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In this paper we continue the study of multiparameter spectral theory com-
menced in our earlier paper of the same title. Here we relax the condition that
the weight operator 4, be strictly bounded away from zero. The case in which 4,
has 0 as a point of its continuous spectrum is discussed and a generalized
eigenvector expansion and Parseval equality are obtained.

1. INTRODUCTION

In this paper we continue our study of multiparameter spectral theory. Our
earlier works [2, 3] contain references to the recent literature on multiparameter
problems both in the abstract setting and in the case of linked systems of ordinary
differential equations.

We introduce some notation. Let H, ,..., H, be separable Hilbert spaces and
H = ®7:=1 H_ be their tensor product. In each space H, assume we have
operators T, , V., s = 1,..., k such that

1) T,,V,:H.— H, are Hermitian (i.e., self-adjoint and continuous),
)

(i1) for any choice of f,e H,., f, # 0, r = 1,..., k we have

det{(V,sfy s fi)e} > 0, (1)

where (¢, -), denotes the inner product in H, .

Each of these operators induces an operator on the space H. The induced
operators are denoted by T,', V}, . For a decomposabletensor V! f=f ® - ®
[ra®V,fs Rfraa ® - ® f - V1, is then extended to the whole space H
by continuity and linearity. 7,' is defined similarly.
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On H we define operators 4 , 4, ,..., 4, by means of the formal determinantal
expansion

L - T
k Tt yt ...yt
1 11 1k
Yod =T T8 »
=0 + T
T, Vi' - Vi
where ag,..., a; are arbitrary complex numbers. This method of defining

operators on a tensor product space is by now a standard technique in multi-
parameter theory (see, e.g., [2, 3]). The operators 4, ,..., 4, are Hermitian on H
and in view of our definiteness condition (1) we have (4,f, f) > 0 for all fe H.
In {2, 3] we assumed (d4,f, f) = u(f, f) for all fe H where u > 0. It is our
intent here to investigate the case in which 4, has 0 as a point of its continuous
spectrum. We achieve this by proposing the following:

AsSUMPTION.  There exist spectral measures P,(M,) defined for M, € B (the
bounded Borel sets in R) and having values in the set of orthogonal projections on H,
such that

() VoPAM)=P M)V, T,P(M)H,CPM)H,, r,s =1, k,

(i) of M =M, X - X M, where each M, is a bounded Borel subset of
R and if P(M) = P'(M,) --- P,}(M,), then

(4o P(M) f, P(M) f) = w(M) (P(M) f, P(M)f),  forall fe H,

where u(M) > 0 and p(M)— 0 as M — R*.

As an example of this situation let H, = L*0, o) (Lebesgue measure) and
suppose we have real-valued bounded continuous functions a,(x,), 0 < x, < oo,
r,s =1,.., &k with | 4| (x) = det{a,(x,)} >0 for x&[0, o©) x -~ % [0, o©)
(k factors). Suppose also that | 4} (x)— 0 as || x||— oo. Then if we set
(Visfr) (2,) = a,(%,) f,(x,) our initial assumptions are satisfied. In this case
(dof) (x) = | A | (x) f(x) and the operator 4, has 0 as a point of its continuous
spectrum. For the spectral measures P, we take P (M) f, = X, fr . The opera-
tors T, may then be chosen arbitrarily subject to condition (i) of the
assumption.

The bilinear form [ f, g] = (4,/, £) is an inner product on H under which H
is not complete. H* denotes the completion of H with respect to [+, -]. The
customary notation T* denotes the adjoint with respect to (-, ) of an operator T’
densely defined in H. T#* denotes the [-, -] adjoint of an operator T' densely
defined in H”. The norm in H" is written || - ]!| .
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2. CoMMUTING SELF-ADJOINT OPERATORS

Lemma 1. 4, H— H has a unique [-, -|-Hermitian extension 4,: H~ — H".

Proof. Let fe H. Then

[4of, 4of] = (4%, 4of) = (437, 437f)
< 4o {? (A5, 437%F) = [ 4o P L, £1-

This establishes that 4, has a [, -] continuous extension to H*. The Hermiticity
of the extension is trivial. Note that the spectrum of 4, is a subset of the non-
negative real axis so that the fractional powers of 4, used above are well defined.

Lemva 2. P(M): H-—~>H has a unique [, ]-Hermitian extension P(M):
H~— H".

Proof. Notice that P(M) commutes with 4, on H and so commutes with
functions of 4, . Let fe H. Then

[P(M)f, P(M) f] = (A,P(M)f, P(M)f) = (43"P(M) f, 45"°P(M) )
= (P(M) &"f, P(M) 457f)
< || P(M)P £, 1],

showing that P(M) has an extension to H~—in fact, of the same norm. Hermi-
ticity of the extension is trivial.
Lemma 3. limy,ge P(M) =1 in the strong [, -1-operator topology.
Proof. Let fe H" and € > 0. Select g€ H such that || f — g]|| < e. Then
I M) f —fll < I PM)f — P(M) gl + 1l P(M)g —glll + 1l & — £l
S22+ 4ol P(M) g — gl
— 2¢ as M — RE
LemMma 4. (i) P(M)H~CH; (ii)) 4,H~ C H.
Proof. (i) Letfe H” and select a sequence f, € H such that||| f — £, }l| = O.
Then P(M)}f, — P(M)f in H*. Now

1 P(M) fo — PM) [ llF = (AP M) (fo — fuds PM) (fu — f))
= (M) (P(M) (fn = fuds M) (fo — S))-

This shows that P(M)f, is an H-Cauchy sequence and so has an H-limit. It
now follows that this limit must coincide with P(M)f, and thus, P(M)fe H.
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(i) Let fe H~ Then H — limy,g: 4,P(M) f = 4,f. Also

1 4o(P(M) — P(N)f|? = (4(P(M) — P(N)) f, 4(P(M) — P(N)) f)
<1l 4| [(P(M) — P(NY) f, (P(M) — P(N)) £
Thus 4,P(M) f is an H-Cauchy sequence and so 4,f € H.
Note that 43%: 9(4;") C H — H” exists as a densely defined operator since 0
is a point of the continuous spectrum of 4, . Further, by our assumption we see

that for fe H*, 4,P(M) fe P(M) H C 2(4;"). This leads us to define operators
Iy ,.., I} as follows:

() @I, ={fe H* | 4;"4,P(M) f has a [-, -] limit as M — R¥};
(@) for fe DT, Tuf = [, ] limyr.ge 45" 4 P(M)S.

As in our earlier works [2, 3], it is the operators Iy which form the basis of
the multiparameter spectral theory.

Tueorem 1. The operators I'y, s = l,..,k are [, -]-self-adjoint, i.e.,
I'#="T;.

Proof. Let f,ge D(T). Then
[T/, 8 = lim, (4.P(M) 1, P(M) )
~ lim, (PO, 4,P(M)g)
— lim, (4,P(M), 45'4,P(M) g)
!

This shows that I' is [+, -]-symmetric. Now let g € 2(I';*). Then for any fe H,
P(M) fe 2(Iy), so that

[IP(M)f, g] = [P(M)f, T'7g],
(4.P(M)f, P(M) g) = (4,P(M) f, P(M) I'7g),
(f, 4.P(M) g) = (f, 4P(M) I'7g).
This holds for all fe H and all M. Thus we have
4,P(M)g — 4,P(M) T'7g,
4.'4,P(M)yg = P(M) I'*g.

Hence [, ‘]-limyy gz 45" 4,P(M) g = I';*g showing that g€ D(I;) and so the
result is established.
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Commutativity of unbounded self-adjoint operators is defined [5, p. 261] via
commutativity of their spectral measures. Using the fact that I, is the strong
limit of the operators dg4,P(M) and an argument using Rellich’s theorem
[6, p. 369] much as in the proof of [3, Theorem 2], we need only establish the
commutativity of the operators dg'd,P(M). To this end we may concentrate
on the subspace P(M) H, for the operators in question vanish on its ortho-

complement. Consider the multiparameter array of operators acting on
P(M)H = ®7:=1 Pr(Mr) Hr »

Note that our assumption guarantees that these operators carry P(M) H into
P(M)H. On P(M) H, 4, is strictly positive definite, so we may appeal to the
theory of [2, Theorem 2] which shows that 4;4,P(M) are pairwise commuta-
tive. We should point out that the need for the solvability condition used in
[2, p. 251, Section preceding Theorem 2] has recently been removed by
Kiillstrom and Sleeman [4]. Accordingly, we may now claim

THEOREM 2. The operators I'y, s = 1, 2,..., k are pairwise commutative.

3. MULTIPARAMETER SPECTRAL THEORY

In previous works on multiparameter theory, an eigenvalue A = (A ,..., A;)
and eigenvector f = f; ® - Q) f; € H were defined as a k-tuple of (necessarily)
real numbers and a decomposable vector 0 = fe H such that

k
Trfr + Z ’\sVrsfr = 0, r = 1,..., k.
8=1
We adopt the same terminology and now claim

THEOREM 3. Let Ae R* and f=f, ® * @ f; be an eigenvalue and corre-
sponding eigenvector. Then fe (1), s = 1,2,... k and I';f = A,f.

Progf. Appealing again to our earlier work [2], we claim

TP(M) + Y, ViAs4,P(M) =,

8=1

Then we have for the eigenvalue A and eigenvector f,

T'P(M)f — T, + f ViATUP(M)— A f=0, r=1,2,.,k

8=1
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We note that T,)P(M)f — T,'f— 0 as M — R* in H (and also in H*}). Thus
11m Z Vi(45M4,P(M) = ADf =0

in H. Now it follows that 4,P(M) f— A4, fin H and so 4, f = M4, f, 4574, f =

A, f and the result is established. We have used here the fact that if 4,,, denotes
the cofactor of V', in the expansion of 4, then ZT_ Ao Vi =4, if t =5, 0 if
t % 3; see [1, Theorem 6.4.1, p. 106].

The upshot of the theorem is that an eigenvalue and decomposable eigenvector
correspond to a simultaneous eigenvector for the operators I7,..., I, . The
possibility remains for 17 ,..., I}, to have a simultaneous eigenvector f not of the
form f =, @ @ fec H.

The generalized eigenvector expansion and Parseval equality for vectors
feH” is now a ready consequence of the theory of several commuting self-
adjoint operators (see [5, pp. 270-285]) used in our previous discussion of multi-
parameter spectral theory [3, Sect. 4]. The arguments are similar and we leave
the reader to supply details. Accordingly, we conclude this section with

THEOREM 4. There is a spectral measure E(M) defined on the Borel subsets of
R*, vanishing outside the Cartesian product of the spectra of the operators I'y ,..., I,
taking values in the set of orthogonal projections on H” and such that for f € H"

() LAS] = Jue [E@) £, f],
(i) f= Ju E(dV)S,

this integral converging in the norm of H".
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