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Abstract

Let K be a nonempty compact convex subset of a uniformly convex Banach space, and T : K → P(K ) a multivalued
nonexpansive mapping. We prove that the sequences of Mann and Ishikawa iterates converge to a fixed point of T . This generalizes
former results proved by Sastry and Babu [K.P.R. Sastry, G.V.R. Babu, Convergence of Ishikawa iterates for a multi-valued mapping
with a fixed point, Czechoslovak Math. J. 55 (2005) 817–826]. We also introduce both of the iterative processes in a new sense,
and prove a convergence theorem of Mann iterates for a mapping defined on a noncompact domain.
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1. Introduction

Let K be a nonempty bounded closed convex subset of a Banach space X . A mapping T : K → K is said to be
nonexpansive if

‖T x − T y‖ ≤ ‖x − y‖, for all x, y ∈ K .

It has been shown that if X is uniformly convex then every nonexpansive mapping T : K → K has a fixed point (see
Browder [2], cf. also Kirk [3]). In 1974, Ishikawa [4] introduced a new iteration procedure for approximating fixed
points of pseudo-contractive compact mappings in Hilbert spaces as follows.

xn+1 = αn xn + (1 − αn)T [βn xn + (1 − βn)T xn], n ≥ 0,

where {αn} and {βn} are sequence in [0, 1] satisfying certain restrictions. Note that the normal Mann iteration
procedure [5],

xn+1 = αn xn + (1 − αn)T xn, n ≥ 0,

where {αn} is a sequences in [0, 1], is a special case of the Ishikawa one. For a comparison of the two iterative
processes in the one-dimensional case, we refer the reader to Rhoades [6]. For more details and literature on the
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convergence of Ishikawa and Mann iterates we refer to [7–14]. Recently, Sastry and Babu [1] introduced the analogs of
Mann and Ishikawa iterates for multivalued mappings and proved convergence theorems for nonexpansive mappings
whose domain is a compact convex subset of a Hilbert space. In this paper, we generalize results of Sastry and Babu
to uniformly convex Banach spaces. We also introduce both of the iteration processes in a new sense, and prove a
convergence theorem of Mann iterates for a mapping defined on a noncompact domain.

2. Preliminaries

Let X be a Banach space. A subset K is call proximinal if for each x ∈ X , there exists an element k ∈ K such that

d(x, k) = dist(x, K ) = inf{‖x − y‖ : y ∈ K }.

It is well known that every closed convex subset of a uniformly convex Banach space is proximinal. We shall denote
by P(K ) the family of nonempty bounded proximinal subsets of K . Let H(·, ·) be the Hausdorff distance on P(K ),
i.e.,

H(A, B) = max
{

sup
a∈A

dist(a, B), sup
b∈B

dist(b, A)

}
, A, B ∈ P(K ),

where dist(a, B) = inf{‖a − b‖ : b ∈ B} is the distance from the point a to the set B.
A multivalued mapping T : K → P(K ) is said to be a nonexpansive if

H(T x, T y) ≤ ‖x − y‖ for all x, y ∈ K .

A point x is called a fixed point of T if x ∈ T x . The existence of fixed points for multivalued nonexpansive
mappings in uniformly convex Banach spaces was proved by Lim [15]. From now on, X stands for a uniformly
convex Banach space and F(T ) stands for the fixed point set of a mapping T .

Definition 2.1 ([1]). Let K be a nonempty convex subset of X, T : K → P(K ) a multivalued mapping and fix
p ∈ F(T ).

(A) The sequence of Mann iterates is defined by x0 ∈ K ,

xn+1 = αn xn + (1 − αn)yn, αn ∈ [0, 1], n ≥ 0,

where yn ∈ T xn is such that ‖yn − p‖ = dist(p, T xn).
(B) The sequence of Ishikawa iterates is defined by x0 ∈ K ,

yn = (1 − βn)xn + βnzn, βn ∈ [0, 1], n ≥ 0

where zn ∈ T xn is such that ‖zn − p‖ = dist(p, T xn), and

xn+1 = (1 − αn)xn + αnz′
n, αn ∈ [0, 1]

where z′
n ∈ T yn is such that ‖z′

n − p‖ = dist(p, T yn).

The following lemma can be found in [1]; for completeness we will include the proof.

Lemma 2.2. Let {αn}, {βn} be two real sequences such that
(i) 0 ≤ αn, βn < 1,

(ii) βn → 0 as n → ∞ and
(iii)

∑
αnβn = ∞.

Let {γn} be a nonnegative real sequence such that
∑

αnβn(1 − βn)γn is bounded. Then {γn} has a subsequence
which converges to zero.

Proof. Since limn βn = 0 and
∑

αnβn = ∞, then
∑

αnβn(1 − βn) = ∞. We shall show that lim infn γn = 0.
Suppose not, i.e. that there exists ε > 0 and N ∈ N such that γn > ε for all n ≥ N . This implies

ε

∞∑
n=N

αnβn(1 − βn) ≤

∞∑
n=N

αnβn(1 − βn)γn < ∞,

which is a contradiction, and hence the conclusion follows. �
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The following lemma is a characterization of uniform convexity which can be found in [16].

Lemma 2.3. Let X be a Banach space. Then X is uniformly convex if and only if for any given number ρ > 0, the
square norm ‖ · ‖

2 of X is uniformly convex on Bρ , the closed ball centered at the origin with radius ρ; namely, there
exists a continuous strictly increasing function ϕ : [0, ∞) → [0, ∞) with ϕ(0) = 0 such that

‖αx + (1 − α)y‖
2

≤ α‖x‖
2
+ (1 − α)‖y‖

2
− α(1 − α)ϕ(‖x − y‖),

for all x, y ∈ Bρ, α ∈ [0, 1].

Lemma 2.4 ([7]). Suppose X is a uniformly convex Banach space. Suppose 0 < a < b < 1, and {tn} is a sequence
in [a, b]. Suppose {wn}, {yn} are sequences in X such that ‖wn‖ ≤ 1, ‖yn‖ ≤ 1 for all n. Define {zn} in X by
zn = (1 − tn)wn + tn yn . If limn ‖zn‖ = 1; then limn ‖wn − yn‖ = 0.

3. Main results

The following theorem is a generalization of Theorem 5 in [1].

Theorem 3.1. Let K be a nonempty compact convex subset of a uniformly convex Banach space X. Suppose that a
nonexpansive map T : K → P(K ) has a fixed point p. Let {xn} be the sequence of Ishikawa iterates defined by (B).
Assume that

(i) 0 ≤ αn, βn < 1,
(ii) βn → 0 and

(iii)
∑

αnβn = ∞. Then the sequence {xn} converges to a fixed point of T .

Proof. By using Lemma 2.3, we have

(1)

‖xn+1 − p‖
2

= ‖(1 − αn)xn + αnz′
n − p‖

2

≤ (1 − αn)‖xn − p‖
2
+ αn‖z′

n − p‖
2
− αn(1 − αn)ϕ(‖xn − z′

n‖)

≤ (1 − αn)‖xn − p‖
2
+ αn H2(T yn, T p) − αn(1 − αn)ϕ(‖xn − z′

n‖)

≤ (1 − αn)‖xn − p‖
2
+ αn‖yn − p‖

2
− αn(1 − αn)ϕ(‖xn − z′

n‖),

(2)

‖yn − p‖
2

= ‖(1 − βn)xn + βnzn − p‖
2

≤ (1 − βn)‖xn − p‖
2
+ βn‖zn − p‖

2
− βn(1 − βn)ϕ(‖xn − zn‖)

≤ (1 − βn)‖xn − p‖
2
+ βn H2(T xn, T p) − βn(1 − βn)ϕ(‖xn − zn‖)

≤ (1 − βn)‖xn − p‖
2
+ βn‖xn − p‖

2
− βn(1 − βn)ϕ(‖xn − zn‖)

= ‖xn − p‖
2
− βn(1 − βn)ϕ(‖xn − zn‖).

From (1) and (2), we get
(3)

‖xn+1 − p‖
2

≤ ‖xn − p‖
2
− αnβn(1 − βn)ϕ(‖xn − zn‖).

Therefore

αnβn(1 − βn)ϕ(‖xn − zn‖) ≤ ‖xn − p‖
2
− ‖xn+1 − p‖

2.

This implies
∞∑

n=1

αnβn(1 − βn)ϕ(‖xn − zn‖) ≤ ‖x1 − p‖
2 < ∞.
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Hence by Lemma 2.2, there exists a subsequence {xnk − znk } of {xn − zn} such that ϕ(‖xnk − znk ‖) → 0 as k → ∞

and hence ‖xnk − znk ‖ → 0, by the continuity and strictly increasing nature of ϕ. By the compactness of K , we may
assume that xnk → q for some q ∈ K . Thus

dist(q, T q) ≤ ‖q − xnk ‖ + dist(xnk , T xnk ) + H(T xnk , T q)

≤ ‖q − xnk ‖ + ‖xnk − znk ‖ + ‖xnk − q‖ → 0 as k → ∞.

Hence, q is a fixed point of T . Now on taking q in place of p, we get that {‖xn − q‖} is a decreasing sequence by
(3). Since ‖xnk − q‖ → 0 as k → ∞, it follows that {‖xn − q‖} decreases to 0, so that the conclusion of the theorem
follows. �

The following theorem is a generalization of Theorem 6 in [1]. Since the idea is similar to the one given in
Theorem 3.1, we just only state the result without the proof.

Theorem 3.2. Let K be a nonempty compact convex subset of a uniformly convex Banach space X. Suppose that a
nonexpansive map T : K → P(K ) has a fixed point p. Let {xn} be the sequence of Mann iterates defined by (A).
Assume that

(i) 0 ≤ αn < 1 and
(ii)

∑
αn = ∞. Then the sequence {xn} converges to a fixed point of T .

Remark 3.3. In Theorem 3.1 (also Theorem 3.2), the compactness assumption is quite strong, since it is easy to find a
sequence in the domain which converges to a fixed point of the mapping. Next, we are going to present a convergence
theorem without a compactness assumption. To succeed in this aim, we define the Mann and Ishikawa iterates in a
new sense, which is a slightly modification from the one given in Definition 2.1.

Definition 3.4. Let K be a nonempty convex subset of a uniformly convex Banach space X, T : K → P(K ), and
suppose that F(T ) is a nonempty proximinal subset of K .

(C) The sequence of Mann iterates is defined by x0 ∈ K ,

xn+1 = αn xn + (1 − αn)yn, αn ∈ [a, b], 0 < a < b < 1, n ≥ 0,

where yn ∈ T xn is such that ‖yn − un‖ = dist(un, T xn), and un ∈ F(T ) such that ‖xn − un‖ = dist(xn, F(T )).
(D) The sequence of Ishikawa iterates is defined by x0 ∈ K ,

yn = (1 − βn)xn + βnzn, βn ∈ [a, b], 0 < a < b < 1, n ≥ 0,

where zn ∈ T xn is such that ‖zn − un‖ = dist(un, T xn), and un ∈ F(T ) such that ‖xn − un‖ = dist(xn, F(T )), and

xn+1 = (1 − αn)xn + αnz′
n, αn ∈ [a, b],

where z′
n ∈ T yn is such that ‖z′

n − vn‖ = dist(vn, T yn), and vn ∈ F(T ) such that ‖yn − vn‖ = dist(yn, F(T )).

Remark 3.5. Convergence of {xn} depends on the choice of initial point x0, and sequences {un} and {yn}. For example,
Let K = [0, 1] and define a nonexpansive map T on K by T x = {0, 1} for all x ∈ K . Then the sequence of Mann
iterates defined by (C) (and also the sequence of Ishikawa iterates defined by (D)) converges to 0 if x0 < 1

2 and
converges to 1 if x0 > 1

2 . In the case of x0 =
1
2 , the convergence of {xn} depends on the choice of u0.

The following definition was introduced by Senter and Dotson [17].

Definition 3.6. A multivalued mapping T : K → P(K ) is said to satisfy Condition I if there is a nondecreasing
function f : [0, ∞) → [0, ∞) with f (0) = 0, f (r) > 0 for r ∈ (0, ∞) such that

dist(x, T x) ≥ f (dist(x, F(T ))) for all x ∈ K .

The following result gives many examples of mappings that satisfy Condition I. We omit the proof because it is
similar to the one given in [17, Lemma 1].
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Proposition 3.7. Let K be a bounded closed subset of a Banach space X. Suppose that a nonexpansive map
T : K → P(K ) has a nonempty fixed point set. If I − T is closed, then T satisfies Condition I on K .

The following theorem is a multivalued version of Theorem 1 in [17]. We may observe that the result can be
extended to a slightly more general formulation of a quasi-nonexpansive mapping.

Theorem 3.8. Let K be a bounded closed convex subset of a uniformly convex Banach space, X, T : K → P(K ) a
nonexpansive mapping that satisfies Condition I, and suppose that F(T ) is a nonempty proximinal subset of K . Then
the sequence of Mann iterates defined by (C) converges to a fixed point of T .

Proof. By the nonexpansiveness of T , for each n ∈ N we have

(4) ‖xn+1 − un‖ = ‖αn xn + (1 − αn)yn − un‖

≤ αn‖xn − un‖ + (1 − αn)‖yn − un‖

≤ αn‖xn − un‖ + (1 − αn)H(T xn, T un)

≤ ‖xn − un‖

= dist(xn, F(T )).

This implies

dist(xn+1, F(T )) ≤ dist(xn, F(T )).

The sequence {dist(xn, F(T ))} is decreasing and bounded below, so limn dist(xn, F(T )) exists. We shall show that
the limit is equal to zero. Suppose limn dist(xn, F(T )) = b > 0. By (4), we get

(5) ‖xn+1 − un+1‖ = dist(xn+1, F(T ))

≤ ‖xn+1 − un‖

≤ ‖xn − un‖.

Again limn ‖xn − un‖ exists, say b′. For each n ∈ N, let an =
yn−un

‖xn−un‖
and bn =

xn−un
‖xn−un‖

. Then the sequences {an}

and {bn} are in the unit ball of X . For n large enough, we have ‖xn − un‖ ≤ 2b′. This implies that

‖bn − an‖ =
‖xn − yn‖

‖xn − un‖

≥
dist(xn, T xn)

‖xn − un‖

≥
f (dist(xn, F(T )))

‖xn − un‖

≥
f (b/2)

2b′
> 0 for all large n.

Therefore lim infn ‖bn − an‖ > 0. On the other hand, since ‖xn+1 − un‖ ≤ ‖xn − un‖ for all n ∈ N, we have
lim supn ‖xn+1 − un‖ ≤ b′, and by (5) b′

≤ lim infn ‖xn+1 − un‖. This implies limn ‖xn+1 − un‖ = b′. Now,

lim
n→∞

‖(1 − αn)bn + αnan‖ = lim
n→∞

‖xn+1 − un‖

‖xn − un‖
=

b′

b′
= 1,

by Lemma 2.4, limn ‖bn − an‖ = 0 a contradiction, and hence

lim
n→∞

dist(xn, F(T )) = 0.

The proof of the remaining part closely follows the proof of Theorem 2 of [17]. For the convenience of the reader, we
include the details.

Since limn dist(xn, F(T )) = 0, given ε > 0 there exists Nε > 0 and zε ∈ F(T ) such that ‖xNε − zε‖ < ε, which
implies ‖xn − zε‖ < ε for all n ≥ Nε. Thus, if εk = 1/2k for k ∈ N, then corresponding to each εk there is an Nk > 0
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and a zk ∈ F(T ) such that ‖xn − zk‖ ≤ εk/4 for all n ≥ Nk . We require Nk+1 ≥ Nk for all k ∈ N. We have, for all
k ∈ N,

‖zk − zk+1‖ = ‖zk − xNk+1 + xNk+1 − zk+1‖ < εk/4 + εk+1/4 = 3εk+1/4.

Let S(z, ε) = {x ∈ X : ‖x − z‖ ≤ ε}. For x ∈ S(zk+1, εk+1) we have

‖zk − x‖ = ‖zk − zk+1 + zk+1 − x‖ < 3εk+1/4 + εk+1 < 2εk+1 = εk .

That is, S(zk+1, εk+1) ⊂ S(zk, εk) for k ∈ N. Thus, S(zk, εk) is a decreasing sequence of nonempty bounded closed
subsets of X . By the Cantor intersection theorem,

⋂
k∈N S(zk, εk) 6= ∅. Let p be any point in the intersection; then

‖zk − p‖ ≤ εk → 0 as k → ∞. It is easy to see that F(T ) is a closed subset of K . Then p ∈ F(T ). Since
‖xn − zk‖ < εk/4 for all n ≥ Nk , we have xn → p as n → ∞. �

By applying Proposition 3.7 and Theorem 3.8, we obtain the following

Corollary 3.9. Let K be a bounded closed convex subset of a uniformly convex Banach space X, and T : K → P(K )

be a nonexpansive mapping. Suppose F(T ) is a nonempty proximinal subset of K and I − T is closed. Then the
sequence of Mann iterates defined by (C) converges to a fixed point of T .

Finally, we conclude with some fundamental questions as follows.

Question 1. Is Theorem 3.8 true for the Mann iterates defined by (A)?

Question 2. Is Theorem 3.8 true for the Ishikawa iterates defined by (B) and/or (D)?
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