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a b s t r a c t

This paper makes an attempt to develop a fractal derivative model of anomalous diffusion.
We also derive the fundamental solution of the fractal derivative equation for anomalous
diffusion, which characterizes a clear power law. This new model is compared with the
corresponding fractional derivative model in terms of computational efficiency, diffusion
velocity, and heavy tail property. The merits and distinctions of these two models of
anomalous diffusion are then summarized.
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1. Introduction

In recent years, the phenomena of anomalous diffusion have been observed in many fields, such as those of turbulence,
seepage in porous media, pollution control [1–5]. Although the demand for appropriate mathematical models is high
from biomechanics to geophysics to acoustics, the differential equation modelling of anomalous diffusion has long been
a perplexing mathematical physics issue.
Nonlinear modelling is a popular approach to depicting a variety of complex anomalous diffusion phenomena. However,

it is mathematically very difficult to analyze and computationally very expensive to simulate. In addition, the nonlinear
models often require some parameters unavailable from experiment or field measurements. As alternative approaches,
in recent decades the fractal and fractional derivatives have been found effective in modelling anomalous diffusion
processes [2,3]. The advantage of the fractal or the fractional derivative models over the standard integer-order derivative
models is in that the former can describe very well the inherent abnormal-exponential or heavy tail decay processes.
From the viewpoint of statistical physics, the normal diffusion underlies the well-known Brownian motion of the

particles. The probability density function (PDF) in space, evolving in time, which governs the Brownian motion, is of the
Gaussian type whose variance is proportional to the first power of time. In contrast, a number of evolution equations have
been proposed in recent decades for describing anomalous diffusion, in which the variance is no longer proportional to
the first power of time. One of the most popular statistical models of anomalous diffusion is the continuous time random
walk model (CTRW), which corresponds to the fractional diffusion equation underlying the Lévy diffusion process [6,7]. It is
worthwhile to note that the parameters of the fractional derivative models have clear physical significance and are easy to
get from a data fitting of experimental or field measurements. In addition, the models of this type are also mathematically
easy to analyze. However, like nonlinear equation models, these models are not computationally cheap and are also of a
phenomenological description which does not necessarily reflect the physical mechanism behind the scenes.
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On the other hand, Chen [8] recently introduced a fractal derivative from the fractal concept and applied it to model a
variety of power law scaling phenomena, such as turbulence, fractional quantum mechanics, and anomalous diffusion. It
was found that the well-known stretched Gaussian distribution is the analytical solution of the fractal derivative anomalous
diffusion equation [9,10].
However, to the best of our knowledge, in-depth analysis and comparisons of the fractal and the fractional derivative

models of anomalous diffusion have not been reported in the literature. Through theoretical analysis and numerical
experiments, this study makes an attempt to investigate the merits and demerits of these two modelling approaches.

2. Definitions of the fractal derivative and the fractional derivative

In this study, we employ the fractal derivative defined in Ref. [8],

∂u
∂tα
= lim
t1→t

u(t1)− u(t)
tα1 − tα

, 0 < α. (1)

A more generalized definition is given by

∂uβ

∂tα
= lim
t1→t

uβ(t1)− uβ(t)
tα1 − tα

, 0 < α, 0 < β. (2)

There are a few different definitions of fractional derivatives such as Grunwald–Letnikov, Riemann–Liouville, Caputo,
Riesz–Feller fractional derivatives [11,12], and the fractional Laplacian [13], all of which have an underlying relationship. In
the real-world applications, the Caputo fractional derivative in time is mostly used and is given by

dpf (t)
dtp

=
1

0(m− α)

∫ t

0
(t − τ)m−1−pf (m)(τ )dτ , (m− 1 ≤ p < m), (3)

where p is the derivative order, and 0 denotes the Gamma function.
The essential difference of the fractal and the fractional derivatives lies in the former being a local operator, while the

latter is a global operator. However, regardless of whether the fractal or the fractional derivative approach is used, the
integer-order derivative is simply a limited case.

3. Theoretical analysis

3.1. The fractal derivative model

For simplicity,we restrict our attention to a one-dimensional diffusion process. The fractal derivativemodel of anomalous
diffusion is stated as

∂u(x, t)
∂tα

= D
∂

∂xβ

(
∂u(x, t)
∂xβ

)
t > 0, −∞ < x < +∞

u(x, 0) = δ(x),
(4)

where 0 < α < 2, 0 < β <= 1, D is a diffusion coefficient, and δ(x) represents the delta function.
In order to obtain the fundamental solution of (4), we apply the following variable transforms:{

t̂ = tα

x̂ = xβ .
(5)

(4) is transformed into a normal diffusion equation in the translated variable system. The fundamental solution of (4) is
found to be in the form of a stretched Gaussian distribution as shown below [8,14]:

u(x, t) = t−α/2Gβ
( x
tα/2β

)
. (6)

In this study, the stretched Gaussian kernel is defined as

Gβ(p) =
1

2
√
πD
e−p

2β/4D. (7)

Expression (6) can be interpreted as a time-dependent spatial probability density function (PDF ) which yields the
stretched Gaussian distribution evolving in time. By using (6), we can immediately deduce the scaling of the mean square
deviation

〈x2(t)〉α,β =
∫
x2t−α/2Gβ

( x
tα/2β

)
dx. (8)
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Fig. 1. Anomalous diffusion at x = 0.5; thick dashed line: α = 0.6, β = 1.0, dotted line: α = 1.0, β = 1.0, thick solid line: α = 1.4, β = 1.0.

With the substitution p = x/tα/2β , we get

〈x2(t)〉α,β = Nα,β t(3α−αβ)/2β , (9)

where Nα,β =
∫
p2Gβ(p)dp.

It should be noted that when α = β = 1, (9) is simplified to a normal diffusion process which obeys Fick’s second law
〈x2(t)〉 ∝ t . Otherwise, (9) represents a sub-diffusion process when α < 2β(3 − β) and a super-diffusion process when
α > 2β(3− β). Fig. 1 shows the diffusion curves with different parameters α, β .

3.2. The fractional derivative model

The fractional derivative model of anomalous diffusion is given by
∂γ u(x, t)
∂tγ

= d
∂ηu(x, t)
∂ |x|η

t > 0, −∞ < x < +∞, 0 < γ , η ≤ 2

u(x, 0) = δ(x).
(10)

If γ = 1, η = 2, then it becomes a normal diffusion equation. In the Fourier–Laplace domain, (10) can be translated into the
following form:

sγ ˆ̄u(k, s)− sγ−1 = −d |k|η ˆ̄u(k, s), 0 < γ ≤ 1, 0 < η ≤ 2, (11)

The above expression corresponds to the Riesz fractional derivative in space ∂η/∂ |x|η = Dη
|x| → −|k|

η and the Caputo
fractional derivative in time dγ u(x, t)/dtγ → sγ ū(x, s)− sγ−1.
The solution of (11) in the Fourier–Laplace domain is stated as

ˆ̄u(k, s) = sγ−1/(sγ + d |k|η), s > 0, k ∈ R. (12)

According to Refs. [15–17], if d = 1, the fundamental solution of (10) can be expressed as

u(x, t) = t−γ /ηK θγ ,η
( x
tγ /η

)
, 0 < γ ≤ 2, 0 < η ≤ 2, (13)

where the K function is stated as

K θγ ,η(x) =
1
γ x

1
2π i

∫ µ+i∞

µ−i∞

0(s/γ )0(1− s/γ )0(1− s)
0(1− ηs/γ )0(ρs)0(1− ρs)

xsds, (14)

where µ, ρ are coefficients.
Substituting p = x/tγ /η into (13) yields

〈x2(t)〉γ ,η = Mγ ,ηt2γ /η, (15)

whereMγ ,η =
∫
p2Kγ ,η(p)dp.

Eq. (15), which includes the fractional derivative orders γ and η, indicates a sub-diffusion when 2γ < η, a normal
diffusion when 2γ = η, and a super-diffusion when 2γ > η.
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Fig. 2. Diffusion image at x = 0.6; dotted line: time fractal model with different orders, from top to bottom: α = 0.5, 0.6, 0.7, 0.8, 0.9, 1.0; solid line:
time fractional model with different orders, from top to bottom: γ = 0.5, 0.6, 0.7, 0.8, 0.9, 1.0.

We should mention that if γ = 1, 0 < η < 2, then (10) becomes a spatial fractional derivative equation. Its Fourier
transform is given by

û = exp(d(ik)ηt). (16)

The expression (16) can be interpreted as an α-stable probability density function characterizing a power law tail. A
generalized non-local Fick’s law can be derived from the spatial fractional diffusion equation underlying the Lévy–Feller
statistics [18–22].

4. Numerical experiments

In this section, we focus on the time fractal and the time fractional diffusion equations having derivative order no bigger
than 1, which are known to describe sub-diffusive processes. The time fractal derivative model is given by

∂u(x, t)
∂tα

=
∂2u(x, t)
∂x2

, 0 < x < L, t > 0, 0 < α ≤ 1
u(0, t) = u(L, t) = 0

u(x, t) = sin
xπ
L
.

(17)

The time fractional diffusion equation is stated as
dγ u(x, t)
dtγ

=
∂2u(x, t)
∂x2

, 0 < x < L, t > 0, 0 < γ ≤ 1
u(0, t) = u(L, t) = 0

u(x, 0) = sin
xπ
L
.

(18)

In the (18), dγ u(x, t)/dtγ represents the fractional derivative of the Caputo definition.
In this study, we use the Crank–Nicholson finite difference discretization scheme for the above two models. It is known

that this numerical scheme is unconditionally stable, convergent [7,23], and has numerical accuracy of (2 − γ ) order for
the fractional derivative equation [24]. We can also validate that it is unconditionally stable and convergent for the fractal
derivative equation.
From Figs. 2 and 3, we have found that the diffusion velocity in the time fractional derivative model is much higher than

that of the time fractal derivativemodel in the interval t ∈ (0, 10]. In the time fractal model, the bigger the fractal derivative
order α, the faster the diffusion velocity. In contrast, in the time fractional model, the bigger the order γ , the slower the
diffusion rate change in the initial interval t ∈ (0, 1]. But in t ∈ [2, 10], the diffusion rate increases with the growth of
γ . On the other hand, though both models display different diffusion rates which are slower than that of normal diffusion
and asymptotic to a power function in the long term, the time fractional derivative model exhibits a more prominent heavy
tail than the time fractal derivative model. In addition, if we employ the space fractal derivative model, it will exhibit the
remarkable skewness property in the spatial domain.
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Fig. 3. Diffusion image at x = 0.6 in logarithmic coordinates; α = 0.8 in the time fractal model (dotted line); γ = 0.8 in the time fractional model (solid
line).

5. Conclusions

From a statistical viewpoint, the fractal diffusion equation underlies the stretched Gaussian process, while the fractional
diffusion equation reflects the Lévy process. Although bothmodels can characterize the power lawphenomena of anomalous
diffusion, this study has observed some notable differences in diffusion rate and heavy tail behaviours, etc. Since the fractal
derivative is a local operator, unlike the global fractional derivative operator, the numerical solution of fractal derivative
equations can be carried out by standard numerical techniques for the integer-order derivative equations and thus is far
more mathematically simple and computationally efficient than that of fractional derivative equations.
It should be noted that both models can depict a variety of kinds of anomalous diffusion processes, but the particular

application areas of the twomodelling approaches are still unclear. There are also some unresolved issues in this study such
as the complete mathematical foundation of the fractal derivative, the physical mechanism of the descriptive models, to
mention but a few. Therefore, further study of these open problems is still under way.
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