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1. INTRODUCTION AND HOPF THEOREM

This work is a continuation of the recent research of Hsii and Kazarinoff [3]
on the Hopf bifurcation formula and it’s application to the Fitzhugh system. In
[3], Hsii and Kazarinoff derived a criterion for the stability of bifurcating periodic
solutions of the n-dimensional autonomous differential system (1.1) below. Their
criterion applies if a certain quantity u, is not zero. We obtain a new criterion
in this paper to determine the direction and stability of periodic solutions of
(1.1) if that quantity is zero. We also apply this criterion to Fitzhugh’s system.
We prove that this system has a family of unstable periodic solutions even if
the parameters satisfy the condition 1 4 pb? — 2b = 0.

The general n-dimensional autonomous differential system we study is

& = A(u) x + F(x, ), (1.1)
where & — col(x; , Xy ..., %), F = col(F ..., F,), F(0, ) = 0, and (0, ) = O
Suppose the F; are real analytic functions on G X (¢, ¢), where G is an open
connected domain in R”, ¢ > 0, and 4 is a real # X n analytic matrix defined on

(—c, ¢) with exactly two purely imaginary eigenvalues at u = 0 whose continu-
ous extensions au), &) satisfy the conditions:

a(0) = —&(0), Re(a'(0)) # 0,
with Im(x(0)) = w, > 0. Under this assumption, the Hopf theorem is

Turorem (E. Hopf). There exists an €, > 0 such that for each € on an interval
(~-€q » €q) there exists a periodic solution p(t, €) with period T'(e) of (2.1), where the
parameter ¢ is related to u by a functional relation n = p(e) such that p(0) = 0,
P(2,0) = 0, and p(t, €) # 0 for all sufficiently small ¢ 7 0. Moreover, u(e), p(2, €)
and T(e) are analytic at ¢ = 0, and T(0) = 2n[w, . These periodic solutions exist
for one of three cases: either only for u > 0, or only for u <0, or only for p = 0.
Furthermore, for each L > T(0) there exist a > 0, b > 0 such that if | u| <b,
then there is no nonconstant periodic solution with period less than L, besides the
bifurcating periodic solutions p(t, ¢) with ¢ > 0, that lies entirely in {x: x| < a}.
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2. GENERAL ForMULA FOR DIRECTION OF BIFURCATION

Since F(x, p) is an analytic vector function of x and x, we may rewrite (1.1)
using Taylor’s theorem as:

& = A(p) x + Qu(x, x) + K.(x, x, x) + H,(x, %, x, x) + M,(x, x, x, x, x) + -+,
(2.1

where the vector functions
Qu(x, x), K, (x, x, x), H,(x, x, %, x), M,(x, x, x, x, x),

are analytic on x and depend linearly on each argument vector. By the Hopf
theorem, the periodic solutions p(2, ) of (2.1), the period T(e), and the para-
meter u(e) are analytic functions of € at ¢ = 0:

T(e) = Tol + e + 7ot + ), 2.2)
#e) = pa€ + poe® + pge® + -+, (23)
P(t, €) = e(po(t) + pa(t) € + po(t) € + ), 24

where the p,(t) are T'(e)-periodic functions. The sign of the first nonzero y;
plays an important role for the stability of the periodic solutions p(2, €). From the
proof of the Hopf theorem, it follows that if u(e) = 0, then the first nonzero
coefficients in u(e) and 7'(¢) are of even order. In particular, u; = 7, = 0. Now,
suppose p, = 0; then p3 = 0. In order to find a formula for g, , we introduce a
new time variable s by

t = (1 + 79€® + 7362 + ). (2.5)

We write ey(s, €) for p(t, €) and yi(s) for p(t). Then both y(s, €} and y(s) are
Ty-periodic functions. Substituting (2.5) and (2.4) into (2.1), we have
(1 — 7 — 73e® — (74 — ) &t — ) (3°(5) + 9*(s) + €9%(s) + )
=A(p)y +€Qu(¥,3) + €K.(3,3,¥) (2.6)
+ EaHu(J’,J’,y,y) + €4Mu(y»yay)y1y) +

Since A(u), O, , K,,, H,, and M, are analytic in u, we may write

A(p) = A(0) + u4'(0) + (1?/2) 4"(0) + -+, 2.7
Q. =Q +1Qy + (¥*/2) Q5 + -+, (2.8)
K, =K, + pKy + (4*2) Kg + -+, (2.9
H, = Hy + pHy' + (¢°/2) Hy + -+, (2.10)

M, = My + pMy’ + (u%2) My + -+ . 2.11)
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We substitute (2.7)2.11) and (2.3) into (2.6) with u, = 0 and we compare the
coeflicients of € (i = 0, 1, 2,..). We obtain

30 = A(0) ° (2.12)
3t = A(0) ¥ + Qo(5° 5°) (2.13)
—7090 4 32 = A(0) y* 4 20Q0(5°, ¥*) + Ko(5° 57 5°) (2.14)

—733° — T3 + 3P
= A(0) y* + Qo(¥", ") + 204(3° »*) -+ 3Ko(5° ¥, »Y) (2.15)
+ Hy(5°% 5% 5% 5°)
—(1a— 7% — 1.9 — Tyt 5
= A(0) y* + 1 A'(0) 3° + 204(5° 3%) + 20(3", ¥*)
+ 3Ko(5% 5%, %)

-+ 3Ko(% 3% ¥ + 4Ho(50 57, 2% 31 + My(57 37, 3% 57, 5°).
(2.16)

By using (2.12)-(2.16), we are able to determine u, as well as 7, , 75, 7, and 39,
¥, ¥%, ¥%, y*. However, we do need the following lemma, which was introduced
in Hopf’s paper.

Lemma 1. Suppose g(t) is a Ty-periodic function. Then the system
Z =A00)Z + g(t) (2.17)

has a periodic solution with period T, if and only if
fo " o) - 248 dt = 0 @.18)
Jor all Ty-periodic solutions Z*(t) of the adjoint differential equation

Z* = —AY0) Z*, (2.19)
where A40) is the transposed matrix of A(0).

By our assumptions, there are two linearly independent T-periodic solutions
Z,* and Z,* of (2.19). We may choose Z;* and Z,* so that

fo " 39s) - Zy(s) ds — fo " 59s) - Zy*(s) ds — 1 (2.20)
and
L " 39(s) + Zy*(s) ds — fo "90s) - Z,K(s) ds = O @.21)

where - is the inner product and y%(¢) is the T-periodic solution of (2.12).
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By applying Lemma 1 and Hopf’s scheme for deriving the formula for
1y Re(a'(0)) to the system (2.12)—(2.16), we easily obtain

THEOREM 1.  Under the hypotheses of the Hopf theorem, if u, = 0, we have

To
pq Re('(0)) = — J; [204(5° %) + 20:(3", ¥®) + 3Ko(5° 5%, ¥%)

+ 3Ky(5% % ¥7) + 4Hy(5% 5% 5% 31 222)
+ M(5° 5% 5% ¥ 3°) + 7A(0) y* + 72 A(0) y*] - Z1*(s) ds,

where y°(s) and y(s) are the T-pertodic solutions of (2.12) and (2.13), respectively,
Y2(s) and y3(s) are Ty-periodic solutions of

¥* = A(0) y* + 20(3%, ") + Ko(5", 3% »°) + 7.4(0) »° (2.23)
and

92 = T(0)5® + Qo(3% ") + 20¢(5° ¥*) + 3K(3° 3%, 3")
+ Hy(5° 5% 3 %) + m24(0) 3 + 706(3° »°) + 734(0) »*, (2.29)

respectively, and

ma= = [ RO ) + KGO, 50 - 2K 225)

T3 = — fo "[0W(3% 3) + 20450, 3) 4 3Ko(3°, 5%, %) + Hy(3% 3%, 5°, )
+ 72A(0) '] - Z;¥(s) ds. (2.26)

To facilitate the computations that arise in applying Theorem 1, we use the
method in Hsii and Kazarinoff [3]. We use the system

¥y =Ly +F(y, n) (2.27)

instead of the system (1.1), where L(u) = P14(u) P, y = Plx, F(y,p) =
P-1F(Py, u), and

0 =, O
P140)P=|—w, O O}, (2.28)
0 0 D

where w, = Im %(0) > 0; see [3, Lemma 2.1] for the form of D.
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By using the system (2.27), we can easily find y%(s) and Z,*(s) such that (2.20)
and (2.21) hold:

%(s) = (cos(wyg , 5), —sin(ewys), 0,..., 0)¢, (2.29)
2,%(5) = (1/T,) (cos(w,s), —sin(zys), 0,..., 0), (2.30)

and
2,%(s) = —(1/(Tg20)) (sin (25), cos(wys), 0,..., 0)F. (2.31)

By using (2.29)—(2.31) (see [3]), we are able to write down the solutions y*(s)
of (2.13) precisely. Similarly, we obtain y%(s) and 33(s), and thus we compute
uq Re(a’(0)) by (2.22). We shall not give the details in general. However, we
illustrate the computations in Section 4 relative to Fitzhugh’s system.

Remark. From the proof of the Hopf theorem, it is easy to see that the
“analytic”” assumption for F(x, u) can be reduced to C*+1if we are only interested
in the existence of Ck-periodic solutions; see [5] also. However, in order to
obtain the formula (2.22), we do need to assume that F(x, x) is a CS-function.

3. STABILITY OF BIFURCATING PERIODIC SOLUTIONS

The characteristic exponents of a periodic solution p(¢, €) are well known to
be the eigenvalues of the eigenvalue problem
V() + AV () = L(t, €) V(2),
3.1
V(0) = V(T(e)),

where V(t) has the same period T'(e) as the solution p(¢, €) and the function

L(t, €) = A(u()) + Fu(p(t, €), u(<)) (3-2)

is periodic in £ with period T'(¢) and is analytic in f and € at e = 0. The character-
stic exponents depend continuously upon e and are determined only
mod(2mi/T(e)). As e — 0, the exponents tend mod(2wi/T;) to the exponents of
the stationary solution of (1.1) with p = 0. According to our assumptions,
there are exactly two exponents that tend to the imaginary axis as e — 0. One of
them is the one which vanishes identically, the other 8 = B(¢) must be real and
analytic at e = 0 and B(0) = 0. We may write

B = Bie + Boe® + Boe® + Byet + -+ (3:3)

By the conclusions of the Hopf theorem, 8, = 0 and

Bz = —2p; Re(«/(0)). (3-4)
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We may use the same scheme without any difficulty to derive

Bo=—2u Re((0) if 3 =0. (3.5)
Hence
Bs = —2py Re(/(0)) (3.6)

if y, = 0 (since 3 = 0). Thus we have the following analog to [3, Theorem 3.1]:

THEOREM 2. Under the assumptions of Hopf’s theorem, if A(0) has exactly
two pure imaginary eigenvalues and the other n — 2 have negative real parts and if
o = 0 and py Re(o'(0)) > O, then a bifurcating periodic solution whose existence is
asserted by Hopf’s theorem is asymptotically orbitally stable with asymptotic phase;
however, if u, Re(o'(0)) < 0 or if any one of the other n — 2 eigenvalues has a
positive real part, then the bifurcating periodic solutions are orbitally unstable.

4, PErioDIC SOLUTIONS OF THE FrrznuGH EQUATIONS

In this section we apply the results of Sections 2 and 3 to the system of
Fitzhugh which was recently studied by Hsii and Kazarinoff [3] and Troy [4].
The Fitzhugh system is

xl =« + X2 + Xy — %x137 (4.1)

%, = p(a — %, — bxy),

where a € (—o0, ), 0 <b <1, ae(—o, ©), and pe (0, 1). Hsli and
Kazarinoff [3] and Troy [4] have proved that if b€ (0, 4], p€(0, 1), and
a € (—o0o, o), there exist o; and a, such that the Fitzhugh system (4.1) has an
asymptotical, periodic solution for each ae(a;, o +¢€) or ac(ay —¢, o)
for some e > 0. However, if be(},1), pe(0,1), ae(—o0, ), and
1 4 pb? — 2b = 0, they were unable to determine the direction of bifurcation
and stability of bifurcating periodic solutions. We determine them under these
conditions.
By Hsii and Kazarinoff [3], the system (4.1) can be rewritten as

—2x3(e) ¥, — # n®

—2pb 4p0b
£ xl(o‘)ylz—L 8

W, 3w, !

y =L@y + , 42)

where « = o; + p (F = 1, 2), (%:(2), *5(a)) is the unique steady state (xy(ey) =
—(1 — pb)'2, m,(0a) = (1 — pb)'%2), L{w) = P1A(w) P with

A = (' —_x;z(“) ) @3)
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which is the linearized matrix of (4.1), and

10
20 e
P:(_zpb 2%), P1— w1 (4.4)
2w, 2w,

Here +twyl == +(p — p*?)1/2 { are the purely imaginary eigenvalues of A4(0).
Writing F(y, p) for the nonlinear part of (4.3), we have

22F1(0, 0)

F}1 = ‘_33,?'— = —4x(o),
8*F2(0, 0) —4pb
-F?l = 5 f 3 J: wP xl(“ﬁ)?
= Ff’({‘) ; 0 4.5)
F%n = —ay;i:_) = —8§,
2 PFH0,0) 8pb
™

and all other F}; and F};, and any higher derivatives are zero. From [3, Lemma
2.2], we see directly that

7i6) = g';;{Fh[Siﬂ(wos) + 2 sinws) cos(ees)]
1 FA[L 4+ 2 cos(mes) + sin(as)]} (9)
$246) = g (PHI—2 -+ cosos) + cos(my)]

e ]2.1[—"2 Sin(wos) +2 s'm(wos) cos(wys)]}- 4.7

By (2,25), we have
T
ra = [ [Fh3(s) cos(aes) sin(wes) -+ 3Py cos?(wes) sin(aes)
Towy Jo
+ Fy3,'(s) cos*(wgs) + §Fin cos*(wos)] ds
1 5 1
= W(Fh)s + gt F1)* + 15 Fin -
For the system (4.3), the differential equation (2.23) becomes
¥\ _( 0w (n*
(3322) - (—-wo 0) (yf)

(F50 o) 4§, ox¥) — g i)
ny 1!(5) cos(zo,s) + %an c.osa(wos) — T2ty coS(2;8)

(4.9)
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It is not difficult to find the unique Ty-periodic solution y2(s) of (4.9) which
satisfies the initial conditions

y30) -e=0 and  3%0) - e =0, (4.10)
where ¢ = (0, —1/2w,) was introduced in [3]:
1(s) = —p cos(wys)
(Fh)2

[~ :13 cos(wes) — % cos®(zwys) + % sin?(wgs) cos(wos)]

1)2 2 s 1 ine
6w e [— — €os(2wys) — 3 cos (2048) — T sin®(wgs) cos(wos)]

1
+ F;HF“ [sin(zvs) cos(z,s) + 2sin(wys) — sin(zys) cos?(wys)]

2

Fm [smz(wos) cos(wys) + 8 cos(wys)] (4.11)

Y3(5) = 75 sin(wys) —i— 11 [—1 + cos(wgs) + sinX(wgs) cos(w,s))

(Fu)® W’ [__

60,2

4 B —2— sin(wys) + —;,_ sin(wys) cos(z,s) + % sin(e,s) cos2(w,,s)]

4+ ¥ (F fl) [ i sin(wys) + 5 sm(wos) cos(wys) — i sin(z,s) cos2(w05)]

2
F 111

+ 6_w: [—— % sin(e,s) + %’— sin(w,s) cosz(wos)] . (4.12)

Now, we are ready to compute 7, by (2.26). We obtain:

1

Tg == ~mr——
3
Tow,

[ [5 FROO) + Fu o costwes)

+ 5 Phuyi6) cosns) + 700356 sinoay) ds
+ f [ FAGA 6 + Flunn®) costans) (4.13)
+ F T 21'(5) cos®(wos) — Tzwoyu(-’)] CoS wos ds g

== 7,27003‘ [5(F121)3 + 2(F; 1)2F11 + 3w, F; 11F11]
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With 7, and 7, determined, the differential equation (2.24) is well defined. It

becomes

( 5,23) _ ( weys” + $F11(311(6)* + Fla31°(s) COS(woS))
—woy1” + $Fn(1'())* + Fa317(s) cos(ags)
(meyl‘(S) cos*(z0y5) — 7y20y sin(wOS)) 4.14)
F11131'(s) cos™(wgs) — 20y cos(avgs),

+ 79200 5(5) + raF1; cos®(zys)
(— 73291 (s) + $7oF 0y c08® (woS))

We can find a unique Ty-periodic solution 33(s) of (4.14) which satisfies the
initial conditions

2*(0)-e=0 and 730) - e =0; (4.15)
namely,
1%(s) = cos(wys) [1] + sin(eys) [2],
. (4.16)
¥2X(s) = —sin(wgs) [1] - cos(wys) [2],
where

1 . . .
[1]= Trwd 3(F}1)3 [2 sin(w,s) — sin(Qw,s) + 4 sin®(w,s)
3 . 13 .
-7 sin(4ev,s) — 5 sm5(w0s)]
FL(F2)? . . 93 .,
1 (F2) [26 sin(angs) + sin(2wys) — % sin’(wys)

sm(4w0s) 3 sins(wos)]

16 2

%é _2z cos®(wys) — 5 cos*(zws) + 3 cos®(a,s) — sin‘(wos)]

(Fi)? [— %2 + —;— cos(z,s) — 2 sin*(wys)

+ (Fh)*Fy

-+ %2 cos¥(wgs) — sint(w,s) + —15— cos5(w0s)]2

F fur

4 A 28w, %F}l 13 sins(wos) + % sin®(wys) + —é—- sin(4ewqs) + 6 sin(wos)]

+FY [— T+ 5 cos®(z0ys) — cos{wes) + 2 cos*(wys) — cosr’(wos)]}
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It is not difficult to find the unique Ty-periodic solution y*(s) of (4.9) which
satisfies the initial conditions

y%0) -e=0 and  930) e =0, (4.10)
where e = (0, —1/2w,) was introduced in [3]:

31%(s) = —p cos(w,s)
(Fn)®

1 1 2 3.
+ o [? + 5 cos(wys) — 3 cos¥(zys) + vy sin*(w,s) COS(wos)]
2 7 2 1 .
+ (6w1)2 [? + 5 cos(2w,s) — 3 cos¥(zgs) — 3 sin’(w,s) cos(wos)]
1 g2
+ —_61:0 3 [sin(ws) cos(wys) 4 2sin(ewys) — sin(wgs) cos?(zqs)]
0
F111 [81n2(wos) COS(WOS) + 8 COS(!UO.T)] (41 l)
1 F2

Vo2(s) = 7o sin(wys) + 221 [—1 + cos(wys) + sin%(w,s) cos(w,s)]

F1)? 5 . . .
+ (6_;10)2— [— 3 sin(wys) +- T sin(e,s) cos(w,s) + vy sin(2,s) cosz(w,,s)]

+ (g‘___;lo)z [_ %- sin(wys) + —;‘— sin(zwys) cos(egs) — % sin(wgs) cosz(wos)]
an [* 7 sin(wos) + T sm(wos) cosz(wos)] (4.12)

Now, we are ready to compute 7, by (2.26). We obtain:

To

: J; [% F. {1(3’11(3))2 + F} y12(s) cos(w,s)

To’wo

T3 =

+ F T1.1(s) cos®(wps) + “'2”03’21(3)] sin(wgs) ds
+ f (5 FAGH6® + Fauon) costens) @.13)
+ ‘z‘“F T1Y17(5) cos*(wys) — Tzwoyu(-’)] COS wWos ds ‘

1
= W [5(F 121)3 + 2F 111) ’F 121 + 3w, F, 1211F 121]
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Substituting the quantities of (4.5) into (4.17), we find
g Re(o/(0)) < 0. (4.18)

By using Theorem 2, we obtain

THEOREM 3. For any given be(}, 1), p€(0, 1), and a e (0, 00), there exist
oy and o, and two positive numbers e, and e, such that: (1) If 1 -+ pb®* — 2b > 0,
then the Fitzhugh system (4.1) has a periodic solution for each o€ (o, ; + €)
and each o€ (ay — €, 0y), and these bifurcating periodic solutions are asymp-
totically, orbitally stable with asymptotic phase. (2) If 1 + pb? — 2b <L 0, then
(4.1) has a periodic solution for each x € (o, — ay , ;) and each o € (o , aty + €5),
and these periodic solutions are orbitally unstable. The o; and ¢; depend on a, b, p,
and o < oy .
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