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Let o(n) be the sum of the positive divisors of the positive integer n. We give
an elementary proof of the following theorem due to P. Erdos: If g(x) is the
number of positive integers m such that o{m) < x, then there is a positive constant ¢
such that g(x) = cx + o(x).

In addition we derive

e=TTI0-1/pA+Ap+ D+ Up+p+ D+ Ap*+p>+p+ 1)+
D

1. INTRODUCTION

In an earlier paper an elementary proof of the following theorem of
P. Erdos is given: If ¢ is the Euler function and f(x) is the number of
positive integers m such that @(m) < x, then there is a positive constant
¢; such that f(x) = ¢,x + o(x). It is the purpose of this paper to give an
elementary proof of a related theorem also due to P. Erdds: If o is the
sum of divisors function and g(x) is the number of positive integers m
such that o(m) < x, then there is a positive constant c, such that
g(x) = ¢yx + o(x). Erdés’ proofs use analytic results of I.J. Schoenberg,
and the above results can also be obtained from the Wiener-Ikehara
Theorem. Our proof given here for o is more difficult than our proof for
¢ because the multiplicity of the prime divisors of an integer m must be
taken into account—something that can be ignored in the case of ¢.

2. NOTATION

Let 4 = {a,)7, be a sequence of positive real numbers >1. For a
positive integer j, define #(4, j) to be the number of integers i such that
a; <j (i.e., the number of elements of A counting multiplicity which are
< j). We denote the i-th prime by p; and p will always be a prime.
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3. THE MAIN RESULT

We begin by remarking that a well-known formula for o is

o) =n [1 1+ 1/p) + -~ + (A/p?).

éln

We define
omy=n [ (L4 (1fp)+ - + (1jpminteR)),

We let #(o.,n) denote the number of positive integers m such that
o,.(m) < n and we define 4A(o, ;) = lim,,., #(o,r,n)/n. As a first step
we show 4(o, ;) exists and calculate its value.

Corresponding to each r-tuple (fy,7%,..,2) With 0 <, <k + 1,
let A= A(t;,..,t,) be the set of those integers m such that pls | m
(G=1,2,.,r) but pit'v+m if t; <k +1 (j=1,2,.,r). For each
me A we have

oram) = m [] (1 + (Upp) + (Upf) + - + (1pbtsseateri=tdy)
i1

where as usual

—1 if x<0
sgn x = 0 if x=0).
i if x>0

An integer m € A satisfies o, ;(m) < nif and only if it satisfies
r
m < a1 QU+ (Up) + - 4 Qpp oty
=1
An easy counting argument then shows that the number of m € 4 with

a,,k(m) <n is

; ﬁ (p; — sgntk + 1 — t))/plit?

i=1

X 371 l:! a+a/p)+ -+ (1/p§;—1+sgn(k+l—n)»—1 + 0p1{+1 . pfﬂ

for some 8 satisfying | 8] < 1.
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Now
((p; — Dlp) + (p; — DIpA + -+ (p; — DIpi™) + (pilp*™?) = 1

and so, summing over all r-tuples (¢, ,..., r,) gives

#(orp,n) =n A(Gr K T 0’ ;- Pfﬂ *
where | 8 | < 1 and

k+1

o)=Y 1 — stk + 1 — 1))pl™

1, bgaeeert,=0 j=1

X (14 (1/p;) + =+ -+ (1fpjrrresnten—tiyy-

k+1

= H Y (1 —pitsgnlk +1— £)/(py + pyt + - 4 priERRAI-N)y

i=1 t).tguues b, =0
We note that

Jlim d(or,0) = [[{0 — 1/p)1 + A/(p + 1))

+ AP +p+ 1)+ AP+ +p+ 1)+ )

Next notice that for any positive integer m, if we have r, > r and
ky = k, then ar, k(m) > o,(m). Thus, for any positive integer x we
have #(o,x, x) > #(or 1, » X)- So, A(o,,.x) < A(o,x)- In addition
o(m) = o, ,(m) for all posmve integers r, k, and m and so

lim sup (#(o, m)/n) < lim sup (#(or.., M)/n)
= l’gl;) (#or, » W)n) = A(oy,2).
Thus lim,_,. sup(#(o, n)/n) < lim, ;.o 4(o7,2)-

We now prove that lim, . inf(#(c, n)/n) > lim, ;. 4(0, ;). For any
positive integers r, k, and m we have

_ L (L + (1p) + = + (1/p)
o(m) = o, (m) D[HIm( > = Hm T i Ty

e>k
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So if o, {(m) < y, we have

L Uy o (L) o 4 (1))
om) <y T1 (1 5+ + o) T (1+(1/p)+--~+(1/p"))'

pelim p‘<llm
p>p r<p,
" e>k

So if a,_4.(m) < nT,, 1., Where

1 1+ A/p) + -+ (Upy)
Tm.r—l.k = H 1—[ ey 1?
pf,‘,lm (1 _}_;2__]_ . ;8) 2’Ilm (1+(1/P)+ +(1/P))
Tt e

then o(m) < n. Now suppose that for n > 1 we have (p,p, - p,)*! <
n < (pLpe - p)E2 If for some integer m, o,y (m) < nT,, ., then m
has fewer than r(k -+ 2) distinct prime divisors and so

1 > Tm.r—l,k > S'r—l,k ’

where
Seax= [I Q4 Qq/p)+ -+ QAP+ A/p) + A/p>) + )
r(k+2)—1

X [[ A/ + Afpd + AfpH + ).

Thus9 #(0’ n) 2 #(G'r—l,k ) nsr—l,k)'
Now for » and k large with log r/log k also large (e.g.,

r = [(log n)(loglog m)~%] and k + 1 = [log n/(log p; + *** + log p,)])

we have
r(k+2)—1 r(k+2) -1
I_T A+ Afp) + Afpd) + ) = g ((p: — D/p))

which is close to 1 by Mertens’ Theorem and Tchebychef’s Theorem
[5; pp. 351, 9). Also

1> [1 @+ A+ + Updd + WUp) + Ap») + )

<D,

= [T =D = ik + 1)

PL Dy

which is close to 1. Thus for r and k large with log r/log k also large we
have that S,_; ; is close to 1.
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Now from (*), where we replace r by r — 1 and n by nS,_;,; , we have
that  #(0,—y.z > nSr—1,2) = NS, 1% A(Ur—l,k) + orp;c+1 e pzrci} ,  Wwhere
|8 < 1.Sincen = (p, - -+ p)¥H, we see that

#(03 n)/n 2 #(Ufr—-l,k ) nSr—‘l,k)/n 2 S’r—l,k A(Ufr~l.k) - (]/p:-h‘H)

Thus, by letting » — oo and by choosing r’s and k’s as above we see that
lirg> inf(#(o, n)/n) = l}icm 4(o, ;). We have now shown that

A(0) = lim (#(o, mfn) = lim A(a,)
=[{a—-1pa +A/p+ D+ AP +p+1)

+ AP+ +p+ D+

But this last product is greater than

[T — 1Up + Afp + D+ Af(p + D + - =[1A — A/p) > 3/5

and so 4(o) is positive (in fact, greater than 3/5) and we are done.

Finally, it is worth observing that the theorem we prove contains only
the weakest error term. Bateman [1], using analytic techniques, has
considerably strengthened the error term for both the ¢-function and the
o-function.
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