for Iy =112 =31 =12 =0 and Theorem 1.6 of [2] (n =2 and N = 1) for semilinear system;
Case (ii) gives the result on all of the components blowing up simultaneously for every initial data, which is compatible
with Theorem 2.1 for 11 =112 =Il1 =l =0 in [25] (n=2 and N = 1) and Theorem 1.1 for semilinear system in [2] (n = 2
and N =1).

Without loss of generality, we prove the case i =n by three lemmas. So 8, = 2(p . The first lemma deals with the
case (i) for k=0.

Lemmadl.lfpn, <l<ps,(m=1,2,...,n—1) and qpfn < % then only u, blows up while the others remain bounded for every
initial data in Vo. Moreover, Up (t) ~ (T — t)~Pn,

Proof. This proof consists of three steps.

Step 1. u, must be the blow-up component. Otherwise, ui,uy,...,Uuy—1 would remain bounded also for p, <1 (m =
1,2,...,n—1). It is a contradiction.

Step 2. u1,us, ..., up_1 remain bounded and u, < C(T —t)~#n. For p, > 1, we have u, < C(T —t)~#* by Lemma 2.1. By
Green’s identity, for O <z <t < T,

Un_1(8) < Up_1(2) + CUP™ (6)(T — 2) 7 ~nPn

We claim that up_i remains bounded up to blow-up time T. Otherwise, there would exist zj — T such that
C(T — zj)%*q"f"" < %, Un-1(zj) > 1, Up—1(zj) — 400 as j — +oo. Take t; such that U,_1(zj) = %Un 1(tj). We obtain a
contradiction: %Un,1 (tj) < %Un,1 (tj). Then up (m=n-2,n-3,...,1) remains bounded for p;; <1, recursively.
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Step 3. Un(t) > (T —t)~#7. As u; remains bounded up to time T, it can be understood that the blow-up rate of u, is
equivalent to that of the scalar case [7]. O

Next, we prove case (i) for k = 1. The other subcases k € {2, 3,...,n — 2} can be obtained similarly.

Lemmad2.lfp,<l<p,(m=1,2,....,n—=2), pn_1 <1, Bu_1:= ;nq"ﬂ" >0, and——qrl 1Bn—1 > 0, then up_1 and uy blow

up simultaneously while the other (n — 2) components remain bounded for every initial data in V. Moreover,

(Un—1(0), Un(®)) ~ ((T — ) Pr=1 (T — 1)~ Fn).

Proof. This proof is divided into four steps.

Step 1. Both u,_1 and u, are the blow-up components. We claim that u, is the blow-up component. If not, the other
components would remain bounded for p,, <1 (m=1,2,...,n—2) and pp_1 < 1, a contradiction. We say that u,_1 is also
the blow-up component. Otherwise, u1, ua, ..., up—2 would remain bounded Let uq < C. Then u, satisfies 3“” < quup” for
(x,t) € 3Bg x (0, T). By Green’s identity and (1.1), Up(t) < Un(2) + C(T — 2)2 Up” (t). Since up blows up, one can take z such
that 2U,(z) = Uy (t) for t near T. Then Uy(2) > c(T —2)~ ﬁ". So we have

t
1
SUna(©) > c/(T — )" Wba(t — 1) 3 dr.

The boundedness of U,_1 requires % > qnBn, and hence B,—1 < 0, which contradicts g,—1 > 0.

1
Step 2. The upper estimates of u,—1 and u,. We know from Lemma 2.1 that u, < C(T —t) 20n-1, Combining Green’s
identity with the upper estimate for u,, we have

Un—1(t) < Up-1(2) + C(T — Z)%*Qnﬂn U;I;i_ll t).

Take z such that Uy_1(2) = 2U,_1(t). Then Up_1(t) < C(T — t)Fn1,

Step 3. The boundedness of u1, ..., up—p. This part is similar to Step 2 of Lemma 4.1.

Step 4. The lower estimates for un_1, Uy. Assume uq < C. Then by Green’s identity and (1.1), Un(t) > c(T —t)~#n. Combining
the lower estimate of U, with (1.1), we have

t

Un—1(t)>cf uPr- 1(1)('[_7) Pnln— Zdr.

z

Define J(t) = fzt U,’;fl1 (o)(T — r)*ﬂ"qn*% dz, then J'(t) > cJPr-1(t)(T — t)*ﬁnQn*%’ S0

IO O > T -y,

Integrating the above inequality from z to t and taking z= 2t — T, we have U1 p” Tty =cJl=Pr-1(t) > (T — t)%‘ﬁnq“, and
hence Uy_1(t) > c(T —t) Pt O

Then we prove case (ii).

1_4. .
Igmma4.3.yfﬂj::%jf”l,pj<1<pn(j=1,2,.. —1),and 1 >0, ;>0 (j=2,3,...,n— 1), then uy, ua, ..., Uy

blow up simultaneously for every initial data in V.

Proof. Due to p, > 1, the solution of (1.1) must blow up for every initial data. We claim that u, is the blow-up component.
Otherwise, up_1,Un_3,...,u; would remain bounded. Next, we prove that u,_1 also blow up. If not, u,_o,up_3,...,Uq
would be bounded up to blow-up time T. Let u; < C. It is easy to get from Green's identity that U(t) > c(T — t)~Fr,
Combining the lower estimate of U, with Green’s identity, we have Up_1(t) > cf(;(T — r)*%*q"ﬂ" dt. The boundedness
of Uy—1 requires that % > qnPn, SO Pn—1 < 0, a contradiction. Then u,_; must blow up. By Step 4 of Lemma 4.2, we

have U,_1(t) > c(T — t)‘ﬂﬂfl. By the similar method, we obtain that u; must be the blow-up component and Up(t) >
c(T—t)Pm (m=n—-2,n—3,...,2). For 81 >0, uy also blows up at time T, similarly. That means u1, ua, ..., u, must blow
up simultaneously. O

So Theorem 4.1 is proved.
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Remark 4.2. As for Bi_y =0 (k > 1) in Theorem 4.1(i), we can also obtain that u;_, Uj_g41,...,u; blow up simultaneously
while the other (n — k — 1) components remain bounded for every initial data in Vg, but fail to obtain (4.1) here. In fact,
without loss of generality, we only prove i =n and k = 1. We can easily obtain that both u,_; and u, are the blow-up
components by changing 8,—1 > 0 to ;-1 =0 in the last line of Step 1 in Lemma 4.2. And then by Green’s identity, one

1
can obtain Up_1(t) < C(In +1;) 5. Then

n—1
Un_a(t) < Up_a(2) + C* Up”zz(t)/(ln ) =)t dr. (4.2)

We claim u,_ remains bounded. Otherwise, there would exist z; such that z; — T, 1 < Uy_2(z;) - +00 as j — +oo,
n—1
(In %)W < (T — r)_zll for T € (z, T), 4C*(T — zj)% < },{. Take t; such that Up_»(tj) = 2Up—2(zj). Then (4.2) turns into

%Un_z(tj) < %Un_z(tj), a contradiction. So up_» remains bounded. Due to pj, <1 (m=n—-3,n—4,...,1), we can obtain
the boundedness of u,_3,up_4, ..., U7 recursively.

Theorem 4.1(i) gives the results on k+ 1 (k€ {0,1,...,n —2}) components blowing up while the other (n —k — 1) ones
remaining bounded for every initial data. In the following theorem, if we restrict k € {0,1,...,n — 3}, then p;;1 can be
extended from pj1q <1to1<pjr1 <gi+1+ 1.

Theorem4.2.Fixie{1,2,...,n}anddeﬁneﬂ,=2(p Assumepm l<pim=1,2,...,i—1,i4+2,...,n)and 1 < piy1 <

1_g.
Gi+1+1.Ifke{0,1,...,n =3}, Bj:= %ﬁf“ >0,pj<1(j=i—1,i=2,...,i—k), qi—kBi—k < %,then Uifos Uik 1y - - -5 Uj
blow up simultaneously while the other (n — k — 1) ones remain bounded for every initial data in Vy. Moreover,

(Uick(®), Uigeg1 (O, -, Ui(0)) ~ ((T — ) Pik (T — )ikt (T —0)~F1).

We use two lemmas to prove it. Without loss of generality, we only give the proof for i=n —1. So 8,1 = m.
First, we deal with the subcase k = 0.

Lemma 4.4. Assume pym <1< pp_1 (m=1,2,. —2).Ifqn—1Bn-1 < % and 1 < pp <qn + 1, then only u,_1 blows up for every
initial data in Vo. Moreover, Up_1(t) ~ (T —t)~ /3" 1.

Proof. Firstly, we will show that non-simultaneous blow-up happens with uq, uy, ..., u,_ remaining bounded up to blow-
up time T for every initial data in Vo. One can prove that U,_1(t) < C(T —t)~#n-1. Also by Green’s identity,

Un—2(t) < Up—2(@) + C*UR 2 (O)(T — 2)3 001t

We claim that u,_» is bounded up to time T. If not, there would exist z; — T such that Uy_2(zj) > 1, Up_2(zj) > +0o0 as
j— 400, and C*(T —zj)%‘q"*ﬁ"*l < £. Take t; such that Up_2(tj) = 2Un—2(2j). S0 2Un_2(tj) < 2Un_2(t)), a contradiction.
Considering p;, <1 (m=1,2,...,n—3), one can obtain the boundedness of u,_3, uy_4, ..., Uy, recursively.
Secondly, we will prove that u, also remains bounded up to time T. Assume that un blows up at T. By the boundedness
of uy, we obtain Up(t) > C1(T —t)~ o= . So uy_1 satisfies that "”" Cq"(T -t o= l)up" ! (x,t) € 3Bg x (0, T).
Consider the auxiliary problem

(Un—1)¢ = Aup—1, (x,t) € Bg x (0, Tp—1),

dup—1 — gl pp_

oy =T =0T () € 0Bg x (0, Tn-1), (43)
Up—1(%,0) = up—1,0(%), X € Bg,

where up_1,0(x) satisfies the compatibility conditions and Au,_; o(x) >0, un—1,0(x) < up—1,0(x) for x € Bg. Then we have
Up—1 > Up—q and T < Tp—1 by the comparison principle. But problem (4.3) means T,_1 < T. Hence T,_1 = T. By Green’s
identity,

¢ Pn 1(.[)
Un1() 2 C/ an dt =cW(t). (4.4)
(T — )2+ 7D

It is easy to see that W (t) blows up at time T. By (4.4),

1
WP (W' () = o(T — )2+ amnn),



230 B. Liu, E Li/J. Math. Anal. Appl. 356 (2009) 215-231

Integrating the above inequality from % to t, we obtain that

t
1 T (1 n
—  (wl P ) —wlP1) ) >c — )" dr = I(p). .
. ]Wlplz W1=Pn-1(p) (T —7) 2+ Vdt = 1(t) (4.5)
n—1—
T

[N

For p, <qn+ 1, I(t) > 400 as t — T. It is a contradiction to the boundedness of the left part of (4.5). So u, still remains
bounded up to time T. Then only u,_1 blows up. The blow-up rate estimates can also be followed by the scale case
(see [7]). O

Second, we consider subcase k = 1. The other subcases of k can be proved similarly.

1_
Lemma4.5./fpn <1<pp1m=1,2,....n1=3),ph2 <1, 1 <pp<qn+1, 2= -1 T 0,qn—2Bn—2 < %, then up_»

and uy_1 blow up simultaneously while the other (n — 2) components remain bounded for ever} initial data in Vo. Moreover,
(Un—2(0), Un—1 () ~ ((T —t)~Pr-2 (T — ) ~Fn-1),

Proof. We claim that whether u,_, is bounded or not, u; always remains bounded. If u,_» is bounded up to time T,
then up_3,up—4,...,u; are bounded also. Assume that up_ blows up at time T. Since pp—1 > 1, we have Up_1(t) <
C(T —t)~Fr-1, Combining Green’s identity with the upper estimate of u,_1, we have

Un—2(t) < Up_2(2) + CUP" 2 (e)(T — 2 0-1h-1 0<z<t<T.
Take z such that Uy_3(2) = 2Uu_5(t). Then Up_a(t) < C(T — t)~Fn—2, By Green'’s identity,

Un_3(t) < Un_3(2) + CUP" 2 (t)(T — 2) 2 ~n-2Pn-2,

Similarly to Step 2 of Lemma 4.1, we obtain that u,_3 is bounded. Then uy_4, tuy_s,...,u; are bounded for p,_4, pn—s,
...p1 <L

By the similar method used in Lemma 4.4, one can check that u, also remains bounded up to time T. It is easy to see
that uy_q is the blow-up component. In fact, if u,_; remains bounded up to time T, then u,_» will be bounded also for
Pn—2 < 1, a contradiction with at least one component blowing up. By the method of Lemma 4.2, we obtain the blow-up
property of u,_» and the blow-up rates of u,_» and up,—1. O

In the following, we show another result on n (> 2) components blowing up simultaneously.

”(lj‘heorem 43.If p1,p2,...,Pn < 1and ]_[']?:l qj — ]_['}:1 (1 —pj) >0, then uy, uy, ..., u, blow up simultaneously for every initial
ata.

Proof. Without loss of generality, assume that u,; would remain bounded up to the blow-up time T. Then the others would
be bounded also for p; <1 (1 <i<n—1). Due to ]—I'}=l qj— ]_[']-Zl(l — pj) >0, it contradicts to Theorem 2.1. O

Similarly to Theorem 4.1 of [7] or Theorem 4.8 of [9], we have the following result.
Theorem 4.4. If u; blows up with U;(t) < C(T —t)~% foranyi € {1, 2, ..., n}, then the blow-up only can occur on the boundary.
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