Computers Math. Applic. Vol. 32, No. 4, pp. 49-55, 1996
Pergamon Copyright(©1996 Elsevier Science Ltd
Printed in Great Britain. All rights reserved

0898-1221/96 $15.00 + 0.
$0898-1221(96)00124-1 /968 00

Asymptotic Formulas for Generalized
Elliptic-Type Integrals

S. L. KALLA
Department of Mathematics and Computer Science
Faculty of Science, Kuwait University
P.O. Box 5969, Safat 13060, Kuwait
and
CIMA, University of Zulia
Maracaibo, Venezuela

Vu Kim TuaN
Department of Mathematics and Computer Science
Faculty of Science, Kuwait University
P.O. Box 5969, Safat 13060, Kuwait

(Received March 1996; accepted April 1996)

Abstract—Epstein-Hubbell [1] elliptic-type integrals occur in radiation field problems. The object
of the present paper is to consider a unified form of different elliptic-type integrals, defined and
developed recently by several authors. We obtain asymptotic formulas for the generalized elliptic-
type integrals.
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1. INTRODUCTION

Elliptic integrals occur in a number of physical problems [2-5], and frequently in the form of
multiple integrals. One of the integrals being performed, it leads to an integrand which itself
involves elliptic integrals.

Epstein and Hubbell [1] have treated a family of elliptic-type integrals

Qj(k)=/0 (1-K2cos6)%ds, o0<k<1, j=0,1,2,... 1)

Certain problems dealing with the computation of the radiation field off axis from a uniform
circular disc radiating according to an arbitrary angular distribution law [6,7], when treated
with a Legendre polynomial expansion method, give rise to integrals of form (1). For j = 0,1,
formula (1) reduces to

V2

Qo(k) = % N, (2)

and
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V2
k(1 - k2)

where A% = 2k%/(1 + k?), and K(\) and E()) are the complete elliptic integrals of the first and
second kinds, respectively [2].
Elliptic integral (1) has been generalized and studied by several authors: Kalla [8], Kalla,
Conde and Hubbell [9], Kalla and Al-Saqabi [10-12], Srivastava et al. [13,14], and others [15-18].
Kalla et al. [9,19], and Glasser and Kalla [20] have developed a systematic study of the following
family of elliptic-type integrals:

Qu(k) = E(), (3)

cos?*~1 (8/2) sin>72¢~1 (9/2) "
— k2 u+1/2 ’
(1 —k2cosb) (4)

0<k<l, R()>R@)>0, R > _%.

R, (k,a,7) =/0

It can be easily verified that

1
Rj (k,i,]-) =Qj(k)a (5)
and in terms of hypergeometric functions
_ TMaT(vy-o) 1 22
R/_L(ky «, ’Y) = P(’Y) (1 + k2)p+1/2 F «, L + 21 v 1 + kz . (6)

These authors have obtained a number of recurrence formulas, asymptotic expansion for k% — 1,
computer algorithms, integrals and other useful properties.

Recently, Srivastava and Siddiqi [13] have given a unified presentation of certain families of
elliptic-type integrals in the following form:

T one2e—1 in26-1 =X
Af\?ﬁﬂ) (pik) = /0 cos2*~1(8/2) sin**~(6/2) [1 — p sin? (g)] a8,

(1 — k2 cos §)ut1/2 (7)
0<k<l, R(a),RB)>0 ApeC; |o<L
By comparing (6) and (7) we have
AST™ (k) = AT (03k) = Ru(ks 7). (®)

Here we consider an another generalization of the elliptic-type integrals

w 2a—1 .. 26-1 -A —
(@.B) v cos®*~1(8/2) sin™ " (6/2) [, . 2 (6 2 (8
Ay (P65 k) = /0 (1 — k2 cos G)#+1/2 1—psin 2 1+ 6cos 5 de,

0<k«l, R(a), R(B) > 0; A,y €C,

(9)
either |p|, |6| < 1 or p, (or §) € C, whenever A = —m (or v = —m), m € Ny. We observe that
AGD) (0. 0:K) = A (0,6:k) = AP (pi) (10)

where Af\‘ff ) (0; k) is defined by (7), and contains other families of elliptic-type integrals as its
special cases.

In this paper, first we express our generalized elliptic-type integral (9) in terms of the Lauri-
cella’s hypergeometric function of three variables Fg; ) and then obtain its asymptotic expansion
as k? — 1. Corresponding special cases for R,(k,,v) and Q;(k) are also considered.



Asymptotic Formulas 51

2. ASYMPTOTIC EXPANSION FOR A(a’ﬂ) X

From definition (9) we have

NG (0 85K) = (L+8)77 (1= 7) 72

(Av.u)
1 2 -u~1/2
bw 2k“w
B-1p1 _  ye=1(1 _ A n-Afq_ 99 _ ARTw
/Ow (1-w)* (1~ pw) (1 1+6) (1 k2—1> dw.
(11)
Comparing the integral in (11) with the integral representation of the Lauricella’s hypergeometric
function of three variables Fg ) (see [21]), we can express our generalized elliptic-type integral (9)
in terms of the Lauricella’s hypergeometric function F1()3 ) as follows:

[(a)T(B)

- _ L2 —pu—1/2
Tat f) (1+6)7"(1-k%)

(e,8) A
A(f\xvu)( ,6,k) =

1 5 2%
FBS)<ﬂ,)\7,u+2,a+ﬂ, T o ) (12)

To obtain asymptotic expansion of AE X f )“) (p,8; k) as k? — 1, we express the Lauricella’s hyper-

geometric function FL(,3 ) in (12) as a double series of the Gauss hypergeometric functions

(3) l . 6 2k? (ﬂ m+n(’\)m(')’)n m ) i
FD <ﬂ)A17,/‘+2,a+ﬂa P 1+6, k2—1 ;_0 (a+ﬁ)m+nm|n'p _1+6

1 2k?
§,a+,3+m+n, kz_—l) (13)

Using the analytic continuation formula 15.3.7 [2] for the Gauss hypergeometric functions in (13),
we get

2F <ﬂ+m+n,u+

2 8
9 (s s i ) - R (128

"1+46 k2 T(a)T(u +1/2) 2k?
B)minNmNn [ p(R2=D\™ ( 6(k2-1) \"
> oGl () (ars)

m,n=0

2k2?

(o +B)T(B — p — 1/2) ( 1- kﬁ)““/ ? & B-1-1/DminWmMn
TPT(a+8—p—1/2) \ 2k? Mgl (a+B—p—1/2)pinmin!

" 1 3 3 1-—k2
(™ (1+6) 2F1(u+§,u—a—ﬂ—m—n+2,u B—m— n+3 o ), (14)

if 4 — B+ 1/2 is not an integer. Therefore,

1 k-1
Fl(ﬂ+m+n,1 o; §~,u+ﬂ+m+n, )

a r +1/2 _ e
Agz\f),‘)( ,6;’6) (ﬂ)r((ﬂ+]).6/2) / )2 —Bp— 2‘6(1-{-5) 7(1_k2)ﬁ p—1/2

® 1 p(R-1) 8 =1) -1\  T(@T(8—u—1/2)
Fp (ﬂ’ Arl—e Bt o T s g6y 2k2) T(atB—p—1/2)

-2 — - z : n ” 1 n 1 - k2
9—H— 1/2 k 2u 1(1 ' 5) ~ » (ﬂ' a( ,@ + 3/2} §n +' /2) ( 2k )

1 1 é
Fl(ﬂ_u_n_EvAv’Ysa"—ﬁ_“_n 2’p,1+6)

where F is the Appell hypergeometnc function of two variables [21]. Formula (15) can be
considered as the asymptotic series for A(/\ 5);1) (p,6:k) as k? — 1if u— B +1/2 is not an integer.
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Let now . —3+1/2 be an integer, say u—8+1/2 = +l,1=10,1,2,.... First, let u+1/2 = §—1.
Applying formula 15.3.14 [2]

2k2
oF (ﬁ+m+n,ﬁ—l;a+ﬂ+m+n; k_—2—1>
B T(a+B+m+n) 1 — g2\ PHmin
T TB+m+n)la+m+n+l) \ 2k2

Z (B =Drimintt(l =@ =m=n—Drymintt (21"
o (r+m+n+ir! 2k?

[In (2k%) —ln(l—kz)+\Il(1+m+n+l+r)+\If(1+r)—\Il(ﬂ+m+n+'r)—\ll(a—r)]

1—k? I‘(a+ﬂ+m+n)z(ﬁ—l)rm+n+l—r—1)'(1—k2>r
+( 2k2? ) I'(B+m+n) MNa+m+n+1-—r)r! 2k2 ’

(16)
we obtain

A 1y (0,8 K) =27 PR 21+ 6)77 (1 - )" (1-B)

3 Demlielel 2 (50 (%) ()

(2% -In(1-k)+¥1+m+n+i+r)+¥A+7)-¥(B+m+n+7) - Y(a-r)]

-1 o —k2\"
+(-1)'2PRE(L 4+ )T (1 - Bu Y : g)l_—%()l, :v = (lzkéC )
r=0 -

)
Fy (l—r,)\,'y;a-H 73 p,1+6)

Let now p+1/2=8+1. If m +n <!, we have

Ta+B+m+n) [1-k\"*
Ta)T(B+1) ( 2k2 )
- (ﬂ+m+n)'r+l——m-—n(1_a)r+l—m—n k2 —-1\"

y Bt tenn (S50 ) I (08%) - (1 - #)
+O(l+r+l-m—-n)+V1+7)-¥B+r+)-¥(a+m+n—r1-1)]
Ta+B8+m+n) (1-k? "+m+"""‘z‘:’“1 B+m+n)(l-—m—n-r—1) (kz—l)r
rB+1) ( 2k? ) (o —r)r! 2k2
(18)

2k?
2 Fy (,6+m+n B+lha+B+m+mn 2 __1) =

+
r=0

If m+n > 1, then

2k2
oF1 (ﬁ+m+n,ﬂ+l;a+ﬁ+m+n; —kz—_—l)

T(a+B+m+n) ‘ 1~k2)"+"‘+"
FrB+m+n)a+m+n—10)\ 2k?

Z (,B + l)m+n+1- [(1 — Q-+ l—m— n)m+n+,_1 k2 -1 T
o (m+n+r—0ir 2k2

n(2k%) -In(1-k) +¥Q+m+n+r—D+V1+7)-¥(B+m+n+r)— ¥(a—71)]

Tla+B+m+n) (1-k2\" ™2 B+l (m+n—l—r—1) (2=1\"
TB+m+n) 2k2 Fla+m+n—10—-r)r! 2k2 )

r=0
(19)
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Therefore,

Agng,)ﬁﬂ—l/z) (p,6;k) =27 P 1k~28-2(1 4 §)77

- (1 = @) rti-m-nN)m(Mn(B+r § \"/k2-1\"
gm%;d (r:l—m—n)!m!n!r! P (1+6) ( 2k2 )
In(2k%) —In(1 - k%) + YL +r+l-m—n)+ U1 +7) - Y(B+7+1)
1

B)
5 . "‘Z (B)mtnirNmMn(l = @)r(l =m —n~7 —1)!

minlr!

~W(a+mtn—r—D)+2Pk 251 +6)7 (1 -k

m+n<li r=0

p(1 — k?) A-kD)\"(1-k2\" __4 _ — |
(%552) (omea) () 2o -0 g
(ﬂ)mnr)‘)m('Y) (1’0)1» p(k2—-1) m 6(k2_1) " rE2 1\
3 3 Gt (%) () ()
[1n(2k’~’)—1n(1—k2)+\IJ(1+m+n+r—l)+\Il(1+r)—\I/(ﬁ+m+n+r)—\Il(a—r)]

sz S S AmO(Bte(m b Lo 1)

m+n>l  r=0 (@) mtn—r—t!minlr!

mf{ 6 \" (k-1
P\T+s %2 )

3. ASYMPTOTIC EXPANSION FOR Ry(k,a,7)

Asymptotic expansion for R,(k,a,~) can be obtained in a similar manner. Indeed, using the
hypergeometric representation for R, (k,a,)

(20)

2
R,(k,a,7) = I‘L‘ig((_'ys_a)( _k2)_“_1/2 2P (fy au+1,'y, k22k ) (21)

and formula 15.3.7 [2] to the hypergeometric function in (21), we have

F(7 - a)r(a + w7 + 1/2) 2a—‘yk2a—2'7

k — 32 y—a—p—1/2
. 1 k-1 F(Of)F(’)’ —a—u- 1/2) —pu—1/27,—2u—1
2F1(7—a,1—a,7—a—u+—, 2 )+ T —p=1/3) 2 k (22)
F + }_ -+ § a+u—v+ E .k2;1
2y | B 2711‘ v 9! H—=" 9’ 2%2 ’

if vy —a— pu+1/2 is not an integer.
fu=y-a+l-1/2,1=0,1,2,..., we have

(2’62)“—"' (r = Dnt1(l — @)y (K2 —1\"
Ry oyi-172(k,0,7) = =) Z (n + Dl 57

[ln(2k2)—ln(l—k2)+\Il(1+n+l)+\Il(1+n)—\11(7—a+n+l)-—\Il(a—'n——l)] (23)

1-k2\"7* & (v— a)n(l —a)p(l—n—1)! [1—K2\"
+( 22 ) 2 = a)m! ( 2%? )

n=0

n=0
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fu=v—a-1-1/2,1=1,2,..., we obtain

Ry-aioryalbyany) = S22 ( 1- ’“2)"“ °°0 (Y = 0)n(l = )n (k2 - 1)"

(a) 2k2 (n+Dn! 2k2
[In (2k%) —In (1 —k*) + YA +n+ 1)+ ¥(1+n) - ¥(y—a+1) — ¥(a—n) (24)
amrtl 2 (Y—a =Dl —n—1)! (k2 —1\"
+(2k2) ! 1; (@)1pnn! ( 2k2 ) :

4. SPECIAL CASES

From the general formulas established in the previous sections for Ag:,’f ,)”) (p,6; k) and
R,(k,a,7), one can derive the corresponding asymptotic formulas for other types of elliptic-
type integrals by choosing suitable parameters.

For example, if one sets a@ = 1/2, v =1, and p = j, in R, (k, e, 7y), it reduces to Epstein-Hubbell
elliptic-type integral £;(k), and then we have

10.
11.
12.
13.
14.
15.
16.
17.

18.

(2k%)=3-12 N (1/2)4n(1/2)j4n (K2 ~1\"
(k) = (1/2); 7; (n++j)!n! : (2k2)

[m(zk?)—1n(1—k2)+\Iz(1+n+j)+\11(1+n)—\11(1+n+j> ~\p(1—n—j>] (25)

2 2
1- 62\ 22 (5 —n— 1)I(1/2)a(1/2)n (1—k2 "
+< 2k2 ) n=0 (1/2)3m! 2k? ) .
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