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Abstract

We define the notion of factorizable quasi-Hopf algebra by using a categorical point of view.
We show that the Drinfeld double D(H) of any finite dimensional quasi-Hopf algebra H is
factorizable, and we characterize D(H') when H itself is factorizable. Finally, we prove that any
finite dimensional factorizable quasi-Hopf algebra is unimodular. In particular, we obtain that
the Drinfeld double D(H') is a unimodular quasi-Hopf algebra.
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0. Introduction

The concept of a quasi-triangular (or braided) bialgebra is due to Drinfeld [9].
Roughly speaking, a bialgebra H is quasi-triangular if the monoidal category of left
H-modules is braided in the sense of Joyal and Street [16]. In other words, H is
quasi-triangular if there exists an invertible element R€ H ® H satisfying some ad-
ditional relations (see the complete definition below). In the Hopf algebra case a
reformulation of this definition was given by Radford [24]. Ribbon and factorizable
Hopf algebras are special classes of quasi-triangular Hopf algebras, and in this theory
a particular interest is produced by the Drinfeld double D(H ). By the Drinfeld double
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construction [9], every finite dimensional Hopf algebra H can be embedded into a
finite dimensional quasi-triangular Hopf algebra D(H).

As we pointed out, factorizable Hopf algebras belong to the class of quasi-triangular
Hopf algebras. Suppose that (H,R) is a quasi-triangular Hopf algebra and denote by
R'®R? and r'®r? two copies of the R-matrix R of H. Then (H,R) is called factorizable
if

2:H* - H, 2y =(R*»")R'¥ VycH*
is a linear isomorphism or, equivalently, if the map
2:H* - H, 2y =zR'R> VyeH*

is a linear isomorphism. Factorizable Hopf algebras were introduced and studied by
Reshetikhin and Semenov-Tian-Shansky [26]. They are important in the Hennings
investigation of 3-manifold invariants [15]. Hennings shows how we can construct
3-manifold invariants using some finite dimensional ribbon Hopf algebras which are,
in particular, factorizable. Afterwards, Kauffman reworked the Hennings construction,
see [19] or [25] for more details. We note that factorizable Hopf algebras are also im-
portant in the representation theory [27], notably with applications to the classification
of a certain classes of Hopf algebras, see [11].

Now, quasi-bialgebras and quasi-Hopf algebras were introduced by Drinfeld [10].
They come out from categorical considerations: putting some additional structure on
the category of modules over an algebra H, the definition of a quasi-bialgebra H en-
sures that the category of left H-modules .4 is a monoidal category. So H is a unital
associative algebra together with a comultiplication 4 : H — H ® H and a usual counit
& : H — k such that 4 and ¢ are algebra maps, and 4 is quasi-coassociative, in the
sense that it is coassociative up to conjugation by an invertible element ?c HQH QH.
Consequently the definition of a quasi-bialgebra is not self dual. For a quasi-Hopf alge-
bra H the definition ensures that the category of finite dimensional left H-modules is a
monoidal category with left duality. In a similar manner one can define quasi-triangular
(ribbon, at least in the finite dimensional case) quasi-bialgebras: a quasi-bialgebra is
called quasi-triangular (ribbon) if the monoidal category y.# is braided (ribbon, respec-
tively). In the quasi-triangular case, this means that there exists an invertible element
Re H ® H satisfying some additional conditions. If A is a quasi-Hopf algebra then
the definition of a quasi-triangular quasi-bialgebra can be reformulated, see [7]. As we
have already explained the study of quasi-Hopf algebras, or quasi-triangular (ribbon)
quasi-Hopf algebras is strictly connected to the study of monoidal, or braided (ribbon)
categories. Thus, in general, when we want to define some classes of quasi-Hopf al-
gebras we should look at the classical Hopf case in the sense that we should try to
reformulate their basic properties at a categorical level, and then we must come back
to the quasi-Hopf case; if this is not possible then we have to be lucky in order to
define (and then study) them.

As far as we are concerned, in the classical case, the definition of the map 2 given
above has a categorical interpretation due to Majid [22]. Hence, if in the quasi-Hopf
case a suitable map satisfies the same categorical interpretation then it makes sense
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to define the factorizable notion. This is way we propose in Section 2 the following
definition for the map 2:

Q(X) — <Xa S(XZZIBZ)f'lRZrl U1X3>XIS(X12ﬁ1 )szlrzUz,

for all y € H*, where r' ® 72 is another copy of R, ?=X'@X’X3 =YY’ Y3,
and ' ® f2, U' @ U?, p'® p* € H ® H are some special elements which we will
define below. Moreover, we will see that in the quasi-Hopf case the analogues of the
map 2 is

A = ST X)PR'XG PP R X PSS,

for all y € H*, where q¢' ®¢> € H®H is another special element which will be defined.

Following [22], in Section 4 we will give the categorical interpretation of the map
2 in the quasi-Hopf case. For this, we develop first in Section 3 the transmutation the-
ory for dual quasi-Hopf algebras. Using the dual reconstruction theorem (also due to
Majid) we will show that to any co-quasi-triangular dual quasi-Hopf algebra 4 we can
associate a braided commutative Hopf algebra 4 in the category of right 4-comodules.
Keeping the same terminology as in the Hopf case we will call 4 the function al-
gebra braided group associated to A. This procedure is the formal dual of the one
performed in [6] where to any quasi-triangular quasi-Hopf algebra H is associated a
braided cocommutative group H in the braided category of left H-modules. We call
H the associated enveloping algebra braided group of H. We notice that, in the fi-
nite dimensional case, 4 cannot be obtained from H by (usual) dualisation. In fact,
if H is finite dimensional then the map 2 provides a braided Hopf algebra morphism
between the function algebra braided group H* associated to H* and H (Proposition
4.1). Moreover, H* is always isomorphic to the categorical dual of H as braided Hopf
algebra (Proposition 4.2). So the true meaning of the map 2 is that H and H* are self
dual (in a categorical sense) provided 2 is bijective, i.e. H is factorizable.

Let H be a finite dimensional quasi-Hopf algebra and D(H) the Drinfeld double
of H. Similarly to the Hopf case we will show in Section 2 that D(H) is always
factorizable. The description of D(H) when H is quasi-triangular was given in [4].
In this case D(H) is a biproduct (in the sense of [6]) of a braided Hopf algebra B’
and H, and, as a vector space, B' is isomorphic to H*. Furthermore, in Section 5
we will see that the Drinfeld double D(H) has a very simple description when H
itself is factorizable. In fact, we will give a quasi-Hopf version of a result claimed
in [26] and proved in [27]. We will show that if H is factorizable then D(H) is
isomorphic as a quasi-Hopf algebra to a twist of a usual (componentwise) tensor
product quasi-Hopf algebra H ® H. To this end we need the alternative definition for
the space of coinvariants of a right quasi-Hopf H-bimodule and the second structure
theorem for right quasi-Hopf H-bimodules proved in [3]. Finally, in Section 6 we
will prove that any finite dimensional factorizable quasi-Hopf algebra is unimodular.
In particular, we deduce that the Drinfeld double D(H) is a unimodular quasi-Hopf
algebra.

As we will see, the theory of quasi-Hopf algebras is technically more complicated
than the classical Hopf algebra theory. This happens because of the nature of the prob-
lems which occur in the quasi-Hopf algebra theory. When we pass from Hopf algebras
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to quasi-Hopf algebras the appearance of the reassociator @ and of the elements o and
p in the definition of the antipode increases the complexity of formulas, and therefore
of computations and proofs.

1. Preliminaries
1.1. Quasi-Hopf algebras

We work over a commutative field k. All algebras, linear spaces etc. will be over
k; unadorned ® means ®y. Following Drinfeld [10], a quasi-bialgebra is a four-tuple
(H, 4, ¢, @) where H is an associative algebra with unit, @ is an invertible element in
H®H®H, and 4:H - H®H and ¢: H — k are algebra homomorphisms satisfying
the identities

(id @ A)(A(h)) = &(A @ id)(A(h))P~", (L.1)

(ide)Ah)=h®1, (exid)(A(h)=1Rh, (1.2)
for all h€ H, and ® has to be a 3-cocycle, in the sense that
(1®P)idR®ARid)(PYPR1)=(id®id @ A)N(P)4®id R id)(P), (1.3)

(id@e@id)(P)=121 1. (1.4)

The map A4 is called the coproduct or the comultiplication, & the counit and @ the
reassociator. As for Hopf algebras we denote A(h) = hy ® hy, but since 4 is only
quasi-coassociative we adopt the further convention (summation understood):

(A@id)(A(h)) = ha,1) @ ha2) @by,  (id @ A)(A(h)) = h) @ h,1) @ k),

for all h€ H. We will denote the tensor components of @ by capital letters, and the
ones of ®~! by small letters, namely

P=X'@X’ X =T'@T*P=V'ereVi=...

o l=x'glel=relter=rertel=---

H is called a quasi-Hopf algebra if, moreover, there exists an anti-morphism S of the
algebra H and elements o, f € H such that, for all 2 € H, we have:

S(h)ohy = e(h)e  and ki BS(hy) = e(h)p, (1.5)

X'pS(x*)ax> =1 and SEHo?pS(*) = 1. (1.6)

Our definition of a quasi-Hopf algebra is different to the one given by Drinfeld [10]
in the sense that we do not require the antipode to be bijective. Nevertheless, in the
finite dimensional or quasi-triangular case the antipode is automatically bijective, cf.
[3] and [7]. In this way we omit the bijectivity of S in the definition of a quasi-Hopf
algebra.
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For a quasi-Hopf algebra the antipode is determined uniquely up to a transfor-
mation o — ay = Uax, f — Pu = pUL, S(h) — Su(h) = US(h)U™!, where
U € H is invertible. In this case we will denote by HY the new quasi-Hopf algebra
(H, A, &, (D, SU, oy, ﬂ[u )

The axioms for a quasi-Hopf algebra imply that ¢ 0 .S =¢ and &(a)e(f) = 1, so, by
rescaling o and f/, we may assume without loss of generality that e(o) = &(ff) = 1.
Identities (1.2)—(1.4) also imply that

(e®id ®id)(P)=(id®id @e)(P)=121® 1. (1.7)

Next we recall that the definition of a quasi-Hopf algebra is “twist coinvariant” in the
following sense. An invertible element /' € H ® H is called a gauge transformation or
twist if (e®id )(F)=(id®e)(F)=1. If H is a quasi-Hopf algebra and F=F'®F? ¢ H®H
is a gauge transformation with inverse F~! = G! ® G?, then we can define a new
quasi-Hopf algebra Hr by keeping the multiplication, unit, counit and antipode of H
and replacing the comultiplication, reassociator and the elements « and f by

Ap(h) = FACh)F~!, (1.8)
Or = (1 Q@ F)(id @ A)F)P(A @ id)(F~)YF'®1), (1.9)
ar =S(GYHYaG?,  pr=F'BS(F?). (1.10)

It is well-known that the antipode of a Hopf algebra is an anti-coalgebra morphism.
For a quasi-Hopf algebra, we have the following statement: there exists a gauge trans-
formation f € H ® H such that

FAS) f~ = (S ®8)(A°P(h)), for all heH, (1.11)
where A°P(h) =hy ® hy. f can be computed explicitly. First set

AL 4 =P 1) A®id®id) (D),

B'oB B @B ' =(4®id @id) (PN P ' @1)
and then define y,0 € H ® H by

y=8U>)od’ @ S(AYod* and 6= B'BS(B*) ® B*BS(BY). (1.12)
f and f~! are then given by the formulas

[ =(S @) (AP (x"))y A pS (), (1.13)

7= ASEHox?)d(S @ §)(AP(x1)). (1.14)

Moreover, f satisfies the following relations:

fA@) =y, AP~ =0. (1.15)
Furthermore the corresponding twisted reassociator (see (1.9)) is given by

o= @S2HX 2X*2x"). (1.16)
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In a Hopf algebra H, we obviously have the identity
h @hS(hy)=h®1, forall he H

We will need the generalization of this formula to quasi-Hopf algebras. Following
[12,13], we define

=p @pP=x'0xS*), @=q¢' @@ =X"'@s (X)X  (1.17)
p=p@p=XST'X'PHeX, q=qoq=Sx"Yutex.  (118)
For all 7€ H, we then have

A(h)pr[1 @ S(ha)l = prlh @ 11, [1® 8™ (h2)lgrA(h) = (h© g, (1.19)

A) pulS™ () @ 1= pr(1 @ k), [S(h) @ Ngrd(hy) = (1 © h)gr,  (1.20)

and

A@Hprll@S(@) =121, [1oS ' (pPlgrd(pH=121, (1.21)
[S(p1) @ Uqrd(p))=1®1, Ag)pS (g @1]1=1®1, (1.22)
&(A @ id)(pr)(pr @ id)

=(id ® A)(A")pr)(1 @ f~1)(1 @ S(*) @ S(x?)), (1.23)

(1@ qL)(id ® A)(qr)® = (SG*) @ S(x') @ 1)(f @ 1)(4 @ id)(qrAx*)),  (1.24)

where f = f! ® f? is the twist defined in (1.13).
Note that some of the above formulas use the bijectivity of the antipode S. Never-
theless, we will restrict ourselves to apply them only in this case.

1.2. Quasi-triangular quasi-Hopf algebras

A quasi-Hopf algebra H is quasi-triangular (QT for short) if there exists an element
Re H ® H such that

(4@ id)(R) = P312R13 @135 R &, (1.25)
(id ® A)R) = @3\ Ri3P213R 127", (1.26)
A°P(h)R = RA(h), for all he H, (1.27)
(¢ @ id)(R) = (id ® £)(R) = 1, (1.28)

where, if ¢ denotes a permutation of {1,2,3}, we set 450(1),,(2)0(3):)(”71(1)®X"71(2) ®
X '®, and R;; means R acting non-trivially in the ;th and ;th positions of H ©H @ H.
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In [7] it is shown that, consequently, R is invertible. Furthermore, the element

u=S(R> p*)aR' p! (1.29)
(with pr = p' ® p? defined as in (1.17)) is invertible in H, and

u ' =X'R? p’S(S(X?R' phyaX?), (1.30)

gu)=1 and S*(h)=uhu"" (1.31)

for all 4 € H. Consequently the antipode S is bijective, so, as in the Hopf algebra case,
the assumptions about invertibility of R and bijectivity of S can be dropped. Moreover,
the R-matrix R = R' ® R? satisfy the identities (see [1,13,7]):

fuRfT = (S @ S)(R), (1.32)
S(R*)aR" = S(o)u. (1.33)
1.3. Hopf algebras in braided categories

For further use we briefly recall some concepts concerning braided categories and
braided Hopf algebras. For more details the reader is invited to consult [18] or [22].

A monoidal category means a category 4 with objects U, V, W etc., a functor ® : € x
% — € equipped with an associativity natural transformation consisting of functorial
isomorphisms ay,y,w: (U V)@ W — U ®(V ® W) satisfying a pentagon identity, and
a compatible unit object 1 and associated functorial isomorphisms (the left and right
unit constraints, [V =V ®1 and rp:V = 1® V, respectively).

Let % be a monoidal category. An object V' €% has a left dual or is left rigid if
there is an object V* and morphisms evy:V* @ V — 1, coevy:1 — V ® V* such that

;' o (idy @ evy) o ay,y-y o (coevy @idy)ory =idy, (1.34)

ryt o (evy ®idy-)oay! . o(idy- ® coevy)o Iy« =idy-. (1.35)

If every object in the category has a left dual, then we say that % is a left rigid
monoidal category or a monoidal category with left duality.

A braided category is a monoidal category equipped with a commutativity natural
transformation consisting of functorial isomorphisms cyy: U@V — V ® U compatible
with the unit and the associativity structures in a natural way (for a complete definition
see [18,22]).

Suppose that (H, 4,¢, @) is a quasi-bialgebra. If U, V, W are left H-modules, define
CZU’V,WZ(U(X) V)® W — U®(V® W) by

av (U@ v) @w) = (U® (0@ W)). (1.36)

Then the category py.# of left H-modules becomes a monoidal category with tensor
product ® given via 4, associativity constraints ay,y,, unit k as a trivial H-module
and the usual left and right unit constraints. If A is a quasi-Hopf algebra then the
category of finite dimensional left H-modules is left rigid; the left dual of V is V'*
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with the H-module structure given by (4 - v*)(v) =v*(S(h)-v), for all ve V, v* € V¥,
he H and with

evp(v* @ v)=v"(2-v), coevp(l)=f- v, (1.37)

where {;v} is a basis in V' with dual basis {'v}. Now, if H is a QT quasi-Hopf algebra
with R-matrix R = R' ® R?, then ./ is a braided category with braiding

cuy(u®@v)=R* - v®@R"-u, forall ucU veV. (1.38)

Finally, the definition of a Hopf algebra B in a braided category % is obtained in
the obvious way in analogy with the standard axioms [28]. Thus, a bialgebra in %
is (B,mp,np, Ap,ep) where B is an object in ¥ and the morphism mz:B ® B — B
forms a multiplication that is associative up to the isomorphism «. Similarly for the
coassociativity of the comultiplication 4z: B — B ® B. The identity in the algebra B is
expressed as usual by np:1 — B such that mp o (ng ® id) = mp o (id ® ng) = id. The
counit axiom is (e ® id) o Ag = (id ® eg) o Ag = id. In addition, A is required to be
an algebra morphism where B ® B has the multiplication

myes: (BOB)® (BOBYSB® (B®(B®B) 2 SB® (B B)®B)

L B (B B) @ B B @ (B9 (BEB) (B B) @ (BoB)

mp&mp

——B®B.

A Hopf algebra B is a bialgebra with a morphism Sz : B — B in ¥ (the antipode)
satisfying the usual axioms mp o (Sp ® id) o Ag =npoeg =mpo (id ® Sg) o Ap.

2. Factorizable QT quasi-Hopf algebras

In this Section we will introduce the notion of factorizable quasi-Hopf algebra and
we will show that the quantum double is an example of this type.

If (H,R) is a QT quasi-Hopf algebra then we will see that the k-linear map 2:H* —
H, given for all y € H* by

20 = (1 SCG PSR HUIX)XIS(XE P PRI U, (2.1)
where 7! @ r? is another copy of R and
U=9g'S(q>)®¢*S(q") (2.2)

(here /™' =g¢' ® ¢ and g = ¢' ® ¢* are the elements defined by (1.14) and (1.17),
respectively) has most of the properties satisfied by the map H* > y +— (y, R*r!)
R'¥>c€H defined in the Hopf case. For this reason we will propose the
following.

Definition 2.1. A QT quasi-Hopf algebra (H,R) is called factorizable if the map 2
defined by (2.1) is bijective.
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We will see in the next Section that the above definition has a categorical ex-
planation. In fact in this way we were able to find a suitable definition for the
map 2.

In the sequel we will need a second formula for the map 2. Also, another k-linear
map 2: H* — H is required.

Proposition 2.2. Let (H,R) be a QT quasi-Hopf algebra.

(1) The map 2 defined by (2.1) has a second formula given for all y € H* by
200 = (6.3 X 'R pH@X R p*S(5X7), (2.3)

where g, = §' ® §7 and pr = p' ® p? are the elements defined by (1.18) and
(1.17), respectively.
(ii) Let 2:H* — H be the k-linear map defined for all y € H* by

2y = (. ST X RXT pP)g R X] plST (X, (2.4)

where qr = q' ® ¢* and p; = p' ® p* are the elements defined by (1.17) and
(1.18), respectively. Then 2 is bijective if and only if 2 is bijective.

Proof. (i) It is not hard to see that (1.3) and (1.7) imply

XS pHeX; PP eX’ =SE'pH) ox’ it @ x’ p3. (2.5)
We need also the formulas

pr=ASPNU(P* @ 1), (2.6)

U' @ U*S(h) = S(h))1U'hy @ S(h1 ), U?, (2.7)

which can be found in [14]. Now, we claim that
R'U'® RPU? =G\R' p' @ §IR* p*S(§%). (2.8)
Indeed, we calculate:
BR' p' @GR pS@) T R p @ Ra S,
(2.6) = RY(G'S(P' MU' P @ R (G'S(p))US(@),
2.7) = RY(G'S@pIMU'G P @ R (G'S(§ p U2,
(122) = R'U'@R*U?,

as needed. Now, if we denote by 0' ® O? another copy of g; then for all y € H* we
have

(2.1,2.5) - o ~
20 =" (LSRR U pRYS(x BN AR U,

(28,1.19,127) = (1,82 p1) S @1 pR)anRr' p')
xS P23 PR PSR p3)a).
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(124) = (£S(FHO'X'(B)a.nRr' p')
xS(p1q' O (p2)aR' P pPS(G 03X (B3 ),
(1.1,120) = (1 O'X'Rr' p")S(pHg' PIOTX*R'F p*S(§ p305X°),
(122) = (nO'X'R*r'p)OIX?R'F p’S(03X°),

so we have proved relation (2.3).
(it) For all y € H* we have

(2.12.2) - ~
20) =T (.S P SR g (X)X S(X] B PR 9P S (g,
(twice 1.32) = (1, S(¢*r'R*X3 pHHX)X'S(¢' R X} ph),
(23) = S(2(y08)).

Since the antipode S is bijective we conclude that 2 is bijective if and only if 2 is
bijective, so our proof is complete. [

In the Hopf case perhaps the most important example of factorizable Hopf algebra
is the Drinfeld double. We will see that this is also true in the quasi-Hopf case.
Firstly, from [12,13,4], we recall the definition of the Drinfeld double D(H) of a finite
dimensional quasi-Hopf algebra H. We point out that the quasi-Hopf algebra D(H ) was
first described by Majid [23] in the form of an implicit Tannaka—Krein reconstruction
theorem.

Let {;e},_1; be a basis of H and {’e},_i; the corresponding dual basis of H*. It
is well known that H* is a coassociative coalgebra with comultiplication

A() =1 @ x2 = 1(ieje) e ®’e
and counit ¢. Moreover, H* is a H-bimodule, by
<h/ N X L h//’ h> — <X,h//hhl>

for all h,h',h"” € H and y € H*. The convolution is a multiplication on H. It is not asso-
ciative but ensures us that H* is an algebra in the monoidal category of H-bimodules.

We also introduce S : H* — H* as the coalgebra antimorphism dual to S, i.e.
(S(x),h) = (3,S(h)). Now, consider Q € H®> given by

Q=0' PP
=X\ ' @ X5 0 X Y @ ST @ STI(AX), (2.9)

where f = f'® f? is the Drinfeld twist defined in (1.13). The quantum double D(H)
is defined as follows. As k vector spaces D(H) = H* ® H and the multiplication is
given by

(> )WY B = [(Q1 — g = @)L ha1) — Y= S (h2)2)]
<1 Q2 hy k' (2.10)
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for all y,yy € H* and h,h' € H. The unit is ¢ > 1. By the above, it is easy to see that
(exah) (o< by =ha 1y — 7 — S ()< haoyh'  and
(x> h) (e i) =y > hi' (2.11)

for any h,h' € H, y € H*. The explicit formulas for the comultiplication, the counit and
the antipode are

Ap(xpah)=(epa X' Y (pix' — o — Y2S7'(p?) > pyx*hy)

R — 11— ST X7V hy), (2.12)
ep(y > h) = e(h)y(S™ (), (2.13)
Sp(xpah) = (e S(h) N pU" — S~ () — 12571 (p?) a1 pyU?), (2.14)
ap =& (2.15)
Bp = &< . (2.16)

Here pr=p' @ p?, f=f'® f? and U = U' ® U? are the elements defined by
(1.17), (1.13) and (2.2), respectively. Thus, D(H) is a quasi-Hopf algebra and H is
a quasi-Hopf subalgebra via the canonical morphism ip:H — D(H), ip(h) =¢& < h.
Moreover, D(H) is QT, the R-matrix being defined by

A= (eS8 (pHiep)) @ (er< ph). (2.17)

We are now able to prove the following result.

Proposition 2.3. Let H be a finite dimensional quasi-Hopf algebra and D(H) its
Drinfeld double. Then D(H) is a factorizable quasi-Hopf algebra.

Proof. We will show that in the Drinfeld double case the map 2 defined by (2.3) is
bijective, so by Proposition 2.2 it follows that D(H) is factorizable. For this we will
compute first the element #’R! ® #'R?, where we denote by R! ® R? another copy
of the R-matrix # of D(H). In fact, if we denote by P! ® P> another copy of the
element py then we compute

AR @ AR = (eva py)(epa S~ (P?);eP}) @ (6> S~ (pPhiepi e xa Py),
(2.11)="ea p,S~1(P?),eP} @ (S~ (p*)iepi )1y — e
=SS (PP hiepi ) > (ST (P hiep)a.0)Ps,
='eva p,STI((ST' (PP hiepi 2P e(ST (P e p Pl ® e
> (S~ (pPiep).2)Pa
(1.19) ="exa ST (ST (p*)ie)2P?)je(S~ (P )ie)a.1hPi p1 ®7e

B (S~ (p?)ie)1.2)Ps Pa-
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Now, H is a quasi-Hopf subalgebra of D(H ), so we have to calculate the element
b'@b*:= (exa STHX)G)Z'R* (e 1 X7 PP )@ (exag AR (e X2 p1STH(X ).
By dual basis and (2.11) we have
b' @b = (a8~ (X)) exa(g®S ™ (g2 p7)i€)1,2)((q1)a,1yP )2 pa e X5 BP)
®'epa ST (g*S ™ (g2 7 )ie)a (a1 PP S((g1)2))e
< (S @ pPie)a((@DanP i p)(e s X2 p'S ™I (X)),
(1.19,1.21) = (e > ST H(X?)) (e v () 1.2yP3 )& <1 X5 p*)
® (‘e pa STH((ie)2P?)je(ie ), 1P e b X7 p'SH (X)),
(2.11,2.5) = (e > S~ (& p3)ie) (e > Pox* pl) @ (Pe > S~ (P?);ePixi p').

Now we want an explicit formula for the element Sp(b') ® b?. To this end we need
the following relations:

S(Pyx* 1S Pt @ S(Pyx” P fy pPS(fH)S*(Pix' pl)
=g'S(P'y’x3 pr1.2)) ® *S(S(»'x" 1oy} by 1), (2.18)
S(P' LU @ S(P'ZWU'PP =g @4 (2.19)

The first one follows applying (1.11, 1.9, 1.16, 1.1, 1.5) and then f'BS(f?) = S(«)
and (1.1, 1.5). The second one can be proved more easily by using (2.2, 1.11) and
(1.21), we leave the details to the reader. Therefore, if we denote by G' ® G* another
copy of f~! then from the definition (2.14) of Sp, (2.18, 2.19) and the axioms of a
quasi-Hopf algebra we obtain

Sp(b") @ b =(S7'(Ve) 1 S(ie)) @ (XS 1(gaG?) — ‘e — STI(X?)
1 X3S (g1 G");eSH(g*S(X))).

We are able now to prove that 2 is injective. To this end, let D € (D(H))* such that
2(D o Sp)=0. That means D(Sp(b'))b?> =0 and it is equivalent to

D(S™'(Ve) ba S(ie)) (e, STH (X HRXTS 1 (93G?))
(X357 (91G")eS 2 (g*S(X 1)) =0,
for all A€ H and y € H*. In particular,
D(S™'(Ve) ba S(e)) (e, ST NS ()RS T (F2 13 XS~ (9,G))
(S72SEN ) = 1= STIFE 3, X787 (91Gh)eS T (gPS (X)) =0,
for all h€ H and y € H*, and therefore
DS ()< S(h)=0 VYyeH* and heH.

Since the antipode S is bijective (H is finite dimensional) we conclude that D=0 and
using the bijectivity of Sp it follows that 2 is injective. Finally, 2 is bijective because
of finite dimensionality of D(H), so the proof is finished. [
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3. Transmutation theory for dual quasi-Hopf algebras

As we pointed out, our definition of a factorizable quasi-Hopf algebra has a categor-
ical interpretation. Toward this end we first need to associate to any co-quasi-triangular
dual quasi-Hopf algebra 4 a braided commutative Hopf algebra 4 in the category of
right A-comodules, .#*. For this we will use the dual reconstruction theorem due to
Majid [20]. We notice that this reconstruction theorem is the formal dual case of the
reconstruction theorem used in [6] but, even in the finite dimensional case, the resulting
object A cannot be viewed as the formal dual of the object obtained in [6]. Thus, we
will present all the details concerning how we can get the structure of 4 as a Hopf
algebra in .4,

Throughout this section, 4 will be a dual quasi-bialgebra or a dual quasi-Hopf al-
gebra. Following [22], a dual quasi-bialgebra 4 is a coassociative coalgebra 4 with
comultiplication 4 and counit ¢ together with coalgebra morphisms my : 4 ® A — 4
(the multiplication; we write my(a ® b) = ab) and 14 : k — A (the unit; we write
n4(1)=1), and an invertible element ¢ € (4 ® 4 ® A)* (the reassociator), such that for
all a,b,c,d € A the following relations hold (summation understood):

ai(bicr)(az, b, c2) = @(ai, by, c1)azbr ), (3.1)
la=al =a, (3.2)
@(ar, by, crd)@(axba, c2,dr) = @p(by, c1,d 1 )p(ar, brcr, d2 )p(az, bs, c3), (3.3)
o(a, 1,b) = e(a)e(b). (3.4)

A is called a dual quasi-Hopf algebra if, moreover, there exist an anti-morphism S of
the coalgebra 4 and elements o, f € A* such that, for all a € 4:

S(ay)(az)as = a(a)l, a1f(az)S(as) = f(a)l, (3.5)

@(a1B(az), S(az), oaz)as) = ¢~ (S(ay), (az)as, P(as)S(as)) = &(a). (3.6)

It follows from the axioms that S(1) =1 and o(1)5(1) =1, so we can assume that
a(1)=p(1) = 1. Moreover (3.3) and (3.4) imply

o(1,a,b) = p(a,b,1) = e(a)e(b), Va,be A. (3.7)

For dual quasi-Hopf algebras the antipode is an anti-algebra morphism up to a conju-
gation by a twist. Let 9,0 € (4 ® 4)* be defined by

7(a,b) = @(S(b2), S(a2), as)ou(az )~ (S(b1)S(a1), as, ba)a(bs), (3.8)

d(a,b) = p(arby,S(bs),S(as))B(as)p ™" (az, b, S(bs))f(b3), (3.9)
for all a,b € A. If we define f, /' €(4 @A),

f(a,b) =@~ (S(b1)S(ar), asbs, S(asbs))p(asbs)y(az, by), (3.10)

fNa,b) = ¢ '(S(a1b1), azbs, S(bs)S(as ) azbr)d(as, bs), (3.11)
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then f and f~' are inverses in the convolution algebra and

f(ar,b1)S(azby) f ' (a3,b3) = S(b)S(a), (3.12)
for all a,b € A. Moreover, the following relations hold:
1a,b) = f(a,b)uazhy) and  6(a,b) = flarby) [~ (az, ba). (3.13)

Suppose that 4 is a dual quasi-bialgebra or a dual quasi-Hopf algebra. A right A-
comodule M is a k-vector space together with a linear map py, : M — M ® A required
to satisfy

(pm ®idy)o py =(idy @ A)o py  and  (idy @ &) o py =idy.

As usual, we denote pys(m)=m)@m(1). The category of right A-comodules is denoted
by .#* and it is a monoidal category. The tensor product is given via my, i.e. for any
M,N €./*, M @ N € /4" via the structure map

Puen(m @ n) = m) @ ney @ mqyn). (3.14)
The associativity constraints ay n.p: (M @ N)®@ P — M @ (N ® P) are defined by
ay.n,p(m,n, p) = e(m1y, n(1y, p1))moy @ (noy @ poy)) (3.15)

for all M, N,P € .#*. The unit is k as a trivial right A-comodule, and the left and right
unit constraints are the usual ones.

If 4 is a dual quasi-Hopf algebra then any finite dimensional object M of .#“ has a
left dual, i.e. the category of finite dimensional right A-comodules is left rigid. Indeed,
the left dual of M is M* with the right A-comodule structure

par=(m*) = (m*, imo))'m @ S(im1)),

for all m* € M*, where (;m); is a basis in M with dual basis (‘m);. The evaluation and
coevaluation maps are defined by

evy M* QM — k,  evy(m* @ m) = a(mry)m™(mq)), (3.16)

coevyik — M QM*,  coevy (1) = BGim1y)imoy ® ‘m. (3.17)

A dual quasi-bialgebra or dual quasi-Hopf algebra is called co-quasi-triangular (CQT
for short) if there exists a k-bilinear form o: 4®A — k such that the following relations
hold:

a(ab,¢) = p(c1,a1,b1)0(az, ¢2)p ™' (a3, ¢3,b2)0(bs, ca)p(as, ba, cs), (3.18)
a(a,be) = @~ (b1, c1,a1)0(az, ¢2)p(ba, a3, ¢3)a(as, b3 )@~ ' (as, ba, ca), (3.19)
a(ay,by)arby = byayo(ay, by), (3.20)
a(a,1)=0a(l,a)=¢(a), (3.21)

for all a,b,c € A.



D. Bulacu, B. Torrecillas | Journal of Pure and Applied Algebra 194 (2004) 39—84 53

As in the Hopf case, if 4 is a CQT dual quasi-Hopf algebra then we can prove that
the bilinear form o is convolution invertible, and that the antipode S is bijective.

Proposition 3.1. Let (4,0) be a CQT dual quasi-Hopf algebra. Then:
(i) o is convolution invertible. More exactly, its inverse (denoted by o~ is given
by
o~ !(a,b) = @(a1,S(a3), baaro)f(az) (b1, S(ae), ag)a(S(as), b2)
X~ (S(as), b3, a9)x(ar), (3.22)

for all abe A.
(it) The element u € A*, given by

u(a) = ¢~ '(a7,8(a3),5%(a1))a(as, S(as))x(as)B(S(a2)) (3.23)
for all ac A, is invertible. Its inverse is given for all a € A, by
u”!(a) = p(ar,5%(ag), S(as))B(as)a(S*(a9), a2)u(S(az))
x @~ ($%(an), a3, S(as)). (3.24)
(iii) For all a€ 4,
S%(a) = u(ay)azu~"(a3). (3.25)
In particular, the antipode S is bijective.

Proof. If 4 is finite dimensional then the proof follows from [7] by duality. This is
why we restrict to give a sketch of the proof, leaving other details to the reader.

(1) Follows by [7, Lemma 2.2], by duality.
(ii) Firstly, one can prove that

a(S(a1),S(b1))y(az, b2) = y(by,a1)o(az, ba) (3.26)

for all a,b € A* and then that
f(by,ay)a(ay, bz)ffl(a3, b3) = a(S(a),S(b)). (3.27)

Note that these formulas are the formal duals of [7, Lemma 2.3]. Secondly, using
(3.27) and the equalities

u(a)S*(a1) =u(a))a, and  a(S(ar))u(ar) = a(as, S(ar))uar) (3.28)

one can show that 1o S? =u (see [7, Lemmas 2.4 and 2.5] for the dual case). Now,
using (3.28), (3.19) and (3.21) it can be proved that »~' defined by (3.24) is a left
inverse of u. It is also a right inverse since

u(au™(ar) = u” ' (S* (a1 )u(az) = ™ (S*(a)u(S(a2)) = &(S*(a)) = &(a),
because of (3.28) and u o S =u (for the dual case see [7, Theorem 2.6]). [
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By the above Proposition, if (4,0) is a CQT dual quasi-Hopf algebra then it follows
that .#* is a braided category. For any M,N € ./4", the braiding is given by

emn(m ® n) = a(my, ny o) @ mo).

We will use now the dual braided reconstruction theorem in order to obtain the
structure of 4 as a braided Hopf algebra in .#4. Let ¥ and 2 be two monoidal
categories with & braided. If F,G:% — < are two functors then we denote by
Nat(F,G) the set of natural transformations ¢:F — G, by F M : € — 2 the
functor (FR M)N)=F(N)® M, where N € €,M € &, and by Hom(M,M") the set of
morphism between M and M’ in . Suppose that there is an object B € & such that
forall M e

Hom(B,M) = Nat(F,F @ M)

by functorial bisections 8), and let = {uy:F(N) - F(N)®@B|N € €} be the natural
transformation corresponding to the identity morphism idg. Then, using p and the
braiding in & we have induced maps

65, Hom(B®*,M ) = Nat(F,FF @ M)
and we assume that these are bijections. This is the representability assumption for
comodules and is always satisfied if & is co-complete and if the image of [ is rigid,

cf. [20]. Then, using (©3)~", i1, 0545 and 6" we can define a multiplication, a unit,
a comultiplication and a counit for B. N

Theorem 3.2 (Majid [20]). Let € and % be monoidal categories with % braided and
F: ¢ — 2 a monoidal functor satisfying the representability assumption for comod-
ules. Then B as above is a bialgebra in 9. If € is rigid then B is a Hopf algebra in 9.

Let now (4,0) be a CQT dual quasi-Hopf algebra, 4z the k-vector space 4 viewed
as a right 4-comodule via 4 and 4 the same k-vector space 4 but viewed now as an
object of .#* via the right adjoint coaction:

pa(a) =ax ® S(ar)as, (3.29)

for all @ € A. We apply now the Theorem 3.2 in the case that ¥ =% =.#* and F=id.
The first step is to show that 4 is the representability object which we need.

Dual to the quasi-Hopf case, since the antipode S is bijective, we define the elements
PL.qL € (A ®A4)" given by

pu(a,b) = (S~ (az),a1,b)B(S”'(a2)) and
qi(a,b) = ¢~ (S(ar), a3,b)u(ar) (3.30)
for all a,b € A. Then, for all a,b € A, the following relations hold:
pi(a2,52)S™ (a3 )(a1by) = pia,by)ba,
qr(az, b1)S(a1)(asb2) = qi(a, b2 )by, (3.31)
pr(S(ar),asba)qr(az, by) = e(a)e(b),
qr(S~"(a3),aiby) pu(az, by) = e(a)e(b). (3.32)
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Lemma 3.3. Let A be a dual quasi-Hopf algebra and M € /4. If we define
Oprr: Hom(A, M) — Nat(id,id ® M),

O (p)n(n) = pr(S(nay),niynoy @ x(neg)), (3.33)

for all y € Hom(A,M), N € 4" and n€ N, then Oy is well defined and a bijection.
Its inverse, HA}I:Nat(id, id @ M) — Hom(4,M), is given for all £ € Nat(id,id @ M) by

0,/ (&)(@) = qr(ar, (a2) 1y, )e((a2) 0y )(@2) (1),0)» (3.34)
Jor all a€ A, where we denote Cq,(a) = agy @ agy.

Proof. We have to prove first that 0,, is well defined, that means 0,,(y)y is a right
A-colinear map and 0,(y) is a natural transformation. Since y:4 — M is a morphism
in /4 we have

x(a)0) @ x(a)a) = z(az) ® S(ar)as, (3.35)
for all a€ A. Now, if n€ N then:
pyvem (On (v (1)) = pr(S(na)). na))pvem(no) @ (@),
(3.14) = pr(S(n(2)), neay)no) ® 71(n))oy @ nayx(nE) ),
(3.35) = pu(S(n2)), nie)Inco) ® x(ney) @ na)(S(nea)yngs) ),
(3.31) = pr(S(n))ni)Ino) @ (1) @ ney,
(3.33) = O (N (n0)) @ g1y = (On(2)n @ id.4)(pw(n)),

as needed. It is not hard to see that 6,,(y) is a natural transformation, so we are left
to show that 0,,' is also well defined, and that 0y and 0,,' are inverses. The first
assertion follows from the following. Since 4, is a right 4-comodule map we have

(a1)qy @ (a1)(1y ® az = aqy, @ aqy,, © a0),d(1)) (3.36)

for all a€ 4. On the other hand, for all a* € 4* the map A,:A4Ar — Ag,lo(a): =
a*(ay)az, is right A-colinear. Since ¢ is functorial under morphism 1,- we obtain that

a*(aq),)aqy, ®any =a*(ar)(a) ey @ (a2)qy,

for all a* € 4" and a € 4, and this is equivalent to

aq), @ a(), ®aqy =ar @ (az)) @ (a2)q), (3.37)
for all a € A. Then for a € A we have

(03 (&) @ ida)(pa@)) = 0, (E)a2) @ S(ar )a
= qr(az, (a3) 1y, )e((a3 )0y )@3) (1o, ® S(ar)as,
(3.36) = qr(az, (a3 )1y, )e((@3 )0y, )@3) (1)) @ S(a1)((@3)0y,(@3) (1))
=qr(az,(a3)(1),,)e((a3)0), )(@3) (1), @ S(@1)((a3)0y,(@3) (1)) )»
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(3.37) = qu(az, (aa) 1y, )e((aa) 0y )aa) (1), © S(ar)az(aa) 1y, )
(3.31) =qr(ar, (a2) (1), )e((a2)0) Na2) (1), © (@2) (1))
= (pum © 05,/ (&))(a),

SO 9;,'(5) is a right 4-comodule map. We show now that 9;,' is a left inverse for 0.
Indeed, from definitions we have

Or(ap(a) = pr(S(az), as)ar @ &(az): = a) ® aqy,
for all a € 4, and therefore
(03" © Ou)(2)(@) = qrlar, x(as)a))e(a) po(S(as), as)x(aa ) o)
=qr(a1,S(a3)as) pL(S(az), as)y(az),
(3.32) = &(ar )e(az ) y(az) = y(a),

for all y € Hom(4,M) and ac€A. In order to prove that 0;41 is a right inverse for
0y observe first that for any N € .44 and n* € N*, the map A,«:N — Ag, lp-(n) =
n*(ngoy)n)y, is right A-colinear. The fact that ¢ is functorial under the morphism A,
means

n*(ngo) o, 01, @ 1y = 1" (10))A(1) 0y @ (1) 595
where we denote Cy(n): = njg) @ nyy). Since it is true for any n* € N* we obtain
@ np1y = 1) @ A1), D A1), (3.38)

1[0, @ N[0},

for all e N. Now, for all n € N we compute:
(O 003, NN (1) = 0n(0,, () (m) = pr(S(na1)) nz)In) © 05 (E)(n2))
= pr(S(n)), na))qr(n@), (n)) 1y, )e((13)) 0y 0) @ (13))(1)0)5
(3:36) = pu(S(na)), (13))0), (1)) (1)) V9L (12)> (M3) )
xe((n3)) 0y, 10y © (1(3)) (1) 0,
(3.38) = pr(S(npoy,, ) 101, 1111, ML (M101, ) 111, 0] ) @ 7L g
(3.32) = e(npoy,)e(np, oy, © i1y, = npoy @ npiy = En(n),

as needed, and this finishes the proof. [J

We are now able to begin our reconstruction. The natural transformation u € Nat(id,
id ® A) corresponding to the identity morphism id4 is given by

un(n) = 04(id . )n(n) = pr(S(ney), ni3y)ne) @ ne)
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for all N € .4* and n € N. By [20, Lemma 2.4] the multiplication of 4 is characterized
as being the unique morphism m:4 ® 4 in .4 such that

vy = (idyey @m) o ayy o, 0 (dy ® ay4) 0 (idy @ (can @ idg))

o(idy ® a;]]\/é) oAy Nea © (Un @ Uy ),

for any M,N € .#*. Using the braided categorical structure of .#* and the definition
of u it is not hard to see that m is the unique morphism in .#“ which satisfies

pr(S(maynq)), mayne) )Nmeo) @ no)) @ mayne)
=pL(S(m)), ms)) pL(S(nes) ), n(13))
X @(m(2), S(may)miay n1a)) @~ (S(mes)Im3), nay, S(n) ni2) o (S(mee) yma2), ne3))
X @(n(2), S(mey )mi1y, S(nz)Incn))e ™ (mey, gy, meoyno) )

X (moy ® neoy) ® (S(mgy)mioy) - (S(ne))ncioy)

for all M,N € .#* and m e M, n€ N, where we denote by a- b :=m(a®Db). We can
easily check that the above equality is equivalent to

pr(S(a1br), azbs)azb;

=p1(S(as),a15) pr(S(bs), biz)p(az, S(as)ais, bia)

X @~ (S(as)ars, ba, S(bs)b12)(S(as a2, b3)p(ba, S(ar)ar, S(b7)biy)

x @~ (a1,b1,a9by)(S(ag)ar) - (S(bs)bio) (3.39)
for all a,b € A. Now, the explicit formula for the multiplication - is the following:
a-b=q(S(ar),ai.S(b1)b12) f(beaz)o(as, S(b3))p~ " (S(az),S(bs), aghe)o(as, br)

X~ (ag, S(b2),b11)@(S(bs), az, bio)asbs, (3.40)

for all a,b € 4. Indeed, it is easy to see that the multiplication - defined by (3.40)
is a right A-colinear map. A straightforward but tedious computation ensures that -
satisfies the relation (3.39), we leave all these details to the reader. It is not hard to
see that the unit of 4 is 1, the unit of A.

Following [20], the comultiplication of 4 is obtained as 4 = HA_G; 4(&), where & is
defined by the following composition

EviNLSN @ 425N © 4) @ A22AN © (4 © 4),
for all N € .#“. Explicitly, for all n€N,
En(n) = @(ny, S(na))ngs), S(ns) )no)) pr(S(nm) ), nany)
PL(S(n(2)), ni6)Inc) ® (nay & ne)). (3.41)

The counit ¢ is obtained as g(a) = 9;1(1 )(a), where [ is the left unit constraint.
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Proposition 3.4. Let A be a dual quasi-Hopf algebra. Then the comultiplication of A
is given for all a€ 4 by

A(a) = ¢~ '(S(ar), as,S(ar))B(as)p(S(az)as, S(as), aio)as @ as. (3.42)

The counit of A is £ = .

Proof. Let us start by noting that (3.3) and the definitions (3.30) of p; and ¢, imply:
qr(ar,bicr)p(az, by, c2) = o(a3)p~ ' (S(az), as, b))~ (S(a1), ashy, ¢), (3.43)

@ '(a,b1,8(b3)c1 ) pr(S(b2), c2) = p(aiby, S(bs),c)p~ ' (az, b2, S(b4))B(b3),

(3.44)
for all a,b,c € A. On the other hand, from (3.41) we can easily see that
Capa) = agy ® aqry = pr(S(as),ar) pr(S(as), ar2)p(az, S(aa)as, S(as)ai)
a1 ® (as ® ai). (3.45)

Now, for all a€ 4 we compute:
A4(a) = 035,(8) = qular, (@) 1y, )e((@2)0) )(@2) 1)
(3.45) = qr(ar, (as ® aio))) pr(S(as), a12) pr(S(asz), ar)
X @(az,S(as)as, S(ag)ar )(as @ aio o)
(3.14) = qu(a1,(S(as)ar )(S(aiz)aia)) pr(S(aw), ais) pr(S(az), as)
X @(az,S(ag)as,S(ay)as)as @ ays,
(3:43) = a(az)e™ " (S(az), as, S(ag)aig)@~ ' (S(ar), as(S(ar)an), S(aa)ai)
x pr(S(a13), a17) pr(S(ag), ai2)ag @ ais,
(3.31) = a(a3)e ™ ' (S(az), as, S(ag)as)e ' (S(ar), aro, S(ar2)as)
x pr(S(an ), ais) pr(S(as), a9)a; @ a3,
(3.44) = aas)o " (S(a3),as, S(a7)as)p(S(az)ai, S(ars),arr)
X~ (S(ar), a1, S(a14))B(a13) pr(S(as), aro)ag @ aje,
(3.30) = gu(as,S(as)ar)(S(az)as, S(ar3), ars)e~ ' (S(ar), a0, S(a12))
X Bair) pr(S(as), as)as @ aa,

(3.32) = @~ '(S(a1), as, S(a7))B(as)p(S(az)as, S(as), aio)as @ ao,

for all a€ 4. The counit of 4 is gla) = Gk_l(l)(a) =qr(a,1)=o(a) for all ac 4, so
e=o [
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Let now M be a finite dimensional right 4-comodule and M* its left dual. According
to [20, Proposition 2.9], the reconstructed antipode S of A4 is characterized as being
the unique morphism in % satisfying

(idy 0 8) 0 tar = L4 © (idyrga ® evyr) o (anan= @ idyr) 0 (ayy yye @ idyr)
o((idu ® c;;lw) ®idy) o ((idy @ py-) ® idyr)
o(coevy R idyr) o1y,

for any finite dimensional object M of .#“, where [, r,a, ¢, ev and coev are the
left unit constraints, the right unit constraints, the associativity constraints, the braid-
ing of .#4, and the evaluation and coevaluation map, respectively. This comes out
explicitly as

pr(S(mey), may)mey @ S(m2))
=B(m)) pr(S*(m(12)), S(m(a)))
x6~ ' (SH(m1))S(ms)), S(ma3)))e ™ (my, S*(m(10))S(m(e) ), S(m(14)))

x p(my[S*(m(9))S(m(7))1, S(m1s) ), m(17))o(m(16) )Moy @ S(mys) ),

for all finite dimensional right 4-comodule M and m € M. It follows that the above
relation is equivalent to

pr(S(ar),a3)S(a2) = fas) p(S*(ar2), S(as))o~ (S*(a11)S(as), S(a13))
X~ (az,5%(a10)S(as), S(a14))
xp(ar[S*(a9)S(ar)], S(ars), ar)x(ai6)S(ag),

(3.3,3.5) = B(a2) pr(S*(ain), S(a3))a " (S*(a10)S(as), S(ar2))
X (8% (ag)S(as), S(aia), ar16)p(ar, [S*(a9)S(as)]S(a13), ar7)
w(as)S(az),
(3.31,3.30) = pu(S(a1), a13) pr(S*(ag), S(a2))a (8% (a7)S(a3), S(av))

X @(S%(a6)S(as), S(ar0), ar2)ou@in)S(as)

for all a € A, and therefore
S(a) = pi(S*(a7),S(a1))o ' (S*(as)S(a2),S(as))

@(S*(as)S(a3),S(as), ar1 )uaio)S(as) (3.46)

for all a€A (it is not hard to see that S defined above is right 4-colinear). We
summarize all this in the following.

Theorem 3.5. Let (A,6) be a CQT dual quasi-Hopf algebra. Then there is a braided
Hopf algebra A in the category 4*. A coincides with A as k-linear space, and it is
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an object in M* by the right coadjoint action
pa(a)=a> @ S(ay)as.
The algebra structure, the coalgebra structure and the antipode are transmuted to
a_- b= q(S(ar),aio,S(b1)b12)f (b, a3z )o(as, S(b3))
X~ (S(a2). S(bs), asho)a(as, by)
X~ (a9,8(b2).b11)@(S(ba). a7, bro)asbs.

A(a) = ¢~ (S(a1), as, S(ar))Blas)p(S(az)as, S(as), aio)as @ as,
S(a) = pr(S*(a7),S(ay))o " (S*(as)S(az). S(as))

@(S*(as)S(as), S(as), ary )uaio)S(as),

for all a,b€ A. The unit element is 1 of A, and the counit is ¢ =a. As in the Hopf
case, we will cal A the associated function algebra braided group of A.

Remark 3.6. The braided group 4 is braided commutative in the sense of [20]. More
precisely, 4 has a second multiplication (denoted by m°P) also making A4 into a braided
bialgebra, and there exists a convolution invertible morphism R:4 ® 4 — k relating
m° by conjugation to m. Moreover, R makes 4 with its products into a CQT Hopf
algebra in .#* in some sense, analogues to the definition of an ordinary CQT Hopf
algebra, see [21,22]. Now, 4 is braided commutative mean that m°®» =m and R=¢Re.
We would like to stress that the opposite multiplication m°P is characterized by

MeN Uy @ MRA)(N®A) MeN i ®idy (M®A4)®N
ML M (A (N ®4)) S M®@A®N)
idy®ay, idy ®cy,
= MR(ARN)®RA) " M®(N®A)
idy @ (can®id id) id
T o (Nod)od) = U e (Ve 4) @ 4)
idy ®@ayg4 idy@ayg4
—— MN®A®4) — MN®A®4)
a ! a,y
B M @N)® (AR A) — MeN)RA®4)
idy gy ®@m®™ (M®N)®A idyon@m (M@ N)® A.

The above equality and m°" = m reduce to an intrinsic form of braided commutativity
of A, we leave the details to the reader.

4. The categorical interpretation

In this Section our goal is to give a categorical interpretation for our definition of a
factorizable quasi-Hopf algebra. In the Hopf case it was given by Majid [22]. If (H,R)
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is a Hopf algebra then we can associate to A a braided cocommutative Hopf algebra
H in the braided category y.#. As we have already seen in the previous Section, we
can associate to any CQT (dual quasi-) Hopf algebra (4,0) a braided commutative
Hopf algebra 4 in the category of right A4-comodules .#“. Now, let (H,R) be a finite
dimensional factorizable Hopf algebra and (4,0) the CQT Hopf algebra dual to H. If
A is viewed as a braided Hopf algebra in y.# then H and A are isomorphic as braided
Hopf algebras. Moreover, the isomorphism is given by the canonical map 2 considered
in Section 2. Also, 4 is always isomorphic to the categorical left dual of H.

We will generalize the above results to the quasi-Hopf case. In [8] there was intro-
duced another multiplication on H, denoted by e, given by the formula

hel' =X'hS(x' X)X W S(X*X3), (4.1)

(1.3,1.5) = X 'x] hS(X % )oX 3521’ S () (4.2)

for all A,/ € H and it was proved that, if we denote by H, this structure, then H,
becomes an algebra within the monoidal category of left H-modules, with unit f and
left H-action given by

ho b =hl'S(hy), (4.3)

for all h,h' € H. If (H,R) is quasi-triangular then Hj is a Hopf algebra with bijective
antipode in g .#, with the additional structures (see [6]):

Ah) =hy @ hy: =x'X'h1g' SGPR? Y’ X5 ) @ ¥R > y' X2 hag? S(1*X7), (4.4)
e(h) = e(h), (4.5)
S(h)=X"R*p*S(¢"(X*R' p' > 1)S(¢*)X°), (4.6)

for all 2 € H, where R=R'®R? is the R-matrix R of H, and f~'=¢'®g¢*, pr=p'® p?
and g = q' ® ¢* are the elements defined by (1.14) and (1.17), respectively. Thus, in
the quasi-Hopf case, H=H, as an algebra with the additional structures (4.4), (4.5) and
(4.6). As in the Hopf case, we will call H the associated enveloping algebra braided
group of H. Note that, all the above structures were obtained by using the braided
reconstruction theorem also due to Majid [22] (see [6] for full details).

Suppose now that (H,R) is a finite dimensional QT quasi-Hopf algebra. Then H*,
the linear dual of H, it is in an obvious way a CQT dual quasi-Hopf algebra, so it
makes sense to consider H*, the function algebra braided group associated to H*. It
is a braided Hopf algebra in the category of right H*-comodules, hence it is a braided
Hopf algebra in the category of left H-modules. By Theorem 3.5, H* is a braided
Hopf algebra in y.#. From (3.29), H* is a left H-module via

h’X:hz—‘X‘—S(hl) (4~7)

for all A€ H and y € H*. By Theorem 3.5, the structure of H* as a Hopf algebra in
uA is given by:

1y =AY YK = S(X ) /2R

xRV’ yX; — y— SEY'P X7 £, (4.8)
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Iy =¢, (4.9)
A=) = 11— SN @ WX — g — XS X?), (4.10)
en= (1) = 1(2), (4.11)
S(0) =GRy p* — 1S — R S(¢1R; p), (4.12)

for all y, € H*. Here pr = p' ® p* and qzr = q' ® ¢* are the elements defined by
(1.17), f = f' ® f? is the Drinfeld’s twist defined by (1.13), R~' =R' ® R?, and
gr=qd" ® G is the element given by (1.18), respectively.

We would like to stress that formula (2.1) was chosen in such a way that it provides
a left H-module morphism from H* to H. Indeed, for all y € H* and h€ H we have:

he 20 %2 (1, SCE2 p2) IR U3 i X S(X2 pY) £2R' PP US ()
(27,127, 1.11) = (1, S((ha,n X )2 ) f R U ha 2)XP)

< X' S((ho,1 X ) pM) SR P U?
(1.1,1.20) = (3, S(X3 p*h) 1 R2F U X3 ) X 'S(XE pY) f2RY U
(2.1,47) = 2(hy — 1 — S(h1)) = 2(h » 7).

It is quite remarkable that (2.1) is a braided Hopf algebra morphism, too.

Proposition 4.1. Let (H,R) be a finite dimensional QT quasi-Hopf algebra, H the
associated enveloping algebra braided group of H and H* the function algebra braided
group associated to H*. Then the map 2 defined by (2.1) is a braided Hopf algebra
morphism from H* to H.

Proof. We have already seen that 2 is a morphism in y.#. Hence, it remains to show
that 2 is an algebra and a coalgebra morphism. To this end, we will use the second
formula (2.3) for the map 2. From (1.3), (1.5) it follows that

§'X' 0 @X* 0 @X =S(x")g'xl © ¢xF @ x°, (4.13)
e p @3p’ Sy =X"pl @ X2 pl @ X3 p*. (4.14)

We set R= R1®R2—r1®r =R'@R’=R' oW’ =t'0’=2' 0%, ¢1=§'©§*=0'®0?
and pr= p' ® p* = P! @ P2. Now, for all y,\y € H* we compute:

2z -9y = (L SEX ) PR'GZIR el pix Yo y'X?)
(Y SCPY? Y X IR 5 2, R s VP Y X3 ) 2R p*S(§52°),
(127,4.14) = (1. S' X 2 HIZ' R x] ) p LR Yy X)
(W, SCPY'P Yy X G [ 2" R X p R Y VX))

XG 2RI} ) PP S($H2x5
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(127,1.1,124) = (1, S(XH§' O3 T Z) 93¢} piR' Y2y X2)
X (W, SV X0 T Z{ R piR Y v X5)

X106 TV Z° R p*S(§500.) T3 2°),

(13,1.1,4.13,1.27) = (1. S(X")§' V' Qix}y 1\ Z*R5R v p Y *r' ' X7)
X SR X0 2 R phY )
XG V203t 2R pPS(G V%),

(1.1,127,4.14) = (1, S(XH§' V' O} Z2R3R " . T2 Y2 y! plX?)
X (WL S(TY'P V(0 X 0))0 Z RIS TS Y v (phX )
<@ VPRI PP S(@ 1),

(13,1.27,125,1.26) = (1, S(X )G V' O?R2Z3 R W2 2 T2 v !y plx?)
X, S(T'P Y, (0 X ))0 Z' RO R W 2 R TP Y? 3 (p3X7)a)
X@VOR PRI WA T Y pS(G17),

(13,127,126) = (1, S(XH)G' V' IR Z3 > W3R T/ D'z} Y] y! plX?)
<, SOV T D2 Y, Y (psX*))Q' Z R WIR T2 2' Y P (ph X))
<@V OR' ZRIX W T D28 Y p*S(g5 1),

(126,13, 1.1) = (1, S(XHG' V' OIR2Z3 T3/ Y plx?)
X (W, ST C YH (X002 R Tl 5 2 CP Y3 (p3 X))

EVOR PRI, H OV PSG).

(4.13,127,1.1,1.5) = (1, S(y' X "H)g' R yiY! plx?)
X (Y, S CH(Y? Py X7 o RP A CP(Y? py o X5
><q~29%1r2y§x3R19?2C3 Y3 pzS(y3 )’
(4.14,127,1.1,1.5) = (1, S(y' X Hg'R?*r' yiz' X?)
X (¥, S(C' piX7)O'RP2' C? pr3)
X52%1r2y522Q2R1@2C3pzS(y3z3 )

63
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On the other hand, if we denote by P! ® P? another copy of py then by (4.2, 1.17,
2.3) we have:

Q(Y) ° Q(lﬁ) _ <x,c}lY1R2r1Pl)<w , lelm2t1p1>
' VG YR PP S(¢ B Y )y 012K p*S(y 03 2°),

(4.13,127,4.14) = (1, SX'PHG' R*F X2P)) (y , 0" Z'9R%¢! p')

xq' V@ R' P XPP*S(q*y))y* O >R p*S(»* 05 2°%),

(120,127,1.1,1.19) = (1, S(X (g1 P11 y))§ R*r' X? (¢ P' )2 3)
x(,0'Z'R* p" )@ R' P X33 P2S(qP)
XyZQ%ZZD‘ilt2p2S(y3Q~%Z3 ),

(121,1.3,4.13,1.27,4.14) = (1, S(Y' X HG' R¥* y2x' X2 (. S(Y! pHO' R ¥2 pl)

xa}lerzy%szsz%ltzY3p2S(y3x3X23 )’

(120,127,1.1,1.19) = (1, S(»' X Hg' R*r' yix' X?)
X (¥, S(Y! piX)0' R Y2 pixy)
xcilerzy%szNZD‘i]t2Y3pzS(y3x3 ).

By the above it follows that 2 is multiplicative. Since 2(1y-)=2(e)=f =1y, we
conclude that 2 is an algebra map. Thus, one has only to show that 2 is a coalgebra
map. To this end, observe first that (1.3), (5.5) imply

X' p'oX) pPS(X?) @ X3 =x' @ X?S(x} p') @ x3 pP (4.15)
Also, it is not hard to see that (4.4, 4.3, 1.25, 1.27) and (1.32) imply

Ap(h) =x'X " ?SCPY'R*y* X7 ) @ i V2R ! X2 hor' g' S Y2 1° X5)). (4.16)
Therefore, by (4.16) and (2.3), for any y € H* we have
Au(2(0)) = (14" Z' R p' WX G ZER pIS(BZ NP PSP Y 'R Y2 XT)

X YR Y XG0 ) 3RS paS(H 2 or' g' S(3 VP P X5,

(127,111,123, 1.1) = (1, ¢' Z'R*' v (1] p"), P!
<X XUGZN RSV T PSP Y Ry (XN 4 T?)
@ V2R y' XAGHZ ) Rr V(T p' )
xP2S(3 Y3y (X223 T?),
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(4.15,1.26,1.25,4.13) = (1, S(v")§' vIR*FeIR'z| P
xx' X' vl Rt PSP Y Ry X vz p)
@x; V2R Y X2 500, 5 R Pt RP) P S(3 Y2y’ X3 1323 pP),
(125,127,125)= (1, S(w"HG TR ' VI R zL P
xx' X' Gl TR\ V2 S (Y Ry X vz ph)
QxR Y X2 500 0 T Pr' VA R P2 S (Y v X5 0323 ),
(1.1,4.13,1.20,1.3) = (1, S viX! MR ' VI #°R' 2 P')
X' PUX;R PPV Y R Y o) Xz )
R YR Yy i X2 VAR R Z PP S (3 VP y vy 0 X5 73 ),
(127,1.3,1.20) = (1, S("Hg' v?R* ' Z' #*R' P")
xx' PR X PSP Y RV (V)0 nXi 7 pl)
@ YR Y (PENX A RP S (3 Yy (0 o) X5 73 P20,
(1.1,1.27,1.3,1.26) = (1, S(v")g' viM*c' ' Z' #*R' P)
xx!' @RI LT X RV YIS (P (0P8 ) Y TEXP RV 23 pl)
@x} (V)oY T3 X RV yi 2! 22 %' R*P?
xS (V1)) Y T v’z p*7°%),
(1.3,1.18,1.5) = (1, S(v")@' iR ' Z' #*R' PN )x! G 3R P2 X BS (¥ (0° )1 X ?)
@x1 (V)X Z2 R REP2S (65 (0’ ) 2.0y Z°),
(13,1.5,1.20,1.27) = (1, S(t'x" ' R*c tixt, 12 Z' #*R' P PR 157, 5)2° pS(£x32°)
QX Z*R'R2PIS(32°),
(1.1,1.5,1.27,2.3) = 2(1 — S(x")) @ 12 Z' B*R' P 2> R R P2 S(:32°).
On the other hand, by (4.10) we have
(2© 2)(4u-(1)) = 2011 — S(x")) © 20X° — 1 — XX pS(x1 X)),
(2.3,1.19,127) = 231 — S(x") @ (32, x*X ' BS(x}XH)0' Z' (53X )11y #*R' P)

x 0122 (53X ) 1,22 R*P*S(032° (53X ),),
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(1.1,120,1.18) = 2(y1 — S(x")) ® (12, x*S(pHO' P2 Z' #*R' P")
xx1(Q° ENZ* A R*P2S(x53(0 13 2 2°),

(122) =211 — S(x")) @ <xz,xzz‘,@ZR‘Pl>x322,@‘R2P2S(x3Z3).

So 2 is a coalgebra map since (g 0 2)(x)=y(x)=¢y~ and this finishes our proof. [J

Let @ be a braided category with left duality. For any two objects M, N € € there

exists a canonical isomorphism in %, M* RN* 2% (M®N)*. In fact, GZTLN:d);{,’MoC,\;{M*,
where ¢y, :N*@M* — (M @ N)* is given by the following compositions:

idy* g+ @Iy* g

N*@ M* N oM )1

id s« @M« ®coevy ey

N M H)@((MRIN)R (M N)*)

—1

A% @M*  MON, (MON)*

(N"OM )M RIN)) @ (M N)*

an* p*, meN Qid oy

N OM @WMRIN))@MSN)*

. —1 .
(idy» ®ay )@y

N @M @M)RN) @M QN)*

(id y+ @(evy ®idy ))Rid g n)y*

N*@(LN)@M®N)*

(e &y DEMoens (e 0\ g (M @ N

—1

1M ONY — Y (M @N)Y . (4.17)

evy Qid (g ny*

The morphism ¢}, is an isomorphism. One can compute its inverse in the same
manner as above, see [2,29,5]. Hence, a;\}’ v 1s an isomorphism and a;"‘[]\}:cN*, M= oqbX,fMl

Also, following [18] for any morphism v: M — N in %, we can define the transpose
of v as being

. —>N* ®1 d = ®coevyy N* ®(M®M*) idy+ @(vQidy+ ) N* ®(N®M*)
ay SN, M * % €ON ®id * *
W NI N Ny @ M S | g g e (4.18)

Let now (B, mp, 45,Sp) be a braided Hopf algebra in ¢ and B* the categorical left
dual of B in . Then B* is also a braided Hopf algebra in 4 with multiplication
mg~, comultiplication Ag«, antipode Sp-, unit up- and counit ¢z- defined by (sec [22],
p- 489)

mpe B* @ B4 (B @ By 25 (4.19)

* 1

A : B*i>(B®B)* *’s B* ® B*, (4.20)
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Sp+ = Sp,up- = &p, 65+ = Up. (4.21)

Suppose now that (H,R) is a QT quasi-Hopf algebra, and that M, N are two finite
dimensional left /-modules. Denote by {;m},_15 and {'m},_i5 dual bases in M and
M*, and by {;n},_i7 and {;n} 77 dual bases in N and N*, respectively. By [5], in
this particular case we have that morphism (4.17) is given by

P (0" @ m*Ym @ n) = (m*, 1 - m)(n*, f* - n) (4.22)
for all m* e M™*, n* e N*, meM and n € N. Its inverse is defined by
Sy () = (g' - m@ ¢+ nyn @ 'm (423)

for any ue€ (M ®N)*. Also, the morphism v* defined by (4.18) coincide with the usual
transpose map of v, i.e. v(n*) =n*ov.

Therefore, if (H,R) is finite dimensional then the categorical left dual of H has a
braided Hopf algebra structure in y.#. We denote H* with this dual Hopf algebra
structure by (H)*. By the above, (H)* is a left H-module via

(h= )WY= x(S(h)yv k'), Vhh'eH, yeH". (4.24)

By (4.19)—(4.21) the structure of (H)* as a Hopf algebra in y.# is given by the
formulas

()= (i P o h) (W, f1 > hy), (4.25)
l(ﬁ)* =g, (4.26)
Ay (1) = (1, (9" > ) o (g7 > je)e @ e, (4.27)
ey (1) = x(B)s (4.28)
Sy (x)=yo0S8, (4.29)

where {;e},_1 and {’e},_i are dual bases in H and H*.

Following [5], if (H,R) is a finite dimensional QT quasi-Hopf algebra then the usual
linear dual of H has in y.# three braided Hopf algebra structures. Two of them are
the left and the right categorical dual of H in the sense of Takeuchi, [29] (in the Hopf
case, the same point of view was used in [2]), and the third one is obtained in [4] by
using the structure of a quasi-Hopf algebra with a projection given in [6]. Now, by

the above, H* has a fourth braided Hopf algebra structure in 5.#.

Proposition 4.2. Let (H,R) be a finite dimensional QT quasi-Hopf algebra, H the
associated enveloping algebra braided group of H, (H)* the dual Hopf algebra struc-
ture of H in g, and H* the function algebra braided group associated to H*. Then
the map 2:(H)* — H* given for all y € H* by

M) =85"1g") = yoS—¢’ (4.30)

is a braided Hopf algebra isomorphism. Here g' ® g* is the inverse of the Drinfeld
twist f, see (1.14).
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Proof. We can easily check that A is H-linear. Next, we show that A is an algebra

and coalgebra morphism, and that it is bijective. Firstly, for all y,y € H* and he H
we compute

Mg y)(h)y = (1. 7o (g'S(@ ) (b fg" > (S(gPh)y),
(4.4,43,1.11) = (1, f*°R' > y' X?g) G*S(V* X} g3hy))
XY, [ix' X' GG SR Y X giha)),
(19,1.16, 1.1, 1.11) = (1, />’ R" > G}y 11" 9" S(G1 5,991 &' S(X) )F ' X))
XV, [ix' G'S(f,x°R* Gy 3 &*S(X)F ho X)),
(19,1.16,4.3,127) = (1, f*X*G3R' S > ¢' S(¢*S(X; y*)F' i X2 y*))
<, f1X'G'S(fix*GIR* &S (X] y ) F?ho X)),
(1.32,19,1.16,4.3, 1.11) = (1, ¢' S(¢*S(X3 y*Rix) )F' h1 X? y*Rix)))
x (Y, G'S(G*S(X! y' R*x*)F* iy X %)),
and, on the other hand, by (4.8) we have
(A0 = YN = (1,9'S(@*SC' X 2R i Y2r! y' X))
XY, G'S(G*SPY Py X)) [ Ry P XS)),
(132,1.3,1.27) = (1, ¢'S(?S(YIR 2" x' X 1) f 11 Y223 r 2 y X 2)
x (W, G'S(G*S(Y R P2y X7 20 V' v X3)),
(1.3,1.25) = (1,9'S(¢*S(V; 22 Rix) [ I Y*2 Ryxy))
x(¥,G'S(G*S(Y\2'R*)?) 2 Y ),

as needed. It is not hard to see that A(1)-)= ly~, so 4 is an algebra morphism. In
order to prove that 1 is a coalgebra map we need the following formula

S(g"Hg® = S(B) (4.31)
which can be found in [6]. Now, /4 is a coalgebra morphism since

(2@ 1) Auny- (1)) = (1:(g' > ie) o (67 > je)) A e) @ i('e),

(4.30,4.1,43) = (1, X'916'S(x' X? g} &% 1)’ X7 g1 G' S(* X5 g3 G* je) ) e @ e,
(1.9,1.16,1.1,1.5) = (1, &'S(g' S(X*x*);1eX*)ag* S(G*S(Xx" ) je Xy x?)) e @ e,
(4.31,430) = (A(3), S(X{x");eXy X BS(X2x )ieX? )V e @ e,

(1.3,1.5,4.10) = A(z)1 — SX/x") @ X° — (1) — X3 x*BS(X*x) = Ap-(A(%))



D. Bulacu, B. Torrecillas | Journal of Pure and Applied Algebra 194 (2004) 39—84 69

for all y € H* and since the definitions of counits imply gz~ 0 A = gy~ It is easy to
see that /1 is bijective with inverse 17!(y) =S( f?) — y oS~ — f1, for all yc H*
Thus, the proof is complete. [

Summarizing the results of this Section we can give the true meaning of the map
2:H* — H defined in (2.1). It is a morphism of braided groups from H*, the function
algebra braided group associated to H*, to H, the associated enveloping algebra braided
group of H. When H is factorizable in the sense that the map 2 is bijective then
92:H* =2 H as braided Hopf algebras. In other words, the function algebra braided
group associated to H* and the associated enveloping algebra braided group of H are
categorical self dual, cf. Proposition 4.2.

5. D(H) when H is factorizable

Schneider’s Theorem [27] asserts that the quantum double of a finite dimensional
factorizable Hopf algebra H is a 2-cocycle twist of the usual (componentwise) tensor
product Hopf algebra H @ H. We note that this result also appears in [26] without
an explicit proof. The aim of this section is to give a proof of a similar result in the
quasi-Hopf case. Our approach is based on the methods developed in [27,3].

Throughout, (H, R) will be a finite dimensional QT quasi-Hopf algebra and D(H) its
quantum double. When there is no danger of confusion the elements y >/ of D(H)
will be simply denoted by y4. Since H* can be viewed only as a k-linear subspace of
D(H) we will denote by

X1 @ xe) = Ap(y > 1g)
(2.12) = (e X' Y (pix' — o = Y257 (p*) 1 pix?) @ XT — 11
— ST (X a XF Y353,

In our notation, for all y € H* and h € H, the comultiplication 4p of D(H) comes out
as

Ap(xh) = xyh1 ® x@)yha.

By [4, Lemma 3.1], there exists a quasi-Hopf algebra projection n : D(H) — H
covering the canonical inclusion ip: H — D(H ). More precisely, if R=R' ® R? is the
R-matrix of H then 7 is defined by

(x> h) = 1(¢°R )g' Rh, (5.1)

where qr = ¢' ® ¢* is the element defined by (1.17). We have that 7 is a quasi-Hopf
algebra morphism and n o ip =idy.

It is not hard to see that R := R;,' =R’ ®R' is another R-matrix for H. So, as in the
Hopf case, there is always a second projection 7 : D(H) — H covering the canonical
inclusion ip. Explicitly, the morphism 7 is given by

Az > h) = (¢ R*)q'R'h (5.2)
for all ye H* and he H.
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Let H and A be two quasi-bialgebras. Recall that a quasi-bialgebra map between H
and 4 is an algebra map v:H — A which intertwines the quasi-coalgebra structures,
respects the counits, and satisfies (v ® v ® v)(®) = @4. Following [6], when H is a
quasi-Hopf algebra we define

HOM ={heH |h @ v(h)=x"hS(3X>) 1! @ v(x’X'BS(xix?) )} (5.3)

as being the set of coinvariants of H relative to v. Finally, if 4 is also a quasi-Hopf
algebra then v is a quasi-Hopf algebra morphism if, in addition, v(a) = oy, v(f) = f4
and Syov=voSy.

Lemma 5.1. Let (H,R) be a finite dimensional QT quasi-Hopf algebra, and n and
7 the quasi-Hopf algebra morphisms defined by (5.1) and (5.2), respectively. Let
j i D(H)“™ — D(H) be the inclusion map and ¥ :H* — D(H )™ defined by

Y(x) = 1HBS(n(x2))) (5.4)
for all y e H*. Then the following assertions hold:

(1) ¥ is well defined and bijective. B B
(2) If 2 is the map defined by (2.4) then So2=1mojo¥. In particular, 2 is bijective
if and only if T |pgyyon is bijective.

Proof. (1) For all y € H* we have

(id @ 1) Ap(¥ (7)) = x.anA1S@(x2) @ 1.8 (12))2
where we use the Sweedler type notation

(4p @id)(Ap(%)) = x(1).(1) @ L(1.2) @ 12)s

(id @ Ap)(Ap(1)) = x(1) ® X(2).(1) D X(2).2)-

Now, since H is a quasi-Hopf subalgebra of D(H) and 7 is a quasi-Hopf algebra
morphism such that (k) =#h for any & € H, by similar computations as in [6, Lemma
4.2] or [3, Lemma 3.6], one can prove that ¥(y)€ D(H)®™, so ¥ is well defined.
We claim that the inverse of ¥, ¥~!: D(H )™ — H*, is given for all D € D(H )*™
by the formula

Y=1(D) = (id ® &)(D).
Indeed, ¥~ is a left inverse since
(P~ 0 W)(2) = (id ® & 101, BS(x(12))) = (id © )11 )en(12))
=@d@e)(r®1)=1
for all y € H*. It is also a right inverse. If D = ;4 € D(H )™ then
il @ n(ix@))ihy = x' [ hS@X) f1 @ XX BS () X?) 2
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in D(H)® H. Therefore,
(Vo ¥~1)(D) =e(:h)V(iz) = eGh)iny BS(n(ix2)))
=it PS(n(ix2))ih2)
=x'[h1S(X ) 1 BS(X ! BS(xiX ) 12)
=ixh=D,

because of f!BS(f?)=S(«), and (1.5), (1.6).
(2) By (5.4, 2.12), (2.12) and (5.1), for any y € H* we find that

P =X"YDaypix' = 1 — ST )R XTSI (XY ) p?)
> (XY )12 p2x* BS(q' RXFYx%)

and, if we denote by Q' ® Q% another copy of gz, and by r! ® 7 another copy of R,
then by (5.2) we compute that

(Fojo¥))= (LS~ X)@R XY ST (X' Y ) pHOR(X' Y )1y pix')
O'R'(X'Y" )12 X BS(q' R XS Yx),
(127,1.19) = (1, ' (X)PR' X Y2 S~ (p*)O’R? plx")
xX'Y'O'R plx® BS(q' R X7 YV3x),
(127,121) = (1, S ' XHPR XYV RN X Y 'R BS(¢' R2XE Y35,
1 2
(127,125)= (1, S ' (X )PXIR P Y ROX'Y'RI BS(¢' X2 R* ' Y?R)),
2 1 1 2
1.5,1.28,1.27) = (1,8 ' (X )@ R'FPX2Y3)S(¢' RPr X7 Y2S 1 (XY ),
2 1
(1.18,2.4) = (S 0 2)(3),

as needed. Since H is finite dimensional the antipode S is bijective. So 2 is bijective
if and only if 7 o j is bijective. Thus, the proof is complete. [

For the next result we need the concept of right quasi-Hopf bimodule introduced in
[14], and the second Structure Theorem for right quasi-Hopf bimodules proved in [3].

Let H be a quasi-bialgebra, M and H-bimodule and p: M — M ® H an H-bimodule
map. Then (M, p) is called a right quasi-Hopf H-bimodule if the following relations
hold:

(id @ €) o p =id, (5.5)

(p @ id)(p(m)) = (id @ A)(p(m))®, Vme M. (5.6)

A morphism between two right quasi-Hopf H-bimodules is an H-bimodule map which
is also right H-colinear (just like in the Hopf case). y.#/ is the category of right
quasi-Hopf H-bimodules and morphisms of right quasi-Hopf H-bimodules.
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Let H be a quasi-Hopf algebra and M € .4} . Following [3], we define
M = {neM|p(n)=x"n-S3X)f' @ *X'BS(xiX?)f*} (5.7)
and £ : M — M, by
E(m) = mqy - BS(m1)), (5.8)

for all m € M, where p(m) := mq)@m. From [3, Lemma 3.6] we have that Im(E)=
M) and that M) is a left H-submodule of M, where M is considered a left
H-module via the left adjoint action, that is A>m = h; - m - S(hy), for all h€ H and
m € M. Moreover, if M) @ H is viewed as a right quasi-Hopf H-bimodule via the
structure

h-mn@ b)) W' =hon@hh'h”, pmoh)y=x'"vn@x*h @ hy,
then the map
Ty MDD QH S M, Ty(n®@h)=X"-n-SX*aXh

is an isomorphism of quasi-Hopf H-bimodules, cf. [3, Theorem 3.7]. The inverse of
vy 1s given by the formula

7y (m) = E(m)) © m).

Suppose now that H is a quasi-Hopf algebra and u: M — N is a morphism between two
right quasi-Hopf H-bimodules. It is not hard to see that the restriction of y defines a left
H-linear map between M) and N<) Moreover, if we denote this (co)restriction
by o then the following diagram is commutative.

M @ g M

m@[dJ, #J{

N @™y N

Consequently, the map u is bijective if and only if the map po : MH) — NeoUH) jg
bijective.

Lemma 5.2. Let D,A and B three quasi-bialgebras and ¥,v,k three quasi-bialgebra
morphisms as in the diagram below

D 9 A

Ci=(Ov)odp

B AQ B.
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Suppose that v ok =idg and define { as above. Then the following assertion hold:
(1) D and A ® B are right quasi-Hopf B-bimodules via the following structures
b-d-b =x(b)dr(b")

pp(d)=d| ® v(dy),
b' - (a®@b)-b" =0((b)))ad(k(b))) @ bybby

paes(a ® b) = I(r(x)ad(k(X")) @ x*bi1X* @ X’brX3,

acA, bbb’ €B, deD, and { becomes a quasi-Hopf B-bimodule morphism.
(2) If D, A and B are quasi-Hopf algebras and 9,v and x are quasi-Hopf algebra
maps then D®®) = D) qnd

(4@ B)® = {3(k(x"))ad(x(S(3X>) f1) @ X* X fS(x{X?) 2 |a € A}

DEBﬂgZ{

A@Beg,//g:{

Proof. Since no confusion is possible we will write without subscripts D,4 or B in
the tensor components of the reassociators of D, 4 or B, respectively. The same thing
we will do when we write their inverses.

(1) It is straightforward to show that with the above structures D is an object of
B/%g, and that 4 ® B is a B-bimodule. The map pgp is a B-bimodule map since

pae(b’ - (a @ b)-b") = pagp(I(r(b)))ad(k(b))) @ bybby )
= 9((x' b} )ad(k(bYX ")) @ x7by 1 b1bh 1 X
®X°ba)bab(h 1) X",
(1.1) = b} - (I(x(x")Nad(kx(X ")) @ x*b1 X?) - B} @ bhx’ b X b
= A(b")pags(a @ b)A(D"),
for all a€ 4 and b,b’,b"” € B. Similar computations show that

@~ (id @ A)(paes(a @ b)) = (paes @ id)(paes(a @ b)),

for all a€ A and b€B, so AQB€E B%g . Also, we can check directly that { becomes
a morphism in g M8, the details are left to the reader.
(2) By definitions we have

DM ={deD|pp(d)=x"-d-SuX’) [ @ X' BS(xiX?) 7}

={deD|d, @ u(dy) = k(x" (S X) 1) @ v(r( X BS(X?) £2))}
= DeW),
Observe now that a ® b € (4 ® B)*® if and only if
I(r(x"Nad(k(X")) @ X*b1 X* @ by X
=0(re(x})ad(k((SC3X) f1)1)) @ %3b(S(3X) 1)
X BS(xiX?) 12 (5.9)
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fabe(d® B)m applying id ® ¢ ® id to equality (5.9) we obtain
a® b= e(b)0(r(x" )ad(k(SERX*) 1) © X BS(iX?) 12,

$0 (A®B)°®) C {9(r(x"))ad(k(SC3X3) f1) @ x° X1 BS(x3X?) f* |a € A}. Conversely,
if §=0'® 6% is the element defined by (1.12) and F' ® F? =F' ® F? are other copies
of f then for all a €4 we compute

Iy DO NaI(SEXD) NI(R()) @ Y2 [PX pS(ix?) £21, 72
@y X BS(X) [P, Y
(115, 1.11) = 9(x(y'x"))ad(e(S(3 X)) f1 7))
Ry 31X\ BS() L) X3 2 F fTY?
QY x3X, 22 BS(xy X ZP)F? f5Y°,
(twice 1.3) = I(r(x] y')ad(k(S(( y2 )X T) f171)
20 T RS )X 22 TF f7Y?
@x? X' ZUBS(( v XTZF? 377,
(13,15, 1.1) = 9(x(x] ¥ )ad(1(S (532> (. X R T £1Y1))
x0T B, 2y (Vo X NTHF' 172
QX Y1 X BSO 12 v XD 3,
(1.1,1.5) = 9(1(x; y)ad(i(S (522 X35 13 T) £ Y1)
®@xy y° T BS (12 XD 22X i THF! f7Y?
QX° X! BS(x 12 XPF? 77,
(1.1,1.9,1.16) = I(x(x; N[I(K(y' Nad(k(S(33 T F N9 S(x2) X5 F' f1))
@[V’ T BSOAT? P 19> S (o XDF2 [ @ 22X BS(iX?) 12,
(111) = 9] D[P )ad (SR T IF NI (((S3X>) £ 1)1)
@0 [T BS(ITHFNS3X) /1) @ ° X BS(iX?) 12,

as needed. Therefore, {J(r(x")ad(k(S(3X°)f")) ® ¥*X'BS(X?)f*|acA} C
(4 ® B)®) and this finishes our proof. [J

Proposition 5.3. Let D be a quasi-Hopf algebra, A and B two quasi-bialgebras and
9:D — A, v:D — B two quasi-bialgebra maps. Consider { : D — A ® B given by
{(d)=9(dy) ®v(dy), for all d € D.
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(1) Suppose that (D,R) is quasitriangular and define § =§' ® F> € (4 ® B)®?, by
F=0(Yx'X'y)) @ oV} *R' X3 1?) @ I(Y°X°RPX2y)) @ v(Y3y?),  (5.10)
where, as usual, R' @ R* is the inverse of the R-matrix R of D. Then § is a
twist on A @ B (here A ® B has the componentwise quasi-bialgebra structure)
and { : D — (A ® B)z is a quasi-bialgebra morphism. Moreover, if A and B
are quasi-Hopf algebras and 9 and v are quasi-Hopf algebra morphisms, then
(:D— (4 (X)B)%1 is a quasi-Hopf algebra morphism, where 4=9(R>¢g*)@v(R'g").
(2) Suppose that A and B are quasi-Hopf algebras, ¥ and v are quasi-Hopf algebra
morphisms, and that there exists a quasi-Hopf algebra map x : B — D such
that v ok =idg. Then { is a bijective map if and only if the restriction of V¥
provides a bijection from D" to A.

Proof. (1) We have that {=(9®v)o4p, so clearly ( is an algebra map. It also respects
the comultiplications. Indeed, applying (1.8), twice (1.1), (1.27), and then again (1.1)
two times, it is not hard to see that

(Auen); o ONd)=(({ @) odp)d)

for all d € D. Obviously, e4g5 0 { = ¢p, so { respects the counits. It remains to show
that

(@@ (Pp) = Pues); -

This follows from a long, technical but straightforward computation, we leave the
details to the reader. Suppose now that 4 and B are quasi-Hopf algebras and that ¢
and v are quasi-Hopf algebra morphisms. In this case, { : D — (4 QQB)L@l is also a
quasi-bialgebra morphism since (4 ®B)%1 = (A ® B)g as quasi-bialgebras. Thus, we are
left to show that

{o) = Yoruenyss B = Puen 4", (LoSp)(d) = USses({(d)U
for all d € D. Take F~' =&! ® &? as being the inverse of the twist F. By (1.10) and
(5.10) we compute:

Uawn)y = Saes(6')oiesS”
=S¥ X' X yHaY) ¥’ R*X3)?) @ vo(S(Y2PR' X2yl )oY ),
(1.5,1.26) = 9(S(RZX*R* y )aR3X > y*) @ v(S(R'X 'Ryl )ay?),
(1.5,1.28,1.27) = H(S(X*yIR*)oX>y?) @ o(S(X ' iRV )ay?),
(112, 1.15) = 9(S(R*)y") @ v(S(R')y*) = I(S(R*) f1oy) @ o(S(R") f*o12),
(132) =9(/*RPo1) @ v(f'Rlaz) = 4~ {(),

as needed. In a similar manner one can prove that f4g5), = {(f)L, the details are left
to the reader. Finally, for all d € D we have

USuep) (AU =I(R*g*S(d1) f*R*) @ v(R'g'S(d2) f'RY),
(1.11,1.27) = 9(S(d)1) ® o(S(d)2) = L(S(d)).
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(2) We are in the same hypothesis as in the Lemma 5.2, s0 { : D - A® B is a
right quasi-Hopf B-bimodule morphism. As we have already explained before Lemma
5.2, the morphism { is bijective if and only if (o, the restriction of {, defines an
isomorphism between D) and (4 ® B)°®). But DB = D) 50 if d € D°®) then

{(d)="1(d1) ® v(d2)
= D(k(x" NN (RS X) 1)) © XX BS (X ) 12,
because of v o k =idp. Hence, by Lemma 5.2, { is bijective if and only if the map
Lo 2 D) = {90 )Nad(k(S3X) f1) @ X BS(AX?) 2 |a € 4},
Lo(d) = D(k(x")HAYIR(S(X) 1) © XX BS (1 X?) f2

is bijective. Now, it follows that { is bijective if and only if the restriction of ¢ defines
a bijection between D) and 4. [J

We can now state the structure theorem of D(H) when H is factorizable. The next
result generalizes [27, Theorem 4.3].

Theorem 5.4. Let (H,R) be a finite dimensional QT quasi-Hopf algebra, D(H )~ H

the quasi-Hopf algebra morphisms defined by (5.1) and (5.2), respectively, and define
{:D(H)— H®H, given by {(D)=7(D;)® n(Dy), for all D € D(H), and

F=rx'x'yl @ V)¥?R2X3 )y @ Y2°RIX%y) @ V)3, (5.11)
where R' @ R* is the R-matrix R of H. Then the following assertions hold:

(1) {: D(H) — (H ® H)Y is a quasi-Hopf algebra morphism, where U := R'¢g* ®
Rg'.
(2) C is bijective if and only if (H,R) is factorizable.

Proof. We consider in Proposition 5.3 D=D(H), A=B=H, 9=7, v=m= and Kk =ip.
So the map { in the statement is the map { in Proposition 5.3 specialized for our case.
Moreover, from definition (2.17) of the R-matrix # of D(H) we have

(R @A) =S~ (pliep1 @ (e,¢’R*)¢'R' p;
=S (p")¢’R* pi @ 4'R' p3,
(127,121) =S (p )¢ piR* @ ¢' plR' =R* ® R".

Since 7 and 7 are algebra maps we obtain that ©(7 )@ #(Z ) =R> @ R', so the twist
(5.11) is the twist § defined in (5.10) specialized for our situation. Also, the element
U is the element 4l defined in Proposition 5.3 specialized for our context and this prove
the first assertion.

Applying again Proposition 5.3 we have that ( is bijective if and only if the restriction
of # provides a bijection from D(H)*™ to H. By Lemma 5.1 this is equivalent to 2
bijective. Finally, by Proposition 2.2 we obtain that { is bijective if and only if (H,R)
is factorizable, and this finishes our proof. [
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6. Factorizable implies unimodular

In [25] it is proved that a finite dimensional factorizable Hopf algebra is unimodular.
In this section we will show that this also holds for a finite dimensional factorizable
quasi-Hopf algebra. In particular, we obtain that for any finite dimensional quasi-Hopf
algebra H its Drinfeld double D(H) is always a unimodular quasi-Hopf algebra.

Throughout, H will be a finite dimensional quasi-Hopf algebra. Recall that r € H is
called a left (respectively right) integral in H if ht =e(h)t (respectively th=e(h)t) for
all he H. We denote by le (J H) the space of left (right) integrals in H. It follows

from the bijectivity of the antipode with S( le) =/ 7 and S( I 1y = le. If there is a
non-zero left integral in H which is at the same time a right integral, then H is called
unimodular. Hausser and Nill [14] proved that for a finite dimensional quasi-Hopf
algebra the space of left or right integrals has dimension 1.

Let ¢ be a non-zero integral in H. Since the space of left integrals is a two-sided
ideal it follows from the uniqueness of integrals in H that there exists € H* such
that

H
th = u(h)t, VtG/ and heH. (6.1)
1

It was noted in [14] that u is an element of A/g(H, k), i.e. u is an algebra morphism
from H to k. Moreover, Alg(H,k) is a group with multiplication given by g o ¢ =
(0®c)o 4, unit ¢, and inverse ! =008 =po0S~!. Observe that u= ¢ if and only
if H is unimodular. As in the case of a Hopf algebra we will call u the distinguished
group-like element of H*.

Hasser and Nill [14] also introduced left cointegrals on a finite dimensional quasi-
Hopf algebra. These cointegrals are the elements A of the dual space H* which satisfy
for all he H,

IV U U = u(x"HAAS(x*))x. (6.2)

Here U = U' ® U? is the element defined by (2.2), u is the distinguished group-like
element of H*, and if pr = p' ® p? and f = f' @ f? are the elements defined by
(1.17) and (1.13), respectively, then V' = V! @ V'? is given by

y=s"'(f*pHe s (S ph). (6.3)

Using another structure theorem for right quasi-Hopf H-bimodules, Hausser and Nill
prove that the space of left cointegrals . is one dimensional, and that the dual paring
L@ [ T ier— (A,r) € k is non-degenerated. Let A be a non-zero left cointegral
and r a non-zero right integral in A such that A(r) = 1. Following [14], we call

g:=V'nUuHr*nuU? (6.4)

the comodulus of H. It was proved in [14] that g is invertible, and that its inverse is
given by

g ' =S U)S (V' UY). (6.5)
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The results in the next two Lemmas also appear in a recent preprint of Kadison [17].
We prefer here to give direct proofs because they provide new formulas, which are of
independent interest.

The following result expresses g and g -1

in terms of left integrals.

Lemma 6.1. Let H be a finite dimensional quasi-Hopf algebra, A a left cointegral on
Hand 0 #re frH such that A(r)=1. If we set r =S~Y(t) for a certain left integral
t in H, then

g=US"gtp NS (¢'ti p"), (6.6)

g~ =uq'upHs(@np?). (6.7)
where pr = p' ® p* and qr = q' @ ¢* are the elements defined by (1.17).

Proof. Let g, = §' ® §* be the element defined by (1.18). We prove first that

't ®¢L =31 ®§n, (6.8)
for all ¢t € le. To this end, we need the following relations

ar = (§" @ DVAS™'(G"), (6.9)

pr=ASPNUP @ 1), (6.10)

U'® U?S(h) = AS(h))U(h, ® 1), Y heH, (6.11)

which can be found in [14] (here p' ® p? is the element p; defined by (1.18)). Now,
te [/ and (6.9) imply that

7't QP =V V. (6.12)
Together with a quasi-Hopf algebra H = (H,A4,¢,®,S,a, ) we also have HP as
quasi-Hopf algebra, where cop means opposite comultiplication. The quasi-Hopf algebra
structure is obtained by putting @cop =(D ' )**! =x* @32 @x!, Seop=5"", tterp=5""()
and feop = ST'(B). It is not hard to see that in H°P we have (qr)eop = ¢ ® G,
(PR)cop = P* @ p' and foop =(S™' @S~")(f), and therefore Veop=S(p")f* @S(p*)f".
Specializing (6.12) for H°P, we obtain

§'n ® ¢ n =S /'n @SB .
On the other hand, one can easily check that (1.18, 1.9, 1.16) and S~'(f2)Bf'=S""(a)
imply

S(P) M @S =4"'9i © 576 0
where, as usual, we denote f ~l = 4! ® g%. From the above, we conclude that

§'h © G h=4q"'git ® ST(¢")d gtz

H
(16/ ) =q't ® ¢’tr,
!
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as needed. We claim now that
UleU?=4p' ©§,p*S(@). (6.13)
Indeed, by (6.10) we have
qip' ©qp*S@@)=1g'S(pHLU' p* @ [§'S(PHLUS(),
(6.11)=1[4'S(qi P U'G p* @ [3'S(¢1 p)LU?,
(122)=U'® U

We write pr=p' @ p>=P'@P?, f=f'® f?=F'®F? and f~'=g4' ® g>. Then
the above relations allow us to compute

VinU'@ V’nU? =V'ng p' © V’rng p*S@),
H
(re / ,6.3) =SSP ! @ SIS T (02,

(111, 1.17) =SS f26P?) @ STHS(P) 11, P BS(x*),
(19,1.16) = ST (F**3,P*) @ S~ (2RI g3 PYHBfIFIX!,

H
(S‘l(fz)ﬁfl = S‘l(oc),l.S,te/ ) =5"'*6PY) @ STHS(x P,
!

(1.18,6.8) =S~ (@P6P?) @ ST1(G't,PY) = S~ (¢*6P?) @ S~ (g't, PY).

Thus, we have proved that

VinU' @ 7’nU? =S~ Y(¢*6P*) @ S~ (¢'t,PY).
It follows now that the above equality and (6.4), (6.5) imply (6.6) and (6.7), so our
proof is complete. [J

Recall from [3, Remarks 2.6] that the map

0:H* = H, 00 =nq’0p)g'np' VyeH,

is bijective. Thus there is an unique A€ H* such that

MNg*tp*)g't p' = 1. (6.14)

Lemma 6.2. The linear map A defined above is a non-zero left cointegral on H.

Proof. The fact that A is non-zero follows from O(4) = 1. Let A be a non-zero left
cointegral on H. Then

0(%0) = 2o(@*p*)g't1 p',
(6.9,6.10) = Zo(V2[S~1(GHS(APHLUHG@ VST (g S (pH1, U B,



80 D. Bulacu, B. Torrecillas|Journal of Pure and Applied Algebra 194 (2004) 39-84

H
(te/ ,6.1> =u~ ' (PRI RUHV ' wU' B,
!

(6.2) = u(x" ) (P Ao(1S () B,

(6.1, 1.18) = p(x (X" BS(X* (S () Ao (1> X = 0(p( B)2o(1)2)-
Since 0 is bijective we deduce that 1y = u(f)Ao(¢)4, and since 0 # g€ %, by the

uniqueness of left cointegrals on H we conclude that 4 is a non-zero left cointegral
on H. [J

We finally need the following result.
Lemma 6.3. Let H be a finite dimensional quasi-Hopf algebra, t a non-zero left

integral in H and p the distinguished group-like element of H*. Then for any he H
the following relations hold:

q't1 @ ST (h)g’t, = hg'ty @ ¢°1r, (6.15)
hot=Ppg't®qt=q"teS (Bt (6.16)
hp' ©up’Sth— ) =up'h@np, (6.17)

where for all he H and y € H* we define h — y = y(hy)h;.
Proof. The relations (6.15, 6.16) are proved in [3, Lemma 2.1]. The equality (6.17)
follows from the following computation
hp' ® p*Sth — p)=u(h)t p' @ 6 p*S(hy),
(6.1)=t1ha,1)p' ® toh,2)p*S(ha),
(119 =1, p'h @t p*,
for all € H, and this finishes the proof. [J

Theorem 6.4. Let (H,R) be a finite dimensional QT quasi-Hopf algebra and p the
distinguished group-like element of H*. Then the following assertion hold.

(D) If qr=q¢'®¢*=0"'® 0% and pr= p' @ p> = P! @ P* are the elements defined

by (1.17) then
WO P*S(QRPP? — u)R'P' @ ¢'ti p' = S(w)g'n p' @ ¢’ p?,
(6.18)

where R=R' ® R? is the R-matrix of H and u is the element defined in (1.29).

(2) If (H,R) is factorizable then H is unimodular.

Proof. (1) Let us start by nothing that ¢'S(g?«) = B, (1.32, 1.33) and (1.31) imply
R'BS(R*) = S(Bu). (6.19)
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Now, from (6.17) we have

WOt p*S(Q*(R*P* — u))R'P' @ ¢'t, p'

= uw(O"Hg’ pP’S(O*)R'P' @ 'ty p'R*P?,
(6.1)=¢’10, p’S(O*)R'P' © ¢'1,0] p' R*P?,
(121)=¢*6R'P' © ¢'t,R* P,
(127)=¢*R't,P' ® ¢'R*t,P?,
(6.16)=¢’R'pO'1, P! © ¢' R* Q1o P?,
(6.15)=¢’R'BS(¢'R)Q't1 P' © Q*1,P?,
(6.19)=S(q' puS ' (¢*)Q't: P' ® Q*1,P?,
(1.31,1.17,1.16) = S(u)Q't, P! ® Q*t,P?,

and this proves the first assertion.

(2) Let 4. € H* be the element defined by (6.14). By Lemma 6.2 we know that / is
a non-zero left cointegral on H. Consider now » a non-zero right integral in H such
that A(r) = 1, and take » = S~!(¢) for some non-zero left integral ¢ in H. Then, by
Lemma 6.1 we have

SN~ =Mq't1p )0 p’.
Applying id ® A to equality (6.18) we obtain
wOHS~ (g ~HS(Q*(R*P* — w)R'P' = S(u),

and since S‘l(g)S(u) = S(uS‘z(g)) = S(gu), it follows that the above relation to
equivalent to

w(QHS(Q*(R?P* — p)R'P' = S(u)S(g). (6.20)
On the other hand, if we denote by »' ® 7> another copy of R, we then have
HMONS(Q*(R*P* — u))R'P!
(1.17) = w(X' R PHS(X*R3P3 )X R' P!,
(126) = w(X'R* y*P)S(*X> y* Py)or' X*R' y' P,
(1.33,1.31,1.17) = u(¢' R*y*PH)S(S(¢*) v’ P3 uR' y' P',
(1.23,1.27) = u(q' X 1) PIR* P> S(X°) f)S(S(47)X; p*S(X2) [ uX(s 5y pR'P',
(131,1.19) = (X '¢' piRZ P> S(X*) f)S(S(q” p3) p*S(X?) f*)uR' P!,
(121,131) = w(X'R*P2S(X3) fHyus ' (S(X?) fH)R'P'.
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From the above computation and (6.20) we obtain
HX'RPP*S(X?) SIS fHR' P = u™'S(u)S(g). (6.21)
But, as we have already seen, if (H,R) is QT then R = R}, '=R>®R' is another

R-matrix for H. Repeating the above computations for (H,R) instead of (H,R), we
find that

HXFPRS(C) £1)S IS )PP =i 7 S(@)S(g), (6:22)

where we denote by # the element defined as in (1.29) for (H,R) instead of (H,R),
and where 7' ® i is another copy of R~!. More precisely, we have that

a=Su™. (6.23)
Indeed, one can easily see that (6.19) and (1.31) imply
PRSFY =SB = uIS(P). (6.24)

Now, we compute
i =S x*pS(x*))ox!,
(SBSNS? =)= S(Bf P BS()) 27!,
(1.32,1.17) = S(FBS(F) 2 p2) £ P,
(6.24) =S(S~'(f pHu"S(B)S* p*),

(13L,SBYHY 2 =a,1.17,1.6) =S 'S(pHap*) = Swu™).
Now, since S?(u) = u the relation (6.22) becomes

XA PSS TS (X)) P = S(u)u~ ' S(g). (6.25)

From (1.31) it follows that uS~!(u) = S(u)u, and since S*(1) = u we conclude that
uS(u) = S(u)u, so u~'S(u) = S(u)u~". Hence, by (6.21) and (6.25) we obtain

PX'RPPES(XC) SIS R P = (X P PES(X) f1)S (S f2)P P
This comes out explicitly as

W(R2PHR'P! = (7' P2 P!
and implies

HOIR*PXS(0?)OIR' P! = w(Q!F P2S(0%)) 03P,
From (1.27) and (1.21) we deduce that

W(RHR' = u(7FH? = wR*HR'F =1. (6.26)
Finally, the above relation allows us to compute

2p) = W@ X' R2r' pHg@iX >R p*S(GX°),
(6.26,1.17) = w(§' X 'x"H@X*x* BS(G5.X %),

(1.5,1.18) = () f = 2(w()e).
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If (H,R) is factorizable then 2 is bijective, so p = u(o)e. In particular, 1 = p(1) =
w(o)e(1) = u(a). Hence p = ¢, and this means that A is unimodular. []

Theorem 6.5. Let H be a finite dimensional quasi-Hopf algebra. Then the Drinfeld
double D(H) of H is a unimodular quasi-Hopf algebra.

Proof. It is an immediate consequence of Proposition 2.3 and Theorem 6.4 [
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