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1. INTRODUCTION

Takahashi [ 1] introduced a notion of convex metric spaces and studied
the fixed point theory for nonexpansive mappings in such setting. For
further investigations in this setting the reader may consult [2-4] and
references therein.

For the convex metric spaces Kirk [5] and Goebel and Kirk [6] use the
term “hyperbolic type space.” They studied the iteration processes for
nonexpansive mappings in the abstract framework and generalize and unify
some known results in [7, 8].

In this paper, we shall deal with Ishikawa’s iteration scheme to construct
fixed points of quasi-contractive, generalized quasi-contractive, and quasi-
nonexpansive mappings in convex metric spaces. Our results generalize and
unify the corresponding results in [10-17].

2. CONVERGENCE OF ITERATES OF QUASI-CONTRACTIVE
AND GENERALIZED QUASI-CONTRACTIVE MAPS

DermNITION 2.1, [1]. Let (X, d) be a metric space and /=[0,1]. A
mapping W: X x X x I - X is said to be a convex structure on X if for each
(x,y,A)e XxXx1Iand ue X,

d(u, W(x, y, A)) < Ad(u, x)+ (1 - A1) d(u, y). (2.1)

X together with a convex structure W is called a convex metric space. A
nonempty subset K of X is said to be convex if W(x,y, 4)e K for all
(x,y, A)e KxKx I
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Obviously, all normed linear spaces and their convex subsets are convex
metric spaces. But there are many examples of convex metric spaces which
are not embedded in any normed linear spaces (See [1]).

THEOREM 2.1. Let K be a nonempty closed convex subset of a complete
convex metric space X and let T: K — K be a quasi-contractive mapping [9],
i.e., there exists a constant g€ [0, 1) such that for all x, ye K,

d(Tx, Ty) < q-max{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}.  (2.2)
Suppose that {x,} is Ishikawa type iterative scheme defined by
xo€K,  x,,,=W(Ty,, x,, 2,)
Vo= W(Tx,, x,, B,), n=0,1,2, .., (2.3)

where {a,} and {B,} satisfy that 0<a,, B,<1 and ¥, a, diverges. Then
{x,} converges to a unique fixed point of T in K.

Proof. Let N be the set of all nonnegative integers. For n, me N with
0<n<m, we write

Cs

Dn.m= ) {xj’ yj’ ij’ Tyj}’

J

il

n

and o(D,,,)=sup{d(x, y):x,yeD,,} denotes the diameter of D,,,. By
(2.2), we easily show that for all k, /e N with n<k, I<m,

max{d(Tx, Tx)), d(Tx, Ty,), d(Ty,, Ty,)} < q8(D,,,,). (24)
Now we show that
D,,,)=max{d(x,, Tx,), d(x,, Ty,):n<j<m}. (2.5)

We consider the following several cases:

(i) d(D,,,)=max{d(x;, Tx;):n<i,j<m}. In the case if 6(D,,,)=
d(xy 1, Tx;) for n<k<m and n<I/<m, then, by (2.1), (2.3), and (2.4),
we have 6(D,,,) = d(W(Tyi, xi,00), Tx) < ad(Tye, Tx)) + (1—ay)
dx,-Tx,) < a,q6(D,,) + (1-a,)d(D,,,). It follows that a,=0 and
o(D,,,)=d(xy, Tx;). By induction we obtain 4(D,,,)=d(x,, Tx;) and so
(2.5) holds.

(i) &(D,,,)=max{d(x;, Ty;):n<i,j<m}. Using same argument as
in (i), we obtain §(D,,,,) =d(x,, Ty,) with n<I<m and so (2.5) holds.

(ill)) 0(D,m)=d(yi, Tx;), n<k,I<m. In this case, by (2.1), (2.3),
and (24), we have 8(D,,,)=d(W(Tx,, x;, Br), Tx)) < B d(Tx,, Tx)) +
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(1=, d(x,, Tx) < Bigd(D,,,) + (1= Bi) dlx, Tx;) < 8(D,,,), and so
o(D,,,) = dx,, Tx,). It follows from (i) that (2.5) holds.

(iv) (D, .y=d(yi, Tv,), n<k,/<m. Using same argument as in
(iii), (2.5) holds.

(v) &(D,,,)=max{d(x, x;):n<ij<m}. In this case there exist
k,le N with n<k</<m such that 6(D,,)=d(x,, x,,,)>d(x,, x;). By
(21) and (23), 8(D,,) = dlx, W(Ty, x,0)) < o0 d(Ty, x,) +
(1 —a,) d(xy, x;)) < 6(D,,,). It follows that a,=1 and (D, ,,) = d(x,, Ty,).
Hence from (ii) it follows that (2.5) holds.

(vi) 6(D,,)=d(yi,x;), n<k,I<m. In the case 4&(D,,) =
dW(Txy, i, Bi)y X)) < Bud(Txi, x)) + (1= By) dlx, x;) < 6(D,,,) It
follows that §(D,, ) =d(Tx,, x;) or d(x,, x;). By (i) or (v), (2.5) holds.

(vil) 0(D,n)=d(yi, 1), n<k,I<m. In this case, using the same
argument as in (vi), (2.5) holds. Hence (2.5) is true.

By (2.4) and (2.5), for any me N we have
0(Dy ) =max{d(x,, Tx;), d(xq, Ty;): 0<j<m}
<d(xo, Txo) +max{d(Tx,, Tx;), d(Tx,, Ty,): 0<j<m}
Ld(xg, Txo)+qé(Dy )

and so

1
5(D0,m) <1-:‘c} d(xo, Tx,).

From (2.1), (2.3), and (2.5) we obtain that for any n, me N with 0 <n <m,
o(D,,,) =max{d(x,, Tx;), d(x,, Ty,):n<j<m}
<o, 190D, 1)+ (1—a, )0(D, )
=(1-(1—q)a, )(D, )

By induction we have

n—1
(Dn,m)< H (1 - (1 —fI) ‘xj) 5(D0m)

ji=0

d(Xo, Txc)

F[ (1—(1-gq)a).

Since 1—¢>0 and X2 ,a, diverges, 2 o(l—(1—g)a;)=0. Thus
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lim,,, ., 0(D,,,)=0 and so {x,} is a Cauchy sequence and
lim, _, , d(x,, Tx,)=0. Letting x,, » z€ K, we have Tx, - z. By (2.2),
d(Tx,, Tz) < g max{d(x,, z), d(x,, Tx,), d(z, Tz),
d(x,, Tz), d(z, Tx,)}.
Putting n— oo in the above inequality, we obtain d(z, Tz) < qd(z, Tz).

Since 0 < g < 1, therefore d(z, Tz) =0 and so z= Tz, ie,, z is a fixed point of
Tin K.

Remark 2.1. Theorem 2.1 unifies and generalizes Theorem 1 of [10],
Theorem 7 of [11], and Corollaries 1 and 2 of [12] and answers positively
the open problem mentioned by Rhoades [13] in the more general setting.

THEOREM 2.2. Let K be a nonempty closed convex subset of a complete
convex metric space X and let T: K— K is a generalized quasi-contractive
mapping, i.e., there exist a constant q€ [0, 1) and a function n: K —+ N* (the
set of all positive integers) such that for all x, ye K, n(x) | n(Tx) and

d(T"x, T"Yy) < g max{d(x, y), d(x, T"x), d(y, T"®y),
d(x, T"y), d(y, T"x)}. (2.6)

Suppose {x,} is an iterative scheme defined by
xo€K, X, =W(T""y,, x,,a,),
Vo= W(T"*x,, x,,B,), neN, (2.7)
where {a,} and {B,} satisfy the conditions in Theorem2.1. Then {x,}
converges to a unique fixed point of T in K.

Proof. Let Tx=T""x for all xeK. Then T and {x,} satisfy the
suppositions of Theorem 2.1. By Theorem 2.1, {x,} converges to a unique
fixed point z of T in K. Since n(z) | n(Tz), we have

Tz =T")2=T7=2z  and N(Tz)=Tz
and so Tz is also a fixed point of 7. By the uniqueness of fixed points of T,
z= Tz and so z is a unique fixed point of 7 in K.

Remark 2.2. Theorem 2.2 generalizes and unifies Theorems 2 and 3 of
[12] and Theorem2 of [10]. Theorem 2.1 is also a special case of
Theorem 2.2.

THEOREM 2.3. Let K be a nonempty closed convex subset of a complete
convex metric space X and let T:K— K. Suppose that there exists a



118 XIE PING DING

nondecreasing upper semicontinuous function ®: R° — R_ (the set of all
nonnegative real numbers) such that for all t>0, @(1, 1,1, 0, t) <t and such

that for all x, ye K,
d(Tx, Ty) < P(d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)). (2.8)

If {x,} is the iterative sequence defined by (2.3) where {a,} and {B,} satisfy
0<ua,, B,<1and {a,} is bounded away from zero and if x, — p, then p is a

fixed point of T.
Proof. From (2.3) and [1, p. 145] it follows that
d('xn+ 1s xn) = d( W(Tyn’ Xns an)’ xn) = <xnd(]))n’ xn)'

Since x, —p, d(x,, (, x,) — 0. Since {a,} is bounded away from zero, it
follows that d(Ty,, x,) — 0. By (2.8) we have

d(Tx,, Ty,) S ®(d(x,, y,), d(x,, Tx,), d(y,, Ty,),
d(x,, Ty,), d(y,, Tx,)),
d(x,, yu)=d(x,, W(Tx,, x,, B,)) = B,d(Tx,, x,),

<d(Tx,, Ty,) +d(Ty,, x,),

A Yus Ty,) =d(W(Tx,, x,, B,), Tv,)
<B.d(Tx,, Ty,) + (1= B,) d(x,, Ty,)
<d(Tx,, Ty,) +d(x,, Ty,),

d(y,, Tx,)=d(W(Tx,, x,, B,), Tx,)=(1 = ,) d(x,, Tx,)
<d(x,, Ty,)+d(Ty,, Tx,).

If lim sup d(Tx,, Ty,) =d* >0, then from the above inequalities and the
assumptions of @ it follows that

d* =lim sup d(Tx,, Ty,) < ®(d*, d*, d*,0, d*) < d*.

This is a contradiction and so limd(7Tx,, Ty,)=0 as n — co. It follows that
d(x,, Tx,)<d(x,, Ty,)+d(Ty,, Tx,)— 0 and d(Tx,, p) >0 as n —» 0. By
(2.8), we have

d(Tp, Tx,) < P(d(p, x,,), d(p, Tp), d(x,, Tx,), d(p, Tx,), d(x,, Tp)),
d(p, Tp)< d(p, x,) + d(x,, Tx,)+d(Tx,, Tp),
d(x,, Tp)<d(x,, Tx,)+d(Tx,, Tp).
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If lim sup d(Tp, Tx,)=1t>0 as n— oo, then from above inequalities and
the assumptions of @ it follows that

t=lim sup d(Tp, Tx,) < D(0,10,0, t) < t.

This a contradiction and so lim d(7p, Tx,)=0 as n— . It follows that
d(p, Tp)<d(p, x,) +d(x,, Tx,)+d(Tx,, Tp) >0 as n— o and so p=Tp.

CoROLLARY 2.1. Let K be a nonempty closed convex subset of a
complete convex metric space X and let T: K— K. Suppose there exists a
constant k € [0, 1) such that for all x, ye K,

d(T-x3 TJ’) < k- max{d(x, y)a d(-x’ TX), d(y’ Ty)a
d(x, Ty)+d(y, Tx)}. (29)
If {x,} is an iterative sequence satisfying the conditions in Theorem 2.3 and
X,—pasn— w, then p is a fixed point of T in K.

Proof. Let  @(t,, 1y, 5,14, ts)=k-max{z,, t,, 15,1, +1ts} for all
(t1, 13, 15, t4, ts) € R3 . Then @ satisfies the supositions in Theorem 2.3. The
conclusion of this corollary follows from Theorem 2.3.

Remark 2.3. Theorem 2.3 improves Theorem 3 of [14]. Corollary 2.1
improves and generalizes Theorem 1.2 of [15] and Theorem 9 of [13].

3. CONVERGENCE OF ITERATES OF QUASI-NONEXPANSIVE MAPPINGS

Let D be a closed subset of a complete convex metric space X. A
mapping 7: D — X is said to be conditionally quasi-nonexpansive if the set
F(T) of fixed points of T is nonempty and for xe D and pe F(T),
d(Tx, p)<d(x, p).

THEOREM 3.1. Let D be a closed subset of a complete convex metric
space X and let T: D — X be a conditionally quasi-nonexpansive mapping.
Suppose that for some x,€ D, the iterative sequence {x,} defined by

Xpn41= W(Tyn’ Xy an)a Yn= W(Txpn Xns n)a n=0’ 1, 2, e (31)

where 0 <a, <1 and 0< B, <1 satisfies {x,} = D. Then {x,} converges to a
Jfixed point of T in D if and only if there exists a closed subset G of X such
that

(i) d(Tx, p)<d(x,p) for xeD and peQG,

(ii) liminfd(x,, G})=0 as n— oo.
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Proof. We first show the necessity. Let {x,} converge to a fixed point
x* of T and let G = {x*}. Obviously, G is a closed subset of X. Since T is
conditionally quasi-nonexpansive and x, — x*, conditions (i) and (ii) are
true.

Now we prove the sufficiency. By (3.1) and condition (i) we have that for
all pe@,

d(x,. 1, p)=d(W(Ty,, x,, a,), p) <a,d(Ty,, p)+ (1 —a,) d(x,, p)
<o, d(y,, p)+(1—a,)dx,, p)
=, d(W(Tx,, x,, B,), p) + (1 —a,) d(x,, p)
<o, f,d(Tx,, p)+a,(1 = B,) d(x,, p)+ (1 —a,) d(x,, p)
< [, B, +a,(1 = B,)+ (1 —a,) ] d(x,, p) =d(x,, p).
Hence we have
d(x,, ., G)<d(x,, G). (3.2)
From (3.2) and condition (ii) it follows that
lim d(x,, G)=lim inf d(x,, G)=0. (3.3)

Let £ > 0. Then there exists an s, such that d(x,, G) <¢&/2 for n = n,. Hence
if n, m = ny, we have

d(x,, X,,) S d(x,, p) +d(x,,, p) < 2d(x,,, p)
for all peG. It follows that
d(x,, x,,) <2d(x,,, G)<¢

ans so {x,} is a Cauchy sequence. Let x, —» x* e D. Since the metric d is
continuous and G is closed, it follows from (3.3) that x* € G. By condition
(i) we have d(Tx*, x*)<d(x* x*)=0 and so x*=Tx*

Remark 3.1. Theorem 3.1 unifies and generalizes Theorem 5 of [12],
the theorem of [16], and Theorems 1.1 and 1.1' of [17].

THEOREM 3.2. Let D be a closed convex subset of a complete convex
metric space X with W continuous and let T: D — D be a continuous mapping
such that

(i) AT +#3,
(i) T is quasi-nonexpansive, ie., d(Tx,p)<d(x,p) for xe D and
pe F(T) and,
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(iii) for each xe D\F(T), there exists a p,.eF(T) such that
d(Tx, p,) <d(x, p),

(iv) there exists an xy€D such that the iterative sequence {x,}

defined by (3.1) contains a convergent subsequence {x,,l,} converging to some
x*eD.

Then x* e F(T) and x, — x*.

Proof. Conditions (i) and (ii) imply that F(T) is a nonempty closed
subset of X and lim d(x,, F(T))=d exists. Hence it suffices to show that
d=0, for then Theorem 3.1 may be applied. If x*e F(T), then d=0. If
x*¢ F(T), then by the condition (iii) there exists a p=p,. such that
d(Tx*, py<d(x*, p). By the continuity of W and T, for each neN,
T,x=W(W(Tx, x, B,), x, a,) is also a continuous mapping on D. For all
ne N, we have

d(T,x*, p)=d(W(W(Tx*, x*, B,), x*, a,), p)
<o, d(W(Tx*, x*, B,), p) + (1 — ) d(x*, p)
<, B,d(Tx*, p)+a,(1 - B,) d(x* p)+ (1 —a,) d(x*, p)
<, B,d(x*, p)+a,(1—B,) dx* p)+ (1 —a,) d(x*, p)
=d(x*, p). 34)

On the other hand, by the continuity of 7, and condition (iv), we have

AT, x* p)=d(T,(lim x,), p) =lim d(x, , ,, p) =lim d(x,, p)
=lim d(x,, p) =d(lim x, , p)=d(x*,p), as n— oo,

where the middle equalities hold since condition (ii) implies that
lim d(x,, p) exists as n — co. This is a contradiction, hence x* € F(T') and
the theorem is proven.

Remark 3.2. Theorem 3.2 improves Theorem 6 of [12] and
Theorem 1.3 of [17].
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