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Abstract

The holographic dark energy model is one of the important ways for dealing with the dark energy problems in the quantum gravity framework.
In this model, the dimensionless parameter c plays an essential role in determining the evolution of the holographic dark energy. In particular,
the holographic dark energy with c � 1 can be effectively described by a quintessence scalar-field. However, according to the requirement of the
weak gravity conjecture the variation of the quintessence scalar-field should be less than the Planck mass, which would give theoretic constraints
on the parameters c and Ωm0. Therefore, we get the possible theoretical limits on the parameter c for the holographic quintessence model.
© 2008 Elsevier B.V. All rights reserved.
It has been realized firmly that our universe is experiencing
an accelerated expansion at the present time, through the astro-
nomical observations, such as observations of large scale struc-
ture (LSS) [1], searches for type Ia supernovae (SNIa) [2], and
measurements of the cosmic microwave background (CMB)
anisotropy [3]. The acceleration of the universe strongly indi-
cates the existence of a mysterious exotic matter, namely the
dark energy, which has large enough negative pressure and
has been a dominative power of the universe (for reviews see
e.g. [4]). The combined analysis of observational data sug-
gests that the universe is spatially flat, and consists of approx-
imately 70% dark energy, 30% dust matter (cold dark matter
plus baryons), and negligible radiation. Although it can be af-
firmed that the ultimate destiny of our universe is determined by
the feature of dark energy, we still know little about the nature
of dark energy. However, one still can propose some candidates
to interpret or describe its various properties. The most simple
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yet indispensable theoretical candidate for dark energy is the
Einstein’s cosmological constant λ (vacuum energy) [5] which
has the equation of state wλ = −1. However, as is well known,
the cosmological constant scenario is always plagued with the
two famous cosmological constant problems regarding why ρλ

is much smaller than many known contributions to it and why
it is comparable to the energy density of matter today.

Another candidate for dark energy is the energy density as-
sociated with dynamical scalar-field, a slowly varying, spatially
homogeneous component. An example of scalar-field dark en-
ergy is the so-called quintessence [6], a scalar field φ slowly
evolving down its potential V (φ). Provided that the evolution of
the field is slow enough, the kinetic energy density is less than
the potential energy density, giving rise to the negative pressure
responsible to the cosmic acceleration. So far a wide variety of
scalar-field dark energy models have been proposed. Besides
quintessence, these also include phantom [7], K-essence [8],
tachyon [9], ghost condensate [10] and quintom [11] amongst
many. However, we should note that the mainstream viewpoint
regards the scalar-field dark energy models as an low-energy
effective description of the underlying theory of dark energy.
In addition, other proposals on dark energy include interact-
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ing dark energy models [12], variable cosmological constant
models [13], braneworld models [14], and Chaplygin gas mod-
els [15], etc.

Theoretical physicists have made lots of efforts trying to re-
solve the cosmological constant problems, but all these efforts
seem to be unsuccessful. Of course the theoretical considera-
tions have made some progress and are still in process. In recent
years, many string theorists have devoted to shedding light on
the cosmological constant or dark energy problems within the
string theory framework. The famous Kachru–Kallosh–Linde–
Trivedi (KKLT) model [16] is a typical example, which tries
to construct metastable de Sitter vacua in the light of type IIB
string theory. Furthermore, string landscape idea [17] has been
proposed for shedding light on the cosmological constant prob-
lems based upon the anthropic principle and multiverse spec-
ulation. Another way of endeavoring to probe the nature of
dark energy within the fundamental theory framework origi-
nates from some considerations of the features of the quan-
tum gravity theory. It is generally believed by theorists that
we cannot entirely understand the nature of dark energy before
a complete theory of quantum gravity is available. However, al-
though we are lacking a quantum gravity theory today, we still
can make some attempts to probe the nature of dark energy ac-
cording to some principles of quantum gravity. The holographic
dark energy model [18] is just an appropriate example, which
is constructed in the light of the holographic principle [19] of
quantum gravity theory. That is to say, the holographic dark
energy model possesses some significant features of the under-
lying theory of dark energy.

According to the holographic principle, the number of de-
grees of freedom for a system within a finite region should be
finite and bounded roughly by the area of its boundary. In the
cosmological context, the holographic principle will set an up-
per bound on the entropy of the universe. Motivated by the
Bekenstein entropy bound, it seems plausible to require that
for an effective quantum field theory in a box of size L with
UV cutoff Λ, the total entropy should satisfy S = L3Λ3 �
SBH ≡ πM2

plL
2, where SBH is the entropy of a black hole with

the same size L. However, Cohen et al. [20] pointed out that
to saturate this inequality some states with Schwartzschild ra-
dius much larger than the box size have to be counted in. As
a result, a more restrictive bound, the energy bound, has been
proposed to constrain the degrees of freedom of the system, re-
quiring that the total energy of a system with size L should not
exceed the mass of a black hole with the same size, namely,
L3Λ4 = L3ρΛ � LM2

pl. This means that the maximum entropy

is in order of S
3/4
BH . When we take the whole universe into ac-

count, the vacuum energy related to this holographic principle
is viewed as dark energy, usually dubbed “holographic dark
energy”. The largest IR cut-off L is chosen by saturating the
inequality so that we get the holographic dark energy density

(1)ρΛ = 3c2M2
plL

−2,

where c is a numerical constant (note that c > 0 is assumed),
and as usual Mpl is the reduced Planck mass. It has been con-
jectured by Li [18] that the IR cutoff L should be given by the
future event horizon of the universe

(2)Reh(a) = a

∞∫
t

dt ′

a(t ′)
= a

∞∫
a

da′

Ha′2
.

Such a holographic dark energy looks reasonable, since it may
simultaneously provide natural solutions to both dark energy
problems as demonstrated in Ref. [18]. The holographic dark
energy model has been tested and constrained by various astro-
nomical observations [21–26]. For other extensive studies on
the holographic dark energy, see e.g. Refs. [27,28].

The holographic dark energy scenario reveals the dynami-
cal nature of the vacuum energy. When taking the holographic
principle into account, the vacuum energy density will evolve
dynamically. Though the underlying theory of dark energy is
unavailable presently, we can, nevertheless, speculate on the
underlying theory of dark energy by taking some principles
of quantum gravity into account. The holographic dark energy
model is no doubt a tentative in this way. Now, we are interested
in that if we assume the holographic vacuum energy scenario
as the underlying theory of dark energy, how the low-energy
effective scalar-field model can be used to describe it. In this
direction, some work has been done. The holographic versions
of scalar-field models, such as quintessence, tachyon, and quin-
tom, have been constructed [29–31]. In this Letter, we focus on
the canonical scalar-field description of the holographic dark
energy, namely the “holographic quintessence” [29].

It is generally believed that string theory is the most promis-
ing consistent theory of quantum gravity. By means of the
KKLT mechanism [16] (see also [32]), a vast number of meta-
stable de Sitter vacua can be constructed through the flux com-
pactification on a Calabi–Yau manifold. These string vacua can
be described by the low-energy effective theories. However, re-
cently, it was realized that the vast series of semiclassically
consistent field theories are actually inconsistent. These actu-
ally inconsistent effective field theories are viewed as located in
the so-called “swampland” [33]. The self-consistent landscape
is surrounded by the swampland.

Undoubtedly, it is an important mission to distinguish the
landscape and the swampland. Vafa has proposed some crite-
rion to the consistent effective field theories [33]. Furthermore,
recently, it was conjectured by Arkani-Hamed et al. [34] that
the gravity is the weakest force, which helps to rule out those
effective field theories in the swampland. This conjecture is
supported by string theory and some evidence involving black
holes and symmetries [34] (for the other arguments in string
theory to support this conjecture see also [35]). Arkani-Hamed
et al. pointed out [34] that when considering the quantum grav-
ity, the gravity and other gauge forces should not be treated
separately. For example, in four dimensions a new intrinsic UV
cutoff for the U(1) gauge theory, Λ = gMpl, is suggested, where
g is the gauge coupling [34]. This conjecture was generalized
to asymptotic dS/AdS background [36]. In [36], the weak grav-
ity conjecture together with the requirement that the IR cutoff
should be smaller than the UV cutoff leads to an upper bound
for the cosmological constant. In addition, for the inflation-
ary cosmology, the application of the weak gravity conjecture
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shows that the chaotic inflation model is in the swampland [37].
This conjecture even implies that the eternal inflation may not
be achieved [38]. Furthermore, Huang conjectured [39] that
the variation of the inflaton should be smaller than the Planck
scale Mpl, and this can make stringent constraint on the spectral
index.

Naturally, the weak gravity conjecture can also be applied
to the dark energy problem. This suggests that the variation of
the quintessence field value φ should be less than Mpl [40].
This criterion may give important theoretical constraints on the
equation-of-state parameter of quintessence models, and some
of these constraints are even stringent than those of the present
experiments [40]. In this Letter we shall investigate the possi-
ble theoretical constraints on the parameters of the holographic
quintessence from the weak gravity conjecture.

First, we briefly review the holographic dark energy model.
Since the spatial flatness is motivated by theoretical considera-
tions (such as the inflationary theory) and astronomical obser-
vations, we consider a spatially flat universe filled with matter
component ρm (including both baryon matter and cold dark
matter) and holographic dark energy component ρΛ, thus the
Friedmann equation reads

(3)3M2
plH

2 = ρm + ρΛ,

or equivalently,

(4)E(z) ≡ H(z)

H0
=

(
Ωm0(1 + z)3

1 − ΩΛ

)1/2

,

where z = (1/a) − 1 is the redshift of the universe. Combining
the definition of the holographic dark energy (1) and the defin-
ition of the future event horizon (2), we derive

(5)

∞∫
a

d lna′

Ha′ = c

Ha
√

ΩΛ

.

The Friedmann equation (4) implies

(6)
1

Ha
= √

a(1 − ΩΛ)
1

H0
√

Ωm0
.

Substituting (6) into (5), one obtains the following equation

(7)

∞∫
x

ex′/2
√

1 − ΩΛ dx′ = cex/2

√
1

ΩΛ

− 1,

where x = lna. Then taking derivative with respect to x in both
sides of the above relation, we easily get the dynamics satis-
fied by the dark energy, i.e. the differential equation about the
fractional density of dark energy,

(8)Ω ′
Λ = −(1 + z)−1ΩΛ(1 − ΩΛ)

(
1 + 2

c

√
ΩΛ

)
,

where the prime denotes the derivative with respect to the red-
shift z. This equation describes the behavior of the holographic
dark energy completely, and it can be solved exactly [18,21].
From the energy conservation equation of the dark energy, the
equation of state of the dark energy can be given by [21]

(9)wΛ = −1 − 1

3

d lnρΛ

d lna
= −1

3

(
1 + 2

c

√
ΩΛ

)
.

Note that the formula ρΛ = ΩΛ

1−ΩΛ
ρm0a

−3 and the differential
equation of ΩΛ (8) are used in the second equal sign.

The property of the holographic dark energy is mainly gov-
erned by the numerical parameter c. From Eq. (9), it can be
easily found that the evolution of the equation of state satisfies
−(1 + 2/c)/3 � wΛ � −1/3 due to 0 � ΩΛ � 1. Thus, the pa-
rameter c plays a significant role in the holographic evolution of
the universe. When c < 1, the holographic evolution will make
the equation of state cross w = −1 (from w > −1 evolves to
w < −1); when c � 1, the equation of state will evolve in the
region of −1 � w � −1/3.

Next, let us consider the quintessence scalar-field model.
The quintessence scalar field φ evolves in its potential V (φ)

and rolls towards its minimum of the potential, according to
the Klein–Gordon equation φ̈ + 3Hφ̇ = −dV/dφ. The slope
of the potential drives the rate of evolution while the cosmic
expansion damps this evolution through the Hubble parame-
ter H . The energy density and pressure are ρφ = φ̇2/2 + V ,
pφ = φ̇2/2 − V , so that the equation of state of quintessence
wφ = pφ/ρφ evolves in a region of −1 < wφ < 1. Usually, in
order to make the universe’s expansion accelerate, wφ should
be required less than −1/3. Nevertheless, it can be seen clearly
that the quintessence scalar field cannot realize the equation of
state crossing −1. Therefore, only the holographic dark energy
in cases of c � 1 can be described by the quintessence [29].1

In fact, in the holographic scenario, the value of c should
be determined by cosmological observations. However, cur-
rent observational data are not precise enough to determine
the value of c very accurately. An analysis of the latest ob-
servational data, including the gold sample of 182 SNIa, the
CMB shift parameter given by the 3-year WMAP observations,
and the baryon acoustic oscillation (BAO) measurement from
the Sloan Digital Sky Survey (SDSS), shows that the possibil-
ities of c > 1 and c < 1 both exist and their likelihoods are
almost equal within 3 sigma error range [25]. Therefore, nei-
ther quintessence feature nor quintom one can be ruled out by
observational data presently available. In [25], the fit values for
the model parameters with 1-σ errors are c = 0.91+0.26

−0.18 and
Ωm0 = 0.29 ± 0.03 with χmin = 158.97. Clearly, the range of c

in the 1-σ error, 0.73 < c < 1.17, is not capable of ruling out
the probability of c > 1; this conclusion is somewhat different
from those derived from previous investigations using earlier
data. In previous work, for instance [23,24], the 1-σ range of c

obtained can basically exclude the probability of c > 1 giving

1 Apparently, the quintessence model is consistent with the second law of
thermodynamics. In the holographic dark energy model, the entropy of the
whole system is described by S = πM2

plR
2
eh. To satisfy the second law of

thermodynamics, one requires that ˙Reh � 0, which leads to c �
√

ΩΛ (for the
general case in non-flat space, see [22]). For the quintessence model, w � −1,
this together with Eq. (9) also leads to c �

√
ΩΛ . Furthermore, since the max-

imum of ΩΛ is 1, we thus obtain the condition c � 1 for the quintessence-like
behavior realization of the holographic dark energy.
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Fig. 1. The relationship between φ(z) (at z = 2) and c. Selected curves correspond to Ωm0 = 0.26, 0.28 and 0.34, respectively.
rise to the quintessence-like behavior, supporting the quintom-
like behavior evidently.2 Though the present result (in 1-σ error
range) from the analysis of the up-to-date observational data
does not support the quintom-like feature as strongly as be-
fore, the best-fit value (c = 0.91) still exhibits the holographic
quintom characteristic. However, the cases of c < 1 will bring
theoretical problems: (i) This will lead to dark energy behav-
ing as a phantom eventually, which violates the weak energy
condition of general relativity, and the Gibbons–Hawking en-
tropy will thus decrease since the event horizon shrinks, which
violates the second law of thermodynamics as well. (ii) The
quantum instability may often be encountered in quintom mod-
els when the w = −1 crossing happens. (iii) When the future
event horizon as the IR cut-off becomes shorter than the UV
cut-off within a finite time in the future, the definition of the
holographic dark energy will break down. Consequently, from
the theoretical perspective, the holographic dark energy with
c � 1 is more reasonable. On the whole, since the data analysis
cannot rule out the possibility of c � 1 completely, the cases of
c � 1 are worth investigating in detail. In order to describe the
holographic dark energy with the quintessence scalar-field (the
low-energy effective theory), we in this Letter restrict c � 1 for
the holographic dark energy model.

According to the forms of quintessence energy density and
pressure, one can easily derive the scalar potential and kinetic
energy term as

(10)
V (φ)

ρc0
= 1

2
(1 − wφ)ΩφE2,

(11)
φ̇2

ρc0
= (1 + wφ)ΩφE2,

2 In [23], the joint fitting of SNIa + CMB + LSS for the holographic dark

energy model gives the parameter constraints in 1-σ : c = 0.81+0.23
−0.16, Ωm0 =

0.28 ± 0.03, with χ2
min = 176.67. In [24], using the fgas values provided by

Chandra observational data (the X-ray gas mass fraction of 26 rich clusters), the
1-σ fit values for c and Ωm0 are given: c = 0.61+0.45

−0.21 and Ωm0 = 0.24+0.06
−0.05,

with the best-fit chi-square χ2 = 25.00.
min
where ρc0 = 3M2
plH

2
0 is today’s critical density of the uni-

verse. Imposing the holographic nature (with c � 1) to the
quintessence, the energy density of quintessence is needed to
satisfy the requirement of holographic principle, i.e., we should
identify ρφ with ρΛ. Then, the quintessence field acquires
the holographic nature, namely, E, Ωφ and wφ are given by
Eqs. (4), (8) and (9). Without loss of generality, we assume
V ′ > 0 and φ̇ < 0 in this Letter. Then, the derivative of the
scalar field φ with respect to the redshift z can be given by

(12)
φ′

Mpl
=

√
3(1 + wφ)Ωφ

1 + z
.

Consequently, we can easily obtain the evolutionary form of the
field by integrating the above equation

(13)φ(z) =
z∫

0

φ′ dz,

where the field amplitude at the present epoch (z = 0) is fixed to
be zero, namely φ(0) = 0. In what follows, we use the criterion
φ(z)/Mpl � 1 to give the possible theoretical constraints on the
values of c and Ωm0.

First, one can solve Eq. (8) numerically and plot wΛ(z) (see
Fig. 1 in Ref. [29]). From that figure, one can see that larger
value of c makes the value of wΛ relatively larger. This makes
the amplitude of field φ(z) larger if the value of c becomes
larger (see Fig. 3 in Ref. [29]). For making this point more clear,
we plot φ(z = 2) versus c in Fig. 1, where selected curves cor-
respond to Ωm0 = 0.26, 0.28 and 0.34, respectively. Thus, if
c becomes large, the value of φ will become large (see Fig. 1)
and in some cases, it may disobey the criterion that the variation
of quintessence scalar-field should be less than Mpl. Therefore,
the criterion |
φ(z)| = φ(z) � Mpl is able to give important
theoretical constraints on the values of c and Ωm0.

Generically, the dark energy component is negligible in early
times of the universe. Hence, one should confirm when the dark
energy starts to operate in the universe. In general, the redshift
at z ∼ 2 can be viewed as the onset of dark energy evolution,
since at which dark energy begins to take over the mantle of
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(a)

(b)

Fig. 2. Panel (a): Constraint on the parameter-space of the holographic
quintessence from the theoretical criterion φ(z = 2)/Mpl � 1. Upper shaded
area represents the allowed region. Panel (b): Curves corresponding to
φ(z)/Mpl = 1 in the c–Ωm0 parameter-plane, where z is taken to be 2, 5, and
1089, respectively.

matter component (albeit at that time matter component still
dominates the evolution of the universe). Therefore, we can
set z = 2 as the onset of dark energy evolution. Of course, for
the sake of safety, we can also take, say, z = 5 as the onset of
dark energy evolution. An example is shown in the panel (a) of
Fig. 2, where z = 2 is taken. This figure shows the constraints
for the c–Ωm0 parameter-space of the holographic quintessence
from the theoretical criterion φ(z)/Mpl � 1, where the border-
line is set by φ(z = 2)/Mpl = 1, and the allowed region of the
parameter-space is represented by the shaded area. For compar-
ison, we also plot the curves corresponding to φ(z = 5) = Mpl
and φ(z = 1089) = Mpl in the c–Ωm0 plane in the panel (b)
of Fig. 2, which shows that the borderline will get an upper
shift when enlarging the redshift, leading to the allowed region
shrinks. Note that the case of z = 1089 is not an appropriate
example because at the time of CMB formation the universe
is dominated by non-relativistic matter and the dark energy is
totally negligible.

The theoretical limit of c is shown explicitly in the panel (a)
of Fig. 2. When fixing the value of Ωm0, the upper bound of c

can be read from this figure directly. For example, choosing
Ωm0 = 0.28 which is favored by the current observations, the
criterion φ(2)/Mpl � 1 directly leads to cmax = 3.39 which is
the theoretical limit of the parameter c. However, since the rela-
tionship between cmax and Ωm0 is derived from Eq. (13) which
is an integral formula making the relation cmax(Ωm0) difficult
to identify, we should furthermore find an empirical relation be-
tween cmax and Ωm0. Thus, we output the data along the curve
φ(z = 2)/Mpl = 1 and fit them with the elementary functions,
then we obtain

cmax(Ωm0) = 15341.8eΩm0 − 15340.1 − 15342.9Ωm0

− 7609.9Ω2
m0 − 2875.4Ω3

m0,

which is very easy for us to operate. For instance, when substi-
tuting Ωm0 = 0.24 in it, it gives cmax = 2.77; when substituting
Ωm0 = 0.28, it gives cmax = 3.34. Therefore, this empirical
function cmax(Ωm0) is very convenient for us to get the theo-
retical limit of the parameter c. Likewise, we can also get an
empirical relation cmax(Ωm0) for the z = 5 case. We do not
exhibit this case explicitly here, but gives an output point as ex-
ample: the input Ωm0 = 0.28 gives cmax = 1.27. The numerical
fitting curves with data points are shown in Fig. 3.

To summarize, in this Letter we investigate the possi-
ble theoretical limits on the parameter c of the holographic
quintessence. We adopt the perspective that the scalar-field
model is an effective description for the underlying theory of
dark energy. In the holographic dark energy model, the equation
of state with c � 1 evolves within the range −1 � w � −1/3, so
it looks like a quintessence. Quintessence scalar-field can thus
be used to effectively describe the holographic dark energy with
c � 1. For quintessence scalar-field, the requirement (from the
weak gravity conjecture) that the variation of the field should be
less than Mpl will set a theoretical bound on the model. So, in
this Letter, we tested the holographic quintessence model using
this criterion and obtained the theoretical limits on the parame-
ter c for the model. Anyway, the theoretical limits discussed in
this Letter is only a possibility. The requirement that the vari-
ation of the canonical quintessence field minimally coupled to
gravity is less than the Planck scale may arise from the consis-
tent theory of quantum gravity. In this sense, the results derived
in this Letter can, to some extent, be viewed as the prediction of
quantum gravity. Though the constraints on the parameter c are
rather loose, the possible theoretical limits of the holographic
quintessence model are worth investigating.
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Fig. 3. The empirical relations between cmax and Ωm0. Points are generated from the equation φ(z)/Mpl = 1, where z is taken to be 2 (green points) and 5 (blue
points), respectively, and curves are the numerical fitting results. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this Letter.)
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