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a b s t r a c t

A unification (and generalization) of various Apostol type polynomials was introduced
and investigated recently by Luo and Srivastava [Q.-M. Luo, H.M. Srivastava, Some
generalizations of the Apostol–Genocchi polynomials and the Stirling numbers of the
second kind, Appl. Math. Comput. 217 (2011) 5702–5728]. In this paper, we prove
several symmetry identities for these generalized Apostol type polynomials by using their
generating functions. As special cases and consequences of our results, we obtain the
corresponding symmetry identities for the Apostol–Euler polynomials of higher order, the
Apostol–Bernoulli polynomials of higher order and the Apostol–Genocchi polynomials of
higher order, and also for another family of generalized Apostol type polynomials which
were investigated systematically by Ozden et al. [H. Ozden, Y. Simsek, H.M. Srivastava,
A unified presentation of the generating functions of the generalized Bernoulli, Euler and
Genocchi polynomials, Comput. Math. Appl. 60 (2010) 2779–2787]. We also derive several
relations between the Apostol type polynomials, the generalized sum of integer powers
and the generalized alternating sum. It is shown how each of these results would extend
the corresponding known identities.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction, definitions and motivation

The classical Bernoulli polynomials Bn(x), the classical Euler polynomials En(x) and the classical Genocchi polynomials
Gn(x), togetherwith their familiar generalizations B(α)

n (x), E(α)
n (x) andG(α)

n (x) of (real or complex) orderα, are usually defined
by means of the following generating functions (see, for details, [1, pp. 532–533] and [2, p. 61 et seq.]; see also [3] and the
references cited in each of these earlier references):
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so that, obviously, the classical Bernoulli polynomials Bn(x), the classical Euler polynomials En(x) and the classical Genocchi
polynomials Gn(x) are given, respectively, by

Bn(x) := B(1)
n (x), En(x) := E(1)

n (x) and Gn(x) := G(1)
n (x) (n ∈ N0 := N ∪ {0}; N := {1, 2, 3, . . .}). (4)

For the classical Bernoulli numbers Bn of order n, the classical Euler numbers En of order n and the classical Genocchi numbers
Gn of order n, we have

Bn := Bn(0) = B(1)
n (0), En := En(0) = E(1)

n (0) and Gn := Gn(0) = G(1)
n (0), (5)

respectively.
Some interesting analogues of the classical Bernoulli polynomials and numbers were first investigated by Apostol

(see [4, p. 165, Eq. (3.1)]) and (more recently) by Srivastava (see [5, pp. 83–84]). We begin by recalling here Apostol’s
definitions as follows.

Definition 1 (Apostol [4]; See also [5]). The Apostol–Bernoulli polynomials Bn(x; λ)(λ ∈ C) are defined by means of the
following generating function:

zexz

λez − 1
=

∞−
n=0

Bn(x; λ)
zn

n!
(|z| < 2π when λ = 1; |z| < | log λ| when λ ≠ 1) (6)

with, of course,

Bn(x) = Bn(x; 1) and Bn(λ) := Bn(0; λ), (7)

where Bn(λ) denotes the so-called Apostol–Bernoulli numbers.

Subsequently, Luo and Srivastava [6] further extended the Apostol–Bernoulli polynomials as the Apostol–Bernoulli
polynomials of order α defined below.

Definition 2 (Luo and Srivastava [6]). The Apostol–Bernoulli polynomials B
(α)
n (x; λ) (λ ∈ C) of (real or complex) order α

are defined by means of the following generating function:
z

λez − 1

α

· exz =

∞−
n=0

B(α)
n (x; λ)

zn

n!
(|z| < 2π when λ = 1; |z| < | log λ| when λ ≠ 1; 1α

:= 1) (8)

with, of course,

B(α)
n (x) = B(α)

n (x; 1) and B(α)
n (λ) := B(α)

n (0; λ), (9)

where B
(α)
n (λ) denotes the Apostol–Bernoulli numbers of order α.

On the other hand, Luo [7] gave an analogous extension of the generalized Euler polynomials as the Apostol–Euler
polynomials of order α defined as follows.

Definition 3 (Luo [7]). The Apostol–Euler polynomials E
(α)
n (x; λ) (λ ∈ C) of (real or complex) order α are defined by means

of the following generating function:
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with, of course,

E(α)
n (x) = E (α)

n (x; 1) and E (α)
n (λ) := E (α)

n (0; λ), (11)

where E
(α)
n (λ) denotes the Apostol–Euler numbers of order α.

On the subject of the Genocchi polynomials Gn(x) and their various extensions, a remarkably large number of
investigations have appeared in the literature (see, for example, [8–18]). Moreover, Luo (see [15–17]) introduced and
investigated the Apostol–Genocchi polynomials of (real or complex) order α, which are defined as follows.

Definition 4. The Apostol–Genocchi polynomials G
(α)
n (x; λ) (λ ∈ C) of (real or complex) order α are defined by means of

the following generating function:
2z
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with, of course,

G(α)
n (x) = G(α)

n (x; 1) and G(α)
n (λ) := G(α)

n (0; λ) (13)
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and

Gn(x; λ) := G(1)
n (x; λ) and Gn(λ) := G(1)

n (λ), (14)

whereGn(λ), G
(α)
n (λ) andGn(x; λ) denote the so-called Apostol–Genocchi numbers, the Apostol–Genocchi numbers of order

α and the Apostol–Genocchi polynomials, respectively.

Ozden et al. [19] investigated the following unification (and generalization) of the generating functions of the three
families of Apostol type polynomials (see also [20, p. 5726, Eq. (170)]):

21−κzκexz

βbez − ab
=

∞−
n=0

Yn,β(x; κ, a, b)
zn

n!
|z| < 2π when β = a; |z| <

b logβ

a

 when β ≠ a; 1α
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
. (15)

Subsequently, Luo and Srivastava [20] introduced the following unification (and generalization) of the above-mentioned
three families of the generalized Apostol type polynomials.

Definition 5 (Luo and Srivastava [20, p. 5726, Definition 6]). The generalized Apostol type polynomials F
(α)
n (x; λ; u, v) of

(real or complex) order α are defined by means of the following generating function:
2uzv

λez + 1

α

· exz =

∞−
n=0

F (α)
n (x; λ; u, v)

zn

n!
|z| < | log(−λ)|; α, λ, u, v ∈ C; 1α

:= 1


, (16)

so that, by comparing Definition 5 with Definitions 2 to 4, we have

B(α)
n (x; λ) = (−1)αF (α)

n (x; −λ; 0, 1), (17)

E (α)
n (x; λ) = F (α)

n (x; λ; 1, 0) (18)

and

G(α)
n (x; λ) = F (α)

n (x; λ; 1, 1), (19)

respectively.

Thus, if we compare the generating functions (15) and (16), we readily find that

Yn,β(x; κ, a, b) = −
1
ab

F (1)
n


x; −


β

a

b

; 1 − κ; κ


. (20)

For each k ∈ N0, Sk(n) defined by

Sk(n) =

n−1−
j=0

jk (k ∈ N0; n ∈ N)

is called sum of integer powers (or, simply, the power sum). The exponential generating function for Sk(n) is given by [21]

∞−
k=0

Sk(n)
tk

k!
= 1 + et + e2t + · · · + e(n−1)t

=
ent − 1
et − 1

. (21)

We now define the generalized sum of integer powers as follows.

Definition 6. For any arbitrary real or complex parameter λ, the generalized sum of integer powers Sk(n; λ) is defined by
the following generating function:

∞−
k=0

Sk(n; λ)
tk

k!
=

λent − 1
λet − 1

. (22)
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By comparing the generating function (22) of Definition 6 with the generating function in (21), it is easily seen that

Sk(n; 1) = Sk(n) (k ∈ N0; n ∈ N).

For k ∈ N0 and n ∈ N, Tk(n) defined by

Tk(n) =

n−1−
k=0

(−1)knk (k ∈ N0; n ∈ N)

is called the alternating sum. The exponential generating function for Tk(n) is given by

∞−
k=0

Tk(n)
tk

k!
=

1 − (−1)nent

1 + et
. (23)

A generalized alternating sum of order α is now defined as follows.

Definition 7. For any arbitrary real or complex parameter λ, the generalized alternating sum of order αT
(α)
k (n; λ) is defined

by the following generating function:

∞−
k=0

T
(α)
k (n; λ)

tk

k!
=


1 − λ(−1)nent

1 + λet

α

. (24)

It is easily observed from the generating functions (23) and (24) that

T
(1)
k (n; 1) = Tk(n) (k ∈ N0; n ∈ N).

In recent years, several authors obtained many interesting results involving various other relatives of the Bernoulli
polynomials and Euler polynomials [22–26,19,5,27,18,28–30]. In this paper,we obtain a number of series identities involving
the generalized Apostol type and related polynomials. In Section 2, we prove several symmetry identities for the generalized
Apostol type polynomials by using themethod of generating functions. In Section 3, we obtain relations between the Apostol
type polynomials, the generalized sum of integer powers and the generalized alternating sum. The various results presented
in this paper would extend the corresponding known identities (see, for example, [24,28–30]).

2. Symmetry identities for the generalized Apostol type polynomials

In this section,we prove several symmetry identities for the generalized Apostol type polynomials by using themethod of
generating functions. As special cases, we obtain the corresponding symmetry identities for the generalized Apostol–Euler
polynomials, the generalized Apostol–Bernoulli polynomials, Apostol–Genocchi polynomials of higher order and another
family of generalized Apostol type polynomials defined by the generating function (15). These results provide extensions of
some known identities (see, for details, [24,28–30]).

Theorem 1. For m ∈ N0, a, b ∈ N, λ ∈ C and α = 1, if a and b have the same parity, then the following identity holds true:
m−

k=0

m
k


akbvα+m−kF

(α)
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(α)
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
. (25)

Proof. Let the function f (t) be given by

f (t) =
tvα


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. (26)

We first use (16) and (24) to expand the function f (t) as follows:
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=
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
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m!
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

=
1
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
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
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m!
. (27)
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We now observe that, if a and b have the same parity, then the function f (t) given by (26) is symmetric in a and b. Therefore,
we may also expand f (t) as follows:

f (t) =
1

(2ubv)α

∞−
m=0


m−

k=0

m
k


bkam−kF

(α)
k (ax; λ; u; v)T

(α)
m−k(b; λ)


tm

m!
. (28)

Equating the coefficients of tm
m!

on the right-hand sides of the last two Eqs. (27) and (28), we get the identity (25) asserted
by Theorem 1. �

Upon setting

λ → −λ, u = 0 and v = 1

in Theorem 1, if we multiply both sides of the resulting equation by (−1)α , we obtain the following corollary.

Corollary 1. For m ∈ N0, a, b ∈ N, λ ∈ C and α = 1, if a and b have the same parity, then the following identity holds true:
m−

k=0

m
k


akbα+m−kB

(α)
k (bx; λ)T

(α)
m−k(a; −λ) =
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k
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(α)
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(α)
m−k(b; −λ)


m ∈ N0; a, b ∈ N; λ ∈ C; α = 1


. (29)

In its special case when u − 1 = v = 0, Theorem 1 yields the following result.

Corollary 2. For m ∈ N0, a, b ∈ N, λ ∈ C and α = 1, if a and b have the same parity, then the following identity holds true:
m−

k=0

m
k


akbm−kE

(α)
k (bx; λ)T

(α)
m−k(a; λ) =

m−
k=0

m
k


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(α)
k (ax; λ)T

(α)
m−k(b; λ)


m ∈ N0; a, b ∈ N; λ ∈ C; α = 1


. (30)

For α = λ = 1 in (30), we get the following known result.

Corollary 3 (See [29, Theorem 2.2, Eq. (18)]). For m ∈ N0 and a, b ∈ N, if a and b have the same parity, then the following
identity holds true:

m−
k=0

m
k


akbm−kEk(bx)Tm−k(a) =

m−
k=0

m
k


bkam−kEk(ax)Tm−k(b)


m ∈ N0; a, b ∈ N


. (31)

By setting u = v = 1 in Theorem 1, we are led to the following identity.

Corollary 4. For m ∈ N0, a, b ∈ N, λ ∈ C and α = 1, if a and b have the same parity, then the following identity holds true:
m−

k=0

m
k


akbα+m−kG

(α)
k (bx; λ)T

(α)
m−k(a; λ) =

m−
k=0

m
k


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(α)
k (ax; λ)T

(α)
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
m ∈ N0; a, b ∈ N; λ ∈ C; α = 1


. (32)

A special case of the identity (32) when x = 0 yields the following result.

Corollary 5. For m ∈ N0, a, b ∈ N, λ ∈ C and α = 1, if a and b have the same parity, then the following identity holds true:
m−

k=0

m
k


akbα+m−kG

(α)
k (λ)T

(α)
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k
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
. (33)

By setting α = λ = 1 in (33), we obtain the following known identity.
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Corollary 6 (See [29, Theorem 3.1,Eq. (22)]). For m ∈ N0 and a, b ∈ N, if a and b have the same parity, then the following
identity holds true:

m−
k=0

m
k


akbm−k+1GkTm−k(a) =

m−
k=0

m
k


bkam−k+1GkTm−k(b)


m ∈ N0; a, b ∈ N


. (34)

Finally, in Theorem 1, if we first set

α = 1, λ = −


β

c

d

, u = 1 − κ and v = κ

and then multiply both sides of the resulting equation by −
1
cd
, we are led to the following corollary.

Corollary 7. For m ∈ N0, a, b ∈ N, c, d ∈ C \ {0} and κ, β ∈ C, if a and b have the same parity, then the following identity
holds true:

m−
k=0

m
k


ak−mYk,β(bx; κ, c, d)Tm−k


a; −


β

c

d


=

m−
k=0

m
k


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
β

c

d



m ∈ N0; a, b ∈ N; c, d ∈ C \ {0}; κ, β ∈ C


. (35)

Our next main result is asserted by Theorem 2.

Theorem 2. For m ∈ N0, a, b ∈ N, λ ∈ C and α = 1, if a and b have the same parity, then the following identity holds
true:

m−
k=0

m
k

 a−1−
ℓ=0

b−1−
j=0

(−λ)ℓ+jakbm−kF
(α)
k


bx +

b
a
ℓ + j; λ; u; v


F

(α)
m−k(ay; λ; u; v)

=

m−
k=0

m
k

 b−1−
i=0
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j=0

(−λ)ℓ+jbkam−kF
(α)
k


ax +

a
b
ℓ + j; λ; u; v


F

(α)
m−k(by; λ; u; v)


m ∈ N0; a, b ∈ N; λ ∈ C; α = 1


. (36)

Proof. Let the function g(t) be given by

g(t) =
t2vαeabxteabyt


1 − (−λebt)a

 
1 − (−λeat)b


(λeat + 1)α+1(λebt + 1)α+1

, (37)

which, in view of (16), can be expanded as follows:

g(t) =
1

22uavbv
α  2u(at)v

λeat + 1

α

eabxt

1 − (−λebt)a

λebt + 1
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1 − (−λeat)b

λeat + 1


2u(bt)v

λebt + 1

α
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=
1

22uavbv
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λeat + 1

α
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(−λ)ℓebtℓ


b−1−
j=0

(−λ)jeatj


2u(bt)v
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α

eabyt

=
1

22uavbv
α


a−1−
ℓ=0

b−1−
j=0

(−λ)ℓ+j


2u(at)v

λeat + 1

α

e

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a ℓ+j

at


2u(bt)v
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α

eabyt

=
1

22uavbv
α


a−1−
ℓ=0

b−1−
j=0

(−λ)ℓ+j
∞−

m=0

F (α)
m


bx +

b
a
ℓ + j; λ; u; v


(at)m

m!


∞−

m=0

F (α)
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(bt)m
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
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α ∞−
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
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b
a
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
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Since a and b have the same parity, the function g(t) given by (37) is symmetric in a and b. Consequently, we may also
expand g(t) as follows:

g(t) =
1

22uavbv
α ∞−

m=0


m−

k=0

m
k

 b−1−
ℓ=0

a−1−
j=0

(−λ)ℓ+jbkam−kF
(α)
k


ax +

a
b
ℓ + j; λ; u; v


· F

(α)
m−k(by; λ; u; v)


tm

m!
. (39)

Now, by equating the coefficients of tm
m!

on the right-hand sides of these last two (38) and (39), we get the identity (36)
asserted by Theorem 2. �

Just as in our derivations of the various corollaries and consequences of Theorem 1, we can deduce each of the following
corollaries by appropriately specializing Theorem 2.

Corollary 8 (See [30, Theorem 2.10, Eq. (23)]). For m ∈ N0, a, b ∈ N, λ ∈ C and α = 1, if a and b have the same parity, then
the following identity holds true:

m−
k=0

m
k

 a−1−
ℓ=0

b−1−
j=0

λi+jakbm−kB
(α)
k


bx +

b
a
ℓ + j; λ


B

(α)
m−k(ay; λ)

=

m−
k=0

m
k

 b−1−
ℓ=0

a−1−
j=0

λℓ+jbkam−kB
(α)
k


ax +

a
b
ℓ + j; λ


B

(α)
m−k(by; λ)


m ∈ N0; a, b ∈ N; λ ∈ C; α = 1


. (40)

Corollary 9. For m ∈ N0, a, b ∈ N, and α = 1, if a and b have the same parity, then the following identity holds true:
m−

k=0

m
k

 a−1−
ℓ=0

b−1−
j=0

akbm−kB(α)
k


bx +

b
a
ℓ + j


B(α)
m−k(ay)

=

m−
k=0

m
k

 b−1−
ℓ=0

a−1−
j=0

bkam−kB(α)
k


ax +

a
b
ℓ + j


B(α)
m−k(by)


m ∈ N0; a, b ∈ N; α = 1


. (41)

Corollary 10 (See [28, Theorem 2, Eq. (12)]). For m ∈ N0, a, b ∈ N, and α = 1, if a and b have the same parity, then the
following identity holds true:

m−
k=0

m
k

 a−1−
ℓ=0

akbm−kB(α)
k


bx +

b
a
ℓ


B(α)
m−k(ay)

=

m−
k=0

m
k

 b−1−
ℓ=0

bkam−kB(α)
k


ax +

a
b
ℓ

B(α)
m−k(by)


m ∈ N0; a, b ∈ N; α = 1


. (42)

Corollary 11. For m ∈ N0, a, b ∈ N, λ ∈ C and α = 1, if a and b have the same parity, then the following identity holds true:
m−

k=0

m
k

 a−1−
ℓ=0

b−1−
j=0

(−λ)ℓ+jakbm−kE
(α)
k


bx +

b
a
ℓ + j; λ


E

(α)
m−k(ay; λ)

=

m−
k=0

m
k

 b−1−
ℓ=0

a−1−
j=0

(−λ)ℓ+jbkam−kE
(α)
k


ax +

a
b
ℓ + j; λ


E

(α)
m−k(by; λ)

m ∈ N0; a, b ∈ N; λ ∈ C; α = 1

. (43)

Corollary 12. For m ∈ N0, a, b ∈ N, and α = 1, if a and b have the same parity, then the following identity holds true:
m−

k=0

m
k

 a−1−
ℓ=0

b−1−
j=0

(−1)ℓ+jakbm−kE(α)
k


bx +

b
a
ℓ + j


E(α)
m−k(ay)

=

m−
k=0

m
k

 b−1−
ℓ=0

a−1−
j=0

(−1)ℓ+jbkam−kE(α)
k


ax +

a
b
ℓ + j


E(α)
m−k(by)


m ∈ N0; a, b ∈ N; α = 1


. (44)
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Corollary 13 (See [29, Theorem 2.1, Eq. (17)]). For m ∈ N0 and a, b ∈ N, if a and b have the same parity, then the following
identity holds true:

a−1−
ℓ=0

(−1)ℓakEk


bx +

b
a
ℓ


=

b−1−
ℓ=0

(−1)ℓbkEk

ax +

a
b
ℓ
 

m ∈ N0; a, b ∈ N

. (45)

Corollary 14. For m ∈ N0, a, b ∈ N, λ ∈ C and α = 1, if a and b have the same parity, then the following identity holds true:

m−
k=0

m
k

 a−1−
ℓ=0

b−1−
j=0

(−λ)i+jakbm−kG
(α)
k


bx +

b
a
ℓ + j; λ


G

(α)
m−k(ay; λ)

=

m−
k=0

m
k

 b−1−
ℓ=0

a−1−
j=0

(−λ)ℓ+jbkam−kG
(α)
k


ax +

a
b
ℓ + j; λ


G

(α)
m−k(by; λ)

m ∈ N0; a, b ∈ N; λ ∈ C; α = 1

. (46)

Corollary 15. For m ∈ N0, a, b ∈ N, c, d ∈ C \ {0} and κ, β ∈ C, if a and b have the same parity, then the following identity
holds true:

m−
k=0

m
k

 a−1−
ℓ=0

b−1−
j=0


β

c

d(ℓ+j)

akbm−kY
(α)
k


bx +

b
a
ℓ + j; κ, c, d


Y

(α)
m−k(ay; κ, c, d)

=

m−
k=0

m
k

 b−1−
ℓ=0

a−1−
j=0


β

c

d(ℓ+j)

bkam−kY
(α)
k


ax +

a
b
ℓ + j; κ, c, d


Y

(α)
m−k(by; κ, c, d)

m ∈ N0; a, b ∈ N; c, d ∈ C \ {0}; κ, β ∈ C

. (47)

Theorem 3. For m ∈ N0, a, b ∈ N, λ ∈ C and α = 1, if a and b have the same parity, then the following identity holds
true:

m−
k=0

m
k

 a−1−
ℓ=0

b−1−
j=0

(−λ)ℓ+jakbm−kF
(α)
k


bx +

b
a
ℓ; λ; u; v


F

(α)
m−k


ay +

a
b
j; λ; u; v



=

m−
k=0

m
k

 b−1−
ℓ=0

a−1−
j=0

(−λ)ℓ+jbkam−kF
(α)
k


ax +

a
b
i; λ; u; v


F

(α)
m−k


by +

b
a
j; λ; u; v



m ∈ N0; a, b ∈ N; λ ∈ C; α = 1


. (48)

Proof. Our proof of Theorem 3 is much akin to that of each of Theorems 1 and 2. Here, in the proof of Theorem 3, we first
make use of (16) in order to expand the function g(t) defined by (37) and then apply the symmetry of g(t) in a and b to
produce a second expansion of g(t). The details involved are fairly straightforward and we, therefore, leave them as an
exercise for the interested reader. �

Each of the following corollaries and consequences of Theorem 3 would result just as those of Theorems 1 and 2.

Corollary 16 (See [30, Theorem 2.7, Eq. (18)]). For m ∈ N0, a, b ∈ N, λ ∈ C and α = 1, if a and b have the same parity, then
the following identity holds true:

m−
k=0

m
k

 a−1−
ℓ=0

b−1−
j=0

λℓ+jakbm−kB
(α)
k


bx +

b
a
ℓ; λ


B

(α)
m−k


ay +

a
b
j; λ


=

m−
k=0

m
k

 b−1−
ℓ=0

a−1−
j=0

λℓ+jbkam−kB
(α)
k


ax +

a
b
ℓ; λ


B

(α)
m−k


by +

b
a
j; λ



m ∈ N0; a, b ∈ N; λ ∈ C; α = 1


. (49)
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Corollary 17. For m ∈ N0, a, b ∈ N and α = 1, if a and b have the same parity, then the following identity holds true:

m−
k=0

m
k

 a−1−
ℓ=0

b−1−
j=0

akbm−kB(α)
k


bx +

b
a
ℓ


B(α)
m−k


ay +

a
b
j


=

m−
k=0

m
k

 b−1−
ℓ=0

a−1−
j=0

bkam−kB(α)
k


ax +

a
b
ℓ

B(α)
m−k


by +

b
a
j
 

m ∈ N0; a, b ∈ N; α = 1

. (50)

Corollary 18. For m ∈ N0, a, b ∈ N and α = 1, if a and b have the same parity, then the following identity holds true:

m−
k=0

m
k

 a−1−
ℓ=0

b−1−
j=0

(−λ)ℓ+jakbm−kE
(α)
k


bx +

b
a
ℓ; λ


E

(α)
m−k


ay +

a
b
j; λ


=

m−
k=0

m
k

 b−1−
ℓ=0

a−1−
j=0

(−λ)ℓ+jbkam−kE
(α)
k


ax +

a
b
ℓ; λ


E

(α)
m−k


by +

b
a
j; λ



m ∈ N0; a, b ∈ N; λ ∈ C; α = 1


. (51)

Corollary 19. For m ∈ N0, a, b ∈ N and α = 1, if a and b have the same parity, then the following identity holds true:

m−
k=0

m
k

 a−1−
ℓ=0

b−1−
j=0

(−λ)ℓ+jakbm−kG
(α)
k


bx +

b
a
ℓ; λ


G

(α)
m−k


ay +

a
b
j; λ


=

m−
k=0

m
k

 b−1−
ℓ=0

a−1−
j=0

(−λ)ℓ+jbkam−kG
(α)
k


ax +

a
b
ℓ; λ


G

(α)
m−k


by +

b
a
j; λ



m ∈ N0; a, b ∈ N; λ ∈ C; α = 1


. (52)

Corollary 20. For m ∈ N0, a, b ∈ N, c, d ∈ C \ {0} and κ, β ∈ C, if a and b have the same parity, then the following identity
holds true:

m−
k=0

m
k

 a−1−
ℓ=0

b−1−
j=0


β

c

d(ℓ+j)

akbm−kYk,β


bx +

b
a
ℓ; κ, c, d


Ym−k,β


ay +

a
b
j; κ, c, d



=

m−
k=0

m
k

 b−1−
ℓ=0

a−1−
j=0


β

c

d(ℓ+j)

bkam−kYk,β


ax +

a
b
ℓ; κ, c, d


Ym−k,β


by +

b
a
j; κ, c, d



m ∈ N0; a, b ∈ N; c, d ∈ C \ {0}; κ, β ∈ C


. (53)

3. Miscellaneous results

In this section, we obtain several further relationships between the Apostol type polynomials, the generalized sum of
integer powers and the generalized alternating sum.

Theorem 4. For m, n ∈ N, the following relationship holds true:

m−
k=0

m
k


Sm−k(n; λ)Tk(n; λ) =


2mSm(n; λ2) (n odd)
m−

k=0

m
k


Sm−k(n; λ)Ek(λ) − 2mSm(n; λ2) (n even).

(54)
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Proof. If n ∈ N is odd, then we write
∞−

m=0

Sm(n; λ)
tm

m!


∞−

m=0

Tm(n; λ)
tm

m!


=

λent − 1
λet − 1

·
1 − λ(−1)nent

1 + λet

=
λ2e2nt − 1
λ2e2t − 1

=

∞−
m=0

2mSm(n; λ2)
tm

m!
. (55)

By using the multiplication rule of formal power series on the left-hand side of in (55), and then comparing the coefficients
of tm

m!
in the two resulting equations, we get the first part of the desired result (54).

Similarly, if n ∈ N is even, by considering
∞−

m=0

Sm(n; λ)
tm

m!


∞−

m=0

Tm(n; λ)
tm

m!


=

λent − 1
λet − 1

·
1 − λent

1 + λet

=
2

λet + 1
·
λent − 1
λet − 1

−
λ2e2nt − 1
λ2e2t − 1

=


∞−

m=0

Em(λ)
tm

m!


∞−

m=0

Sm(n; λ)
tm

m!


−


∞−

m=0

Sm(n; λ2)
(2t)m

m!



=

∞−
m=0


m−

k=0

m
k


Sm−k(n; λ)Ek(λ) − 2mSm(n; λ2)


tm

m!
(56)

we are led to the second part of the desired result (54). �

By taking λ = 1 in Theorem 4, we can deduce the following relationship.

Corollary 21 (See, for the First Relationship, [29, Theorem 3.2, Eq. (23)]). Let m, n ∈ N. Then

m−
k=0

m
k


Sm−k(n)Tk(n) =


2mSm(n) (n odd)
m−

k=0

m
k


Sm−k(n)Ek − 2mSm(n) (n even).

(57)

If we compare the second relationship in (57) with a known result [29, Theorem 3.2, Eq. (24)], we obtain a new identity
asserted by the following corollary.

Corollary 22. Let m, n ∈ N and let n be an even integer. Then

m−
k=0

m
k


Sm−k(n)Ek = 2m+1Sm

n
2


. (58)

Finally, we prove the following result.

Theorem 5. For m, n ∈ N0 and λ ∈ C, the following identity holds true:

m−
k=0

m
k


Fk(n; λ; u; v)Sm−k(n, λ) =

2m−v+um!

(m − v + 1)!


λBm−v+1(n; λ2) − Bm−v+1

n
2
; λ2



m, n ∈ N0; λ ∈ C


. (59)

Proof. For the function h(t) given by

h(t) =
2utvent(λent − 1)
(λet + 1)(λet − 1)

, (60)
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we have

h(t) =
2utvent

λet + 1
·
λent − 1
λet − 1

=


∞−

m=0

Fm(n; λ; u; v)
tm

m!


∞−

m=0

Sm(n; λ)
tm

m!



=

∞−
m=0


m−

k=0

m
k


Fk(n; λ; u; v)Sm−k(n; λ)


tm

m!
(61)

and

h(t) =
2utvλe2nt − 2utvent

λ2e2t − 1

= 2u−1tv−1λ


2te2nt

λ2e2t − 1


− 2u−1tv−1


2tent

λ2e2t − 1


= 2u−1tv−1λ

∞−
m=0

Bm(n; λ2)
(2t)m

m!
− 2u−1tv−1

∞−
m=0

Bm

n
2
; λ2

 (2t)m

m!

= λ

∞−
m=0

2m+u−1Bm(n; λ2)
tm+v−1

m!
−

∞−
m=0

2m+u−1Bm

n
2
; λ2

 tm+v−1

m!
. (62)

Now, upon equating the coefficients of tm
m!

in the two expansions of h(t) in (61) and (62), we are easily led to the identity
(59) asserted by Theorem 5. �

It is not difficult to deduce each of the following corollaries and consequences of Theorem 5.

Corollary 23. Let m, n ∈ N0 and λ ∈ C. Then

m−
k=0

m
k


Bk(n; λ)Sm−k(n, −λ) = 2m−1


Bm

n
2
; λ2


+ λBm(n; λ2)

 
m, n ∈ N0; λ ∈ C


. (63)

Corollary 24. Let m, n ∈ N0 and λ ∈ C. Then

(m + 1)
m−

k=0

m
k


Ek(n; λ)Sm−k(n, λ) = 2m+1


λBm+1(n; λ2) − Bm+1

n
2
; λ2

 
m, n ∈ N0; λ ∈ C


. (64)

Corollary 25. If m, n ∈ N0 and λ ∈ C, then we have the following identity:

m−
k=0

m
k


Gk(n; λ)Sm−k(n, λ) = 2m


λBm(n; λ2) − Bm

n
2
; λ2

 
m, n ∈ N0; λ ∈ C


. (65)

Corollary 26. For m, n ∈ N0, the following identity holds true:

m−
k=0

m
k


Gk(n)Sm−k(n) = 2m


Bm(n) − Bm

n
2

 
m, n ∈ N0


. (66)

Corollary 27. Let m ∈ N0, c, d ∈ C \ {0} and κ, β ∈ C. Then

m−
k=0

m
k


Yk,β(n; κ; c; d)Sm−k


n, −


β

c

d


= −
2m−2k+1m!

(m − k + 1)!


β

c

d

Bm−k+1


n;


β

c

2d
+ Bm−k+1


n
2
;


β

c

2d



m ∈ N0; c, d ∈ C \ {0}; κ, β ∈ C


. (67)
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We conclude our present investigation by remarking that a number of further properties and identities involving the
general families of Apostol type polynomials, which we have studied in this paper, can be derived in analogous manners.
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