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We study the detection of a possible change in a stationary autoregressive process of order r. The test
statistics are based on weighted supremum and L, -functionals of the residual sums. Some limit theorems
are proven under necessary and sufficient conditions.
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1. Introduction

We consider
X =BX(Xizy, Xicay ooy Xuor) +er, r<k=[nA),
Xt:B*X(Xk—l7Xk*25’"9Xk7r)T+£k, [nA]<kSna

where B=(B.,...,8.), B*=(B¥,...,B¥) and B# B*. As usual, x' denotes the
transpose of vextor x. We want to test

H(): A=1
against the alternative
Hs: A€(0,1).

The change-point model occurs very often in econometrics and in technology. For
a survey on applications in econometrics we refer to Goldfeld and Quandt (1976).
Basseville and Benveniste (1986) presented a wide range of applications of the
change-point analysis, from signal segmentation for pattern recognition to failure
detection in dynamical controlled systems.
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We assume that under H, the sequence {X,, r<k<oco} is a stationary auto-
regressive process:

under Hy, {X,, r<k<c0} is a stationary sequence, B, # 0 and

the roots of the polynomial ¢'—B,t" ' —B,t" >—-+-—B,=0 are

less than one in absolute value. (1.1)
We also need some regularity conditions on the error terms:

{er, 0= k <o} are independent, identically distributed random
variables with

Eg, =0, 0<o’=Vare, <o and Ee}<oo. (1.2)
Under H, we have a stationary autoregressive process of order r, while under the
alternative there is a change in the scheme after the first [nA] observations. Brown
et al. (1975) suggested that tests for H, can be based on the residuals

éi,n:Xi_énx(XiA]’Xi—Zs'"aXi—r)T5 (13)
where ﬁ,, is the least squares estimate of the coefficient based on {X,, r <k =< n}.
Kulperger (1985) developed a family of tests based on the functionals of the sum
of residuals

Z,(k)= Y &, l=k=n (1.4)

I=i=sk

He showed that n '/?Z,((n+1)t)/o converges weakly to a Wiener process
{W(1),0<st=<1}in D[0, 1]. Thus we have immediately
-1/2

max |Z,(k)| 5 sup [W(1)] (1.5)
sk=n o<r=1
and
1 k 2 @ ! 2
3 L gl )Zuk) > g()W () dy, (1.6)
O N 1<ksn n o

if _f('] tg(t) dt <co. The statistics in (1.5) and (1.6) are not very sensitive if the change
occurs at the beginning or at the end of the data, i.e., if A is near to zero or one.
We get more powerful tests, if we use the weighted functionals of the sum of the
residuals. We define

-1z Z,(nt
Dy = p 12200 )
T g<t<1 q(t)
n~'? Z,(nt
D= sup | ,(/2 ) (1.8)
O o<i<i1 t
and
—1/2\ p 1 Z t P
D‘,.3)=(n > J AL d, 1sp<w, (1.9)
o o q(t)

NP (M Z,(nt)]?
Dﬁ,‘”:("o ) J |t‘(+”/3| df, 1sp<oo, (1.10)
0
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The tests in (1.7)-(1.10) are very sensitive if A is near to zero, but they do not have
this property if A is large. We can get tests which are senstive to changes at both
ends, using a symmetrized version of Z,. We define

and similarly to (1.7) and (1.10) we consider the following functionals:

and

Z,(1)=Z,((n+1)1) —1Z,(n),

n 2 Z,(t
e 2]
g O=<tt<1 q(t)

n~'? |Z,(1)]
cr=" _ et
o o G(1-1)7?

-1/2\p 1|5 r
o o q(t)

—1/2\ p (1 > p
@_(n 1Z,(1)]
cr=(") |zt 1=

(1.11)

(1.12)

(1.13)

(1.14)

We assume that our weight functions belong to one of the following classes when
we consider the weighted supremum norms:

and

Let

and

QO={q: q is nondecreasing in a neighbourhood of zero

and inf1 q(t)>0 for all O<5<1}

S<t=

Qv = {q: q is nondecreasing in a neighbourhood of zero,

nonincreasing in a neighbourhood of one and

S=t=1—

inf 6q(t)>0 for all 0<6<%}.

a(x)=(2logx)"?,  b(x)=2logx+1loglogx—!logm

1

I(q, c>=J ~exp(—eq’(1)/ 1) dt,

1

I*(q, C)='[ exp(—cq’(¢)/(t(1~1)) dr.

1
o t(1—1)

0141°°01512
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Throughout this paper { W(t), 0=t < oo} stands for a Wiener process. To state our
results we also need

o

m=m(p)=2mw) """ I |x|” exp(—ix?) dx

—o0

R A 1
a=an=[_ [ | otz

1 2, 2 al
Xexp(—m(x +y —2e “ixy)

and

1 2 2
—— Y )/2} dx dy du.
2m
It is easy to check that m(2) =1 and d(2) =2. First we consider the asymptotics of

(1) (4)
DV, ..., DY,

Theorem 1.1. We assume that (1.1), (1.2) and H, hold.
(i) Let g€ Qy. If 1(q, ¢) <o for some ¢>0, then we have

lim P{D'"=<x, a(log n)D{?’ < b(log n)+ y}

n->oo

=P{ sup |W(t)|$x} exp(—exp(—y)), (1.15)
0<r<} q(t)

for all x and y.
(ii) Let q be positive on (0,1] and 1=<p <. If

J’l p/2
dr <o, (1.16)
o q(t)

then we have

lim P{D® < x, (2d log n)"V*(DY’ —m log n) < y}

n—->oc

=P{J'1Mdtsx}d5(y), (1.17)
o q(t)

for all x and y where @ stands for the standard normal distribution function.

The results in Theorem 1.1 are optimal. It is well-known (cf., for example, Cs6rgd
et al., 1986) that P{sup0<,<l| W(1)l/q(t) <oo}=1if and only if I(g, ¢) <00, Similarly,
Csérgd, Horvéth and Shao (1993) showed that the condition [, */?/q(t) dt <co is
necessary and sufficient for the almost sure finiteness of [i| W(#)[?/q(¢) dt.

Next we state similar limit theorems for C!’, ..., C'¥. Let {B(t),0< <1} denote
a Brownian bridge.
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Theorem 1.2. We assume (1.1), (1.2) and H, hold.
(i) Let g€ Qq,. If I"(g, ¢} <0 for some ¢ >0, then we have

lim P{C'"<x, a(logn)C'? =< b(log n)+y}

=P{ sup MS x} exp(—2 exp(—y)), (1.18)
0<r<1 q(l)
for all x and y.

(ii) Let g be positive on (0,1) and 1< p <o, If

J' (t(1- )"

200 dt <0, (1.19)

then we have

lim P{C’<x, (4d log n) V3 (CY —2mlog n) <y}

n—->o0o

:P{JIMdtsx}é(y), (1.20)
o q(t)

for all x and y.

By Csorg6 et al. (1986) we have that the condition I*(g, ¢) < oo for some ¢>0 is
necessary for (1.18). Similarly using Csorgd et al. (1993) we get that (1.20) implies
(1.19). Simulations showed that tests based on (1.17) and (1.20) are not sensitive
to the choice of p.

Our approach is based on the residual partial sums. Brown et al. (1975) suggested
that we can use the residual partial sums to test H, against the change point
alternative. Kulperger (1985) obtained the first results for the residual partial sums
in case of an autoregressive process. A different method is based on the empirical
distribution and spectral functions. Picard (1985) studied the empirical spectral
function in case of stationary Gaussian sequences and Giraitis and Leipus (1990)
generalized her results for moving-average sequences.

2. Preliminaries

Throughout this section we assume that H, holds. Using the definition of the residuals
we can write

Ein=€— Y (éj,n_Bj)Xi—j’ (2.1)

1<j=<r

where ﬁ,, = (é,,,,, ey B\,,,.,) is the least square estimator of B based on {X,, r < k< n}.
Introducing

RK)=3 % (Bin—B)X.; (2.2)

1sisk 1<jsr
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and

Stk)= ¥ & (2.3)
we have

Z,(k)=S(k)—R(k), 1<k<=n. (2.4)
Similarly we get

Z,()=8,(N-R,(1), 0<t<1, (2.5)
where

S.()=S((n+1)1)—1tS(n), 0<t<1, (2.6)
and

R,(t)=R((n+1)1)—tR(n), 0<1<1. 2.7)

If we can show that R, and Ié,, are negligible terms in (2.4) and (2.5), then it is
enough to work with sums of 1.i.d. r.v.’s. First we consider some technical lemmas
for R(k) and then we list some important properties of S, and S,,.

Lemma 2.1. If (1.1) and (1.2) hold, then, as n - c0 we have
n'*(B. —B)=0p(1). (2.8)

Proof. Lemma 2.1 is well-known. Its proof can be found, for example, in Kulperger
(1985, Lemma 2.1). O

The following lemma is a slightly generalized version of an inequality in Kulperger
(1985, p. 111).

Lemma 2.2. If (1.1) and (1.2) hold, then we can find a constant C such that for all
1< N <M we have

E( ¥ X,-) <C(M—-N)~. (2.9)

N=i=sM

Proof. We use the moving averages representation of stationary autogressive pro-
cesses. There is a sequence of i.i.d. r.v.’s {§,, —o0 < k <0} such that

Xe= Y aid, (2.10)

O=j<ox

8, and g, have the same distribution. For the sake of simplicity we assume that the
roots of

=Bt =Byt = =B, =0 (2.11)
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are real and distinct. The roots of (2.11) are denoted by ¢,, ..., ¢,. By Theorem 2.6.1
in Fuller (1976, p. 56) we can find constants a,, ..., a, such that
ar=a i tats+- - +att, 0sk<oo, (2.12)

With some algebra one can verify
Y Xi= ¥ Ydms

N=sisM O k<o

where v, = v« (N, M) and they are defined by

Yo = o,

YT =aptag,

Ym-n=0Qot oyt tay N,

and
’y/=a:_(M‘N)+"'+a,, M-~ N<I<oo0.
Thus we get
4 2
E( > ’)’k5M—k) =U4< % )’i) +E€8 ) 72-
0< k<0 o<sk<co o=<k<oc

Let £ =max{|t,],...,|t[} and a =max{|a,|,...,]|a|}. By (1.1) we have 0<{<1 and
(2.12) gives

|a| < raf*, 0<k<oco

Using the definition of y, we get

Ak fa*r*
T oyis T (M-N)arf)'<sT L (M-N)
M~N<k<wo M-N<k<oo 1—1t

Also, we obtain

Y vimagtlagta)+ A (agtatoctay )t
Osks=sM-N

s(M-N+1)(ra+raf+---+raf™N)*

4
s(lr_pt,) (M~N+1).

Similar arguments give

N i‘a2 2
Y o= Y (M-N)pi*)=s1 (M- Ny
N-N<k<x M—-—N<k<oo l_t

and

) yi<<lar) (M~-N+1).

A
OsksM-N -1

The case of multiple and complex roots can be covered similarly and therefore
omitted. []
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Lemma 2.3. If (1.1) and (1.2) hold, then, as n-> o, we have

1
n'/? max —|R(k)|=0g(1) (2.13)
lskink
and
1
1/2 _ _
n'"? max ———[R(n) =R (k)| = O0s(1). (2.14)

Proof. By definition, we have

1

1 a
_R(k)= Z (B_i,n_Bj) Z Xi—j- (2-15)
k 1sjs<r k 1=i=sk
Lemma 2.1 gives
n'/? max |ﬁi,n—ﬁj|:Op(l). (2.16)

1=<j=<r

Next we apply Lemma 2.2 and the Markov inequality and obtain

1
Plme i) 2, x|
< -4 1 4< C ——2<1 2.4
1<k<n 1=si<k X 1<sk=n
for all x>0 and 1=<j=<r, which implies
1
max max —l Y X ;| =0s(1). (2.18)

1<sj<r Isksn t<i<k

Putting together (2.15), (2.16) and (2.18) we get (2.13).
The proof of (2.14) is similar to that of (2.13) and hence omitted. [

Lemma 24. If (1.1), (1.2) hold and 1< g(n)<n, g(n)-> o, then, as n - o, we have

1
1/2 1 _
n g(rwflf(s,.km(k)l op(1) (2.19)
and
1
n'?  max ———|R(n)—R(k)|=o0p(1). (2.20)

1<k<n-g(myn—k

Proof. Similarly to (2.17) we have for all x> 0 that

1 4
>x} sx* ¥ E(— ¥ Xﬂ_)
g(n)sk=n k 1<is<k

s% Yy kT3

X g(n)ysk<oc

{ 1
P{ max -

g(n)ysksn k

X Xy

1=sisk
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which immediately implies

1
max max —
I<jsr g(m=<k=nk

) Xi_; =o0p(1). (2.21)

1sisk

Now (2.16) and (2.21) yield (2.19). Similar arguments give (2.20). O

Lemma 2.5. We assume that (1.2) holds.
(1) We can define a sequence of Wiener processes { W, (1), 0<t<1} such that

ln"”S(nt)—oW,,(t)[z

n” sup 73 Op(1), (2.22)
I/n<st=<] t
forall 0sv<] and
sup |[n~"2S(nt) — oW, ()| = 0p(1). (2.23)

O=<r=<]i
(ii) We can define a sequence of Brownian bridges {B,(t),0=< t=<1} such that

|n="28,(1) = oB,(1)]

n” su 1= 04(1), 2.24
1/(n+1)srspn/(n+1) (t(1—1))"/? ol ( )

forall 0<sv<! and
sup |n" 25, (1)~ oB,(1)| = 0p(1). (2.25)

0<t<1

Proof. (i} Komids, Major and Tusnddy (1975, 1976) constructed a Wiener process
{W(1), 0=t <o} such that

IS(t) —aW()] 20tV (1-o). (2.26)
Thus we get

su 'S(”’)_SK("')"’:SO(1) (n>00), (2.27)

1/nst=1 (nt)

for all 0<v=<y. Since W,(t)=n"">W(nt) is a Wiener process for each n, (2.27)
implies (2.22) and (2.23) follows from (2.26).
{(ii) We can write

2o _[SD(), ost<)

Sn(t)—{g("z)(t)’ I (2.28)
where

Sy =S((n+1)1)—t(SE(n+1))+S(n) — SE(n+1)))
and

SO =S{(n+ 1))~ S(n)+(1~1)(SE(n+1))+ S(n) - SE(n+1))).
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Using again the Komlés, Major and Tusnddy construction we can define two Wiener
processes { W{"(t), 0<t <o} and { WP (t), 0=t <0} such that W{" and W'? are
independent for each n,

|S((n+1)t)— oW (nt)] as.

su = 0(1 n-> 00 2.29)
1/(n+])£l$]/2 (m‘)l/4 )« ) (

and

[S(n+1)1) = S(n) = e WP (n(1 = )| us. >
1/2spssunp/)(n+1) (n(1—1))"? =0(1) (n->).

(2.30)
Next we define

n~ AW (nt) — (WD (3n) = W2 (3n))), 0

h
I

1
1<y

Bn(t)={

A
I

nAWI(n(1=-0)+ (1 =W, Gn) - WPGn)), s<t<1.

NI—

Computing the covariance function of B,(t), we can easily verify that {B,(1),0<t<
1} is a Brownian bridge for each n. Now (2.24) follows from (2.29) and (2.30).
It is easy to see that
sup  |B.(1)|=0p(1), sup  |B,(1)]=0x(1),

O<t<if{n+1) n/{n+l)<ss<i

and the definition of 5,,([) implies

—-1/2
~1/2 n

sup |S,(1)]= |S(n)|=0x(1),

0<r<1/(n+1) n+1

n

and similarly

2 sup (8. ()= o0s(D).

n/(n+1)<t<l1

n

Hence (2.24) yields (2.25). O
Lemma 2.6. We assume that (1.2) holds and 1< p <co,
(i) Let 0 a(n)<pB(n)<1 and

B(n)

y(m)=3log max(1/n, a(n))’

If y(n) > © (n->0), then we have

}ILrgP{a(Y(n)) sup l\S(m)|$b()’(n))er}=‘3XP(-2¢XP(—)’))

alm=r=g(m O (nt)"?
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and

B(n) 'nil/ZS(nt)‘p

llglo P{(4dy(n))~1/z<g—ﬁ J T dt—2my(n)) Sy} =d(y),

a(n)

Jor all y.
(ii) Let 0=a(n)<pB(n)<1 and

min{1—1/n, B(n))(1 —max(1/n, a(n)))}
(1—min(1—1/n, B(n))) max(a(n),1/n)}"

If y*(n) - o (n—> ), then we have

y*(n) =%10g{

—1/2]1 &
'li_)ngoP{a('y*(n))é sup E—IS—"(t—)'sb(v*(n))ﬂ}

wim=r=g(my (H(1—1))"?
=exp(—2 exp(—y))
and

[ Sl

tim p{caay ) (o0 | I 4y <0} = 00,

a(n)

Sfor all y.

Proof. It follows from (2.21) and (2.22) that (n™"?/ ) SUPu(m)=i=p(m |S(nt)]/t"?
and SUP(nyv1/nei=pin) | W(1)|/t"> must have the same limit distribution (cf. Csdrgd
et al.,, 1986). The limit distribution of the supremum of the normalized Wiener
process was calculated by Darling and Erdés (1956). Similarly, the limit distribution
of (BN (n™"2/0)S(ne)/ 1" 7/2 dt and (2 | IW(1)[P/1"*?/? dt are the same. The
central limit theorem for the latter integral is proven in Csérgd and Horvath (1988).
Similar arguments can be used to get proofs of the last two statements of Lemma

26. O

3. Proofs of Theorems 1.1 and 1.2
We start with (1.15) and (1.17).

Proof of Theorem 1.1. (i) If I(g, ¢} <o for some ¢>0, then we have (cf. Csorgd
et al., 1986)

lim 42 = oo, (3.1)

First we show

n " sup I_Z,,ﬂt_)—_S(n_t)l:OP(l)‘ (3.2)
o<r<1 q(1)
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By (2.4) it suffices to prove

R(nt

n Y2 su |—(l|=op(1). (3.3)
o<t<1 q{1)

By definition,

sup |R(nt)|:
o<i<1/n Q(t)

(3.4)

Let 0<e <1. Using Lemma 2.3 we obtain

Lo |R(nt)|s . 2 . |R(nt)|
1/n<t<e q(t) O<st<s q(t) 1/n<t<eg (nt)l/2
1/2
=05p(1) sup . (3.5)
o=r=e q(1)
Applying Lemma 2.4 with g(n) = ne we obtain
R(nt
n~Y? su m< ——n""? sup |R(k)|=o0p(1), (3.6)

e<i<1 Q(t) ESI<lq(t) nesk<n

for all 0< e < 1. Since £ can be as small as we wish, (3.3) follows from (3.1), (3.5)
and (3.6).
For all 0< e <1 we have

[n28(nt) — oW, (t)|

su
1/nsI:)<1 ‘I(t)
|[n="2S(nt) — a W, (1)] |n~V2S8(nt) — oW, (1)|
= sup + sup
1/n<tse Q(t) exr=1 Q(t)
1/2
=0,(1) sup +op(1), 3.7)

I/n<i<eg q(l)
where we used (2.22) and (2.21) with v =0. Applying
In~'2S(nt) oW, (1)|

su op(1). (3.8)
l/nSIt)<1 Q(t) ’
Since
sup |S(nt)|=0 (3.9)
O<t<<1/n
and
W, (1) « W(t
1/n<t<1 q(t) o<t<1 q(t)
we immediately obtain
D % sup W] (3.11)

0<r=<1 q(t) '
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Lemma 2.3 yields

|R(nt)|
——==0p(1).
SUP a2~ el

Lemma 2.6 gives

|S(nt)|

= 0y((log log log n)"/?),

O<t=(logn)/n (nt)

and therefore we have

1|Z,(nt
a(log n) sup —’ (’z/y—(b(log n)+y)—P>—oo. (3.12)
0<r=(logn)/n 0 (nt)
Using Lemma 2.4 we obtain
R(nt
sup l (nl/)zlzopu/(log n)'/?). (3.13)
(logn)/n=1=1/logn (nt)
Similarly to (3.12) we have
1|Z,(nt
a(logn) sup —l (n )‘—(b(log n)+y) 5~ (3.14)

V/logn=1=1 0 (Y!t)l/z

and

allogn) sup llS(m)|—(b(logn)+y)—P’“’Q

1/logn=sr=1 O (nt)llz

Lemma 2.6 implies

. 1 |S(nt)|

lim P{a(lo n) su — < b(logn)+

n—>x g (logn)/nsi?sl/logn a (nt)l/z g Y
1 [S(n)

= lim P{a(log n) sup =< b(log n)+y}

0<t<1 T (nt)l/z

=exp(—exp(—y)) (3.15)
for all y. Putting together (2.4) and (3.12)-(3.15), we get
lim P{a(log n)D,” < b(log n) +y} = exp(—exp(—y)),

for ali y.
In the light of (3.2) and (3.12)-(3.15) it is enough to establish the asymptotic
independence of n™"? supy.,-, |S(nt)|/q(t) and

a(log n) supo< <, (1/0)|S(n1)l/(n1)"’> - b(log n).
Let

0, if0<su=n/logn,

|
S(u)—S(n/logn), if n/flogn<u=<n. (3.16)

.I(u)={



234 L. Horvdth / Change in autoregression

Using (3.1) and the central limit theorem we get
|S(nt) = J(no)]
/logn=r=<1 l](t)

( )
S

lOg n
= Op(l),

since £ can be as small as we want. Thus we get

S(nt J(nt
a2 su | (n )|: 172 oy ‘ (n )I

n*]/Z

t1/2

sup
o<i=c q(1)

—-1/2

<(n/log n)~"?

n
(i)
log n

n ——+o05p(1).
0<t<1 q(t) 0<<t<1 Q(t) P( )
Darling and Erdés (1956) showed
|S(nt)| _

n71/2

1/logn=rt<]

o Op((log log log n)"?),

1 |S(nt
I5¢ 1/)z|—(b(log n)+y) S —o,

a(logn su -
( & )l/logn£l<l o (nt)

and

1 |S(nt
lim P{a(logn) sup —l (n0)]

172
n—->oo 0<t<1/logn O (nt)

= b(log n)+y}

= exp(—exp(-y)),

1
Su b
2 90
(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

for all y. Since {J(u),0su<n}and {S(¢),0=< t < n/log n} are independent for each
n, the asymptotic independence follows from (3.18), (3.20) and (3.21).

(ii) The following elementary inequality
[IxI” =1yl l= p27{lx = yI" + x| "Ix = yl}, 1<p<oo,
will be useful later on. First we prove
DY = (n-vz)n J SUOE 411 001,
o o q(1)
Let 0<e <1. By (3.22) we have

e f [1$(nt) = R =[S (m0)l"|
0 q(t)

d:

<p2'n " JE |R(no)”
o q(t)

=AP(e)+ AP (e).

A+ p2n"? j
P 0 q(t)

Using Lemma 2.3 we get

r

AV(g)=0p(1) J dr

o q(t)

*|S(nt)|P " |R(nt)|

(3.22)

(3.23)

dt

(3.24)

(3.25)



L. Horvdth [/ Change in autoregression

and

AP(g)=0u(1)n"t 7772 JF ———t's(m)lpnl dt
0 q(1)

‘n—1/2s(m)l p—1 (e t”/2
=OP(1)( sup [1/2=1/20p=1) de.

o q(t)

O<t=e

Hence by (3.8) we have

£ p/2

Aif)(s):op(nj' dr.

o q(1)
Applying Lemma 2.4 we obtain

,,-mj‘ ||S(nt) = R(n0)|” = |S(nt)|"|
. q(t)

dr=o05p(1).

Now condition (1.16) and (3.25), (3.27), (3.28) yield (3.23).

Lemma 2.5 gives
I 2S ()P ~ oW, ()]
L q(1)
for all 0<e <1 and (3.22) implies
© ln2S(nn))” — oW, (0)]"]
J'l/n q(t)
< pr J n 28 (nt) = oW (I"
1/n Q(t)
p2r J * oS, (0l InT S oW, ()]
\/n q(’)
=A% (e)+ AP (e).

dt :oP(l)s

dt

Lemma 2.5 implies

|n~'28(nt) —aW,(1)]

& tp/2

p
A‘f)(e)spZ”( sup Y ) J

I/n=st=<1

J‘f tp/Z
=0l | iy 9t

and

e ,1/2 p—1
Aoy =0y [ RAOE

dt.
o an ¢

It is easy to see

Wl
E —_—
J—o q(1)

£ 4p/2

dt=E|N(0, 1)|"“J dt,

o q(t)

o q(1)
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(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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where N(0, 1) is a standard normal r.v. Hence we obtain

['s p/2
AP (e) =0x(1) —d,
Jo q(1)

which completes the proof of
n“”)" I |S(n)f J [ Wa(nl?
—_— ———dt=| —E—"dr+op(1).
( o/ Jo a o 40 .
Putting together (3.23) and (3.35) we get
pwa J Hwor
o q(1)
Using (3.22) again we have
nr/? I " [IS(nt) = R(at)}” ~|S(no)|
V]

t1+p/2

dt

" R(n0)P
SpZ”n”’/ZJ’ ’tl(::/)zl dt+p2”n"/2J'

1/n

1/n
= A4 A®
Lemma 2.3 gives
AY =04(1).
Applying Lemma 2.3 and (3.8) we obtain

U S

g dr

A(6)=OP(])I’I“\M/2 J

1/n

_ S(nt) p=t
:Op(l)<n 172 supl *II/:J—I/MWIU)) ¥4 dy
1]

O<t<<
= Op(l).
Now (3.37)-(3.39) yield

n VAP (1S (nr)lr
D<n4)=(—o—) 0 th/zl dt+04(1),

and therefore by Lemma 2.6 we conclude

lim P{(2d log n) V> (D}’ —mlog n) <y} = ®(p).

' IS(nt)l’HlR(nt)}dt

tl+p/2

—~
2
(7Y
>

~—

(3.35)

(3.36)

(3.37)

(3.38)

{3.39)

(3.40)

(3.41)

The proof of (1.17) is complete if we can establish the asymptotic independence
of DY and D{”. By (3.23) and (3.40) it is enough to show the asymptotic indepen-
dence of n~7/? f; |S(nt)|?/q(t) dt and n~7/? j':) |S(ne)|?/t'+7/2 dt. Using Lemma 2.6

we get

i S(nt P 1/logn S t P
n;p/zj. |S(nt)] d,ZnP/ZJ |S(no) dr+0p(log log n),
[

t1+p/2 t1+p/2

0

(3.42)
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and therefore (3.23) gives

—1/2\ p 1/logn S t 4
D‘n“)=<n—) J ]tl(f”/)z\ di+Op(log log n). (3.43)

g 0

Similarly to (3.17) we have

! t)—J(nt)|
n_”/zj ISt =Jmnl 4, _ o 1),
1/logn Q(f)
which immediately implies
—1/2\ p IJ t P
D<"3>=(" ) J LG (3.44)
o o q(1)

Foreach n, {S(t),0<t=<log n}and {J(u), 0< u < n} are independent, and therefore
the asymptotic independence follows from (3.42) and (3.44). J

Proof of Theorem 1.2. (i) If I*(q, ¢) <oco for some ¢ >0, then we have (3.1) and

. q(t)
1[1_{111—(1_0‘/2—00. (3.45)

We start with the proof of
-1/2 su |Z,,(t)—S,,(t)|:

1). 3.46
" o<r<l1 q(t) or(1) ( )
By (2.5) it suffices to establish
R.(1
n~'? sup ——I ( )lzop(l). (3.47)
0<r<1 q(t)
For all 0<e <% we have
i g RO PR 2R, ()]
o=i=1 q(t) 0<i<1/(n+1) q(t) 1/{n+1)<t<e q(t)
SR (¢ SR (¢
+ sup _&ln ()'+ sup ——In (1)
e<t<l-g q(1) l—e<t=n/(n+1) q(1)
f s [n"'2R, (1)
n/(n+1)<t<1 q(t)
=L+ + LY. (3.48)
Using (2.7) and Lemma 2.4 we get
n~1/2
L'V= T IR(n)|=0p(1) (3.49)

and

L =0p(1). (3.50)
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Applying Lemmas 2.3 and 2.4 we obtain

t
LY =0p(1) sup — (3.51)
O<t<e Q(t)
t
L¥=0,(1 )Osup 5 (3.52)
and
LY = op(1) (3.53)

for all 0 < e <i. Combining (3.1) and (3.45) with (3.48)-(3.53), we conclude (3.47).
The Brownian bridge construction in Lemma 2.5 yields

In""28,(1) — oB,(1)]
sup
n+tl)=r=n/(n+1) q{t)

|n"28,(1) =B, (1) [n”"23,(1) — 7B, (1)]

= sup +

TR . q(1) rrler q(t)
[n"'728,(1) = 0B, (1)|
+ sup
l—s=t=n/(n+1) q(t)
=L+ LD+ 1S, (3.54)

Choosing »=0 in (2.23) we get

1/2
(6) =0 (1) sup (355)
O<r=¢ q(t)
and
1—-n'?
L¥=0x(1) sup a-n- - (3.56)
1—e=t<1 q(t)
By (2.23) we have
LY =0p(1) (3.57)
for all 0< e <i. Now (3.1), (3.45) and (3.55)-(3.57) imply (3.54). We note
S.(t
nY?  su M= n '?|S(n)|  sup =0p(1) (3.58)
o<t<t/n+1y q(1) o<z<1/(n+1)q(t)
and
S t
n'?  sup | ( )| op(1). (3.59)

n/(n+1)<t<l1 q(t)
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The assumption I*(q,c)<co holds, if and only if the random variable
sup(,<,<]|B(t)[/q(t) is almost surely finite. Thus by (3.54)-(3.59) we conclude

2 sup Mzo u |’IELI)IAFOP(I). (3.60)

n S
o<t<1 q(t) o=r=1 ¢q(1)

From (3.46) and (3.60) it follows

o B(t
nqnl)»_/) su l ( )| (3.61)
o<i<1 q(t)
Lemma 2.3 yields
s R,
———————==0,(1). 3.62
S AT R 62
Using Lemma 2.6 we can verify
) S.(0)]
n~? L—=O log log log n)'/?), 3.63
O<r<(logn)/n (l(l—t))]/z P(( glog g ) ) ( )
e S(1)]
n'? ‘"‘:o log log log n)'/? 3.64
lf(logn)/nsr(](t(l_t))l/2 P(( g g g ) )’ ( )
and hence we get
ey |Z.,(1)] |Z.()]
n'?—a(log n)max{ su — s —
ag 0<ts(|o§n)/n(t(1_t))l/2 lf(logn)/nSK\l(t(lﬁt))l/2

—(b(log n)+y) 3 . (3.65)

Using Lemma 2.4 again we obtain

2 }i" 1/2
nv” (logn)/ n=rt=1/1 (t(,1 —(tl)))llﬂ = OP(I/(IOg n) / ) (366)
and
n'/? sup M—op(l/(log n)"?). (3.67)

1—1/log n<t<1—(logn)/n (t(l - t))l/z_

Lemma 2.6 and (3.62) imply

n'/? [§ (1)) P
a(log n s ———L__(b( + —0 3.68
(log n) > 1/.03@.2?71/10,;,.(t(l—t))‘” (b(logn)+y) > (3.68)
and
n'/? Z.(t
a(log n) I“()I—(b(log n)+y) 3 —00, (3.69)

o 1/logn=t<l—1/logn (t(l - t))l/z
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Lemma 2.6 and (3.68) yield

n\l/z § t
lim P{ a(log n)max( sup —_f n ”1/2,
n-oc o (10gn)/nsr<1/1ogn(t(l_t))

15,(0)] ) }
su ———5 ) <b(logn)+
]‘]/lognSISI;—(logn)/n (t(l_t))l/z ( g ) Y
n "2 13, (1)
= lim P{ a(log n) sup — < b(logn)+ }
n=o0 o ¢ (logn)/n=i=1—(logny/n ({1 —1))"/? (log n)+y
n '\ I$.(1)]
=lim P 1 — < p(] +yr. .70
lim { = a(log n)os<1:;<)l (i) (log n) y} (3.70)
Collecting together (3.65)-(3.70) we obtain
lim P{a(log n)C\Y < b(log n)+ y} = exp(—2 exp(—¥)). (3.71)

It is clear from the proofs of (3.61) and (3.71) that (1.18) is established if we
show the asymptotic independence of n™'?sup,.,-, |S,(1)|/q(t) and

_ 1 1S, (1)l
& =n"a(log n)max{— sup —
T (logmy/n=i=1/10gn (11— 1))"/
1 1$.(0)] }
— su ——————= ¢ —b(log n).
g l—l/lognsrsr:—(logn)/n(t(l—t))l/z 8

Using the central limit theorem we get

—1/2 t|S(")‘

n su —————=0p(1/(log n)'"?
(1ogn)/ns?s1/|ogn (r(1—1))""? »(1/(log m)"™)
1—1¢
it ap AZOSGN g e,

1-1/logn=t<l—(logn)/n (t(l - t))l/z

and therefore we have

: ny2 (log 1) { [S((n+1)t
= a(log n) max su —
o g 0<rélgogn (t(l—t))l/z

sup |5((n+1)l)—5(n)|}

1-1/logn<r<1 (t(1=1)"?
—b(log n)+0p(1). (3.72)
Let
0, O<u=n/flogn,
fn(u)= S(u)—S(n/logn), nf/logn<=u=<n-n/logn,

S(n—n/logn)—-S(n/logn), n—n/logn=u<n,
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and

Uu() =T ((n+ 1))~ (n), 0<t<1.
It is clear that

(U(1), 0<t<1}, {S((n+1)1),1<t<1/logn}

and {S{(n+1)t)—-S(n),1-1/logn=<1<1} (3.73)
are independent. Similarly to (3.18) we can show

12 su |Ei(iﬁ:n'”2 sup I—{Lt)uop(l). (3.74)

n
0<i1<i q(t) Q<r<1 q(t)

The asymptotic independence follows immediately from (3.72)-(3.74).
(i1) First we prove

—y2Np 118 r
Cg}):(” ) J 19,(7) di+o,(1). (3.75)
a o qld)
Similarly to (3.24)-(3.27) we have
[ * S‘ t “‘Ién P — S‘n ’ 2
n\p/z “ n( ) (I)I I (t)l 'dt:Op(l) f dt. (376)
Jo q(t) o g(t)
The symmetricity of the processes §,, and Ii,, gives
f1 gnl—ﬁn ,,_ﬁn p ‘ Loy — /2
e U IS0 = Ru(IP =18,(1) 'a;:opmj A=0""4, @
Ji—¢ q(t) e qft)
and Lemma 2.4 implies
(1S, ()~ R (O =18, ()P A
Jo q(r)

for all 0 < ¢ <1i. Condition (1.19) and (3.76)~(3.78) yield (3.75). If the approximation
with Wiener processes in (3.29)-(3.34) is replaced by the corresponding approxima-
tion with Brownian bridges, the symmetricity of S, and B, gives

n S0l _J’an(t)l”
( g ) Jo q(t) di= o q(t) dr+op(1). (3.79)
By (3.75) and (3.79} we have
3 2 l‘B(t)f"
()_)
< L o) O (3.80)

We follow (3.37)-(3.39) and obtain

4 “taye ! gn(t)’p
cr=(") [ aazimarrom ey
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Thus we conclude

lim P{(4d log n) V3 (C\" —2m log n) <y} = ®(y). (3.82)
The proof of the asymptotic independence is very simple. We note that
LS. (0l UL
n*n/ZJ\ n dt=n”/2J’ n dt+op(1). 3.83
o q(1) o q() D (3:83)

Using Lemma 2.6 and (3.22) we obtain

- S0 B ,J”“’g" IS((n+1)0)]”
p/2 = p/2
" J Ga_ny =m0 Ga—yr

woea (U IS =S(n 1))
" (=) 7
1-1/logn
+Op(log log n), (3.84)
which concludes the proof of (1.20). O

dt
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