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Abstract

We prove the existence, uniqueness and uniform stabilization of global solutions for a general-
ized system of Klein—@rdon type equations with acoustboundary conditions on a portion of the
boundary and the Dirichlet boundary condition on the rest.
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1. Introduction

This paper is concerned with the existence, uniqueness and asymptotic behavior of so-
lutions to thek x k system of Klein—Gordon type equations

uj — Auy + oquy + a12u1u% + a13141u§ 4+ 4 alkuluf = f1,
”/2/ — Aup + aoup + a21u2u§ + azguzu% +---4 aZkMZM% = fo,
(1.1

uy — Aug + oy + akluku% + akzukug ++ ak(kfl)ukug_l = fk

in £2 x (0, o) with the boundary conditions
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u; =0, onlpx (0,00), 1<i <k, (1.2)

u; + pizi +1iz; +rizi=0, onl1x(0,00), 1<i <k, (1.3)

a .

%:Z{., onI x (0,00), 1<i <k, (1.4)
v

and the initial conditions
ui(x,00=¢;(x), u;(x,00=9;x), xe, 1<i<k, (1.5)

where$2 C R" is a bounded, open and connected set with smooth bourdafy and
Iy are subsets of” with positive measures such thAt= Iy U I'; o; (1 <i <k) and
a;j (1<i <k, 1< j<k) are nonnegative constants such that=a;; anda;; = 0;
[ii2x0,00) =R, ppN—>R; ;:IM—R;ri:I1—>R,; ¢i:2—>R; ¥;: 2 —> R
(1 <i < k) are given functions;(x) is the outward unit normal vector driand’ = d/9:.

Thek x k system (1.1) deals with the general fthuorder potential energy for scalar
fields, for instance, the O(N)-symmetric vector model and the SU(N)-symmetric Hermitian
matrix model; see [13] and [16].

The boundary conditions (1.3) and (1.4) on the portignof the boundary”, called
acoustic boundary conditions, were introduced legaR and Rosencrans [4], see also [2,3].
They studied spectral properties for the linear scalar hyperbolic equation and proved that
if p; >0 (i =1), then there is no uniform rate of decay for solutions of the initial value
problem evenif; > 0 (i = 1) everywhere or". Similar boundary conditions for a system
of two one-dimensional quasilinear hyperbatiguations of first order considered Alber
and Cooper in [1] and proved that the presence of the second derigatimeacoustic
boundary conditions makes a solution to blow up.

Hyperbolic problems with nonlinear feedback on a part of the boundary were studied
by Lasiecka [8], Komornik and Zuazua [7], Zuazua [17]. They proved that a dissipative
boundary feedback ensures a uniform energy decay.

Whenk = 2, a1 = 2, ap = y2 andai» = az1 = 62, the system (1.1) reduces to the
following 2 x 2 system:

uf — Aug + o®uy + 6%ugub = fi,
wy — Auz +y2uz +0%uduz = fa,

proposed by Segal [12], as a model to describe the interaction of classical electromagnectic
fieldsu1, up with masses, y, respectively, and the interaction constant

The mixed problem for (1.1), wheih= 2, o1 = ap = 0, anda12 = a1 = 1 with Dirich-
let boundary condition oft', was studied by Medeiros and Menzala [11], where the authors
proved the existence and uniqueness of global weak solutions providedtt&tNonlin-
ear wave equations with acoustic boundeonditions were studied in [5,6].

Here is an outline of our paper. First we prove the existence of global weak solutions
to (1.1)—(1.5) with no restrictions on the dimensiarNext, assuming < 3, we prove the
existence and uniqueness of global strong solutions to (1.1)—(1.5). In the last section we
prove the exponential decay of the energy wifee= p; =0, 1<i < k. In this case the
acoustic boundary conditions provide an effect of a dissipative feedback on the boundary
similar to those studied in [7,8,17].
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2. Notation and auxiliary results

Let 2 ¢ R"” be a bounded, open and connected set with a smooth bounid&uyppose
I' = I U I'1, wherelp and Iy are measurable subsetsiofwith positive measured. is
a positive real numbeQ = 2 x (0,T), Xo=1o x (0,T) and X1 = I1 x (0,T). For
the standard functional space€($2), H" (£2), Hy'(2) andL” (0, T; X) we employ the
usual notations as in [9,10]. In order to write (1.1)—(1.5) in a compact form, we use vector
notations as in [15]. The inner product and norniLif(£2) are denoted by

k k 1/2
(U,V):Z/ui(x)vi(x)dx and |U|= (Z/(ui(x))de> :

i=1lg, i=1lg

Similarly, for L%(I') we write

k k 1/2
(z, S)p:Z/zi(x)si(x)dF and |Z|p = (Z/(Zi(x))zd[’) :

i:lr i:lr

We denote the Hilbert spack (A, 2) = {u € HY(£2); Au € L?(£2)} provided with

the norm|jufa.o = (||u||i11(9) + ||Au||i2(m)1/2, whereH1(£2) is the usual real Sobolev

space of first order. The maps: H1(22) — HY2(I") andy1: H(A, 2) — H~Y2(I")
are the trace map of order zero and the Neumann trace map(an §2), respectively.
Thereforeyy: HY(R) — HY?(I') andy,: H(A, 2) — H~Y%(I"), where

Yo) = (yo(u1),....your)) and yi(U)=(y1(ua), ..., y1(uz)).

We considefH = {U = (u1, ..., ux) € HX(£) such thatyo(U) =0 a.e. onlp}. Then
‘H is a closed subspace #'(£2), the Poincaré inequality holds oH, and the inner
product and norm oft{ are denoted by

k n
du; av;
@ V=33 [ it o,
i:lj:lg J J
k n 2 1/2
814,’
||U||=(ZZ/<8 .(x)) dx) .
i:lj:lg X

Now we write

U=@ui,...,ur):Q— R, Z=10(z1,...,21): X1 — RK,
& =(¢1,....00): 2 >R W=(1,.... Y1) : 2 >R,

F=(f1,..., fi): 0 — RK,
pr 0 ... O I 0 ... 0
0O p» ... O 0 I, ... O
P= . . . . 5 L= . . . . P

0O 0 ... px 0 0 ... L
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rn 0 ... O

0O rn ... O
R=\| . . . .

0 0 ... rg

k
G=(g1.....2):R" > R*, whereg;(Y)=aiyi + Y _aijyiy?,
j=1

YA 9
a__< 1 ﬂ) and AU = (Auy. ..., Aup).
v

v o
Whence the problem (1.1)—(1.5) can be rewritten as follows:

U'—AU+GU)=F inQ, (2.1)
U=0 onXp, (2.2)
U+PZ'+LZ +RZ=0 on2Xx, (2.3)
b

v =7 onXy, (2.4)
av

Ux,00=¥(x), Ux,0=¥x), xecf. (2.5)

Definition 2.1. A pair of function (U (x, 1), Z(x, 1)), whereU = (u1, ..., uz):Q — Rk
andZ = (z1, ..., zx) : X1 — R¥, is a weak solution to (2.1)—(2.5) (U, Z) satisfies

UeL®0,T;H), U eL™(0,T:L%R)),
Z,7' € L™(0,T; L¥(I'y)), (2.6)

d
E(U/(I), V)+((U®,V))—(Z@), yo(V))Fl +(G(U®),V)=(F®),V)

forall vV e (HNL*(£2)), in the sense 6D'(0, T), (2.7)
d
E(yO(U(t)) +PZ (1), E)Fl +(LZ'()+RZ(@), E)F1 =0

for all E € L3(I'1), in the sense oD’ (0, T), (2.8)
UO=¢, U®OQ=w. (2.9)

Remark 2.1. We observe thal' > 0 is any fixed number. Thus we are dealing with global
solutions.

The following lemma due to Strauss (see [14]) plays an important role in the proof of
the existence of global weak solutions; see Theorem 3.1 in the next section.

Lemma2.1. LetS be an open set ®" with finite measure and 1€U ,,,),,cy be a sequence
of measurable functions from S irikf. Assume thag : R — R and#:R¥ — R satisfy
the three conditions
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@) If |[hW(Un()| <C forall zeS andm € N, then there exist3/ > 0 such that
lg(Un(2))| < M forall ze S andm € N.

(i) gUn):S—Randh(U,):S— R are measurable and there exists a constant 0
such that

[16@a@) pwn@)az <.
S
(i) g(U,) — va.e.ons.

Then the function € L1(S) andg(U,,) — v strongly inL(S).

Definition 2.2. A pair of functions(U (x, 1), Z(x, 1)), whereU = (ug, ..., ux): Q — R¥
andZ = (z1, ..., zx) : X1 — R¥, is a strong solution to (2.1)—(2.5)(V, Z) satisfies

U,UelL®0,T;H), U'eL®(0,T;L¥R)), U@ eHA,R)

a.e.ono0, T, (2.10)
Z,Z' eL™(0,T; L*(I'y)) and Z"eL?(0,T; LA(I'y), (2.11)
U'—AU+GU)=F a.e.onQ, (2.12)
yoU)+PZ' +LZ + RZ=0 a.e.onXy, (2.13)
(P2 (U®). yo)g-172ry vz ry = (2. ¥0() 1y

forall V e H a.e. on0, T, (2.14)
U=, UO)=¥ a.e.on?. (2.15)

3. Existenceresults

In this section we prove global solvability of the problem (2.1)—(2.5). First we prove the
existence of weak solutions.

Theorem 3.1. Let p;, l;, r; € C(I'), 1 <i < k, be given such that
pi(x) =0, Ii(x)>0, and ri(x)>0 forallxely. (3.2)

If ® e HNL*R), ¥ € L2(2) and F € L0, T; L?(2)), then there exists a pair of
functions(U, Z) which is a weak solution t(2.1)—(2.5)

Proof. Let (W;)jen, (E;) jen be orthonormal bases iR andL2(I'1). Since the bound-
ary I' is sufficiently smooth, we have th#t; e HNL>°(£2) forall j € N. Foreachn e N
we considel/,, : 2 x [0, T;,] — R andZ,, : I'1 x [0, T;,,] — R* defined by

Up (x, 1) = (uam (6, 1), .., ugm (x, 1)) = Zﬂjm(t)Wj(X),

j=1

Zyn (6, 1) = (20m (6, 0, 2 (6, 0) = D jm (D E (%),
Jj=1
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which are solutions to the approximate problem

Un®+GUn®) = F®O), W;)+ (Un®), W) = (Z,,0), yo(W))) , =0,

(3.2)

(ro(U, ) + PZy, (1) + LZ,, (1) + RZy(1), Ej) , =0, 1< j<m, (3.3)

UnO=®p=) (. W)W, U,0=%,=) ¥, W)W, (3.4)
j=1 j=1

Zn(0) =Zo, Z,,(0)=y1(Pm). (3.5)

Here Zg € L%(I'1) is an arbitrary fixed vector. The local existence of such solutions
(Um, Zyn)men is Obvious. From (3.2) and (3.3) we have the approximate equations

(U@ W)+ ((Un®), W)) = (Z,,(). yoW)) 1, + (G(Un(®)), W)
= (F@), W), (3.6)
(ro(U,,(0), E)F1 +(PZ,,®), E)F1 +(LZ,, (1), E)Fl +(RZ, (1), E)F1 =0 (3.7)
forall W € SpafiWi, ..., W, } andE € SpaiEx, ..., E,}.

Estimate 1. Taking W = 2U/, (¢) in (3.6), E = 2Z,,(¢) in (3.7) and using the definition
of G, the symmetric property af;; (a;; =aj;) anda;; =0, we find

k

d

E{\Uﬁn(t)|Z+ U]+ j/[pi(z;m)z+r,~(z,~m>2]drl
i:lFl

i=1 j=i+1

k k-1 &
+Z(¥i/(uim)2dx+2 Z aij/(”im)z(”jm)zdx}
i=l 9 2
k
+2Z/li(z;m>2dn

i:lFl
=2(F (1), Ul,(1)). (3.8)

Here and everywhere in the proof of Theorem 3.1 we omit the variabksd ¢ of the
functions under the integrals. Integrating this from Q t0 7,,, we get

k k
U0+ |Un 01+ 3 [T 4 ricim?dri+ Yo [
i=1 o

i=11~1

k=1 &k ko
+> > aij/(uim)z(ujmﬂdx+2Z//1,-(z;m>2drldf
2

i=1j=i+1 i=19 1y

t
< C1+/|U:n(f)‘2df,
0
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whereC; > 0 does not depend on and: € [0, T]. From this and Gronwall’'s inequality
we obtain

k k
U@ + [Un @ + 3 [ [ +reimldri+ Yo [ wim?ds

i:lpl i=1 Q

k=1 Kk koL
430 3 ay [wmiumPar+2y [ [ LG and
2

i=1j=i+1 =19 p
which is Estimate 1.

By (3.9), we can extend the approximate solutiéhs and Z,, to the whole interval
[0, T]. Sincel; e C(I'1) andl;(x) > O forallx e I't, 1 <i <k, we find
T
/|z;n(t)|zrl dt < Cs. (3.10)
0

Estimate 2. TakingW = U,,(¢) in (3.6), we obtain
(G(UL (1)), Un(®)) < (G(Un(®), Un(®)) + | Un ()|

d
= — (UL 0.Un®) + UL O + (Z3,0). 7o (Un(0)) p, + (FO). Un(0))-

Integrating this from O td", we get
T
/ (G(Un (1)), Up(t))dt
0
W2+ 182 + UL + |[Un(T)[?
T
4 (100 + 12,0, + o @)}, + [FOF + |00
0

From the above inequality, (3.9), (3.10), the continuity of the operajoH1($2) —
HY2(I") and the Poincaré inequality, we fii@, > 0, independent of: andt, such that
T
/(G(Um (1)), Un (1)) dt < Ca. (3.11)
0
It follows from the definition of functiorG thatg; (Y)y; > 0. Therefore (3.11) yields

k
Z/|g,~(Um(x,t))| |uim(x,1)|dx dt < Ca, (3.12)
i=lQ

which is Estimate 2.
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Using Estimate 1 and compactness argument, we can see that there exist a subsequence
of (Ux)men @nd a subsequence @ ,,),,cn, Which we still denote by the same notations,
and functiond/, Z such that

Up>U inL®0,T;H), U, =>U" inL®0T;LAR)), (3.13)

Up—U inL?0,T;L4R)), Zn—Z inL®(0,T;L4Iy),  (3.14)

Z, 7' inL®(0,T; L3(TI),

gWUy) — gU) aeonQ,i=1... k. (3.15)
Lemma 2.1 yield the following convergence:

GWU,) — GWU) inLYQ). (3.16)

Multiplying (3.6) byd € D'(0, T), integrating from O td"" and using (3.13)—(3.16), we
prove by a straightforward computation tHatand Z satisfy (2.6)—(2.9) of Definition 2.1.
Whence (U, Z) is a weak solution to (2.1)—(2.5) and Theorem 3.1 is proved.

Theorem 3.2. Let p;, I; andr;, 1 <i <k, be asin Theorem3.1. If n <3, ® € (HN
H?(2)NLYR)), ¥ e Hand F € LZ(O, T; L%(R2)) with F' € L2, T; LZ(.Q)), then
there exists a unique pair of functiofd, Z) which is a strong solution t¢2.1)—(2.5).

Proof. In this case we can get one more estimate for the approximate solutions.

Estimate 3. SinceF, F’ € L2(0, T; L3(82)), thenF € C([0, T1; L3(£2)). From (3.6) and
(3.7), we get

(U, (0)— AD,, + G(®,), U,y (0)) = (F(0), Ujy (0)), (3.17)
(yo¥m)+ PZ,0)+LZ,,0) + RZx(0), Z,(0) n=0 (3.18)
From here
U2 O < (14| +|G(®,)| +|FO|)| UL
1Z,,0)[7, < Cs(|yo®m)| 1, +171(®w)] 1, + 1 Zol 1) |25, O
hence
o+ |z, (0)|F Cs, (3.19)

whereCs > 0 is independent of: andz.
Differentiating (3.6) and (3.7), after standard calculations we obtain

k
|:|U” O + v, +Z/ Pi(Zl)? +ri (2] d T+ Zai/(u;m)zdx]
i=1 o

i= 1F1

+Z/l (2 )? dFl—i—ZZa,]/ 20}, (U jm) +4u,mu]mu,mu:’m]dx

’1F1 i=1j=1 o

=2(F'(t),U(1)).
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Consequently,
[|U”(r>| +[U, 0 +Z/ P2 +ri (@), d M+ Za,f(u,m> dx]
i= lF;L i=1
+Z / li(z},)?d I
i= 1F1
<|F O+ |ULw0) +2( max a;j ZZ/ 5 || ],
:</<k i=1j=1g
+4( max a,,)ZZ [ i 1 ) (3.20)
i<j<k i=1lj=1q

Sincen < 3, thenH(2) — L8(£2). Using Estimate 1, we find

k k
ZZ/(ujm)zmgm | Uim

i=1j=1g

dx < Co(|U}, 0 [* + |07, 00 ),

k k
S0 [ it s < Cal| U, O]+ U0,

i=1j=1g

From these inequalities and (3.20) we get

d
E{\U:,;mfﬂ!v o +Z/p,(z,m)2+r,(z,m> Jdr+ Za, /(u,m> dx}

i= 11~1 i=1 o
k
+Z/li(Z;lm)2dF1
i=11~1
<C(|[F O+ |UL0F +|UL0|). (3.21)

Integrating this from 0 ta < 7 we can complete Estimate 3 which asserts that there
exists a constands > 0, independent of: andt, such that

k
U0+ U:n(r)Hz+Z/[m(z;ﬁn)Z+r,»(z;m>2]drl
i:lrl

+Za,/(u,m) dx+2//1,(z;’m)2drldf
2

i= 10 n
< Ce. (3.22)
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Estimates 1-3 assure that we can pass to the limit as oo in (3.6), (3.7) and find
a pair of functiongU, Z) which satisfies (2.11)—(2.13) and (2.15). Employing standard
arguments of elliptic problems, we can see th&t) € H (A, ). Thus, the pai(U, Z) is
a strong solution to (2.1)—(2.5) according to Definition 2.21

4. Uniform decay

In this section we prove the exponential decdiystrong solutions to (2.1)—(2.5) when
F =0in Q, P =0o0n X, the coefficients; are sufficiently small;; (x) > Oforallx € I}
andi =1, ..., k; and the partition” = I'p U I'1 satisfies a geometrical restriction.

Throughout this section let® € R” and letm, Iy and I'1 be such thatn(x) =
(m1(x),...,mu(x)) =x —x% o= xel imx)ev(x)) <O}, I={xeTl; (mkx)e
v(x)) > 0}, andlpoN Iy = 0. Here(m(x) e v(x)) = >i_ymj(x)v;(x) is the inner product
in R". Denoting

M = max (ma_>4mj(x) )
1<j<n \reg

O< By= min(m(x) ° v(x)) < (m(x) ° v(x)) < ma)(m(x) ° v(x)) = Bj,
xely xely
0<lo= min (minz,-(x)) <Ii(x) < max (maxl,- (x)) -y
1<i<k \xeln

1<i<k \xely

S

O<ro= min (min ri (x)) <ri(x) < max (maXr,(x)) =7,
1<i<k \xely 1<i<k \xely

from the geometrical restriction ofp and I, one can see thdlp, 11 are compact sets.
This assures the existence of the above numBgy$81, lo, [, ro andr. We also note that
the geometrical restriction excludes domafashaving a smooth connected boundary.
Assuming that the assumptions of Theorem 3.2 hold, there exists a unique pair of func-

tions (U, Z) in the class

U,U €L%0,00;H), U"eL(0,00; LA(£2)),

U(t)e H(A, 2) a.e.on0,o0),
Z,7Z € L{5(0,00; LAT1) and Z” e LE (0, 00; L3(I'1)),

which is a solution to the problem

U’ — AU +G(U)=0 a.e.on? x (0,0), (4.1)
U=0 a.e.onlpx (0, 00), (4.2)
U+LZ +RZ=0 a.e.onX; x (0, 00), (4.3)
% =27 a.e.onl x (0, 00), (4.4)
UQ=¢, U0 =% ae. onR. (4.5)

We define the energlf = E(¢),
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k k
E)=|U®]+ ||U(t)||2+Z/ri(x)(Zi(x,t))zdF1+Zai/(ui(x,t))zdx
2

i=1p i=1
k-1 k
+Z Z a,-j/(ui(x,t))z(uj(x,t))zdx, t>0. (4.6)

i=1j=i+1 Q
It follows from (4.1)—(4.5) that

k
E'(t) = —22/1,-(x)(z;(x,t))2d1“1 <0. (4.7)
i=11~1

Theorem 4.1. Let (U, Z) be a global strong solution t¢4.1)—(4.5) If r;(x) > 0 for all
xel,1<i<k,and

2246 —n

= < S 9
where

%<9<n and |W2<C|W|? forall W e™H, (4.9)
then there exist positive constaidts and C; such that

E(1) < CoE(0)e Y, 1>0. (4.10)
Proof. Fore > 0, let E. be the perturbed energy defined by

E(t)y=E@)+ep(), t=0, (4.11)

where

k
p(t) = 22 /(m(x) o Vui(x,Oui(x,t)dx +0(U (1), U'(1))
i=1g

k
+@BIF+1)) / ui(x, )z (x, 1) d Ty

i=11~1

2B17 + 1\ <
+ (%) Z/li () (zi (x, ) d .

i:lpl
Omitting the variables and: of the functions under the integrals, we calculate

1
“|Ec() = E@®)
0 0
< (M+ E)|U’(r)|2+ MUO|*+ U0 + @B + DO,

_ k
1 _ 2B1r +1\-
+ p [(ZBlr +D+ (72 >li| E /ri(zi)zdx.

i:ll—vl
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By Poincaré’s inequality, there exist positive constan@ndC’ such that

vn)P<clum|® and U, <'|um]® (4.12)
Using (4.12), we get
|Ec(t) — E(t)| < eC2E(r) forallr >0, (4.13)
where

2 2

1 [(ZBlf +1+ (Llf + 1)1‘] }
7o 2

From (4.13), there exist positive constaGisandC4 such that

) 6C _ )
Co=maxd | M+=),|M+—+02Br+1DC'|,

1
E(t) < C3E(t) < C4E(r) forallr >0ande e (O, C_) (4.14)
2

Differentiating E. we find
E.(t)=E'(t)+e€p'(t), t>0. (4.15)

From the definition of (r), we have
k k
o) = ZZf(m ° Vu;)u; dx + ZZ/(m o Vu;)Au; dx

i=1p i=1g

k
- ZZf(m o Vu;)gi(U)dx —6(U (1), G(U®)))
i=1lg
+O(UM), AU®) +6|U' (1))

k - k
d 2B 1
+ [(2Blf +) / uizi I+ (%) 3 / I (a)zdrl].

i:lpl i:lpl
(4.16)
Next we analyze the terms on the right-hand side of (4.16) (see [7,17]),
k k
I = ZZ/(m o Vuiu,dx = —n|U'(t)|2 + Z/(m ° v)(ué)zdfl, (4.17)
i=l_Q i=11~1
k 2 k du; 2
1
L= +2Z£/<m o Vui)Auidx = (n = 2)|U®)|"+ 2;/<m . v)(ﬁ> dIo
i=1lg =ir

k k
_ Z/(m V)| Vu; |30 d Tt + 22/(m o Vu;)zidrIy.

i:lpl i:lpl
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Taking into account (4.2)—(4.4), we get

L<(=2)||U®| +2Zf (m e Vu;)zidI

i= 1F1

_Z/ (mev |Vu,||RndF1, (4.18)

i= 1Fl

:_2Zf (m e Vu;)gi(U)dx —6(U (1), G(U(1)))

i= 19
_—22/01, me Vi, )u,dx—ZZZa,]/ me Vu; )u,(u]) dx
i=1g i=1j=1 0
—920(,/(14) dx—@ZZa,]/(u) (uj)?dx.

i=1j=1 0
To complete the analysis of this term, we observe that
k

_22/01, (m e Vu;) u,dx_ot,z< /u?dx—/(mov)ul?dFl)

i=1lg i=1 0 n

and

—ZZZa,,/moVu u; (uj) dx

i=1j=1 o
n k-1

——ZZ Z au[ /—(uz) (uj)zdx+/mx(ui)2(uj)2(v-ex)d1"}
A=1i=1j=i+1 T

<nz Z a,,/(u) (u;)?dx.
i=1j=i+1

Combining these inequalities, we obtain

(n—@)Za,/(u) dx+(n—29)2 Z a,]/(u) wp?dx,  (4.19)

i=1j=i+1
Is=0(U®), AU®) =—0|U®|*+6(Z (1), U®) - (4.20)
We deduce from (4.7) and (4.15)—(4.20) that
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i=1

k
EL(t) < —6{(n —0|U O +@+6 —m|UD |+ ® —n)Zai/(ui)zdx
2

k-1 & k
+(29—n)2 Z aij/(u,-)z(uj)zdx+Z/ri(Zi)2dF1}

i=1j=i+1 o [:1F1

k
— ZZ/li(Z,{)ZdF]_

i=1p
k k
+ G{Zf(m o V) ())2dIn — Z/(m o V)| Vu; |3, d Ty
i:1rl i:lpl
k k
+ 22 /(m o Vui)zjdI+6(U®), Z'(1)) p, + Z/r,- (zi)?dI
i=11~1 i=11~1
d k 2B17 + 1\ &
+ [(2Blf +1) Z/uiz,- dri+ <T) Z/li(Zi)zdrl} }
t:lrl t:lpl

(4.21)

We can see thatn —0) >0, (2+60 —n) > 0, and(20 — n) > 0, becaus® satisfies
(4.9). However, we still have to compensate terms in (4.21). Siheen) < 0, then

k
—e(® —n) Za,- /(ui)zdx < —¢
i=1 o

k
_6(9;n) a,-/(u,-)zdx.
=g

1

36 —n)

ac|um|®

Combining this and (4.21), we get

k
EL(1) < —CseE(t) — 22/1,- ()2dI

i:1rl

k k
+e{2/<m.v>(u;)2drl_ Z/<m.v>||w,-||ﬁn dry

i=11~1 i=11~1

k k
+22/(moVu,-)z;dl"l—i-@(U(t),Z’(t))Fl—i-Z/ri(zi)zdFl

i:lpl i:1rl

k - k
d 2B 1
+_dt |:(231f+1) E /uizidl“1+ <7l;+ ) E /l,‘(z,')zdflj“,

i=11~1 i=11~1
(4.22)
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where

C5=min{(n—9), [(2+9—n)+w}(29—n), (n;@)’l} > 0.

To estimate the right-hand side of (4.22), we note that

k k
15=Z/<m-v>(u§)2drl+2/ri(z,->2drl

i=1p i=1p

k k
<2BilY f Li(z)?dN+2Bir+1)) / ri(zi)?dIn

i:lFl i:lrl

k k
=231f2/li(z§)2dfl+(281f+1)2/[—u§z,' —lizizjldIy

i=1p i=1p

k _ k
d 2B 1
:—E[(ZBlerl)Z/uiZidFlJr(%)Z/li(mzdn]

i:lpl i:lpl

k k
+(231f+1)2/u,-z;dr1+2Blz'zfz,~(z;)2drl.
i=11~1 i=11~1

Therefore, for an arbitrary > 0 we have

k _ k
d _ 2B1ir +1
Is < —E[(zBlr +1)) /u,-z,-drl+ (%) > /l,-(z,»)zdrl]
i:1rl i:lpl

k k
i} 1 > 20
+2Blzz/z,-(z;)2drl+ EHU(:) I°+ T(2191r+1)2Z/(z;)zdn.
1=11~1 l=11~1
(4.23)
Moreover,
k k
le=—>_ / (m e v)||Vu;l|2.dIL < —Bo Yy / IVui |3n d I, (4.24)
i:1rl i:1rl
k k M2 &
I7=ZZ/(mo Vui)z,dIn < BOZ/ IVu; |20 d Ty + e Z/(z;)zdn,
l=11~1 l=11~1 1=11~1
(4.25)
77 2 C192 k 2
_ / u /
Ig=0(UM,Z'1)p, < 2HU(r)H + 2 Z/(zi) dro. (4.26)

i=11-1
Substitutingl/s—Ig into (4.22), we obtain
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EL(D) < cseE(r)—22/1,<z> dri+e 23112/@@) dry

l_lﬂ_ z_lﬂ

2C nM? (C'6?
<—(231r+1) +—+—>Z/(z) A +n|U®|?

l_1F
< —€(Cs—mE{)

_ 1/2C M2  C'92
P e )]
lo\ n 0
x>y / li(z))?dTn. (4.27)

We choose) > 0 such thatCs — ) > 0, and there € (0, Cz‘l) such that

_ 1/2 / A42 2
{2—6[2311+1—(£(281F+1)2+n o )“>o.
0

n Bo 2n
Hence, there exists a constaig > 0 independent of such that
E.(1) < —€CeE(t) forallz>0. (4.28)

Using (4.14) and (4.28), one can easily see that (4.10) holds. This completes the proof
of Theorem4.1. O
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