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Quasistatic Motion of a Capillary Drop
|I. The Two-Dimensional Case
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A theory is presented for analyzing the nonlinear stability of a drop of incompress-
ible viscous fluid with negligible inertia. The theory is developed here on the two-
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of the spherical harmonics. Within this context we show that if the free-boundary
initiates close to a circle

r=1+&2%0), |¢| small,
then there exists a global-in-time solution with free boundary
r=1+40,t,e)=1+3, 4,00,1)¢",
n>1

which approaches a circle exponentially fast as t - oco. Moreover, we prove that if
2%(0) is analytic (resp. C*®) in 6, then the velocity u(x, ¢, ), the pressure p(x, t, ¢),
and the free boundary A are all jointly analytic (resp. C*) in (x, ).  ©2002 Elsevier Science

Key Words: incompressible viscous fluid; Stokes equation; surface tension;
stability.

1. THE PROBLEM

Consider an incompressible viscous fluid mass occupying a domain Q(¢),
at time ¢ {0 < ¢ < c0). Denote the velocity of the fluid by u and its pressure
by p, so that the stress tensor is

T =Vu+(Vu)"—pl,
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or, in terms of components,

Ou;  Ou;

1

If inertial forces can be neglected (e.g. small Reynolds number) the governing
equations become

Au—Vp=0 in Q(t), (1.1
divu=0 in Q7). (1.2)
The boundary 0Q(¢) is a free boundary driven by surface tension
Tn = —okn on 0Q(1), (1.3)
and satisfying the kinematic compatibility condition
V,=u-n on 0Q(1). (1.4)

Here V, is the velocity of the free boundary in the direction of the outward
normal n, k¥ is the mean curvature of 0Q(¢) (x is positive for a circle),
and 1/0 is the capillary number. We consider the evolution of the system
(1.1)-(1.4) given an initial shape £2(0): we wish to determine both the
domains Q(¢) and the functions p(x, ), u(x, ¢). This system needs to be
supplemented with several constraints, such as (i)

j (uxx) = Me,, (1.5)
Q1)
where M is a given positive constant and e; = (0, 0, 1), and (ii) either

j udx =0 (1.6)
Q@)

or

1

— Xdx=m, 1.7
1200 o (4.7

where |Q(#)| = vol.(£2(¢)) and m is a given constant vector.
We note that for any solution of (1.1), (1.2), (1.4), |L2(¢)| is independent
of t; indeed

d Q)| .
—_—= V, = ‘n= d =0.
dt L)Q(t) " Lg(z) un 10 v
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We also note that (1.6) is equivalent to (1.7), since

d
—J x; dx = xV, = (x;u)-n
dt Jow 20(6) 80(6)

= f div(x;u) = u; dx.
Q1)

Q@)

The above free-boundary problem with the constraints (1.5) and (1.6) (or
(1.7)) was recently studied in [4, 6, 7] (see also [5]). It was proved in these
papers that there exists a unique solution for some time interval 0 <t <T.
In [4, 7] it was also proved that if

0(0) is close to the unit ball and has center of mass at the origin, (1.8)
then there exists a global solution of (1.1)—(1.5) and (1.7) with m = 0 and

€(t) converges to a ball B,
= {|x] < p} as t —> oo, where vol. B, = vol.(£2(0)). (1.9

In the 2-dimensional case (1.5) becomes
j (%1t — Xyuy) dx = M (1.10)
Q@)
and (1.7) with m = 0 is the condition
j x, dx=0 (i=1,2). (1.11)
Q)

The methods developed in [4] and in [6, 7] are entirely different,
although both methods are based on transforming the free boundary
problem into a problem in the fixed cylinder B, x {0 <7 <oo} with,
naturally, more complicated PDEs.

In [6, 7] the transformation is done by introducing Langrangean
variables, whereas in [4] the authors use an unspecified diffeomorphism
from U, ({Q2(t) x t} onto U, {B, x {t}}. The solution established by both
methods is smooth in the spatial variable; in [4] it is proved that the
solution is also analytic in a sense that we shall describe later on.

In this paper we develop yet another approach for solving the same free-
boundary problem. This approach is based on ideas developed in our
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earlier paper [3] dealing with the quasi-static Stefan problem. We rewrite
the condition (1.8) (in two dimensions) in the form

Q(0) = {r < 1+£4°(6)}, |¢| small, (1.12)

where the origin is chosen as the center of mass of ©2(0). We prove that
there exists a unique solution with

Q()={r<1+A0,1,¢)},

satisfying the conditions (1.10), (1.11), such that u(x, ¢, ¢), p(x, ¢, &) and
M0, t, €) are analytic in ¢&; furthermore,

if A°(0) is analytic in 6 then
A0, t, &) is analytic jointly in (0, ¢), and (1.13)
u(x, t, €), p(x, t, €) are analytic jointly in (x, &).

The solution is also smooth (x, ¢, ¢), and (as in [4][7]) 2(¢) converges to
B, ast— .

The analyticity result in [4] mentioned above implies, in particular, the
analyticity of the solution A, u, p in the variable ¢ however it does not
imply the analyticity of A in (6, &) or of u, p in (x, ¢), as asserted in (1.13).

Our method resembles that of [4] in that we first use a diffeomorphism
to map Q(z) onto the unit disc B;,. However, instead of using just any
mapping, we shall take, as in [3], a specific mapping which enables us to
get very precise estimates on derivatives of the solution, with respect to
both ¢ and the spatial variable.

In this paper, we deal with the 2-dimensional case. In this case, the
problem has also been studied using complex analytic techniques [1], and
analyticity of the free boundary has been established (allowing for variable
surface tension; see also [2]). These methods, however, do not extend to
higher dimensions. In contrast, the procedure we introduce here does not
use inherently two-dimensional ideas and can therefore be generalized;
in follow up work we will consider the fully three-dimensional case. To
exemplify our scheme, however, we have chosen a two-dimensional setting
as it presents most of the difficulties of the three dimensional problem
while allowing for simpler manipulation of spherical harmonics.

We proceed to outline the structure of the paper. In Section 2 we express
the velocity u in terms of its radial and tangential components,

u=1u.e, +uyey,

where e, = (cos 6, sin 0), e, = (—sin 6, cos 8) and write the free-boundary
problem for the functions (p, u,, u,, ), in polar coordinates. In Section 3
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we reduce the free-boundary problem in £2(¢) to an equivalent problem in
Q;(t) = Q(¢) n {r > 6}; the reason for doing so is to avoid singularities at
the origin that arise as we successively differentiate the system in r and in 6
after mapping it onto a fixed domain. In order to be able to extend the
solution from Q,(¢) into {r <J} we devise special “transparent” boundary
conditions at r =J+0.

In Section 4 we introduce the mapping

_(r=0)+d(1+A=7)
o 1+1—96

!

A=40,1,¢)), (1.14)
which transforms the free boundary problem in {Q;(¢), 0 <t < oo} into a
problem in the cylindrical shell

{6<r<1,0<t<o0}.

In Section 5 we formally expand the solution as power series in &:

U, =Y ue" ug=y v,e", p=y pe’, A=Yy Ae" (1.15)

Substituting these into the system of PDEs, boundary conditions and
constraints, we obtain, after equating the coefficients of ¢”, a system of
equations for u,, v,, p,, 4,, which we symbolically write in the form

l_[(urw Uys Pn> j'n)zI;'n’ (116)

the F, depend only on u,,, v,,, p,,, 4, for m <n.
In Sections 6 and 7 we study the system

[[wv,p,A)=F

for general F, and derive estimates on u, v, p and A in appropriate norms.
These estimates are used in Sections 8 and 9 in order to prove, by induction,
the desired estimates on u,, r,, p,, 4, that establish convergence of the series
in (1.15) and the analyticity assertions of (1.13).

It will be convenient for our work to replace (1.2) by

Ap=0 in Q(t), (1.17)
divu=0 on 0Q(t). (1.18)
Equation (1.17) is obtained by taking the divergence in (1.1) and using

(1.2). Conversely, taking the divergence in (1.1) and using (1.17) we find
that div u is harmonic in Q(¢) and, then, (1.18) implies div u =0 in (7).
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2. REFORMULATION IN POLAR COORDINATES

We introduce the orthonormal vectors
e, = (cos 0, sin #), e, = (—sin @, cos 6)
and write u = (i, 4,) in the form
u=u.e, +uye,.
Then the system (1.1), (1.17) can be written in the form [8; p. 155]

19 198 1 203  0p

ettt e TR e T @D
® 18 1 1 20 1op
e R LA 22
et e T A Tttt e = % 2D
o’p 1op 1d%
o rar TR @3)
in (¢). The boundary condition (1.18) becomes
16 10
(u)+ 20 =0 on 0Q(7). 2.4

In order to write the remaining boundary conditions at the free boundary,
we use the relation

0Q(t)={r=14+10,1t¢)}
and write 0Q2(¢) as
(x1, X)) =(1+A) e, =de, (A=1+2).

Then

N o4
n= N Where N= Aer —Ageg <Ag = %) .

Hence, setting

n=ne, +nye
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we have

A 4,

" T+ T T A

r=n.er

A4,

Vi=de n=rm

We also have (see, for instance, [3])

2 M3~ Adgy + A

~ )T
The equation
ou, Ou, Ou,
o Jai s a7
0x, ax2+8x1 <n1>_<FI>
Ou, Ou, Ou, n, F,
o Com,

on the other hand, becomes (cf. [8, p.146])

o ol 1
or or raof r (n,>=<F,>
where
(F\, F,)=F,e, + Fye,.
Since

n
pI < >=pnrer +pn9e99

ny

the boundary condition (1.3) then takes the form

Zau, 6u0+ 1 Ou, 1

o ? or T1+400 1+ <n> <n>

= —0OK .

%_i_ 1 Ou 1 _zau,_ ny ny
or 14200 1447 or ¥

2.5)
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Finally, (1.4) becomes

oA

Ao Uy on 00Q(1) (lg=—>,

1+4

A =u—

00
and A satisfies the initial condition (see (1.12))

A= = €2°(6).

It is easy to check that the constraints (1.10) and (1.11) become

f rupdx =M,
20

jz"(1+1)3eif9d0=o.
0

219

2.6)

2.7)

2.8)

2.9)

DermTiON 2.1.  The problem for (4, p, 4,, u,) consisting of (2.1)~(2.9)

will be called Problem (A).

In the special case when (0) is the unit disc, the solution to Problem

(A)is
p=0,u= Uy(—x,, X;) = Yyrey,
where
2M
Bo=—"-
T

We expect the solution for the general case to be of the form

A=Y 20,0 ¢",

n>1

p=o+Y), p,(r,6,1)¢",

n=1

u, = Z un(r9 09 t) 8”9

nx1

ug = por+ Y, v,(r, 0, 1) "

nx=1

(2.10)

@.11)

2.12)

(2.13)

(2.14)
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3. REDUCTION TO A TRUNCATED DOMAIN

As mentioned in Section 1, in order to identify and estimate the series in
(2.11)~(2.14) we shall transform the free-boundary problem into one
defined on a fixed domain. The most natural transformation to this
effect is

which is however singular at the origin. To avoid this difficulty while
retaining the explicit nature of the transformation, here we show that
Problem (A) is in fact equivalent to a problem posed in

Q) ={0<r<1+ib,t,e)} (0<d<j). 3.1

As we show in Section 4 these domains, in turn, can be regularly and
explicitly transformed onto the fixed domain {J <r < 1}.

To reduce Problem (A) to one in Q; we need only find appropriate
“transparent” boundary conditions for p, u, and u, at r = J+0. In order to
determine such conditions suppose p, u,, 4, form a solution to

Ap=0 in r<d,
3.2

Plics—o=Pli=s+05

Au+Vp=0 in r<9,
(3.3)

ul,_s0=1ul,_s50-

We compute the first derivatives of p, u,, u, at r = d—0 and, for simplicity,
drop the dependence on ¢ and e.
We clearly have expansions

p=Y a,rme™, 3.4

u, =)y u,,(r)e™, (3.5)

Ug = ty,(r)e™, (3.6)
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where m varies over all the integers. Introducing the Hilbert transform

H <Z bme"’”9> =—i) b,(sgnm)e™,
where sgn 0 = 0, we have

op 1
__SH<@> at r=0—0. (3.7)

r

To derive analogous formulas for u, and u,, consider first the case

p=a,r"e™ 0<r<, (3.8)
with
u, = u,,(5) e™, Uy = U, (6) €™ at r=0—0.
Since
u, =1 a,rmtiem U, =0

is a special solution of (2.1) and (2.2), the general solution can be written in
the form

u, =%amr|m|+1eim6+z U(r) e
3

ug =Y Vi(r) e™.
k

In view of the boundary conditions in (3.8), U, and V, must vanish for all
k # m. The pair U = U,,(r), V =V,,(r) is a solution of the system

(3.9)

The most general solution of (3.9), which is regular near r =0, is

U= d,r"+1 4 4,1
V =i(sgnm)[ — A r"* !+ 4,1
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if m# 0 and
U=Ar, V =Br if m=0,

where 4,, A, and A, B are arbitrary constants. We thus conclude that, in
the special case (3.8), the solution (u,, ©,) is given by

u, = { La,r"t g A 4,1y o0 10)
up = i(sgn m){ — A, r'™+1+ 4, ri=1} e, :

if m# 0, and
u, = Ar, uy = Br (3.11)
ifm=0.
We now compute, for m#0, the first derivatives of u,, at r =90 and

determine coefficients P,, P,, u and Q,, Q,, 7 such that

ou,  Ou,

E Pl %+P2ug +ﬂp, (3.12)
Ou, Ouy
e 0, 2t Qou, +1p (3.13)

for every choice of 4,, 4,, and a,,. We find that P,, P,, u must satisfy

(lml + 1) 5|m| = lei5|m|+1—P2i(sgn m) 5|m|+1,
(lml - 1) §|m|—2 = lei5|m|71 +P21(sgn m) 5|m|—1’

(Jm|+1) ;6" = P, 3 imé""*" + ps'™.

The solution to this system is

N —

i i
P=—(gam), P=>(gnm), u=

Hence

ou, 1 ou\ 1 1 _
6r_5H<60>_5H(u9)+§p at r=0-—0. (3.14)
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Similarly the coefficients in (3.13) turn out to be

i i i
0 =—s(enm), Q,=—s(sgam), = (sgnm)
so that

Ouy 1 Oug\ 1 1 _
E_5H<%>+SH(u,)—§H(p) at r=0-0. (3.15)

If m = 0 then from (3.11) we get

Ou, 1 Oup 1
2 =5 5 — 5% at r=0-0. (3.16)

So far we considered only the special case (3.8). For the general case of
(3.4)—(3.6) we obtain by linearity that (3.14) and (3.15) hold for
u, —u’, ug—ul, p—p°, where (u°, u), p°) = (1,9, uy, o) is the zero mode of
(u,, ug, p). Recalling also (3.16) we deduce the following transparency
conditions at r = —0:

ou, 1 ou,\ 1 o 1 o1 0

ar _3H<66 >—5H(U9—ua)+gur +§(P—P ) (3.17)
Ouy 1 Ouy\ 1 o 1 o 1 0
E_5H<80 >+5H(u, u,)+5u9 2H(p ). (3.18)

The following result shows that, when coupled to Egs. (2.1)-(2.5), some
of the conditions in (3.18) are actually redundant.

THEOREM 3.1. Suppose (A,u, p) is a solution of (2.1)—(2.3) in Q4(2),
satisfying the boundary conditions (2.4) and (2.5). Then

(1) (3.18) is satisfied for mode 0;
(1) If (3.17) holds for modes + 1 then (3.18) also holds for modes +1.

Proof. We shall invoke the identity (cf. [4])

1 aui au] avi av] .
2 Q50 z(a_)c]—i_a_ycl) <a_xj+a_xi>dx Q(;(t)deVde

- (—Au+vp).vdx—f

Q5(t) Q5(1)

V(div u).vdx+jm , T p)n-vds
s (2

(3.19)
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where n is the outward normal to 0Q;(¢). We first choose v=
(—x,, x,) = rey and deduce that

- V(divu)-v dx+f T(u,p)n-vds=0. (3.20)
Q5(2) 0Q25()
We compute
j V(divu)-vdx = j n(divu)-v=0 (3.21)
2;5(0) 0Q5(1)

since divu=0 on 0Q(¢) and n-v=0 on r = J. Next

d
Kn-vds=of —t-vds,

T vds=—
J@Q(t) (u, p)n-vds Jj o) ds

290(t)

where 1 = rfe, +re, is the tangent vector (s is the arclength parameter and
“.” means d/ds), but

dv d . )
s (r(s) ey) = —rbe, +7e,

so that t-(dv/ds) = 0. Therefore

d
J T(u,p)n-vds=—aj 1:~d—v=0.
22(1) o8(1) §

Using this and (3.21) in (3.20) and recalling that 7n is given by the left-
hand side of (2.5) with 1+ A replaced by , we obtain (n, = —1, n, = 0)

Ou, Ou, 10u, 1
0= ,_5[(2 » —p>e,+<ﬁ+5%—5uo>ea]-5eeds

ou, 1
= 5J;=6 <E—5 u,,)ds,

i.e., 0ul/or = (1/6) ul). This completes the proof of (i).
To prove (ii) we take v = (1, i) in (3.19). Proceeding as before and using
the fact that

d
I T(u,p)n'vds=—af Kn-vds=a<f —tds>-v=0,
80(6) 80(6) o) ds
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we obtain

f_aT(u,p)mvds—j (divu)n-vds=0. (3.22)

e
‘We can write
__if . 10
v=e’e tie’¢e,

and then

ou, Ouyg 10u, 1
Jr=6 T(u,p)n-vds= —fr=5 [<2 o —p>er+<5+5 20 —Su,;)ee]vdd@

_ ou, Oup 10u, 1 i
‘_LaKzar p>+ <a *570 5" >]e‘5d6‘

(3.23)

On the other hand, since v-n=v-(—e,) = —e™ at r = J, we have

. _ Ou, 1 10u,\ ,
fr=6(d1vu)n~va’s-—£=5<ar-l-(S +560> 0deo.

Substituting this and (3.23) into (3.22) we deduce, after some cancellations,
that

0 0 A
[ M i %5 eag —o. (3.24)
r=6 \ OF or
Similarly by choosing v = (1, —i) in (3.19) we derive the relation
0 0 ‘
j (i—iﬁ—p>eﬁ 6 =0. (3.25)
r=0 ar ar

Denote by 4 the mode m of u,, that is,

m 1 n —imf
u’ _EL u,e ™ de.

Similarly we denote by uj and p” the m modes of u, and p. Then (3.24)
and (3.25) yield the relations

ou;t  ouy’

o+ af’ —p'=0, (3.26)
ou” _;oui = 0. (3.27)
o o P ‘
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The transparent boundary conditions (3.17) and (3.18) for mode —1 are

ou;t 1 R 1
—u 4 u

or o 6 2

777l U S
e NP ST e i |\
ar ot Tt Ty =0

p'=0,

and, clearly, the second relation follows from the first relation and (3.26).
Similarly the transparent boundary condition (3.18) for mode +1 follows
from the transparent boundary condition (3.17) for mode 1 and (3.27). |

Theorem 3.1 suggests that (3.18) should be replaced by

O(ug—uiP) 1 O(ug—ui”)\ 1 . @
= ——(51-1 0 ——5H(u,—u, )+-H(p—p'")=0
(3.28)

where

1 0 1 it -1 ,—i 1 0 1, -1 —il
u) =u)+upe®+uz'e™, U =ul+ure+ui'e™,

p(l) =po+plei9+p—1e—ia_

DerINITION 3.1. The problem for (4, p,u,,u,) consisting of solving
(2.1)-(2.3) in {Q;(2), 0<t<oo} (where Q4(¢) is defined by (3.1)) with
the boundary conditions (2.4)—(2.6) on 0£2(¢), the transparent boundary
conditions (3.7), (3.17), (3.28) and the initial condition (2.7) will be called
Problem (P;).

THEOREM 3.2. If (4, u,, uy, p) is a solution to problem (Py), then u,, uy, p
can be extended uniquely to a solution of (2.1)—(2.3) in all of Q(t), 0 <t < c0.

Proof. Wesolve (3.2) and (3.3) in r < 6. Then u,, u, and p are continuous
across r = 0. By Theorem 3.1 their normal derivatives are also continuous
across r = 9. It follows that p, u form a smooth solution of (2.1)—(2.3) in all
of (). 1

We finally want to express the constraints (2.8), (2.9) in terms of the
solution to problem (Ps). To do this we note that, by (3.11),

L«s Fu, =L<6 ruy = L«s Br? =§ . Br*ds =§Jr:6 ruj) ds

0
=1 _, ru ds
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so that (2.8) coincides with
0
j g dx+—J rupgds=M, (3.29)
Q5(2) 4J-5

where ds =0 df.
The constraint (2.9) is equivalent to

jz” [(1+4)°—1] e do =0,
0

or

/4 . T 3 .
jz Aeitﬂdez—jz </12+/1—>e1”3d0. (3.30)
0 0 3

DermviTION 3.2. The problem of finding a solution to problem (P;)
satisfying the constraints (3.29), (3.30) will be called Problem (4;).
We have proved:

THEOREM 3.3. Any solution to Problem (A;) can be uniquely extended to
a solution of Problem (A).

In the sequel we focus our efforts on solving Problem (4;).

4. THE TRANSFORMED PROBLEM

As in [3] we transform the domains Q;(¢) into a fixed domain by the
change of variables r — r':

!

_A=yr+si  (42=9)r =
T 1ta—0 r= 1—o :

4.1

This transformation maps €,(¢) onto {d <r' < 1}. We also introduce the
functions
ﬁ(r,s 09 t) =p(7', 09 t)—O', ﬁr'(rls 09 t) = ur(r’ 69 t)a

4.2)
1/79(7’,, 0’ t) = uO(ra 69 t)_IuOr'
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For any function ¢(r, 0, t), if we define

q,0,t)=q(r,0,1),

then, using (4.1) and the relation

LA 5(5 ),

we derive the formulas
0q 1= 0q %¢  (1-9)* 0%
o (+i=od)ar” > (1+i-9)or?

09 _0q' (1-9)4(6—r)0q' _0q" 4s(d—r") 0q'
0 00 (1+i—0)* or a0 (1+i o) or”

P g 2(1-9) M(d-r) 3¢ (1— 5),19(5—r)>aq
20>~ 367 (1+4—0)° or'd6 ae (1+i-0) Jor

(1—-0) A9(6—r)\? 0%¢
( (1+1—0)2 )W

_0q  2(0=r) B (2(=r)\}
T 90° T 1+4—06 0ro0 \1+i-0) or*

0 o o\ N
+[@<1+1—5>_<1+A—5> ](5_’)&’

and

19q (1-9)? oq'
ror [(1+A—0)r —0A1(1+A—0) or'"

With the aid of these formulas we transform the problem (4;) into a
problem for the functions p(r', 0, t), @.(r', 0, t), @, (r', 0, t), and A(, t). To
simplify the notation we shall drop the prime “’” in the independent
variable r' and further set
P(r,0,t)=p(r,0,1), o<r<l,
Uwr,0,t)=d,.(r,0,1), o<r<l,
V(r,0,t)=1iy(r,0,t), o<r<l;
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in view of (2.11)—(2.14) the power series in ¢ for P, U,V and A will not
contain zero-order terms.
The system (2.1)—(2.3) becomes

AP=F'!, S<r<l, 4.3)

1 2 0 oP
U V——=F? o<r<l, 4.4)
;

W-5U-55%" "%

1. 20 10P
AV —=V+5 - U———=
r

- - - 3
2720 20 F, o<r<l, 4.5)

where

o [, (1=8) 18P
F_F(P)_[l (1+,1—5)2]ar2
1, (1—8)2r oP
+?[ _[(1+/1—5)r—5,1](1+,1—5)]5
(1-5)> J, 8P
+[(1+/1—§)r—5l]2[_2(5_r)1+/1—58r60

o/ 4 \OP L[ de \20%P
S

o\ 17175 1+i-3) o
Ao 20P
+(5_r)<1+i+5> 5]

1 (1 —5)> o°P
+P[1_[(1+A—5)r—5ﬂ2]672’ "
SR | I (et

F=F'(U) rz[l [(1+1_5>r—az]2]U
2[___(=opr Jov

il

20-9° _ AG-n¥__ 2 2P

[(1+4—08)r—0A12 14A—6 or 1+Ai—0 or’
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o py L[ a=orr
F=F'(V) rz[l [(1+/1—5)r—5/1]2]V

2 (1—=8)2r* 70U
+F[ _[(1+A—5)r—5z]2]%
21-0  2@-ndU_1[, _ (-dr 7oP
_[(1+/1—5)r—5/1]21+,1—55_?[ _(1+A—5)r—5z}%
1-5 Jo(6—r) OP

A +i=0)r—04] (+i—0) or

4.8)

We next consider the boundary conditions. From (2.4) (at r=1) we
obtain

ou ov )
5 TU+55=0 at r=1, 4.9)
where
. A oU A AoV (1=9) 4, ov

U+ (4.10)

TT¥i—ear (144" T15200 T(A+H(1+4=0) o

Next, from the first component of (2.5) we get

ou 1-6
< am‘l")“”)

[V 1-6 N 1 6_U+/19(5—r)6_U 1 1
or 1+4—6 1+A\00 1+i=S0dr) 1+4 o

=—0ok(l+A)+a(14+41) at r=1

so that

2%]—P—a(,166+,1)=62 at r=1, @.11)

where

, 24 a_U+ Ao 1-6 5I+ 1L U 1 (1-0)KdU VvV

T 14+A=80r 14+A|14A=60r 14400 1+A 14+1—6 or 1+

B 215—(1+/1)/193+(1+/1)2_
[(1+A)2+1377

[1—(Agp+A)] ] 4.12)
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Similarly, from the second component of (2.5) we get

oV ou

— — — = 3 =
6r+60 V=G at r=1,

where
ol 6_V_(1—5)195_U
1+A=6or 1+1—0 or

won [P D I+ (142)°
"L A+ + AT '

G =

—J,P

The boundary condition (2.6) becomes

1+4

1+ 1—08)—
A A )

or
l=U+uhdg=G* at r=1,
where

Ao
1+4

G'=—

231

(4.13)

(4.14)

(4.15)

(4.16)

Consider next the boundary conditions at r = J. From (3.7) we get

51 (5)-0 o r=o

or o 00
where
A OP
5——_
© T 1+A-dor
Next, (3.17) yields
ou 1 ou\ 1 0 1 o 6
E—5H<60>+ HY =V =5U'~3 (P=P) =G

@.17)

(4.18)

at r=90
4.19)
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where U°, VV'°, P° are the zero modes of U, V and P, and

A oU

Go=— 4.20
1+A—0 or (4.20)
Finally, (3.28) becomes
ov—-rmy 1 oV —-vrMy\ 1
- _H|—— 2 |—~-HU-UWY
or o ( 00 > 0 ( )
1
+§H(P—P‘)=G7 at r=9, 4.21)
where
U(l) — U0+Ulei9+U_le_i9, V(l) — V0+Vlei6+V—le—i9,
PO = P0+Plei€+P—le—ie
are the sums of the zero and +1 modes of U, V', and P, and
A oW -=rW)
G = . 4.22
1+4A-0 or (4.22)

Consider, finally, the constraints (3.29), (3.30). Since

f:n do L:H r(uor) r dr

Fﬂ AT 4

M+J‘27t d0J~1+l 3d M+
= r'dr=
. . Ho Ko . 4

=Mt [ 2o+ [ 2
= Mtp, | +ZJO A2+ AD)(242442%)—4] db,
we easily get from (3.29)

2 1 o 2
[Tao[ rve,0,0dr+5 [T V6,00 d0+p [ 2d9=2nH"  (423)
0 ] 4 Jo 0
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where

[(14+A=0)r—041> (1 +1—0)
B (1-9)°

2n 1
2nH! :j dej [ﬂ ]V(r, 0, 1) dr
0 )

—% Lo f:" AL+ )2+ 24+ 4%)—4] d. (4.24)

Finally, we write the constraint (3.30) in the form

[ 2= do = 2nrr=, (4.25)
0
where
- 3
2t = <12+%> e+ 4. (4.26)
0

DerINITION 4.1.  We shall refer to the transformed problem (4.3)—(4.26)
as Problem (T).

5. THE INDUCTIVE SYSTEM

For the transformed problem derived in Section 4, the expansions
(2.11)—(2.14) can be written in the form

=% 4@0¢, .1)
P= n; P(r,0,1)¢", 5.2
U= ng‘l U(r,0,¢) ", (5.3)
V=> V(r6,1)e" (5.9

nx1

We substitute these series into the differential equations (4.3)-(4.5), the
boundary conditions (4.9), (4.11), (4.13), (4.15), (4.17) and (4.19), (4.21)
and the constraints (4.23) and (4.25). Upon equating the coefficients of &”,
we obtain the following system:
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AP, =F!, d<r<1,

1 20 OP,
U V,——2=F d<r<l,

AU, =5V —55" 7,

n r2

120 10pP,
AV, = V45250,

F, 6<r<l1

1200 " r o0

ou, 6V I

or 60 mo
ou, 0%4, 5
ZW—P,,—O'<602+}.>—G", r—l,

ov, ouU, s B
o Tag n=Cw =L

oA, oA, . B

51‘ _Un NO%_Gn’ r 13

0P,

AR A
&_SH<w>_G“r_d

ou, 1. [3U,\ 1 ool e
L H<ae> SHO, V) U2 (PP =G

0W=VD) 1, (30,=V®)
or 0 00

1
+5 HP,—P")=G], r=4,

j wszueom+ IVQH{MMWJ 2,d0 =2nH!,

2n 3
j det®df = d2nH>*,
0

Mlico=A%0), A loo=0 if n=2.

1
—— H —_U»
> 5 U,-U.")

J,

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)



QUASISTATIC MOTION OF A CAPILLARY DROP 235

The Fi, G, H!, H>* depend only on the A,, P,, U, V,, for m <n. In the
next two sections we shall prove a general lemma for systems of the form
(5.5)—(5.17) which establishes for given right-hand sides, existence and
uniqueness of a solution as well as estimates on its derivatives. This lemma
will be used in Section 8 to establish, by induction, the existence and
uniqueness of the 4,, P,, U,,V, and estimates on their derivatives. These

ns n’

estimates will enable us to complete the proof of (1.9) and (1.13).

6. A FUNDAMENTAL LEMMA

Consider a system of differential equations

AP=F,, o<r<l, (6.1)
1 20V 0P
AU_PU_F@_EZFZ’ o<r<l, 6.2)

1 20U 10P
LY N RIS (63)
r

and boundary conditions

YT u=6. r=1, 64)
2%—P—a<%+A>=GZ, r=1, (6.5)
Y V=6, r=1 (6.6)
YUt =G, r=1 6.7)
a—f—%H(%)st, r=s 6.8)
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ou 1 oUu 1 1 1
E  CH(E - HY —V)—=-U,—= (P—P,) = = ,
3 (5 5 HO=T)=5U=5 (P=P)=Gos r=b.  (69)
oV —Vu) 1. [0V =Vy)\ 1 1
—ar O —5H<a—9(1) _EH(U—U(I))+§H(P—P(1)):G7, r:é,
(6.10)
an initial condition
Al —o = 4y(6), (6.11)

and constraints

2n 1 o3 ron 2n
f do j P (r, 0, t) dr+> j V9,0, 1) df+ f A6, 1) d = 27H, (1),
0 5 4 Jo 0

6.12)

[ " Ae*dg = 2nHE (1). 6.13)
0

Here U, is the zero mode of U, U, is the sum of the 0 and + 1 modes of U,
and V;, Py, V,yy, Py, are similarly defined.

We want to prove that, given F;, G, H,, H + | there exists a unique real-
valued solution A(6,t), P(r,0,t),U(r,0,¢),V(r,0,t) of (6.1)+(6.13) in a
suitable space. To define the appropriate space we introduce the following
norms: let

B={(r,0);0<r<1,0<60<2n}, 0B ={0<6<2n},

then

© 1/2
1Pl ={ [ = TEC Ol +IEC O VO]

(6.14)

© 1/2
s ={ [} T D+ OBt +UFC O]
(6.15)

1/2

llell; ={ jw e kio D} (1) dt} : (6.16)

0
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where F = F(x, t), f = f(0, t). We restrict « by
0<a< % (6.17)

We shall be working with norms || ||, 5, where s is an integer > 2, and with
norms || ||, 55, where s is a real number > 3, in which case if

fO=73 fie™,

n=—ow

then

1/2
1 ram = [z L+ |n|2)s] .

In the fundamental lemma, Lemma 6.1 below, we assume that the norms

1EN = 1F1 N2, 5 +1F2lls, 2 + 1F5 = F5° (P 55
IGI = 11Gills 1,08 + G2 = G 3, 05 + 1G5 = GFll3 o5
+1Galls Lo+ IG5l Log T+ ||G6||3§,aB +1Gslls 3. 0B>

and
|H|| = |1 H, — HYll, +I1H3 |l +1H 5

are finite, where F3(r) is a function of r that belongs to H3(J, 1) and

0

3, G, HY are constants, and that

140 ll 2730y < 00.

Lemma 6.1. If ||F|, |Gll, |H| are finite and A, € H>(OB), then there
exists a unique solution P, U,V , A of (6.1)—(6.13) satisfying the estimate

lA=A%M51 08+ 4illa s, 08 + 1P = P*ls 5 + U5, 5 + 1V =V ()5, 5
S CLIFI+IGI+IHN + ol ) ] (6.18)

where V *(r) is a function of r, A* and P® are constants, and
A+ 1P+ WV N6, 1) < COFN NG+ IH I+ | Aol esomy 15 (6-19)

the constant C is independent of the data.
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To prove Lemma 6.1, we expand the F;, G, in Fourier series
Fy=3 Fi(r,ne™ (j=1,2,3),
G. =) Grt)e™ (k=1,2,..,7)
and try to find a solution of the form
A=Y A7) e™,
P=Y P"(r,t)e™,
" (6.20)

U=) U"(r,1)e™,

V = Z Vm(r, t) eima‘

Then, with ¢ as a parameter, which we shall often not indicate explicitly,

1 2
prg—pr- pn_ pm, (6.21)
r r
1 mi+1 2im oP™
Un+-Ur————U"—"5V"=fr=Fr+—, (6.22)
r r r or

1 m2+1 2im im
o vr Ty S =Py pn (623)

Consider first the case |m|> 1. Then, one can easily verify that the
general solution P,, of (6.21) is

—lm|

piml e r
P =cyr eyt —— [ p T (p) dp—

r |m|+1Fm dp.
o o L p T(p)dp

(6.24)
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The general homogeneous solution of (6.22) and (6.23) is

u=A1r|m|+1+A2r|m|71+A3r7|m|+1+A4r7|m|71’
v =i(sgn m)[ — A" p Ay Ayl g 1]

A special solution of the inhomogeneous system (6.22), (6.23) is given by

u=1L,(f3)+i(sgnm) J,(f3),
v="1,(f3)—i(sgnm) J,(f7),

where
I(g) = % {L pg(p) [ —(T,Zimllﬂ (/f,i,?)_lml 1}
+[ et | SN,
Ju(g) =%{ L pg(p) [ —(/l),iﬁmrl (7,1,7)_%; 1]
o[ 4557457

Substituting 7, f5 from (6.22), (6.23) and using also (6.24), we find, after
some calculations, the general solution of (6.22), (6.23):

U™ = A r" 4+ Apr™ = Ayr M A e e by () 4 by (r) + BT
(6.25)

Vm= i(sgn m)[_A1r|m|+1+A2r|m|—1+A3r—|m|+1_A4r—|m|—1
—cthy(r) + ey (r)]+ 97, (6.26)

where

hy(r) =

1 |m| <|m|+1 a1 omi—1s2 L >
- R S Ry L L I (W)
4(|lm|+1)\ |m| |m|

Im|  (|m|—1 |- _
h _ ml+1 4 = |m|+182|m| __ .|m|—1 2
,(r) = 4(| —1 r +|m| r 0 r , (6.28)
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7 =I,(Fy)+i(sgnm) J,(F}),
@y =I,(F7)—i(sgnm) J,(F}),

A 1 p 1 p

F(p) = F3(p)—5 p = [" s F T (s) ds+5 p7t [ s 1F 7 (s) dis,
2 1 2 5

Am _m i m—=1 (7 —ml+1pm

Fy(p) =F1(p)—7 (sgnm) { p L sTMIET (s) ds

+p -t f: sMHIE™ (5) ds}.

We next substitute (6.24)-(6.26) into the boundary conditions
(6.4)—(6.10) noting that d/06 corresponds to multiplication by im. We get
the following system of seven equations for the seven -coefficients
A,, Ay, As, Ay, ¢y, ¢, and A™

2(Jm|+1) Ay —=2(Im| —=1) A5+ [h1(1)+(Im[+1) A (1)] ¢,
+ [ (D) = (m|—1) iy (1)] ¢, = GT. (6.29)
2(lm|+1) A, +2(Im| —1) A, —2(|m| —1) 4; —2(|m|+1) 4,
FQR (D) =1) e+ Hy(1)=1) ¢y —a(1—m?) A" =GZ,  (6.30)
2(Jm|—1) 4, +2(Im|+1) A4+ [ —hi (D) +(m|+1) Ay (1)] ¢
+ D)+ (ml—1) by ()] ¢, = Gs, (6.31)

A" 4 impg A" —[ A, + Ay + Ay + A, +ohy (D) + e, (D] =67, (6.32)

— Im|+1/m
G 2 |m| 579 GS H (633)
1
—2(|m]—1) 6774, —2(jm| + 1) 677"1-24, +[h’1(§)__|m|+ h (5)__ 5- M
[h' (5)_L hz(a)__5|m|]cz G, 634)
1
=2(jm|—1) 6745 +2(Im|+1) 5124, +[ —H,(5) |M|5+ ] N

|l —

[h’z(é) =1, ,(5) —é o ] ¢, =G, (6.35)
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where

2+ D7

. o™
G =G;"—[2

J.-.
il G ap |
ke

G = —i(sgn m) G +i(sgn m) 3 I
Gy =Gy +®7|,_,, GY=GY,
Am _ em | OPT Im| ., i(sgnm)
G¢ =Gy _[ 6rl r:5_7¢ l,—s T¢2|r:6
1 o™ m
- —|m|+1m
+22ImIL p Fl(p)dp},
) oDy 1
G7 = —i(sgn m) G7 +i(sgn m) [ d ] —=@7|,_s
0 r=s O
1 o™
_ - —|m|+1gm
22|m|L p~TFT(p) dp.
Using the relations
, Im|+1 Im|—1
I (0) =" 5= 1 (6) = H5(6) = n(8) =0,
we get from (6.34), (6.35),
5|m|+2 . .
A, =———(G7'-G? 6.36
=30 G760 (6.36)
and
52|m| .
Ay =——— v .
3 4(|m|—1)cZ+G8’ (6.37)
where
; o ) ) 0
: 4wm—u[ e ﬂmls]
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By (6.27), (6.28), the equations (6.29)—(6.31) reduce to

1 A
2(|m|+1) A4, —2(|m|—1) 4, +§ (1=6%") ¢, = G7, (6.38)

2(|m[+1) A, +2(Im| = 1) A, =2(|Im| = 1) 43 =2(|m|+1) 4,

1 A
+<—1 —M+M§Z> a5 (1+6*") ¢, —aA™(1—m?*) = G7,

2 2
(6.39)
1 A
2(|m|—1) A, +2(Jm|+1) A, +§ |m| (1—6%) ¢, = G7.
From the last equation and (6.33), (6.36),
A, = ém = ; ém_16|m|+2(ém _ém)+15|m|+1(1 _52) ém
2 9 2(|m| _ 1) 3 2 7 6 4 5 |
(6.40)

If we substitute 4, from (6.37) into (6.38), we get

_ 1

o N
A= =G D) @ T 2m 1y (O 2= D GE). (64D

We next express ¢, in terms of A™ by subtracting (6.38) from (6.39) and
using (6.36), (6.40),

¢, =(m*—=1)cA"+G7, (6.42)

where
A A A A 1 A A
G =(GT—G3)+2(|lm|—1) GF o) SAGT - GY)

|m| |m| 6%\ 1 A
—_ _1___ - Im|+1Gm.
< 2 2 )2m| o >

Substituting (6.42) into (6.37) and (6.41), and then using all these expre-
sions as well as those for 4,, 4,, ¢, in (6.32), we get a differential equation
for A™

o ;
A7 +§ |m| A™ +ip, |m| A™ = G, (6.43)
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where
A A 1 A A A A pl+2 A A
Gh =Gy +W(G§" +2(|m|-1) GZ’)+G;"+G’8"+W(G;"—GZ’)
_ 1= g M am
8(jm|+1) Pomr-1) "

We next consider the case |m| = 1. Then

r rl r_l r
Pr=cir i tor—> [ Fr(p)dp——[ pFi(p)dp,  (644)
2 r 2 )

and the general solution of (6.22), (6.23) is

U= A1+ A, + Ay logr+ A,r 2+ ¢ by (r) + ey (r) + DT, (6.45)

Vm=i(sgn m)[ — A1’ + A, +A; logr— A,r 2 —c by (r) + ¢, 1, () ] + D7,

(6.46)
where
o7 =1I(F7)+i(sgnm) J,(F7),
@7 =1,(F7)~i(sgn m) J,,(F7),
F7, F™ are defined as before,
and

L(2) =%{f§ pe(p) [ —(pér)z—log/;)]+f pe(p) [ —%p)z— ogf)]},

m(g)=%{f; pg(p)[—(pér)zﬂogﬂﬂ: pg(p)[ G /2p)2+1 gp]},




244 FRIEDMAN AND REITICH

Since |m| =1, the boundary condition (6.10) is vacuous, but instead we
need to satisfy the constraint (6.13),

A" =H", (6.47)

where H) = H; and H,' = HJ.
Next, the boundary conditions (6.4)—(6.9) yield

44, +A3+ (1=6% ¢, =G, (6.48)
5 3 1 , .
44, +245 =44, +( 53 Jer—5 (1469 &, = G, (6.49)
1
As+4dy+5(1=07) e+ Yazerye =am (6.50)

1 .
A" +i(sgn m) ,uo/l’"—[Al A+ Ayt (1=0%) ey (1) c2]= m(6.51)

1 .4
a=- 5°G™, (6.52)
4 1 1 A
Ay =53 di—5 =7 (1457 ¢, = 6GF, (6.53)

where the G are obtained from the G7 in the same way as in the case
|m| > 1, but with the operators I,,, J,, replaced by I,,, J,,

The system (6.48)—(6.50), (6.53) for 4,, 4;, A, and ¢, has a nonsingular
coefficient matrix and can therefore be uniquely solved,

A, =G, 4,=G7, 4, =G, ¢, =G, (6.54)
where the G;” are linear combinations of the G7. From (6.47) the function
A™ and its ¢-derivatives are determined. Substituting this and (6.52), (6.54)

into (6.51), one finds that

A4, =G, (6.55)
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where
~m Am ~m ~m 1 2 1 2Am ~m
Gy =-G7—| GT+G} —§(1—5 )55 G?+h,(1) G
a m > m
+EH2 +i(sgnm) uH?Y.

We finally consider the case of mode 0: in this case

P’=c;+c, log rHogrL PFi(p) dp—L plog pFy(p)dp
and
1
U°=A1r+A2r1+[—E(r2—52)+§logr}c2+¢?,
V=B r+Br'+d),
where
0 Lerp? Ler
o) =— [ = Fs(pydp—5 [ rF¥(p)dp
2 s r 2 r

1 r p 1 r
—2 | =P EFUp) dp+3 [ pFi(p) riogrdp.
4Js r 25

1t
+§f pFi(p)rlogpdp,

1 p? 11
0= — [ EFi(pydp—5 [ rFi(p) dp.
2 s r 2 r

The boundary conditions (6.4)—(6.9) yield

24, =G},

24, =24, —0A°—c, +1 (1=6%) ¢, = G,

1
—2B, = G?—L P*F3(p)dp,

245

(6.56)

(6.57)

(6.58)

(6.59)

(6.60)

(6.61)

(6.62)
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A=A, — A, +1(1=6) ¢, = GY, (6.63)
¢, = 0GY, (6.64)
—24,072=G", (6.65)

A 1 1 1
G; =G3—L plog pFi(p) d’”_L sz‘z’(p)—%L (1—-p% pFi(p) dp,
A0 0 1 ! 210 1 ! 2 0
G, =G4—5L PF3(p) dp—zL (1=p%) pFi(p) dp.
Substituting 4,, 4,, ¢, from (6.60), (6.65), (6.64) into (6.63), one gets
A° =G, (6.66)
where

62 0 1 2 0
-5 G, ~ (1-0%) 0Gs. (6.67)
We determine ¢, by integrating (6.66) and substituting the result into

(6.61). Finally B, is determined by the constraint (6.12), which, as easily
seen, yields

1 2-9? ! 5
1B=— BZ—L PP} dp— oA+ Hy =7 BI(S).  (6.68)

In summary, we have proved that the system (6.1)—(6.13) has a unique
formal solution of the form (6.20), and have determined the coefficients
A", P". U™ V™ In the next section we shall use the differential equation
(6.43) to estimate the A™, A} for |m| > 1, (6.51), (6.52), and (6.54), (6.55), to
estimate A™, A" for m= +1 and (6.60), (6.63)—(6.65) to estimate A°, A°.
Combining these estimates we shall establish the bounds (6.18), (6.19), and
thus complete the proof of Lemma 6.1. (Uniqueness follows from the fact
that any solution for which the left-hand sides of (6.18), (6.19) are finite
must have a series expansion (6.20).)
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7. A FUNDAMENTAL LEMMA (CONTINUED)

LemMma 7.1.  Consider the initial value problem

B(t)+(K+iM) B(t)=F(t), t>0,
B(0) = B,,

where K, M are real numbers and K > 0. Then, for any 0 < o < K, there hold

® as 2 2 |B,|?
j e |B(s)|? ds < & |F(s)] ds+e
0

2
(K- )zf

w . 2K*? 2K
2o 2 2o 2
fo > |B(s)| a’s<2(( )2+1>f IF () ds+— alBol.

Proof. The case M =0 is proved in [3]; the proof extends with minor
changesto M #0. |

We introduce the notation
! 2,2
=] 1 @I e ds.
Then from the estimates derived in Section 6 we easily get, for |m| > 1,
m C m
(G < C{LGT >+ Z {GT>+N"¢, 7.1
where

Nm

2 1 /odT
gl [W< arj >+<¢;ﬂ>]r=1 P

+L4 [< fl p""'“F'{’(p,~)dp>+<f1 5"”'p"’”'+‘Fi”(p,')dp>]
m ) o

1
=L +—L,. (7.2)
m

By the Cauchy-Schwarz inequality,

1 C ¢ 1
A [ [ 1 s)|2pdp] ¢ ds (1.3)
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Consider next @7 at r =1, and set
gl(pa t)=F'2n(p9 t)a g2(p9 t)ngn(pa t),

P
gs(p.0)=p7"= [T (2 ) di,

1
gu(p, ) =p""" [ Y, 1) dr,
P

We need to estimate I,(g;) and J,(g,) for j=1,3,4 and k=2,3,4.
I,(g) can be written as a sum of four integrals, and we shall first consider
the first integral for g; (1 <j<4),

(p/r)+!

———dp|,_;.
|m|+1 plr—l

D= | pgi(p)

By the Cauchy-Schwarz inequality,

C t 1
{Dy) <WL [L IF3(p, )I* p dp] e* ds.

D, can be estimated in the same way. To estimate D, we first use the
Cauchy-Schwarz inequality to get

1 p pP
—|m| Im|+1 gm
L [p L‘L’ Fl(r,s)dr]|m|+1

|m|+1

dp‘
C 1 il — P m - 2 1/2 C
<|m|3/2{£s [” [ A (”)‘”] d”} = L

Next we substitute 7 = pAin L:

1 2 1/2
0 )

1 1 1/2
< j A+t g < j IF™(pl, 5)|? dp> by Minkowski’s inequality.
5 5/4

d/
L " mELE (D), ) d

Substituting back p = 7/ in the inner integral, we find that
1 1 1/2
L gj A ), <j |F™(z, 5)[? dr)
J )

C 1 1/2
< ([ IFr (.9 pdp) .
|| \Js
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Hence

C ot 1
(Dy) SWL [L IF7(p, ) p dp] e ds.

The same bound can similarly be derived for D,. The other three integrals
in J,,(g;) can be treated in the same way. Hence

C & [t
@l <pE E I, [L IF7(p, s)|2pdp}e2‘”ds
j=2
C ot 1
+|m|5f0 [L [FT(p, S)|2pdp]ez°“ds.

The estimates of (@3 >|,_; and of (®7>|,_; are derived in the same way,
and so are the estimates of # {07 [or). Using the result in (7.2), we then

obtain from (7.1) the inequality

7

A 1
Gy <C{(GD +2: 3 <GP

j=1

1 t 1
wos | [ R pdp e as
1 3 t S m ) ,
+—|m|3 ) fo UO |FT(p, 9)| pdp}e “ds}. (7.4)
j=2

We now use Lemma 7.1 to estimate 4™ and A} from the differential
equation (6.43) and the bound (7.4). The estimate on A" allows us to
estimate the derivative 0G”, /0t in the same way that we have estimated G7,.
Another application of Lemma 7.1 to the equation

aG™,
ot

o . .
(Ai")t+§ Im| (A7) +ip |m| (A7) =

yields an estimate on A7. Repeating this process once more we obtain an
estimate also on A7,. Multiplying the estimates on

7 253-J)
a—tjA by [|m[*2

and summing on m, |m| > 1, and adding also the corresponding estimates
for |m| =1, we get
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lA= 053, 25+ 1A= 4%l 3, 25

3
<c {nﬂ —Fpt Y I F2ll 5+ 1G— G2l o
j=2

ji=

7
+ 2 1G=GSlls 1 on + 1 ollusom + I H ls + 1 H |l } =R. (7.5)
j=1

We next recall the formulas for 4;, B;,c; for |m|>1 and use them
together with the estimates on 4,, established in (7.5) in order to estimate
P", U™, V™ (defined in (6.24)—(6.26)). We then sum the estimates of

(Im|*|DiP™)?,  (m|IDJU™)?  (m|*~ |DIV™])?

over m, |m|>1, and combine it with the estimates (which are easily
obtained) for |m| = 1. This allows us to conclude that

1P =Py 5 +IU=Ulls s IV =V"lls s <R, (7.6)
where R denotes the right-hand side of (7.5).
Thus, in order to complete the proof of Lemma 6.1, it remains to con-
sider the case of zero mode. From (6.63) we see that

14212 < COIGSI +IG3I5 +IGSI +IGels + IFI +1F3021 - (7.7)

so that A° — A% as t — oo, where A is a constant. We can also estimate the
rate of convergence as

T 1/2
<j e |A°—A°°|2dt>
0
[ ~T 0 2
- f ehf<j A?(s)ds) dt}
| Jo t
r o 2 1/2
_ fT ([ e"“"”e”/l?(s)ds) dt}
L /0 t

[T [ poo 2 1/2
= f <J e e+ A%(t4-u) du> dt ] (s=t+u)
0

L0

1/2

0 T 1/2
< j e du“ (9 A°(t +u))? dt] (by Minkowski’s inequality)
0 0

:J*oo e du [J‘T+u em |A?(Z)|2 dl:| (t+u—> t).
0 u
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Combining this with (7.7) we conclude that |4°—A®||; is bounded by the
right-hand side of (7.7).
A similar analysis shows that P° - P* U° - 0,V — V*(r) as t - o0, and

"PO_POO”4,B, "UOHS,Ba ”VO_VOO(")HS,B
can be estimated by the right-hand side of (6.18); note that

oP°

a 0 ') _a 0

a 0 0\ __
= (P'—P") =

Combining these estimates with (7.5), (7.6), the proof of (6.18) is
complete.

Finally, the estimates (6.19) follow from the explicit formulas for mode
0, as ¢ — oo, and this completes the proof of Lemma 6.1.

8. CONVERGENCE
We shall need the following lemma.

LemmA 8.1.  The following inequality holds for any s > 2,

IFGl;, s < Mo [IF]l,, 5 IG1ls, 5,
/8l 06 < Mo | f1s, 25 Iglls, 225
where M is a constant depending only on s.

The proof is similar to that given in [ 3] for somewhat different norms.

LemMa 8.2. If e H%(OB) then the system (5.5)—(5.17) has a unique
solution for every n = 1, and the following bounds hold,

14, =47 M52, 08 + 1 An, a2 08 + 1B — Pl lla 5 + U5, 5

n—1

W=V ls s < Co 8.1

n?’

Hn—l
AT+ P IV s, < Co — s (8.2)

where X, P are constants, and C,, H are positive constants.
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Proof. For n=1 (8.1) and (8.2) can be verified directly, provided we
choose C, large enough. Proceeding by induction, we assume that the
lemma is true for all indices smaller than » (n > 2) and proceed to prove it
for n, by applying Lemma 6.1. Thus we need to express the inhomogeneous
terms on the right-hand sides of (5.5)-(5.17) in terms of the 4, P,,,U,,, V,,
for m < n and then estimate the corresponding norms

1+ Gl + 111,

which occur in (6.18).
We start with F>. From (4.8) and (5.1)~(5.4) we have

Fi.0.0= % [wk(r 0.0 0k e, 0.0 ik i, 0.0 ot
0.0 Ui 0,0 2
100,00 gt 0.0 et g0, ]

where

1 [, (=921 (1-8*@-r) 4o\

= z Yi(r, 0,1) e,

k=1
20-r)(1=8)2 4

) _ _ 2k
Yi(r,0,t,¢)= ((1+l_5)r—5i)2 1+4A-0 _kg‘l vie

. 7 r’(1-9)? _ 3
v 6,1, 8)_r2[1 ((1+/1—5)”—51)2]_k§1 viet

0,05 = L[ 1=
‘/f(’aeaf’s)—r[l ((l+/1—5)r—5l)(1+/1—5)]

6—r(1=08)> [d [ A Ao\
_((1+A—5)r—az)Z[%<1+z—5>_<1+z—5> }

=2 Y

k=1
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(1-6)r?

V0010 =5 1

Ve(r, 0,t, &) =20%r, 0, 1),

C((1+A=0)r—02)°

2(1-6)?

] = _WS(h 0’ t):

Ag(9—r)

V(r,0,t )=

=Y Ve,

(1+A=8)r—04)*1+1—-6 4
1-9)r

8 —_l I S A 8 k
v 0.1.e) = r[l (1+1—5)r—5z}_2¢k8’

1-9

k=1

Vo(r,0,t,e)=

Ag(6—r) - Z wzak'

((AQ+1-90)r—0A) (1+1-9) &

It follows from Lemma 10.3 (in the Appendix) and the inductive assumption

that, for k <n,

H
||‘//11c - 11{00”4,3 <CCy——

where 1/} is a constant,

k—1

H
il s < CC,y e

Hk—l

IW?c - 13500"5,3 < CC, 2
" Hk—l

Wi vl 5 < CCy e
k—1

H
Yl s < CCy s

Hk—l
k*
k—1

k2

"‘/’8 - !//Z “lls, 5 < CCy

Wil s <CC

k—1

H
Wiyl < CC, 7 (8.3)

k—1

H
”‘pisc’oo(")”fls(a, yn <CGC 2

k—1

H
”‘pi’w(”)”fl%a, yn < CGC, N

Hk—l

||‘P1§’w(r)”H5(5, y < CG, 2

where C is a universal constant, provided H is sufficiently large, indepen-

dently of &, n.

To see this consider, for instance, the function ! and write

(1-9)*

Yyt 8,0 = 1—m,

YA, 0,1) =

(1-9)*(5—-r)°
(1+4—0) r—02)?
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so that
yl=yt4yht? <1+’1”_5>2. (8.4)
Then
g PO+ 200-0) 4R
(1+2-0)7 _ (1—0)’(1+4/(1-0))

=[12_/15+<115> ]pi (p“)(_l)p(lﬁa)p

= 2 (—1)P—1((fj51))1,/11’
and

L2 (0—r)? (5 r)2 i o— ’.,
G0 L oo () +
' < _<1—5)r>

It follows from Lemma 10.3 in the Appendix that

wh= Tk

where
' ' k-1
We? =y (s s < CCy ERE (8.5)
. kal
Wi (s, 1y < CCo R (8.6)

provided H is sufficiently large.
Next,

b _ 0 - R
5= g loa(l+A—0)= Z=:1Dk(9,t)s
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and, by Lemma 10.3,
log(1+41—9) =1log(1—-0)+ Z L,(0,1) ¢
k>1

where

k—1 k—1

H
L — L |5, 0 < CC,y =R LY < CC,

Since D, = 25;0" , we get

k-1
[1Dells, 25 < CCo R 8.7
Writing
L f D,(6, 1) &
1+4—9 — TR
we have
k—1
D, =}, DD,
£=1
so that, by (8.7) and Lemma 10.1,
k-1
1Dl o5 < CCo = (88)

if H is sufficiently large. We write

2 k—1 5_ 2
YA, 6, z)<IH 5) ) [(Z w;’sz_p>ek+( rf) Dkek] (8.9)

k>1 p=1

By (8.5), (8.6) for j =2 and (8.8),

k—1

Z ‘H)’sz—p <
4,B

p=1

k—1 k-1
2 MW=y ) De_ylla s+ Y Wy > Diylla s
p=1 p=1

k—1 p—l k—p—1 k—2

<2M, z cc, 2 2 (k_p_l)ZSZCZC?,AOMOT.
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Also

k—1

H
< C|Dlly 55 < C*Cy —5—.
4B k

k

N2
‘ ot

Using these estimates in (8.9) and combining the result with (8.5),(8.6) for
j =1, we obtain, upon recalling (8.4), the assertion (8.3).

Similarly one can prove the asserted bounds on the ] for 2<j<9.
Using these estimates we can now show that

n—2 n—2

H
"Fi _Fi’w(")"3,3 < CC, 2 "Fi’w(r)nlf(a, H s CGC,

(8.10)

Indeed, consider first the terms with ;. Then

82V

Tt T U0

o (Vi V.
lpllc )< ar2k>

OZV ove ,
or?

By (8.3) and the inductive assumption on the V,,

3,B

n— laZV
Z (‘//k £7) .

k=1

3,B

=J,+J,+J,.

W VI,
ot or?
k—1 n—k—1 n—2

<Y eyt < MyAy(CCp 2
= 0k=1 0 kz (n_k_1)2\ 0440 0 2

n—1
Ji< M, z ||W11c_‘p11€w”3,3
k=1

3,B

The terms J,, J; are estimated in the same way. Hence

aZV n—1 an n—2
Z Y (r)
k=

< 3M,A4,(CCy)*

We can also easily establish the bound

an H" 2

100()

<G (CGy)?

H3(1,0)

for some universal constant C;.



QUASISTATIC MOTION OF A CAPILLARY DROP 257

We can next proceed in the same way to estimate the terms in F>, which
involve the 7, for j=2, 3, ..., 9, and thus conclude that the estimates (8.10)
are valid.

The functions F! and F? can be treated in the same way as F>, and each
of the G/, as well as H. and H>*, can similarly be estimated in
“appropriate” norms; the “appropriate” norms are precisely those needed
in the assumptions of Lemma 6.1. (In estimating the G/ we use Lemma
10.4.) We can now apply Lemma 6.1 to the system (5.5)—(5.17); the right-
hand sides in (6.18), (6.19) are bounded by C,C,H" */n? where C, is a
constant independent of » and H. We conclude that if H is sufficiently
large (so that CC,/H < 1) then the estimates (8.1), (8.2) hold. This
completes the proof of Lemma 8.2. ||

Lemma 8.2 establishes the existence of a unique global solution:

TueoREM 8.3. If A°e H?(0B) and |e| <&, for some positive and suffi-
ciently small g,, then there exists a unique solution (1, P,U, V) to problem
(T) having the form (5.1)—(5.4) with

14— 22Ms1,08 +14:lls . on + 1P =Pl s +NUlls 5 + 1V =V ()5, 5 < 00,

(8.11)
where Y, PP are constants
AL =3 Are", P? =) Pre, (8.12)
n=1 n=1
Ve =Y Viw)e, (8.13)
n=1

and the series (5.1)~(5.4) and (8.12), (8.13) are uniformly convergent for
0<r<1,0<0<2x |g|<eand0<t<T, forany T > 0.
9. THE MAIN RESULTS

Reversing the transformation (4.1) we obtain the following result:

THEOREM 9.1. If A’ e H*(0B) and |e| < &, then problem (A) has a unique
global solution with free boundary

r=1+(0,1,¢),
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where A0, t, &) has the form (5.1) where the series is uniformly convergent
for |e| < g, and

IA=2ZNs1 o5 41442 05 < 003 (CRY
AP is a convergent power series as in (8.12); furthermore,
p(rs 09 t’ 8)_)0-’ ur(rs 09 t; 8)_)0’ u(i(r’ 0; ta 8)_)/"57‘ (92)

exponentially fast as t — o0, where
T 0\ 4
E,us(1+/1€ ) =M. 9.3)

Proof. The only assertion that needs to be proved is that the limits of p
and u,, as t — oo, are as asserted in (9.2), (9.3), but this follows by noting
that the limit of the solution, as ¢ — oo, is the special solution with free
boundary r =1+4+12,

p=a,u,=0,u9=Cr,

where C is a constant determined by the constraint

J L rupdx=M. |
{r<1+41;}

Remark 9.1. If A°c H>*™(0B) then we can differentiate the system
(5.5)(5.16) up to m times with respect to 6, and each time, apply
inductive estimates as before. In particular, if A°e C®(dB) then the
solution to problem (T) is also in C* in (6, ¢). Using the differential
equations for P, U, V' we deduce that the solution is C* in (7, 6, ¢).

Remark 9.2. In the above analysis we have used norms with two
t-derivatives. If A° € C* we can extend the analysis with norms

O o i 112 1/2
(I e 3 i)
0 ji=0

for any s, and thus conclude that the solution is in C* in (r, 6, ¢, ¢).
Finally, if A°(0) is analytic in 6, then we can establish, inductively on #,
estimates of the form

1
o CIDG(A = 253 o5 + 1D s, clla 1 o5 + |1 DG(P, — P)la 5

Ak— lHn—l

+||D§Un||5,B+ ||D§(Vn _V;O(r))”iB] <G, (k+n)2



QUASISTATIC MOTION OF A CAPILLARY DROP 259

for all k, for some positive constants C,, 4, H with A/ H << 1. (cf. Remark
7.1 in [3]). This implies joint analyticity in (x, ¢) both for the solution of
problem (T) and of problem (A) (cf. [3]).

By combining Remarks 9.1 and 9.2 we obtain the following result.

THEOREM 9.2. (i) If A° € C* then the solution of problem (A) is in C* in
(x,t,¢) for xeQ(2), 0<t <o, |g| <&, (i) If A°(0) is analytic then the
solution is also analytic in (x, €) for x € (¢), |&| < & and any t = 0.

10. APPENDIX

LemMa 10.1 [3]. Let D be a domain in R? and let || || denote a norm for
Sfunctions defined in D such that

I/l < Mo |11 gl

for some constant M, > 1. Let
wx, &)=Y w,(x)e",  xeD,
n=1
where

n—1 n—1

Nl () = 1l < Co || < Co

n?’ n?

for some constants u, C,, H. For G(s) = s", where N is any positive integer,
set

N
G(u(x, ¢)) = ( Y Ha(X) 6") =) Di(x)e"
nx1 n=N
and
N
< > ,u;‘,"a”) =y oY e
nx=1 n=N
Then there exists a universal constant A, such that

n—N

H
|| < Cp(Cody) V! 2 nx=N,

n—N

H
@) — 5~ <C0(C0A0M0)N_IT, nx=N.
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Lemma 10.2.  Let || ||, 5, || ;.05 be defined as in (6.14), (6.15) with s> 2.
Then there exists a constant C(s) depending only on s such that for any
function

F(r,0,0) =90, y(r)
there holds

”F"s,B < C(s) ”(ﬂ"s oB ||W||H’(5, -

The proof follows by the Sobolev imbedding, since the L*(2)-norm is
bounded by the H*(Q) norm if 2 is a bounded domain in R3,

LEmMMma 10.3. Let

F(r,p)= Y, F,(r)u",

n>1

where
|F,ll 50,1y <B"  for some constant B> 0

and s =2, and let

MO, 1, )=, 4,(0,1)¢"

n>1

satisfy
n—1
14215 14 =47 Mls,08 < Co n>1.
Then
F(l’, 1(0, ta 8)) = Z (ok(ra 0’ t) £k5
k>1
where

k—1

H
”(Pk(r, 07 t) _(pl?(r)”s,B < 2'BCVOCV(S) 79

Hk—l
|§01?(")|H:(6, n < 2BC, 7

provided H >2CyA,BM,,.
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Proof. Using Lemma 10.1 we can write

=Y oY (,1)¢"

n=N

and
N
< Y i;‘fa") =) D=0, e,
nx>1 n=N
where
}{an
||¢nN _¢£{’w”s, o8 S Co(Cvo-]uo)N_1 W
and

n—N

H
Idan’ool < Co(Cod)N ! Tz
Then we have

F(r,A0,t,e))= Y F,(r)A"= Y F,(r) Y. ®1(0,1)¢"

nx=1 nx1 k=n
k

=y ak<z F,(r) @10, z)).
k=1 n=1

Thus

(pk(rs 09 t) = Z_: Fn(r) ¢Z(05 t),

k
P (r) =}, Py F,(),
1

n=

and

k
loe =%l s < X NE ()@ —Dk ) -
n=1
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Using Lemma 10.2, we get

k
llox _§01°co||s,3 <C(s) z ||Fn||H’(5, 1) D% _¢Z’w||s, 2B
n=1

k k—n
<C(s) ), B"Cy(CodyM,y)"" e
n=1
HV X /CoAyMyB\"! HF!
< BCOC(S) k2 ngl < H > < ZBCOC(S) 7
provided H > 2C,A,M,B. Similarly,
||(PZ)||HS(5, n < Z D% | ||Fn||H’(5, 1
n=1
k Hk—n k—1
< Z B"Cy(CyAy)" ! =E < 2BC, =E
n=1

if H>2Cy4,B. 1
In the special case where the function F is independent of r, Lemma 10.3

takes the form

LemmA 104 [3]. Let

F(u)=) F,u"  where |F,|<B"

n>1

for some constant B and let A be as in Lemma 10.3. Then

F(/1(9, ta 8)) = Z §0k(0, t) 8k,

k=1

where

k—1

H
o — @7 |y, 08 < 2BC, =

and
k-1

H
lp7| < 2BC, R

provided H = 2CyBA,M,.
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