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Abstract

Let [, denote a finite field with r elements. Let ¢ be a power of a prime, and pi, p2, p3 be
distinct primes. Put
Y1 = pip2, Y2 = p1ps3, Y3 = p2p3, Z= pip2ps,
A= {(I|,lz) €l X Fyn | Fo(t1) = Fyn,s Fo(2) = Fy2, Fy(t1t2) #+ ﬂ:qZ}.
We express the number of elements in 4 in terms of g, pi, p2, ps.

(© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The following question has been studied by Browkin et al. [3], Isaacs [4], Kaplansky
[5], and Petrenko [8]:

Let K be a field and L =K(a;), L, =K(ay) be field extensions of finite degrees d,
d,, respectively. What conditions should one place on K,a;,a,,d;, d, to ensure that
K(aj,ax)=K(a1 + a2)?

In this paper we investigate when for a finite field K we have K(ay,a;) = K(aaz).
We look for criteria in terms of d, d,, char(K). Firstly, we observe that gcd(d,d,)=1
implies K(aj,a;) = K(ajay) (Remark 3). Hence, it is natural to investigate the case
gcd(d;,dy) > 1. This leads to the following question. !
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Let ¢ be a power of a prime, and pi, p,, p; be distinct primes. Put

Vi=pi1p2, Y2=p1pP3, Y3i=p2p3, Z=pip2ps3,
A= {(fl,tz) € [Fq,vl X [Fq.vz [Fq(tl) = [qul , [Fq(tg) = [Fq,vz, ﬂ:q(tltz) 7& [qu}.

What is |4| in terms of ¢, p1, p2, p3?

We answer this question in Theorem 10. This allows us to show that if primitive
elements 7 € Fyn, t, € Fp. are randomly chosen under a uniform distribution, then the
probability P of F,(#12,) = [, tends to 1 as (q, p1, p2, p3) — +00 under some norm
(Proposition 14). It turns out that the smallest value of P(q, pi, p2, p3) is P(2,2,3,5)=
% > 0.993 (Proposition 14).

If we replace pi, pa, p3 with arbitrary pairwise relatively prime positive integers,
then the formula for |4| in Theorem 10 no longer holds (Example 13). However, if we
consider W, the subgroup of [Fj;y] X [F;y2 generated by A4, then we obtain the formula
for |W| that is valid when pi, ps, p; are replaced with my,my, ms, distinct pairwise
relatively prime positive integers (Remark 15 and Theorem 16).

We interpret Theorems 10 and 16 in terms of counting points of algebraic sets
(Sections 5.1 and 5.2) and determining the kernel of a group homomorphism
(Section 5.3).

2. Definitions and notation

We refer to [1,5-7,9,10] for standard definitions.

The cardinality of a finite set W is denoted by |W]|.

If L is a field, we write L* for the multiplicative group of L.

If L, M are fields, we denote their compositum by LM.

If a field L is an extension of a field K, then (L : K') denotes the degree of L/K (it
is equal to dimg L by definition). If L/K is Galois, we write Gal(L/K) for the Galois
group of L/K. If Gal(L/K) is finite cyclic, then L/K is called cyclic.

If L/K is a field extension, then a € L is called a primitive element (of this extension)
if L is the smallest subfield of L containing K U {a}. In this case we write L =
K(a) and say that L/K is simple. The primitive element theorem states that L/K is
simple if and only if it has finitely many intermediate subfields (see, for example,
[6, Chapter V, Section 4, Theorem 4.6]). In particular, any Galois field extension is
simple.

Define the set

Pr(L/K)={acL|K(a)=L}.

We note that what we call a “primitive element” is called a “defining element” in
[7], and a “primitive element” of a finite field, according to [7], is a generator of the
multiplicative group.

F,, [F;’lg, N, P, Z denote a finite field of r elements, an algebraic closure of F,, the
natural numbers, the positive primes, the integers, respectively.
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Let m,ne N.
(1) If m divides n, we denote this by m | n.
(2) If m = 2, then define

ord,,(n) = max{k € N U {0} | m" divides n}.

To save repetition throughout the paper, we introduce the subscripts i€ {1,2} and

je{1,2,3}.
Put

Sj = Pl’([’:q};,/ﬂ:q).

Let g be a power of a prime p’, and p;, p», p; be distinct primes. Put

Vi=pip2,  Y2=Pp1p3 Y3i=Pp2p3, Z=piprp3
A= {(11,2‘2) €S x 8 | [Fq(tllz) = Fqn}.

It follows from Lemma 1 below that this definition of 4 is equivalent to the one given

in Section 1.
Let my,my, m3 € N be pairwise relatively prime. Define the group

V= {(tl,tz,t}) € [FZm]mz X U:Zm11n3 X [F;;mzm3 |l‘1t21‘3 = 1}

3. Preliminary results

Let F,/Fy be a cyclic field extension and a;,a; € F,. Lemmas 1 and 2 below relate

(F](alaz) . Fl) to (Fl(al):Fl) and (F](Clz)ZF]).

Lemma 1. Let F,/Fy be a cyclic field extension of degree d and ai,a; € F> such that
Fy=F(ai,az). Let (Fi(a;): F1)=d; and n={peP|ord,(d,) # ord ,(d2)}. Define
dy = (Fi(aay) : Fr) and d' =] e, pm™ 1@} Then lem(dy,dy) = d and d'|d,.

Proof. Put
I; = Gal(FyJF\(a;)), J = Gal(F2/F(a1a2)).
Then from
Fy =Fi(a1)F1(ay) = Fi(a)Fi(a1a2),
we deduce that
LNnJ=INhL=/{idg}.
It follows that
ged(|%], /1) = ged(|h], |2)) = 1.
Therefore, by Galois theory ([5, Part 1, Section 3]),
lem(d;, dy) =lem(dy,dy) =d.

We see that any pcn divides do and ord,(dg) = ord,(d).

[1,c, pmtords @0} divides do. O

Consequently,
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Lemma 2. Let n’' = {p prime| pdividesd}. If ©’ =n, then Fi(a1ay) = F>.

Proof. By Lemma 1, d' =[] ., p™™ 1%} = lem(d),dy) = d.
Hence, (Fz :Fl) = (Fl(alaz) IF]) and F2 =F1(a1a2). [l

Remark 3. The conditions of Lemma 2 are satisfied when ged(d;,d>) = 1.
We would like to recall Lemma 3.5 of [8].

Lemma 4. Let G be a group, Gi,Gy,Gs subgroups of G, and Gy = ﬂj:l G,. Put
G\ = G, \ Go. Define

AlZ{(gzgfl,glgsﬂgjeq('o)} and B =1{(g9,",0195) |9, € G;}.

0
Then |41]|Go| = [1,1G;"| and |B||Go| =11, |G;l.

We sketch the idea of the proof for the convenience of the reader. Define the sur-
jective map ¢@: Hj G;O) — A1, (91,92,93) — (gzgl_l,glg3). For any 1€ A4;, one can
show that |¢@~!(#)| = |Gy|. This establishes the formula for |4;|. The formula for |B| is
obtained similarly.

Next, we prove two number-theoretic lemmas.

Lemma 5. Let a,b,c € N. Then

(1) Iem(ged(a,b),ged(a,c)) = ged(a,lem(b, ¢)).
(2) If a =2, then ged(a® — 1,a¢ — 1) = a&d9) — 1,

Proof.

(1) The result follows because N under division is a distributive lattice (see [1, Chap-
ter XI, Section 3] for details).
(2) Put a=a’—1, f=a°—1, y=a%4®) — 1. We see that 7y |a, ; hence y | gcd(a, ).
Let 7€ N be such that »|o,r|f. Without loss of generality, b > c¢. Then
r|a’=¢ — 1. Therefore, r |y by Euclid’s algorithm.
We have shown that ged(e, f) |y and y|ged(e, f). We conclude that the two
numbers are equal. [

Before proving the following lemma, we recall that m;,m;,m3; are assumed to be
pairwise relatively prime.

Lemma 6. Let neN, n =2, then

(™ = (™ — 1)
n—1

myn myms

=ged(n — 1,lecm(n —1,/™"™ —1)).
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Proof. Put a =n"" — 1, b=n"" — 1, ¢ =n"" — 1. Then by Lemma 5,

ged(a, lem(b, ¢)) = lem(ged(a, b), ged(a, ¢)) = lem(n™ — 1,n™ — 1)

=™ — 1)

O
n—1

Next, we apply Lemma 6 to finite fields.

Lemma 7. Fiu, Finy = Fonms 0 (Finy oy ).

Proof. We see that |F, 7,

B ITES T
q

|[Fgmims OV (Fgmims Fomms )| = ged(g™™ — 1,lem(g™™ — 1,¢™™ — 1)).
The group Fymmmy is cyclic. Therefore, the result follows from Lemma 6. [

We establish two calculus lemmas below. They will be used in the proof of Propo-
sition 14.

Lemma 8. The function f(t,x, y)=(t"—t)(t¥ —t)/(tY —* —t¥ +1t) attains its maximum
in the set Q= {(t,x,y)EN?|t =2, x =2, y >3} only at the point (2,2,3).

Proof. We have

of @ — O)ET + I (y — 1) — et )Int
2= <0,
0x (t—F—t+rv)

of (=)@ + M x — 1) — ' P)Ing -0

dy (t—F—t+1rv)

We conclude that f(¢x, y) is a strictly decreasing function in x and y. It would be
sufficient to show that f(z,2,3) is a decreasing function.

Indeed, let (fy,x0,y0) € Q1 be such that (¢y,x9,v0) # (2,2,3) and f(¢y,x0, yo) =
£(2,2,3). Suppose that xy > 2, then

f(thxO’yO) < f(t072>y0) < f(t07273) < f(252’3)7

a contradiction. Similarly, yy > 3 cannot occur. Therefore, xo =2 and y,=3. If £y > 2,
then

f(fO’XO,J’O) = f(t0:293) < f(2’253)9

a contradiction. It follows that (fy,xo, yo) does not exist.
Put A(t) = f(¢,2,3). We have

, 1 =2t +212428 — ¢ (B —t—1—V2) > —t—14+2)
W(t)= =— )
(—1+t4+28)? (1 +t+28)?
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The equation 1—2¢+#2+2¢ —*=0 has exactly two real roots: tj=1(1—1/5 +4v/2) <0

and t, = %(1 +/5+4v2). We have 2 < t, <3 and 4'(t) <0 for ¢ > t,. Since
h2)=3>h(3) =5,

it follows that A(t) is a strictly decreasing function. [

Lemma 9. The function g(t,x,y)=(t" —t)/(t"Y — ' —t¥ + t) attains its maximum in
the set Q, ={(t,x,y)|t =2, x =2, y =5} only at the point (2,2,5).

Proof. We have
dg (@ =) — yr7)nt
ox  (t—t =t )

>

g (£ 4 (x — DI+ — xt1+)In ¢t
ay (t — 15—tV + )2
Define the function

< 0.

1
H=¢gt2,5)=——.
s(1)=¢(1,2,5) pop—

Then
1+ 564
")=——— <0.
s (1) (B +t—1)2

By an argument similar to the one used in the proof of Lemma §, we see that (2,2,5)
is the only point of maximum for g(t,x, y) in Q,. [J

4. Properties of A and V
We now state and prove the main result of this paper.

Theorem 10. (1) The following equalities hold.
[1_1(¢" —9)
(a) 4] = =5,
(b) A={(BB; ", B1B3) | By €Fpri \ Fyl,
(2) For all ty €Fy \ (F7 Fr), b €Fy \ Frpy, we have Fy(tita) = Fye.
(3) The image of the map x:(t1,t,) — (Fy(tit2) : Fy), (t1,6) €81 X 8o, is {y3,z}.

Proof.

(1) Define the groups G =F., G; = [F;p/ (see Lemma 4). Then Go = F;. Put 4, =
{(BBT " B1B3) | By € Fyr \ Fy ).
We claim that 4; = A.
Let us prove that 4; C 4. Let (t1,,) € 41, then ¢ = ,Bl_lﬁz and t, = 155 for
some f3; € GJ(»O). Then F,(#) = Fyni, Fy(t1tz) = Fy(f2f3) = Fprs. We conclude that
(t1,1) €A.
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Let us prove that A C A4;. Suppose not. Let (t1,6,) €4 \ 4;. By Lemma 1,
Fy(tit2) = Fgs. Next, by Lemma 7, 1, € [Fj;p] [Fj;p2 and 1, € [Fj;,,, [F;p3. It follows that
t = ﬁzﬁfl and 7, = 153 for some f; € [,

From A; = 4, Lemmas 4 and 7, we deduce 1(a) and 1(b).
(2) Suppose not. Then Fy(t12) = Fps by Lemma 1. If © €y, \ (F}, Fyes), then
(t1,t) € A contradicts 1(b). Therefore, t, € F*, F*,,. Put

qr g3
D={tely |thelFp}.

If ¢, € D, then
N )

Iz "'t g7

eFy NE =F;

qPr:
Hence |D| < g7 — 1. Write t, = ;' 5 for some f; € Fors B3 € Fpy. Put

Dy ={p1B2| B2 €Fyp }-

Then |Dy| =¢*2> — 1 and D; C D. Hence, D = D;. This shows that ¢ € Fom Fras
a contradiction.

(3) Lemma 1 implies Imk C {y3,z}. Since k~'(y3) =4 and 0 < |4]| < |S] X S5, we
have Imx = {y3,z}. O

Remark 11. The case ¢ = p; =2, p» =3, p3 =5 was first handled by the author by
the computer system MAGMA [2], inspiring the general method.

Remark 12. The statement of Theorem 10 is not true in general if we no longer require
that p;, pa, p3 be prime, as the following example shows.

Example 13. Observe that the group Gal(F,/F,) acts on the set 4 by the rule
a(t), ) := (a(t1),0(ty)). We see that any element of 4 has trivial stabilizer. Hence,
|Gal(F/Fy)| = z divides |4|. In case g = p; =2, p, =3, p3 =35, for example,
z =210 does not divide (1/(q — 1))Hj(q”f — ¢q) =412316860392. We conclude that
4] # (1/(q — D) [1,(¢” — ¢) here.

Proposition 14. Let (s1,57) € S1 XS, be randomly chosen under a uniform distribution.
Then the probability of Fy(tity) = Fy is

(" — 9)(g” — 9)(gq"” — q)
q—1)(g" —q” —q” +q) (g —q” —q” +q)

295
297>

P=P(q,p1,p2,p3)=1~— (

P(q, p1, p2, p3) attains its minimum only at the point (2,2,3,5),P(2,2,3,5)= and

limg, p,. ps, py)—+00 P = 1.

Proof. By definition, P=1—|4|/([S[[S2]), where [4|=(1/(¢—1))]],(¢” —q) by Theo-
rem 10. This establishes the formula for P. Define v(q, pi, p2, p3)=1—P(q, p1, p2, P3)-
We see that in terms of Lemmas 8 and 9, v(q, pi1, p2, p3) = (1/(¢ — 1)) f (g, p1, P2)g
(¢, p1, p3)- Therefore, Lemmas 8 and 9 imply that v(q, pi, p2, p3) attains its maximum
only at the point (2,2,3,5).
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We observe that

1+p2+p3
qPPP

0 <v(g, p1, p2, P3) < 5 -0

1
qu’l P2 qul pP3

as (‘L P, P2, p}) — +00, and so lim(q,pl’pz’pz)*hkoop: 1. J

Remark 15. By Theorem 10, the subgroup W of [Fj;v1 [F;‘v2 generated by A is
W:{(ﬂzﬁl_laﬁlﬁ)ijF;pj}. Then

1
- Pj _
== I =0

by Lemma 4. Example 13 above shows that the formula for |[4| in Theorem 10 does not
hold in general if pi, p,, p3 are composite. Nevertheless, Theorem 16 below implies
that the formula for || holds if we replace pi, ps, p3 with pairwise relatively prime
positive integers my, my, ms.

Theorem 16. (1) |V =(1/(q — 1) [_,(¢" — 1).
@)V =A{BBr BB BBy ) | B € Fiy b

Proof. Consider the group epimorphism
0:V — [F;,,,l U:;mz,(tl,tz,t3) — bi3.

This map is well defined by Lemma 7. We see that
Ker(0) = {(1,t7",0) [t € F}us }.

Therefore,

1
7] = [Ker(®)Im(®)] = —— [T@™ .
J

This proves Part 1.
To prove Part 2, we define the groups

Vi={(BaBr S BBy BB D B €Fom s W ={(Bafii s BiB3) | By € Fiy }-

They are isomorphic via the map (vy,v2,v3) — (v1,v2). Hence, |V1|=|W|. We observe
that ¥y C V. Define the groups G; = Flu;, G = Fumn. Then by Lemma 4, |W| =
(1/(qg — 1))H(q’"f —1). Hence, by Part 1, |[Vq|=|W|=|V|. O

J

5. Applications

We see that 4 and V' are algebraic sets over [Ff,lg. Therefore, by Theorems 10 and
16, we know the number of solutions of the systems of polynomial equations defining
these sets. We make this observation precise in Sections 5.1 and 5.2 below.

Since the group Fj. is cyclic, there is a bijection between the points of V' and the
kernel of a group homomorphism. We describe this homomorphism in Section 5.3
below.
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5.1. V as an algebraic set

Note that 7 is defined over [F'f]lg by the following system of polynomial equations:

mymy

q

Xy = X1,
qmm

X, = X7,
g

X3 = X3,

X1X2X3 = 1.

Hence, by Theorem 16, this system has |V'| = (¢ — 1)~ [],(¢" — 1) solutions in Fae,

5.2. A as an algebraic set

We observe that A is the set of ordered pairs (x;,x;) satisfying the following system
of polynomial equations over F2®:

[IGr=sn=0o,

s;€S;
X1X2X3 = 1.

We observe that [] .o (x; —s;)€Fylx;] © Fylx;], because they can be expressed

as products of cyclotomic polynomials. By Theorem 10, this system has (1/(g —
) I1,(g” — q) solutions in Fae,

5.3. |V| as the size of the kernel of a group homomorphism

We shall give another interpretation of |V|. Let u; =¢"™ — 1, vi =¢™"™ — 1, v, =
qgm™ — 1, v3=¢"" — 1, and v=¢™"™" — 1. Consider the group homomorphism
n: 22y — (Zpz)t
(my,ma,m3) — (vimy, vamy, vsms, my + my + ms).

Then by Theorem 10, [Ker(n)| = |V|= (¢ —1)~! Hizl (¢™ — 1). Moreover, we know
that

Ker(n) = {(m;) € (ZVZ)* |my = ny — ny,my = ny — n3,my = n3 — ny

for some n; € (Z/vZ), such that n;u; =0}.
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