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ABSTRACT

An exact solution for some dual series equations involving Jacobi polynomials
is obtained. Results for similar dual series equations involving Laguerre polynomials
are also deduced by applying a limit process.

1. INTRODUCTION

In recent years there has been considerable interest in dual series
equations involving Jacobi and Laguerre polynomials. By going through
the literature, however, one feels that once a result has been obtained
for Jacobi polynomials, it becomes a routine matter to work out similar
results for Laguerre polynomials (see, for example, [1], [2]; [3], [4]). The
source of this symmetry seems to be the fact that Laguerre polynomials
are certain limiting cases of Jacobi polynomials. Indeed, if adequate care
is taken in presenting the results on Jacobi polynomials it is possible to
avoid the duplication of work and similar results for Laguerre polynomials
can be deduced through a limit process.

In the present paper we consider certain dual series equations involving
Jacobi polynomials which are generalizations of those considered by
Nozre [3]. We deduce results for similar dual series equations involving
Laguerre polynomials by applying a limit process. In order to emphasize
that in most of the cases it is unnecessary to consider dual series equations
for Jacobi and Laguerre polynomials separately, the proofs have been
carried out in such a way that the limit process can be applied not only
to the final results but to any intermediate step and to any formula being
used thereof. It turns out that the results which we deduce for dual series
equations involving Laguerre polynomials are generalizations of those
given by LowNDES [4] and Sr1vasTava [10]. In the next section we give,
for ready reference, some results which will be needed in the course of
analysis.

2. PRELIMINARY RESULTS
In Szegd notation the Jacobi polynomials may be defined [6, p. 254],
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in terms of hypergeometric functions, as
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We shall be working throughout this paper with the Szegd notation which
is now standard in mathematics literature but to compare our results
with other works we shall at times need the following relation between
the Szegd notation and the one used by NosLE [3]:
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One of the limit formulas that will be needed is the generalized form
of a result given in [5; p. 75]:
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where ¢ is any real number. It may be deduced from [8; p. 191 (36)]
or may be shown using (3) and the generating functions for Jacobi poly-
nomials [8; p. 172 (29)] and Laguerre polynomials [8; p. 189 (17)] that
for any real number ¢
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where L{® (x) are the Laguerre polynomials. A limit formula involving
gamma functions which follows from [7; p. 47 (4)] is given by

(2.5) lim [8@—2) - I'(8+q2)/ (6 +q1)]=1.
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From the results (5), (7) and (17) of [6; p. 264] we obtain the following
differentiation formulas for the Jacobi polynomials:
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From [9; p. 191 (43)] and [9; p. 191 (44)] we have the following formulas
which are similar to the Sonine integrals of the first and second kinds:
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The orthogonality relation for Jacobi polynomials [6; p. 135] may be
written as
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where Oms is the Kronecker delta. It follows from the orthogonality
relation (2.10) and the formula (2.8) that
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where H(x) is the Heaviside’s unit function.

For c=1, the results (2.8)—(2.11) may be found in [3]. On the other
hand if we put ¢=4 in (2.8)~(2.11) and let 8 approach infinity then, using
(2.8)-(2.5), it can be easily seen by making appropriate changes in the
parameters that the resulting equations are those appearing in [4].

3. DuAL SERIES EQUATIONS
In this section we give an exact solution of the dual series equations
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where the parameters «, p, o and § satisfy, for some non-negative integers
m and k, the inequalities

(i) &+ 1> max (0, o, —p), (ii) m—o>0, (ili) p+d+o+1>m,

(3.3)
(iv) p+o+k>0 and (v) 6+1>%.

The dual series equations (3.1) and (3.2) have been considered by NoBLE
[3] for p=0, 6> —1, x+1>0, 0<o<]1, c=1, that is, when p=0, m=1,
k=0, ¢=1. In equations (3.1) and (3.2) if we put ¢=4 and let § - o0
then, using (2.4) and (2.5), we find that they become

L Ay lNoc—o+n+1)

(3.4) Z‘o Tarntl) L? (x)=f(x), 0<z<a,
(3.5) 3 4y LE () = g(a), a<w< o,
n=0

and the conditions (3.3) on the parameters reduce to the only genuine
condition

(3.6) &+ 1> max (0, s, —p).

The equations (3.4) and (3.5) have been solved by LowNDES [4] for p=0,
0<o<1. More recently SrivasTava [10] has given the solution of (3.4)
and (3.5) valid under the condition (3.6) and an additional condition
og+p>0.

We proceed now to give the solution of the dual equations (3.1)—(3.2)
under the conditions (3.3). Multiplying (3.1) by 2*(y —x)»—°-1 and inte-
grating over (0,y) (with y<a) we find, using (2.8), that

L Ap DMa—o+n+ 1)y tm 0 o o sroromm 2y
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O<y<a.

Differentiating (3.7) m times and using (2.6) we get

[~ ] 2 -
CON AnPﬁ."‘“’"’*”’f”’(l— 7-'/) = T ) 0<y<a,
where
___d_m" z* f(x) dx
(3.9) .fl(y)"“ dym"! (y__x)l+u—m *

In deriving (3.8) from (3.1) we have used the conditions (i), (ii) and (iii)
of (3.3). If we multiply the equation (3.2) by (1—=z/c)’ and differentiate
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k times we find using (2.7) that it becomes
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Multiplying (3.10) by (1—=z/c)>* (z—y)C+»+k-1) and integrating with
respect to x over (y,c) (with y>a) we get, using (2.9),

(3.10)

(— 1)k (1 —y/c)~0+r+a
I'o+p+Ek)

(3.11) 3 4, Po-os+rta (1— 2—-’/) = q1(y), a<y<e,

n=0 c
where

(3.12) )= § dk/dx:x[(ly)lx/f % 2L

The conditions (i), (iv) and (v) of (3.3) have been used in obtaining (3.11)
from (3.2). The left hand sides of equations (3.8) and (3.11) are now
identical and using the orthogonality relation (2.10) we obtain

A 1 a y 8+0+p d
=l (F) h e dy
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T e L
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where
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The coefficients A, satisfying the dual series equations (3.1) and (3.2)
under the conditions (3.3) are thus given by (3.13), (3.14), (3.9) and (3.12).
For p=0, m=1, k=0, ¢c=1 the solution is in complete agreement with
the one obtained by NosLE [3].

If we put ¢=4 in equations (3.13), (3.14), (3.9) and (3.12) and take the
limit as 6 — oo then, using (2.3) to (2.5), we find that they become

= pe—s; § RO B dy+
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where

(3.16) | )= T (,J‘rn T I @)
(3.17) fx(y)— dymf V;)z)ﬁi-m
(3.18) gly)= f %.—:—g—,@

The equations (3.15) to (3.18) provide us with the solution of the dual
series equations (3.4) and (3.5) under the condition (3.6), where m and %
are non-negative integers satisfying m—o¢>0, p+0+%>0. For g+ p>0,
1.e., k=0 the solution is in complete agreement with the one obtained by
Srrvasrava [10].

4. The quantities of interest in physical applications are the values of
the series in (3.1) and (3.2) on the intervals where their values are not
specified. We define

@y F@=3

Ag I'(x— a+n+1)P(“ 49 2z
n=0 P(o‘+n+l) "

1- —O—) , Aa<L<C.

Ap T'G+o+p+n+1) 5,00y 2%
4.2) Q)= zo P (1 c>,0<x<a,

-

where the parameters «, p, ¢ and § satisfy the conditions (3.3) and for
some non-negative integers r and s,

(vi) o+r>0, (vii) 6+p'+1>r, (viil) s—p—0>0,

(4.3) .
(ix) 0+p+o+1>s.

In view of (2.6) we can write (4.1) as

O [ oatr E ApI'x—0+n+1)

Fe)=2""55 2 Tatr+atD)

(4.4)
P&u+r.d+p—r) (1_ ggf)] , a<<x<c.

Substituting the value of 4, from (3.13) in (4.4), interchanging the order
of integration and summation and evaluating the series with the help of
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formula (2.11) we obtain

T~
(or+r ) Oz

)= [F(m 5§ @ure i) dy

(4.5)
R i o) i
F(O‘-{-_p-{-k) ." (1 y/G s+p+o

91(y) dy:l , a<x<C,

where fi(y) and gi(y) are given by (3.9) and (3.12) and m, r, k are non-
negative integers satisfying (3.3) and (4.3).

To evaluate G(z) we first multiply equations (3.8) and (3.11) by
(1 —y/c)*+#+° and differentiate them s times, then simplify the expressions
using (2.7) and secure with the help of the orthogonality relation (2.10)
an alternative expression for the coefficients 4, given by

— 1) a /] 8440
An= I'((m}—)o_) § 7ot baly) E(L [y (1 - g) fily)] dy

0

4.6
(4.6) 1) jc. p— )d g1(y)
+ Tlorp+h) y ¥
where
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) w\Y)= Z=o71 INa—o+s+n+1) I'd+p+o+n+1)
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c

Substituting 4, from (4.6) in (4.2), interchanging the order of integration
and summation and evaluating the series with the help of formula (2.11),
we get

(L—zje)=® [ (—=1) ¢ defdys [y"~= (1—yle)*+**° fi(y)] dy
I's—o—p)| I''m—o0) ; (y—z)Tore—s

(=1 2 doldy? [91(y)] dy
I(o+p+k); (y—ayteres

G(z)=

(48)

+ , O<z<a,

where fi(y) and g:1(y) are given by (8.9) and (3.12) and m, s, k are non-
negative integers satisfying (3.3) and (4.3). For p=0, m=s8=1, r=k=0,
c¢=1 the results (4.5) and (4.8) are in complete agreement with those
obtained by NoBLE [3]. Of course, in comparing (4.8) one has to make
a trivial simplification in equation (3.12) of [3; p. 368].

To obtain the values of the series in (3.4) and (3.5) on the intervals
where their values are not specified, we put ¢=4 in (4.5), (4.8), (3.9)
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and (3.12) and let 4 — oc. Using (2.3) to (2.5) we find

" P = T | Tomgy | @9 ho)dy
4.9
+ r(a+1p+k J vy @=9)r" 7 e guly) dy] ) 4<E<00;
& [ (=1 ey i)
Y@= Tomo=p) | Ttn—0) i — y—opor W7
(4.10)

(1) = dejdyt [g1(y)] dy
Io+p+k); (y—z)itetos :I » O<z<a,

+

where fi(y) and gi(y) are given by (8.17) and (3.18) and m, %, r and ¢
are non-negative integers satisfying m—0>0, p+o+k>0, o+7>0,
8—p—0>0. For p=0, m=s=1, r=k=0, the results (4.9) and (4.10) are
in complete agreement with those obtained by Lownpzs in [4, p. 126].
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