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Topological properties of real number representations
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Abstract

We prove three results about representations of real numbers (or elements of other topological
spaces) by in+nite strings. Such representations are useful for the description of real number
computations performed by digital computers or by Turing machines. First, we show that the
so-called admissible representations, a topologically natural class of representations introduced by
Kreitz and Weihrauch, are essentially the continuous extensions (with a well-behaved domain) of
continuous and open representations. Second, we show that there is no admissible representation
of the real numbers such that every real number has only +nitely many names. Third, we show
that a rather interesting property of admissible real number representations holds true also for a
certain non-admissible representation, namely for the naive Cauchy representation: the property
that continuity is equivalent to relative continuity with respect to the representation. c© 2002
Elsevier Science B.V. All rights reserved.
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1. Introduction

In order to transfer computability notions given by the Turing machine model on
+nite strings to other countable sets, or in order to describe how computations on
abstract objects in a certain countable set are performed by digital computers, one
can use a notation of the elements of the countable set by strings. In order to obtain
computability notions on an uncountable set which is not too large, e.g. on the set
of real numbers, or in order to describe, for example, how digital computers perform
real number computations, one can proceed in an analogous way, and represent the
elements of the set, e.g. the real numbers, by in+nite strings. Then the computability
notions induced by the Turing machine model on the set of in+nite strings induce a
computability theory on the real numbers. This approach goes back to Hauck [3–5] and
was further developed by Kreitz and Weihrauch [7, 12, 10, 11], Deil [1], and others.
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While for discrete computations topology does not play a role, topology becomes im-
portant as soon as concepts like approximation are used. This is the case for numerical
computations over the real numbers. Kreitz and Weihrauch [7, 12] have analyzed the
topological aspects of the computability theory induced by representations and by Tur-
ing machine computability on strings. They arrived at a topologically natural class of
representations for an arbitrary T0-space with countable base, the so-called admissible
representations. These will be introduced in Section 3. In this paper we present three
results about topological properties of representations.
The +rst result concerns the class of admissible representations of a T0-space with

countable base. We show that the admissible representations are essentially the contin-
uous extensions of continuous, open surjections from the Cantor space �! of in+nite
strings to X with a well-behaved domain. In particular, we will show that any ad-
missible representation of X possesses an open and admissible restriction, and that
any continuous representation with a surjective open restriction can be extended in a
canonical way to an admissible representation.
The second result deals with the question whether there is an admissible represen-

tation of the Euclidean space R of real numbers such that each real number has only
one name or at least only +nitely many names. We show that the answer to this ques-
tion is No. On the contrary, if � is an admissible representation of R then the set of
real numbers which have in+nitely many �-names is dense and fat, thus large in a
topological sense. The proof is based on the Baire category theorem.
The third result is related to another property of admissible representations of real

numbers: for any admissible representation � of R, a function f mapping real numbers
to real numbers is continuous iD it is relatively continuous with respect to �, i.e., iD
there is a continuous function mapping any �-name for any x in the domain of f to
a �-name for f(x). Can one characterize the admissible representations of R by this
property? We show that the answer to this question is No. We show that also the naive
Cauchy representation, which is based on the idea to represent a real number x by
any Cauchy sequence of rational numbers converging to x, has this property.
In the following section we introduce basic terminology. In Section 3 we introduce

admissible representations and formulate some known properties of them. In Section 4
we present the +rst result about the characterization of admissible representations, in
Section 5 the second result about the cardinality of +bers of admissible representations
of real numbers, and in Section 6 the third result about relative continuity with respect
to the naive Cauchy representation. Sections 4, 5, and 6 can be read independently
from each other, with one exception: in a proof in Section 5 the simple Lemma 7
from Section 4 is used.

2. Basic notions

By N= {0; 1; 2; : : :} we denote the set of natural numbers including 0, by Q the
set of rational numbers, and by R the set of real numbers. If X and Y are sets, then
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f :⊆X →Y denotes a partial function whose domain of de+nition dom(f) is a subset
of X , and whose range range(f) is a subset of Y . If dom(f) is equal to X , then f is a
total function, and we may also denote it be f :X →Y . When X and Y are topological
spaces, and we speak about a topological property of a partial function f :⊆X →Y ,
this is always meant with respect to the subspace topology of dom(f). For example,
a function f :⊆X →Y is continuous, iD for any open set U ⊆Y the set f−1(U ) is
open in dom(f) (it does not have to be open in X !). We call a set an alphabet if it
is +nite and contains at least two elements. Let � be an alphabet. By �∗ we denote
the set of all +nite words over �, and by �!= {p |p :N→�} the Cantor space over
�, that is, the set of all in+nite sequences over �. On the Cantor space �! we will
always consider the usual product topology.
On the spaces �∗ and �! the Turing machine model gives natural computability

notions. In order to transfer these computability notions to other sets one can use nota-
tions and representations. A notation of a set X is a surjective mapping  :⊆�∗ →X .
A representation of a set X is a surjective mapping � :⊆�!→X . Computable func-
tions f :⊆�a→�b with a; b∈{∗; !} are continuous, compare Kreitz and Weihrauch
[7, 10, 11]. This is irrelevant if one considers only computability on the discrete space
�∗. But it is important if one considers also computability on �!. Therefore, it is
interesting to look also at the purely topological aspects of the computability notions
on �! and on represented spaces X . In the following we introduce some topological
versions of basic de+nitions of Type-2 theory of eDectivity, see Weihrauch [10, 11].
For simplicity, in the whole paper we +x an alphabet � which contains at least

the two symbols 0 and 1. Let � :⊆�!→X and � :⊆�!→Y be representations of
two sets X and Y . A function f :⊆X →Y is called (�; �)-continuous, iD there is
a continuous function g :⊆�!→�! with f�(p)= �g(p) for all p∈ dom(f ◦ �). We
only remark that the corresponding computability de+nition is obtained by substituting
“computable” for “continuous”. A set V ⊆X is called �-open, iD there is an open set
U ⊆�! with U ∩ dom(�)= �−1(V ). The set of all �-open subsets of X is a topology
on X . We call it the 5nal topology of � and denote it by ��. Finally, one also wishes
to compare representations: � is called continuously reducible or t-reducible to �, iD
X ⊆Y and the identical embedding of X into Y is (�; �)-continuous. This means, that
there is a continuous function g :⊆�!→�! with �(p)= �g(p) for all p∈ dom(�).
This is denoted by �6t �. The representations � and � are continuously equivalent
or t-equivalent (denoted by �≡t �), iD �6t � and �6t �. Analogously, one can de+ne
reducibility for arbitrary functions �; �.

We conclude with several technical notions. For p∈�! and i∈N we denote by
p6i :=p(0) : : : p(i) the pre+x of p containing the +rst i+1 symbols in p. The mapping
� :�∗ →�∗ is de+ned by

�(a1 : : : an) := 110a10 : : : 0an011

for a1; : : : ; an ∈� and is used to encode words as “identi+able” subwords of +nite or
in+nite strings. We denote by N :⊆�∗ →N the standard binary notation of natural
numbers. We call a set � of subsets of a topological space X a subbase of the topology
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on X , iD the set of all intersections of +nitely many sets in � is a base of the topology.
Here, we also admit the empty intersection (of zero sets), which is de+ned to be X .
A class {Ai | i∈I} of subsets Ai ⊆X of a topological space X is a neighborhood base
of a point x∈X , iD for any i∈I there is some open set U ⊆Ai with x∈U , and for
any open set V containing x there is some i∈I with Ai ⊆V .

3. Admissible representations: de�nition and basic properties

In order to obtain a useful computability notion on a set X via a notation or a
representation of X , the notation resp. representation has to be chosen carefully. Often,
the intuitive computability notion which one would like to model is based on some ap-
proximation approach, e.g. on the approach that by using good approximations of some
ideal input one would like to be able to compute good approximations of the correct
(ideal) output. The concept of approximation is a topological notion. Therefore, one
criterion for choosing a useful representation is that it should match with the topology
which one naturally considers on the set on which one wishes to perform computations.
A topologically natural and important class of representations, considered by Kreitz and
Weihrauch [7], are the admissible representations. All de+nitions and results presented
in this section are due to Kreitz and Weihrauch [7]. Compare also [10–12].

De�nition 1. Let X be a T0-space with countable base, and let � be its topology.
A representation � of X is called admissible (with respect to �), iD it is continuous
and all continuous functions � :⊆�!→X satisfy �6t �.

If the topology � is clear from the context we will usually just say admissible instead
of admissible with respect to �. But, in general, we call a representation � of a set
X (without given topology) admissible, iD there exists a T0-topology � with countable
base on X such that � is admissible with respect to �.
Admissible representations of a topological space have, among others, the following

properties.

Lemma 2. Let X be a T0-space with countable base; let � denote its topology.
(1) The class of all representations of X which are admissible (w.r.t. �) is a non-

empty t-equivalence class of representations of X .
(2) Any representation of X which is admissible (w.r.t. �) has � as 5nal topology.

One can easily construct admissible representations. A standard construction is based
on the idea that in order to describe=represent an element x∈X one enumerates all
“elementary” properties of x, and considers the topology induced by the class of all
“elementary” properties in the space X .

De�nition 3. (1) An e9ective topological space is a pair S=(X; ), consisting of a
T0-space X with a countable base and a notation  of a subbase of X .
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(2) The standard representation �S of an eDective topological space S=(X; ) is
de+ned by: �S(p)= x, if and only if

{w ∈ �∗ | �(w) is a subword of p} ⊆ dom() and

{(w) | �(w) is a subword of p} = {A ∈ range() | x ∈ A};
for all x∈X and p∈�!.

Lemma 4. Let X be a T0-space with countable base; and let � denote its topology.
Let  be an arbitrary notation of a subbase. Then the standard representation �(X; )
is admissible with respect to � and open.

Remember that a function between topological spaces is called open, iD it maps all
open sets to open sets.

Example 5. (1) Let X be a separable metric space with metric d, and let � :⊆�∗ →X
be a notation of a dense subset of X . We de+ne a notation  of a base of X by

(�(v)�(w)) := B(�(v); 2−N(w)) := {x ∈ X |d(�(v); x) ¡ 2−N(w)}
for all v∈ dom(�), w∈ dom(N). Then (X; ) is an eDective topological space. The
Cauchy representation "� of (X; �), de+ned by

"�(p) = x ⇔




there are w0; w1; w2; : : : ∈ dom(�) with

p = �(w0)�(w1)�(w2) : : : and

d(�(wi); x)6 2−i for all i ∈ N
for all p∈�!, x∈X , is t-equivalent to �(M;), thus, it is an admissible representation
of the metric space X . Notice that in the de+nition of "� we impose a condition on
the speed of convergence of the �(wi).
(2) Consider the real number space R with the Euclidean metric. It is a separable

metric space. A standard notation of a countable dense subset is given by the nota-
tion Q :⊆�∗ →Q of the rational numbers, de+ned by Q(�(u)�(v)�(w)) := (N(u) −
N(v))=(N(w)+1), for u; v; w∈ dom(N). The Cauchy representation "Q is admissible
with respect to the Euclidean topology on R.

The importance of the admissible representations stems also from the following fact.

Proposition 6. Let X and Y be T0-spaces with countable bases. Let � :⊆�!→X
and � :⊆�!→Y be admissible representations of X and Y; respectively. Then; for a
function f :⊆X →Y the following two conditions are equivalent:
(1) f is continuous.
(2) f is (�; �)-continuous.

Thus, relative continuity with respect to admissible representations is equivalent to
continuity.
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4. Continuous and open representations

We wish to further analyze the topological properties of admissible representations.
We have de+ned the admissible representations of a given topological space via con-
tinuous reducibility. In this section we intend to show that admissibility can almost be
characterized as continuity and openness: on the one hand, any admissible representa-
tion of a T0-space with countable base is continuous and has a continuously equivalent
open restriction. On the other hand, any continuous representation which has a surjec-
tive open restriction can be extended in a simple and canonical way to an admissible
representation.
Any representation � of a set X is continuous with respect to its +nal topology ��

on X (and the subspace topology on dom(�), induced by the standard topology on
�!). By Lemma 4, any standard representation �S is also open with respect to its
+nal topology. Unfortunately, this does not carry over to admissible representations in
general. For example, one checks easily that the Cauchy representation "Q of the real
numbers, introduced in Example 5(2), is not open. But a weaker statement is true for
admissible representations.

Lemma 7. For any admissible representation � there exists a continuously equivalent
open restriction of � (with respect to the 5nal topology of �).

Proof. Let � be an admissible representation of a T0-space X with countable base. Let
 be a notation of a subbase, and set S := (X; ). Then �≡t �S by Lemmas 2 and 4. Let
f :⊆�!→�! be a continuous function with �S= � ◦f|dom(�S). We de+ne a restriction
� of � by

� := �|f(dom(�S)) :⊆ �! → X:

Then, obviously range(�)= range(�S)=X . Hence, � is a representation of X . Fur-
thermore, since � is a restriction of �, we have trivially �6t �. On the other hand,
by de+nition of � we also have �S6t �, and therefore �≡t �≡t �S. Thus, � is ad-
missible. Finally, we show that � is open. Let V ⊆�! be open. We have to show
that �(V )= �(V ∩ dom(�)) is open. Since f is continuous there exists an open subset
U ⊆�! with f−1(V )=U ∩ dom(f). We obtain

�(V ) = �(V ∩ f(dom(�S)))

= � ◦ f(U ∩ dom(f) ∩ dom(�S))

= �S(U ∩ dom(�S));

where we used dom(�S)⊆ dom(f). The set �(V ) is open because �S is open.

Remember that by Lemma 2, a representation which is continuously equivalent to
an admissible representation is an admissible representation of the same space with
respect to the same topology.
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Are all continuous, open representations admissible? The answer is No, as the fol-
lowing example shows. Therefore, we will look for an additional condition which
guarantees admissibility.

Example 8. Let � := �S be the standard representation of R associated with the eDec-
tive topological space S=(R; ) introduced in Example 5, where we use Q as the
numbering of a dense subset. Then � is an open admissible representation of R. Via
diagonalization over all reduction functions we construct a restriction � of � with the
following properties:

(1) � is surjective, continuous and open,
(2) ��t �.
Then, � cannot be admissible. Since the set

C := {f :⊆ �! → �! | f is continuous and dom(f) = dom(�)}
has the same cardinality as R, there is a surjective mapping ’ :R→C. In the following
we write ’x :=’(x) for short. We de+ne a partial function q :⊆R→�! and we write
qx := q(x) for short. For each x∈R such that the set

�−1{x} ∩ ’x(�−1{x})
is non-empty, we choose a sequence qx in this set. For all other x∈R we let qx
unde+ned. We de+ne the restriction � := �|dom(�)\range(q) :⊆�!→R. We show that �
has the above two properties.
(1) For all x∈R and all w∈�∗; the set �−1{x}∩w�! is either empty or in+nite.

Since for each real number x at most one element in �−1{x} is missing in dom(�), we
obtain �(w�!)= �(w�!) for all w∈�∗. Hence, � is surjective, continuous and open
since � is.
(2) Suppose �6t �. Then there is a continuous function f with �= � ◦f. Without

loss of generality, we can assume that dom(f)= dom(�). Then f∈C. Hence, there
is some real number x with ’x =f. Since ’x reduces � to � and � is a restriction of
�, we have

’x(�−1{x}) ⊆ �−1{x} ⊆ �−1{x}:
Hence, qx exists, and there is some p∈ �−1{x} with ’x(p)= qx. But qx =∈ dom(�)
contradicts x= �(p)= �’x(p)!

For the following de+nition and the following two lemmas we +x a T0-space X with
countable base. We show that any continuous representation of X with a surjective and
open restriction can be extended to an admissible representation of X . Therefore, we
introduce the completion �+ of a function � :⊆�!→X . The motivation for the de+ni-
tion is the fact that for any continuous and open mapping � and for any p∈ dom(�),
the class of sets {�(p6n�!) | n∈N} is a neighborhood base of �(p). The construction
follows a similar idea as the proof of the classical extension theorem for continuous
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functions in complete metric spaces: each such function can be extended to the G�-set
of points with oscillation zero (cf. e.g. Engelking [2]).

De�nition 9. Let � : ⊆�!→X be a function. The completion �+ :⊆�!→X of � is
de+ned by

�+(p) :=




�(p) if p ∈ dom(�);

x if p =∈ dom(�); but {�(p6i�!) | i ∈ N}
is a neighborhood base of x

for p∈�!, x∈X .

The function �+ is well-de+ned because the space X is a T0-space. The following
lemma shows that �+ extends � only in the closure of dom(�), and that the range of
�+ over an arbitrary open set is identical with the range of � over this set.

Lemma 10. (1) For all x∈X we have �−1{x}⊆ (�+)−1{x}⊆ �−1{x}.
(2) For all open U ⊆�! we have �+(U )= �(U ).
(3) dom(�)⊆ dom(�+)⊆ dom(�) and range(�+)= range(�).

Proof. (1) Fix an x∈X . If (�+)−1{x}= ∅ nothing needs to be shown. Assume there
is some p with �+(p)= x. If p =∈ dom(�) itself, then at least for each n there is some
qn ∈p6n�! with �(qn)= x. We conclude limi→∞ qi =p and p∈ �−1{x}.

(2) The inclusion “⊇” is trivial because �+ is an extension of �. It is suMcient to
prove the other inclusion “⊆” for U =w�! for some w∈�∗. Fix some x∈ �+(w�!),
and some p∈w�! with �+(p)= x. If p∈ dom(�), then x∈ �(w�!). If p =∈ dom(�),
then �(w�!) is a neighborhood of x, hence especially x∈ �(w�!).
(3) The +rst statement follows from Property (1); and the second from either Prop-

erty (1) or Property (2).

We obtain the following basic properties of �+.

Lemma 11. (1) If � is continuous; also �+ is continuous.
(2) If � is open; also �+ is open.
(3) If � is admissible; then �+ ≡t � and; hence; �+ is also admissible.

Proof. (1) Let � be continuous and +x some p∈ dom(�+) and a neighborhood U
of �+(p). It is suMcient to show that there is some i with �+(p6i�!)⊆U . Due to
Lemma 10(2), it is suMcient to show that there is some i with �(p6i�!)⊆U . In the
case p∈ dom(�) this follows from the continuity of �. In the case p =∈ dom(�) this
follows from the fact that then {�(p6i�!) | i∈N} is a neighborhood base of �+(p).

(2) This follows from Lemma 10(2).
(3) It is clear that �6t �+. For the other reduction �+6t � note that by Property (1)

�+ is continuous, and therefore t-reducible to any admissible representation.
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The following, main result of this section describes the essential relationship between
admissibility, openness and the completion.

Theorem 12. Let X be a T0-space with countable base. Let � denote its topology.
Let � :⊆�!→X be a representation of X .
(1) If � is admissible with respect to �; then � is continuous and has a continuously

equivalent open restriction (which; of course; is also an admissible representation
with respect to �).

(2) If � is continuous and has a surjective open restriction; then its completion �+

is admissible with respect to �.

Proof. (1) This is the statement of Lemma 7 (and of Lemma 2(1)).
(2) Let � be continuous and let � be a surjective and open restriction of �. We

+x a notation  of a countable subbase of X , write S=(X; ), and consider the stan-
dard representation �S of X . It is suMcient to show �+ ≡t �S. Since by Lemma 11(1)
the function �+ is continuous, we obtain �+6t �S. In order to show �S6t �+ we
de+ne a continuous function f :⊆�!→�! with �S= �+ ◦f. Fix some p∈ dom(�S).
We de+ne inductively an increasing sequence (kn)n∈N of numbers and a sequence
v0; v1; v2; : : : ∈�+ := {w∈�∗ | length(w)¿1} of words satisfying

�S(p6kn�
!) ⊆ �(v0 : : : vn�!) ⊆ �(v0 : : : vn�!) ⊆ �S(p6kn−1�

!) (1)

for all n∈N. Here we use k−1 := −1 and the convention p6−1 := ) (the empty word).
Stage n: Let kn be the smallest number l¿kn−1 such that there exists some word

w∈�+ with

�S(p6l�!) ⊆ �(v0 : : : vn−1w�!) ⊆ �(v0 : : : vn−1w�!) ⊆ �S(p6kn−1�
!); (2)

and let vn be the +rst word w∈�+ satisfying Eq. (2) (“+rst” means: vn has the smallest
possible length among all words w∈�+ satisfying Eq. (2), and vn is, with respect to
some order on the alphabet �, the alphabetically +rst word among all words w∈�+

of smallest length that satisfy Eq. (2)). There always exist such a number l and a
word w∈�+, due to the following facts: by induction hypothesis there is a sequence
q∈ v0 : : : vn−1�! with �S(p)= �(q)= �(q); the set �S(p6kn−1�

!) is open, hence an open
neighborhood of �(q); the function � is continuous; � is open; and �S is continuous.
It is clear that the sequences k0; k1; : : : and v0; v1; : : : satisfy Eq. (1). We de+ne the

function f :⊆�!→�! by f(p) := v0v1v2 : : : ; for p∈ dom(�S). Note that all words
vi have length at least 1. The function f is continuous by construction and sat-
is+es dom(f)= dom(�S). We show �S= �+ ◦f. Fix some p∈ dom(�S), and write
v0v1v2 : : : :=f(p) with words vi as above. The class of sets {�S(p6kn�

!) | n∈N} is
a neighborhood base of �S(p) because �S is continuous and open. By Eq. (1), for
each n∈N, the set �(v0 : : : vn�!) lies between the sets �S(p6kn�

!) and �S(p6kn−1�
!).

Hence, also the class of sets {�(v0 : : : vn�!) | n∈N} is a neighborhood base of �S(p).
Therefore, also the class of sets {�(f(p)6n�!) | n∈N} is a neighborhood base of
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�S(p). If f(p) =∈ dom(�), then by de+nition �+(f(p))= �S(p). If f(p)∈ dom(�), then
Eq. (1) tells us

�(f(p)) ∈ �S(p6kn�
!) ⊆ �(v0 : : : vn�!)

for all n∈N. Since � is continuous and �S is open, we conclude that the class of sets
{�S(p6kn�

!) | n∈N} is also a neighborhood base of �(f(p)). Since X is a T0-space,
we obtain �S(p)= �(f(p)). Since by de+nition �+(f(p))= �(f(p)), we +nally obtain
�S(p)= �+(f(p)) also in this case. Therefore �S6t �+.

In view of De+nition 9 it makes sense to call a function � :⊆�!→X complete, iD
for any p∈�!:

if {�(p6i�!) | i ∈ N} is a neighborhood base of some point x ∈ X;

then p ∈ dom(�):

By Lemma 10(2), the completion �+ of a function � is always complete. If a function
� is already complete, then �+ = �. For complete representations we can formulate the
following corollary.

Corollary 13. Let X be a T0-space with countable base. Let � :⊆�!→X be a com-
plete representation. Then � is admissible; if and only if � is continuous and has a
surjective and open restriction.

As a consequence we obtain that each injective representation is admissible.

Proposition 14. Every injective representation � :⊆�!→X of an arbitrary set X is
admissible (with respect to its 5nal topology).

Proof. Let � :⊆�!→X be an injective representation. By de+nition, � is contin-
uous w.r.t. its +nal topology �� on X . Moreover, � is open, since by injectivity
�−1�(U )=U ∩ dom(�) and thus

�(U ) ∈ �� ⇔ U ∩ dom(�) is open in dom(�):

By the previous corollary it is suMcient to prove that � is complete. Let p∈�! and
x∈X be such that {�(p6i�!) | i∈N} is a neighborhood base of x and let q∈�! be
such that �(q)= x. Since x∈ �(p6i�!) for all i∈N, we obtain p= q by injectivity of
�. Thus, � is complete and hence admissible.

The next result shows that completeness is not a very restrictive condition.

Corollary 15. Let X be a T0-space with countable base.
(1) Every admissible representation of X can be extended to a continuously equiv-

alent complete representation.
(2) X has an open; complete; admissible representation.
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Proof. (1) This follows from Lemma 11(3) and the fact that the completion of a
function is always complete.
(2) Choose an arbitrary admissible representation of X . By Lemma 7 it has a con-

tinuously equivalent open restriction. The completion of this restriction is complete, it
is open by Lemma 11(2), and it is admissible by Lemma 11(3).

From Corollary 15(2) we can conclude that any T0-space with countable base has
admissible representations with fairly simple +bers.

Proposition 16. Let X be a T0-space with countable base. Let � be an open; complete;
admissible representation of X . Then for any x∈X; the 5ber �−1{x} is a G�-set.

Proof. Fix an element x∈X . First, we see that

�−1{x} = {p ∈ �! | {�(p6i�!) | i ∈ N} is a neighborhood base of x}: (3)

The inclusion “⊆” is true because � is continuous and open. For the inclusion “⊇”
consider an element p of the set on the right-hand side of Eq. (3). Then p∈ dom(�)
by completeness of �. Any open set containing x contains �(p6i�!) for some i, and
hence, also �(p). On the other hand, any open set containing �(p) contains �(p6i�!)
for some i, due to continuity of �. Hence, it contains x also. Thus, since X is a
T0-space, we conclude x= �(p). This shows “⊇”.
We have to show that �−1{x} is a countable intersection of open sets. Therefore, let

{Ui | i∈N} be a countable base of X . We set J := {j∈N | x∈Uj} and for j∈ J
Aj := {w ∈ �∗ | x ∈ �(w�!) and �(w�!) ⊆ Uj}:

The sets Aj�! are open. We claim that

�−1{x} =
⋂
j∈J

(Aj�!):

“⊆”: Fix some p with �(p)= x and some j∈ J . Then, due to Eq. (3), there is a
number ij with �(p6ij�

!)⊆Uj. We conclude p6ij ∈Aj and p∈Aj�!.
“⊇”: Fix some p∈ ⋂

j∈J (Aj�
!). For each j∈ J there is some kj with p6kj ∈Aj.

We obtain �(p6kj�
!)⊆Uj. Since � is open, the class of sets {�(p6i�!) | i∈N} is a

neighborhood base of x. Hence, by Eq. (3), p∈ �−1{x}.

Thus, any T0-space with countable base has an admissible representation whose +bers
are G�-sets. One can ask whether the +bers can be even simpler in a topological sense.
It turns out that such questions are important for the question whether a representa-
tion admits the introduction of a natural complexity theory on the represented space.
SchrOoder [8, 9] has carried out an investigation in this direction. Among other results,
he has characterized the class of all T0-spaces with countable base which have an
admissible representation � such that all +bers �−1{x} are compact. Especially, all sep-
arable metric spaces have this property. It is easy to see that admissible representations
with compact +bers are complete.
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We conclude this section with an example which shows that completeness is not a
necessary condition for admissibility.

Example 17. De+ne the representation � :⊆�!→R by � := "Q |dom ("Q )\{q0}, where
q0 := �(v0)�(v0)�(v0) : : : for some v0 with Q(v0)= 0, compare Example 5(2). This rep-
resentation � is admissible but not complete.

In general, standard representations are not complete, either.

5. On �nite �bers

Is there an injective admissible representation of the Euclidean space R of real
numbers, that is, an admissible representation � of R such that each real number has
exactly one �-name? The answer to this question is No, see Weihrauch [11]. The next
natural question is: is there at least an admissible representation � of R such that each
real number has only +nitely many �-names? We shall show that the answer to this
question is No, as well. On the contrary, if � is an admissible representation of R then
the set of real numbers which have in+nitely many �-names is fat and dense. We shall
show this not just for the set of real numbers, but for more general spaces.
We remind the reader of several elementary topological notions, see e.g. Engelking

[2]. A topological space X is called
• connected if it is not the union of two non-empty, disjoint, open subsets,
• locally connected if every neighborhood of an arbitrary point contains a connected
neighborhood of the point,

• completely metrizable if it is homeomorphic to a complete metric space.
A subset A of X is called
• nowhere dense if its closure PA does not contain a non-empty open subset of X ,
• meager if it is a countable union of nowhere dense subsets,
• fat if it is not meager.
Fat sets can be considered as “large” in a topological sense. Any fat set is non-empty.

Theorem 18. Let X be a locally connected; completely metrizable space with count-
able base and without isolated points. Let � be an open or an admissible represen-
tation of X (with respect to the topology on X ). Then the set {x∈X | �−1{x} is
in5nite} is fat and dense in X .

Before we prove the theorem we derive the statement for Rn.

Corollary 19. Let n¿1; and let � be an admissible representation of Rn with respect
to the Euclidean topology. Then; the set {x∈Rn | �−1{x} is in5nite} is fat and dense.

Proof. The space Rn is a locally connected, separable, complete metric space without
isolated points.
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Using the Baire category theorem we will derive Theorem 18 from the following
lemma.

Lemma 20. Let X be as in Theorem 18; and let � be an open representation of X .
For arbitrary n¿1; the set

Xn := {x ∈ X | card �−1{x}6 n}

(1) is closed;
(2) does not contain a non-empty open set.

Proof. Let n¿ 1 be +xed.
(1) We show that the complement X \Xn is open. Since the empty set is open we only

consider the case that X \Xn is non-empty. Fix a point x0 with card �−1{x0}¿ n+1. It
is suMcient to show that there is a neighborhood U of x0 such that card �−1{x}¿ n+1
for all x∈U .
We choose pairwise disjoint open neighborhoods V1; : : : ; Vn+1 of n+ 1 names of x0,

i.e. of n+1 elements in �−1{x0}. Since � is open, the sets �(Vj) are open. Hence, the
set U :=

⋂n+1
j=1 �(Vj) is an open neighborhood of x. Any x∈U has a �-name in each

of the Vj, hence, card �−1{x}¿ n+ 1.
(2) Let us assume that there is a non-empty open set Ũ contained in Xn. Set

m := max{card �−1{x} | x ∈ Ũ}:

Choose x0 ∈ Ũ with card �−1{x0}=m, choose pairwise disjoint open neighborhoods
V1; : : : ; Vm of the m elements in �−1{x0}, and set

U := Ũ ∩
m⋂
j=1

�(Vj):

The set U is an open neighborhood of x0. Any point x∈U has at most m names
altogether, and at least one name in each Vj. Therefore, it has exactly one name in each
Vj. We de+ne a function f : U →V1 by �f(x)= x. Then f is injective. Furthermore,
f is continuous since � is open: for any V ⊆V1 we have f−1(V )= �(V )∩U . Since a
continuous function maps a connected set onto a connected set, and since any connected
subset of �! contains at most one point, the function f must be constant on any
connected subset of U . Hence, since f is injective, any connected subset of U may
contain at most one point. On the other hand, since x0 is not isolated and X is locally
connected, the set U contains a connected neighborhood of x0 that does not contain
only x0. Contradiction!

Proof of Theorem 18. First we show the statement of the theorem for an open repre-
sentation � of X . By Lemma 20 the sets

Xn = {x ∈ X | card �−1{x}6 n}
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are nowhere dense in X , for any n¿ 1. Hence, the set

{x ∈ X | �−1{x} is +nite} =
∞⋃
n=1

Xn

is meager. Its complement is fat and dense in X by the Baire Category Theorem (see
e.g. Engelking [2]) because X is completely metrizable.
Now we consider the case that � is an admissible representation. Then, by Lemma 7,

there exists an open and surjective restriction / of �. We have just proved that the set
{x∈X | /−1{x} is in+nite} is fat and dense in X . Since

{x ∈ X | /−1{x} is in+nite} ⊆ {x ∈ X | �−1{x} is in+nite};
the set {x ∈ X | �−1{x} is in+nite} is fat and dense in X as well.

6. Relative continuity with respect to the naive Cauchy representation

Let � : ⊆�!→R be an admissible representation of the Euclidean space R. In Propo-
sition 6 we remarked that any function f :⊆R→R is (�; �)-continuous iD it is contin-
uous. For example, a function f :⊆R→R is continuous iD it is ("Q ; "Q)-continuous
(for "Q see Example 5(2)). Is this property true only for admissible representations �
of R with +nal topology equal to the standard Euclidean topology on R? We show in
this section that there is a representation � of R which does not have the correct +nal
topology, and is not even admissible with respect to any topology, but nevertheless has
the property that a real number function is continuous (with respect to the Euclidean
topology) iD it is (�; �)-continuous. We formulate this slightly more generally for a
separable metric space.
Let X be a separable metric space with metric d, and let � be a notation of a

dense subset of X , compare Example 5. We de+ne the naive Cauchy representation
"n� :⊆�!→X by

"n�(p) = x ⇔




there are w0; w1; w2; : : : ∈ dom(�) with

p = �(w0)�(w1)�(w2) : : : and

limi→∞ �(wi) = x

for all p ∈ �!, x∈X . The diDerence to the Cauchy representation "� (Example 5(1))
is that we do not impose any condition on the speed of convergence of the �(wi).

Lemma 21 (Weihrauch, Kreitz [12]). (1) The 5nal topology �"n� of the naive Cauchy
representation "n� is {∅; X }.
(2) The naive Cauchy representation "n� is not admissible with respect to any

topology if X contains at least two elements.

Proof. (1) Let A⊆X be a non-empty "n�-open set. Then there is a string w of the form
w= �(w0) : : : �(wk) for some w0; : : : ; wk ∈ dom(�) with w�! ∩ dom("n�)⊆ "−1

n� (A). Since
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w can be extended to a "n�-name of an arbitrary element of X we see "n�(w�!)=X .
Hence, A=X .
(2) If X contains at least two elements, then the +nal topology �"n� = {∅; X } is not

a T0-topology. Hence, by Lemma 2(2), "n� cannot be admissible with respect to any
topology.

Nevertheless, continuity and ("n�; "n�)-continuity are equivalent for functions from
X to X . This applies especially to the space X =R of real numbers, and, for example,
to the naive Cauchy representation "nQ .

Theorem 22. Let X be a separable metric space with metric d; and let � be a notation
of a dense subset of X . For a function f:⊆X →X the following two conditions are
equivalent:
(1) f is continuous (with respect to the topology induced by the metric).
(2) f is ("n�; "n�)-continuous.

Proof. “(2) ⇒ (1)”: Let us assume that this is not true, and that there is a dis-
continuous function f : ⊆X →X which is ("n�; "n�)-continuous. Let F :⊆�!→�!

be a continuous function such that f"n�(p)= "n�F(p) for all p∈ dom(f ◦ "n�). Let
x∈ dom(f) be a point in which f is discontinuous. There are a number )¿0 and a
sequence (xn)n∈N of points xn ∈ dom(f) with

d(xn; x) ¡ 2−n and (4)

d(f(xn); f(x)) ¿ ) (5)

for all n∈N. For each n we +x a sequence (wn;m)m∈N of strings wn;m ∈ dom(�) with

d(�(wn;m); xn)6 2−n−m (6)

for all n; m∈N. Then, the sequence

pn := �(wn;0)�(wn;1)�(wn;2) : : :

is a "n�-name of xn, for each n∈N. Also, for any

w ∈ W := {�(w1) : : : �(wk) | k ¿ 1; wi ∈ dom(�) for 16 i 6 k};

the sequence wpn is a "n�-name of xn, for each n∈N. Now, we de+ne inductively
sequences (un)n∈N and (vn)n∈N of strings with the following properties for all n∈N:
• un; vn ∈W , and un is a pre+x of pn,
• F(u0 : : : un�!)⊆ v0 : : : vn�!,
• vn contains a subword �(v′n) with d(�(v′n); f(xn))6 )=2.
Stage n: The sequence qn := u0 : : : un−1pn is a "n�-name for xn. Thus, we have
"n�(F(qn))=f("n�(qn))=f(xn). By induction hypothesis v0 : : : vn−1 is a pre+x of
F(qn). Hence, there is an r ∈�! with v0 : : : vn−1r=F(qn). Let vn be the shortest pre+x
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in W of r which contains a subword �(v′n) for some v′n with

d(�(v′n); f(xn))6 )=2: (7)

Furthermore, let un be the shortest pre+x in W of pn with

F(u0 : : : un−1un�!) ⊆ v0 : : : vn−1vn�!:

Such a pre+x of pn exists because F is continuous.
It is clear from the construction that the sequences (un)n∈N and (vn)n∈N of strings

have the desired properties. Set

p := u0u1u2 : : : and q := v0v1v2 : : : :

Due to Conditions (4) and (6), p is a "n�-name for x. Thus, p∈ dom(F). Continuity
of F implies F(p)= q. But, due to (5) and (7), q contains in+nitely many subwords
�(v′) with d(f(x); �(v′))¿)=2. Hence, q is not a "n�-name for f(x) in contradiction to
our assumption "n�F(p)=f"n�(p)=f(x).
“(1) ⇒ (2)”: Let f:⊆X →X be a continuous function. If dom(f)= ∅, then f

is certainly ("n�; "n�)-continuous. Therefore, we assume that dom(f) �= ∅. We de+ne
a function g : dom(�) × N→ dom(�) as follows. Let us +x a string w∈ dom(�) and
n∈N. We de+ne x := �(w) and

r(x) := inf
y∈dom(f)

d(x; y) = inf{s¿ 0 |B(x; s) ∩ dom(f) �= ∅}:

Notice that the set f(B(x; r(x)+2−n)) is non-empty. We choose a point y∈f(B(x; r(x)
+ 2−n)) and a string v ∈ dom(�) with d(�(v); y)6 2−n, and set g(w; n) := v.
We de+ne a function F :⊆�!→�! by

dom(F) := {�(w0)�(w1)�(w2) : : : | (∀i ∈ N) wi ∈ dom(�)};
F(�(w0)�(w1)�(w2) : : :) := �(g(w0; 0))�(g(w1; 1))�(g(w2; 2)) : : :

for wi ∈ dom(�), for all i. This function F is continuous. We claim that it satis+es
f"n�(p)= "n�F(p) for all p∈ dom(f"n�). Fix a sequence p= �(w0)�(w1)�(w2) : : : ∈
dom(f"n�) and set x := "n�(p). Then

F(p) = �(g(w0; 0))�(g(w1; 1))�(g(w2; 2)) : : : :

The strings g(wi; i) lie in dom(�). We show that the sequence (�(g(wi; i)))i∈N con-
verges to f(x).
Therefore, it is suMcient to show that for all m∈N there exists a number N (m)

such that �(g(wi; i))∈B(f(x); 2−m) for i ¿ N (m). Fix a number m∈N. Since f is
continuous, there is a number k with f(B(x; 2−k))⊆B(f(x); 2−m−1). Since the se-
quence (�(wi))i∈N converges to x, there is a number N (m)¿ max{m+1; k +1} with
�(wi)∈B(x; 2−k−2) for all i ¿ N (m). Then, for all i ¿ N (m), we obtain r(�(wi))6
d(�(wi); x)¡2−k−2, hence

B(�(wi); r(�(wi)) + 2−i) ⊆ B(x; 2−k):



V. Brattka, P. Hertling / Theoretical Computer Science 284 (2002) 241–257 257

By construction there is a point y in

f(B(�(wi); r(�(wi)) + 2−i)) ⊆ f(B(x; 2−k)) ⊆ B(f(x); 2−m−1)

such that d(�(g(wi; i)); y)6 2−i. We conclude

d(�(g(wi; i)); f(x)) ¡ 2−m−1 + 2−i 6 2−m:

That was to be shown.

The previous theorem shows that non-admissible representations can partially share
some good properties with admissible representations: the naive Cauchy representation
induces exactly the ordinary notion of continuity. With respect to computability it is
known that other non-admissible representations, as the decimal representation of the
real numbers, yield at least a subclass of the ordinary computable functions [6].
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