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Abstract The validity of correlation analysis betweenfinite elementmodel (FEM)andmodal test data

is strongly affected by three factors, i.e., quality of excitation and measurement points in modal test,

FEM reduction methods, and correlation check techniques. A new criterion based on modified mode

participation (MMP) for choosing the best excitation point is presented. Comparison between this new

criterion and mode participation (MP) criterion is made by using Case 1 with a simple printed circuit

board (PCB). The result indicates that this new criterion produces better results. InCase 2, 35measure-

ment points are selected to perform modal test and correlation analysis while 9 selected in Case 3.

System equivalent reduction expansion process (SEREP),modal assurance criteria (MAC), coordinate

modal assurance criteria (CoMAC), pseudo orthogonality check (POC) and coordinate orthogonality

check (CORTHOG) are used to show the error introduced bymodal test inCases 2 and 3. Case 2 shows

that additional errorswhich cannot be identified by usingCoMACcan be found by usingCORTHOG.

In both Cases 2 and 3, Guyan reduction, improved reduced system (IRS) method, SEREP andHybrid

reduction are compared for accuracy and robustness. The results suggest that the quality of the

reduction process is problem dependent.However, the IRSmethod is an improvement over theGuyan

reduction, and the Hybrid reduction is an improvement over the SEREP reduction.
ª 2014 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.

Open access under CC BY-NC-ND license.
1. Introduction

Finite element model (FEM) is widely used to study the

dynamic characteristics of printed circuit board (PCB) nowa-
days.1–6 FEM needs to be validated by modal test data to
ensure its accuracy. When good correlation between test data
and FEM is obtained, the FEM is considered to be acceptable.
Otherwise, either FEM needs to be updated or test data needs

to be improved. Since there are usually some uncertain param-
eters and inaccurate assumptions in FEM, i.e., uncertainty of
geometrical and material parameters, discretization of struc-

tures and inaccurate assumption of boundary conditions,
results from FEM are usually considered to be less accurate
relative to modal test data. However, errors can also arise as
a result of inappropriate selection of excitation and measure-

ment points in modal test, mass effect of a roving accelerome-
ter, aliasing, spectral leakage, linearization of non-linear
effects and modal parameter extraction, etc.
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Among these errors introduced in modal test, the problem
of sensor placement can be investigated by several
approaches.7–9 Mode participation is a basic tool to be used

to evaluate the effectiveness of each excitation points for all
selected modes and to select the best excitation point.10

Natural frequencies from modal test can be compared with

FEM results directly, but mode shapes cannot. In general, the
FEM will have more degree of freedom (DOFs) than that used
in the test configuration. In order to compare the FEM mode

shapes with the test results directly, one way is to produce a
reduced representation or test-analysis model (TAM) by using
model reduction methods. The DOFs of the TAM will corre-
spond to measurement points in the modal test configuration.

Model reduction method can be classified into approximation
and exact methods. Guyan has presented a static reduction
method, which only considered the static equilibrium in struc-

tures.11 This is the method used in most FE software.
Improved reduced system (IRS) has been presented by
O’Callahan.12 This process uses Guyan reduction as an esti-

mate of the reduced system and then makes adjustments to
compensate for the inertia effects which are ignored in the
Guyan process. IRS is supposed to produce more accurate pre-

diction of the system dynamics. These two methods mentioned
above are referred to as approximation methods. The advan-
tage of approximation methods is that they can perform the
eigensolution quickly and effectively. The disadvantage is that

the application of this kind of method depends largely on the
number and location of DOFs. Inappropriate selection of
DOFs may introduce large errors. SEREP has been shown

to exactly map the mass and stiffness matrices for a desired
set of modes at an arbitrary set of DOFs.13 These reduced
matrices will exactly represent the actual dynamics of the full

model for the selected set of modes. However, these reduced
matrices can only be formulated if an eigensolution of the full
system is available. It has been observed that in some cases the

use of a system equivalent reduction expansion process
(SEREP) TAM in orthogonality check (ORTHOG) computa-
tions can result in larger off-diagonal terms than the corre-
sponding values produced by a less accurate static TAM,

which means that the robustness of SEREP needs to be consid-
ered when it is used. Sairajan used a probabilistic approach to
assess the robustness of a SEREP based TAM when experi-

mental and analytical modes contain different levels of inaccu-
racy.14 Kammer has extended the capabilities of the SEREP
method and presented the Hybrid method.15 This method

combines the accuracy of SEREP with the robustness of the
Guyan reduction. Nimityongskul has presented a new model
reduction method based on frequency response function
(FRF).16 Koutsovasilis compares some of the model reduction

techniques for elastic piston rod. The validity of the reduced
models is checked by applying modal correlation criteria.17

Correlation analysis can be classified into vector correlation

and DOF correlation. Vector correlation provides a global
indicator of the level of agreement achieved, and DOF corre-
lation provides an indicator as to how individual DOFs con-

tribute to the overall modal vector correlation.
Modal assurance criteria (MAC) is the earliest presented and

most commonly used modal-based correlation check technique.

One advantage of MAC is that it is independent of any weight-
ing functions. Another level of vector correlation commonly
employed involves an ORTHOG with the system mass matrix.
In the same manner in which the vectors are checked for
correlation, the individual vector DOFs can also be checked.
One technique based on MAC is the coordinate modal assur-

ance criteria (CoMAC) which helps to identify the contribu-
tion of individual DOFs to the MAC and identify areas of
the structure which may contain discrepancy. If the system

mass matrix is included in these computations, then a formu-
lation referred to as the coordinate orthogonality check (COR-
THOG) can be developed which identifies how each individual

DOF contributes to the pseudo orthogonality check (POC)
terms on a mass scaled basis; the CORTHOG allows for more
critical evaluation of DOF correlation since mass matrix is
included in this correlation.

All correlation techniques mentioned above is modal-
based. Some authors presented FRF-based correlation tech-
niques.18–20 These techniques compare the FRF directly with-

out any modal analysis. Refs.21–23 reviewed some of these
correlation techniques mentioned above.

This paper presents a new criterion to choose the best exci-

tation point in a hammer-used modal test. Theory behind
some reduction methods and correlation check techniques is
reviewed. Errors introduced by inappropriate selection of mea-

surement points and poor measured test data are identified.
Guyan reduction, IRS method, SEREP and Hybrid reduction
are compared for accuracy and robustness.

2. Theory

The theoretical aspects can be broken up into several parts
consisting of the deviation of the formulation of the modified

mode participation (MMP), the general formulation of the
correlation check techniques (MAC, CoMAC, ORTHOG
and CORTHOG) and the model reduction methods (Guyan

reduction, IRS, SEREP and Hybrid reduction).

2.1. Modified mode participation

The new criterion is based on MMP. The original MP can be
used to evaluate the effectiveness of each excitation points for
all selected modes 4 and formulated as

MPqi ¼
XNo

p¼1
jRpqij ðq ¼ 1; 2; . . . ;Ni; i ¼ 1; 2; . . . ;NmÞ ð1Þ

where p denotes the output DOF, q the input DOF, i the mode
number; No the number of output DOF, Ni the number of

input DOF, Nm the number of modes, and Rpqi the residue.
High value of MPqi indicates high effectiveness of qth exci-

tation point for ith mode. If the MPqi is simply summed for all

selected modes, the MPq can be used to evaluate the effective-
ness of qth excitation point for those modes.

MPq ¼
XNm

i¼1
MPqi ðq ¼ 1; 2; . . . ;NiÞ ð2Þ

For a general multi-degree-of-freedom (MDOF) system,
the transfer function (TF) between excitation point q and
response point p can be written as

HpqðSÞ ¼
XNm

i¼1

Rpqi

S� Pi

þ
R�pqi

S� P�i
ð3Þ
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Rpqi ¼
/pi/qi

j2xni

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

i

q ð4Þ

where S denotes the Laplace variable, j the imaginary unit, Pi

the ith pole, /pi, /qi denote (i, p) and (i, q) term respectively in
modal matrix which is normalized with respect to mass matrix,
xni denotes ith natural frequency in rad/s, and ni denotes ith
modal damping ratio (zero for undamped system). Then Eq.

(1) can be written as

MPqi ¼
XNo

p¼1
jRpqij ¼

XNo

p¼1

/pi/qi

j2xni

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

i

q
�������

�������

¼ j/qij
XNo

p¼1

/pi

j2xni

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

i

q
�������

�������
ðq ¼ 1; 2; . . . ;Ni; i ¼ 1; 2; . . . ;NmÞ ð5Þ

For the ith mode,
PNo

p¼1
/pi

j2xni

ffiffiffiffiffiffiffi
1�n2i

p
����

���� is the same for all excita-

tion points. Thus, |/qi| can be used to evaluate the effectiveness

of qth excitation point for selected mode. Here we use /2
qi

instead of |/qi| to make the comparison between different exci-
tation points more clearly. The MMP can be written as

MMPqi ¼ /2
qi ðq ¼ 1; 2; . . . ;Ni; i ¼ 1; 2; . . . ;NmÞ ð6Þ

Then Eq. (2) can be written as

MMPq ¼
XNm

i¼1
MMPqi ðq ¼ 1; 2; . . . ;NiÞ ð7Þ

Then MMPq can be used to evaluate the effectiveness of qth
excitation point for those selected modes and produce the same

results as MP criterion. Criterion based on MMPq is referred
as the old criterion. A problem with this criterion is that the
value of MMPq may be high but the value of one or more

MMPqi may be low themselves (even zero). This indicates that
high value of MMPq does not mean high effectiveness of qth
excitation point for each selected mode. To find a way to over-

come this problem, a new criterion based on maximizing the
‘‘smallest’’ resonance is presented. For all the selected modes,
each excitation point has a minimum MMPqi. Excitation point
which has the largest value of minimum MMPqi is considered

to be the best point in single input modal test. In this case, all
selected modes can be excited. Comparison between these two
criteria is made by using Case 1.

2.2. Correlation check techniques

2.2.1. MAC

The modal assurance criteria is a commonly used method for
assessing the degree of correlation between any two (i.e., ana-

lytical and experimental) vectors and is formulated as

MACij ¼
ðuTi ejÞ

2

ðuTi uiÞðeTj ejÞ
ð8Þ

where ui denotes the ith vector from analytical modal matrix,
and ej the jth vector from experimental modal matrix.

With values ranging from 0 to 1, low values of MAC indi-
cate very little correlation between the two vectors and high
values indicate very high correlation. However, there can be
situations, e.g., not enough measurement points in the modal
test, where MAC will show correlation between vectors which
are actually independent.
2.2.2. Orthogonality check

To overcome some of these limitations of MAC, many times
an orthogonality check between the experimental vectors or
between the experimental and analytical vectors using an ana-

lytical mass matrix is attempted:

ORTHOG ¼ ETME ð9Þ
POC ¼ ETMU ð10Þ

where E denotes the experimental modal matrix, M the mass
matrix, U the analytical modal matrix.

The orthogonality check and pseudo orthogonality check

can be performed by checking if ORTHOG and POC equal
identity matrix I respectively.

This can be done at either tested DOF or full finite element

DOF. Typically, the closer the POC off-diagonal terms are to
zero, the better correlation between the analytical and experi-
mental modal vectors.
2.2.3. CoMAC

The coordinate modal assurance criteria is an indication of the

contribution of each degree of freedom to the MAC values for
a given pair and is formulated as

CoMACðpÞ ¼
PNm

i¼1 uipe
i
p

��� ���h i2
PNm

i¼1ðuipÞ
2PNm

i¼1ðeipÞ
2

ð11Þ

where uip denotes pth element of ith vector from analytical
modal matrix, eip denotes pth element of ith vector from exper-
imental modal matrix.

With values ranging from 0 to 1, low values of CoMAC
indicate very little correlation between the two vectors and
high values indicate very high correlation.
2.2.4. CORTHOG

Each term of the POC matrix can be described in index nota-
tion as

POCij ¼
X
p

X
q

epimpquqj ð12Þ

where epi denotes the pth element of ith vector from experimen-
tal modal matrix, mpq the (p, q) element of mass matrix, uqj the
qth element of jth vector from analytical modal matrix.

A problem is that the individual multiplications that make
up one POC off-diagonal term can be inspected, but there is no
way to assess whether a given value is too high or too low if

just ‘‘emu’’ is evaluated. An approach is to normalize the com-
puted difference to the maximum difference given as

CORTHOGpq
ij ¼

epimpquqj � upimpquqjPn
p¼1
Pn

q¼1ðepimpquqj � upimpquqjÞ
ð13Þ

which is referred to as the CORTHOG. This check is written
for each DOF pair (p, q) and for each mode pair (i, j) that is
investigated.



Table 1 Material property of PCB.

Object Mass

density (kg/m3)

Elastic modulus (GPa) Poisson

ratio, lxy
Ex Ey Gxy

PCB 1778 17 17 3.4 0.12
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2.3. Model reduction methods

All of the model reduction methods are based on transforma-
tion methods of the form16:

B ¼ TT
transATtrans ð14Þ

where A denotes the original matrix, B the new matrix, and
Ttrans the transformation matrix.

The key difference between each reduction method is the

transformation matrix Ttrans. The accuracy and robustness of
each method is determined by the information used to con-
struct the transformation matrix.

2.3.1. Guyan reduction

The simplest TAM procedure uses the Guyan reduction
method. This method is based on solving a static problem:

Fa

Fd

� �
¼

Kaa Kad

Kda Kdd

� �
Xa

Xd

� �
ð15Þ

where Fa denotes the active DOF force vector, Fd the deleted
DOF force vector, Xa the active DOF displacement vector,

Xd the deleted DOF displacement vector, Kij(i = a, d; j = a,
d) the partitioned stiffness matrices.

The transformation matrix Tstatic from the FEM DOF to

the TAM DOF is

Tstatic ¼
I

�K�1ddKda

� �
ð16Þ

The reduced mass and stiffness matrices can now be formed
using the original FEM matrices and the transformation

matrix:

Ma ¼ TT
staticMnTstatic ð17Þ

Ka ¼ TT
staticKnTstatic ð18Þ

where Ma denotes the reduced mass matrix, Mn the original
FEM mass matrix, Ka the reduced stiffness matrix, Kn the ori-
ginal FEM stiffness matrix.

2.3.2. IRS

This method improves upon the Guyan reduction by including

mass effects in the development of the transformation matrix.
The final transformation matrix for the IRS method is

TIRS ¼ Tstatic þ Tdynamic ð19Þ

where

Tdynamic ¼ SMnTstaticM
�1
a GuyanKa Guyan ð20Þ

where Ma_Guyan denotes reduced mass matrix in Guyan reduc-
tion, and Ka_Guyan reduced stiffness matrix in Guyan

reduction.

S ¼
0 0

0 K�1dd

� �
ð21Þ

The reduced mass and stiffness matrices can be written as

Ma ¼ TT
IRSMnTIRS ð22Þ

Ka ¼ TT
IRSKnTIRS ð23Þ
2.3.3. SEREP

The mapping transformation matrix for SEREP method can

be written as

TSEREP ¼ UnU
g
a ð24Þ

where Un is referred to as the modal matrix, Ua the active
DOFs of Un; U

g
a is the generalized inverse of Ua. In most cases,

the number of measurement points is generally greater than
the number of modes in the experimental modal data base.

For this case, the generalized inverse can be written as

Ug
a ¼ ðUT

aUaÞ
�1

UT
a ð25Þ

The reduced mass and stiffness matrices can be written as

Ma ¼ TT
SEREPMnTSEREP ð26Þ

Ka ¼ TT
SEREPKnTSEREP ð27Þ
2.3.4. Hybrid reduction

This method combines the accuracy of SEREP with the

robustness of the Guyan reduction. The transformation matrix
is

Thybrid ¼ Tstatic þ ðTSEREP � TstaticÞP ð28Þ

where

P ¼ UaU
T
aT

T
SEREPMnTSEREP ð29Þ

The reduced mass and stiffness matrices can be written as

Ma ¼ TT
hybridMnThybrid ð30Þ

Ka ¼ TT
hybridKnThybrid ð31Þ
3. Modal analysis

All case studies use a finite element model of a PCB. The PCB

under investigation is made of FR4 with 140 mm in length,
120 mm in width, and 2 mm in thickness. The material prop-
erty is shown in Table 1. The finite element model of the
PCB is developed using ANSYS and shown in Fig. 1, consist-

ing of 168 shell elements and 195 nodes. Each node has 6
DOFs, three translational and three rotational. Using this
FEM, a free-free analytical solution is obtained for the first

ten flexural modes of the PCB.
The experimental modal test arrangement used in this

paper is based upon the concept of ‘‘roving hammer’’. In this

test, the accelerometer is fixed at a single DOF, and the struc-
ture is impacted at as many DOFs as desired to define the
mode shapes of the structure. The accelerometer and the

instrumented hammer are connected to a multi-channel fast
Fourier transform (FFT) analyzer which collects both input
and output responses and calculated the FRF. By cycling



Table 2 First five flexural natural frequencies and mode shapes of modal test and FEM.

Mode No. Natural frequency (Hz) Error (%) Mode shape

Modal test FEM Modal test FEM

1 138.21 139.77 1.11

2 258.29 260.44 0.84

3 352.46 359.49 1.74

4 392.26 385.58 �1.70

5 456.37 454.63 �0.38

Fig. 1 Finite element model of PCB.

Correlation analysis of PCB and comparison of test-analysis model reduction methods 839



Fig. 4 Minimum MMPqi and MMPq for each FEM node.

Fig. 2 Modal analysis procedure and instrument.
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through all the test points, sufficient frequency response func-

tions are collected to build the transfer matrix and frequency
domain global polynomial curve fitting technique (STAR soft-
ware) is used to estimate the modal parameters. The modal test
procedure is shown in Fig. 2. Measurement points are shown

by circles and crosses in Fig. 1. Numbers in parenthesis indi-
cate point numbers used in Case 2, and numbers in square
brackets indicate point numbers used in Case 3. First five ana-

lytical and measured flexural natural frequencies are shown in
Table 2. Good correlation is obtained. MAC matrices are
shown in case studies.

4. Case studies

Three case studies are presented in this paper. Case 1 demon-

strates a new criterion for selecting the best excitation point.
Case 2 selects 35 measurement points to perform the modal
test and correlation analysis while Case 3 selects 9.

4.1. Case 1––best excitation point

A good excitation point should be able to excite all the modes
that are concerned. Assuming only the first ten flexural modes

of PCB are considered, the MMPqi for each node is shown in
Fig. 3. From Fig. 3 we can see a large difference of excitation
effects between different points on different modes. Thus,

selection of excitation point need to be based on selected
modes. The Minimum MMPqi and MMPq for each FEM node
Fig. 3 MMPqi for each node.
is shown in Fig. 4. From Fig. 4(a) we can see that four corner
points have the largest minimum MMPqi. Any one of these
points can be selected as the best excitation point. From

Fig. 4(b) we can see that the same points have the largest
MMPq. Four best excitation points show up because of the
symmetry of PCB and boundary condition.

Although the best excitation points are the same for both
criteria, sometimes these points may be inaccessible. The suit-
ability of other nodes as excitation points needs to be evalu-

ated. From Fig. 4(b) we can see that Points (9, 1) and (10, 1)
have almost the same MMPq, which means selecting either
one makes no difference. However, we can see from Fig. 4(a)
that Point (10, 1) has an MMPqi near zero, which means this

point cannot excite at least one of the first ten modes. The
drive point mobility for both points are calculated and shown
in Fig. 5. As we can see, Point (10, 1) cannot excite mode 3 and

6, which makes it unsuitable as an excitation point when mode
3 and/or 6 are of concern. In contrast, Point (9, 1) can excite all
modes. This means the new presented criterion is better than

the old one.

4.2. Case 2––35 master DOF

In our experimental modal test, however, these corner points
are not used because of their inconvenience for installing the
accelerometer. Testing points are shown in Fig. 1. The Mini-
mum MMPqi for each experimental (EXP) node is shown in



Fig. 5 Drive point mobility for two points.

Fig. 6 Minimum MMPqi for each EXP node.

Table 3 MAC for the first five flexural test modes.

Mode No. 1 2 3 4 5

1 1.00 0.02 0.01 0.01 0

2 0.02 1.00 0.03 0.04 0

3 0.01 0.03 1.00 0.03 0

4 0.01 0.04 0.03 1.00 0.03

5 0 0 0 0.03 1.00

Table 4 MAC for the first five flexural test modes and the

corresponding FEM modes (35 DOF).

Mode No. Test 1 Test 2 Test 3 Test 4 Test 5

FEM 1 0.93 0.02 0 0.01 0

FEM 2 0 0.82 0.03 0 0.01

FEM 3 0 0 0.88 0 0

FEM 4 0 0.01 0.02 0.73 0.01

FEM 5 0 0.01 0 0 0.86

Table 5 POC for the first five flexural test modes and the

corresponding FEM modes (35 DOF).

Mode No. FEM 1 FEM 2 FEM 3 FEM 4 FEM 5

Test 1 1.00 0.01 0 0.01 �0.03
Test 2 0.18 0.98 �0.13 0.15 0.16

Test 3 0.06 0.10 0.98 0.16 0.06

Test 4 0.12 0 �0.07 0.99 �0.02
Test 5 �0.03 �0.04 0.04 �0.10 0.98

Fig. 7 CoMAC of each DOF.

Fig. 8 CORTHOG for each EXP point.
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Fig. 6. From Fig. 6 we can see that Points 8, 14, 22 and 28 have
the largest minimum MMPqi. Point 28 is selected to be the best

excitation point. MAC is calculated using the first five flexural
test modes and shown in Table 3. Table 3 shows that all diag-
onal terms are 1 and the off-diagonal terms are close to 0.

Correlation analysis is performed at the reduced DOF.
MAC is calculated using the first five flexural analytical and
measured modes and shown in Table 4. From Table 4 we

can see that good correlation is obtained. The diagonal terms
are greater than 0.8 except the fourth mode pair, and the off-
diagonal terms are close to 0. The bad correlation between the
fourth mode pair may be caused by insufficient test points, bad

test points or independence of these two modes. To find out
the reason of this bad correlation, POC is calculated and
shown in Table 5. From Table 5 we can see that POC (4, 4)
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is 0.99, which means the fourth mode pair is the same mode
and the bad correlation is caused by insufficient test points.

CoMAC is calculated for each DOF using the first five flex-

ural modes and shown in Fig. 7. Form Fig. 7 we can see which
points are badly correlated, i.e., Points 9 and 27. Since the
FEM of PCB is very simple, this bad correlation comes from

poorly measured data of these bad correlated points. Improve-
ment of test data quality is needed. From Table 5 we can see
that all diagonal terms are close to 1, but the (2, 1) term is rel-

atively large compared with 0. In order to identify how each
individual DOF contributes to this POC terms, CORTHOG
is calculated and shown in Fig. 8. The FEM mass and stiffness
matrices are reduced to the 35 DOF using the SEREP reduc-

tion methods. The reduced mass matrix (consistent mass
matrix) is shown in Fig. 9.

From Fig. 8 we can see that Points 1, 7, 8, 14, 22, 28, 29

and 35 have the largest CORTHOG value. These points are
either corner points or near corner points. Since these COR-
THOG values are calculated for POC (2, 1), some errors are

included either in the second test mode shape or in the first
analytical mode shape. As we can see from Table 2, the sec-
ond experimental mode shape is obviously different from the

second analytical mode shape at those points mentioned
above, which means there are measurement errors in the
modal test. Thus, some additional errors which cannot be
identified by using CoMAC can be found by using

CORTHOG.
Fig. 9 Reduced mass matrix u
The first TAM is designed to have sufficient DOF to enable
the Guyan reduction method to accurately predict the FEM
frequencies. The Guyan TAM predicted the FEM frequencies

within 3 percent error. The IRS TAM predicted the FEM fre-
quencies exactly. As expected, the SEREP and Hybrid TAMs
predicted the frequencies exactly. These results are summarized

in Table 6.
Except for the accuracy, the robustness of the 35 DOF

TAM is also checked by orthogonality analysis. The reduced

mass matrices are shown in Fig. 9.
The ORTHOG are calculated using the first five experimen-

tal modes and shown in Tables 7–10. All diagonal terms are
normalized to unit for easier comparison between off-diagonal

terms. As we can see from Tables 7–10, none of the 35 DOF
TAM’s robustness is clearly superior to the others.
4.3. Case 3––9 master DOF

Measurement points are shown in Fig. 1. From Figs. 1 and 6
we can see that Points 1, 3, 7 and 9 have the minimum MMPqi.

Point 7 is selected as the excitation point. Correlation analysis
is performed at the reduced DOF.

MAC is calculated using the first five flexural analytical and

measured modes and shown in Table 11. As we can see from
Table 11, good correlation is obtained only between the first
mode pair, all other diagonal terms are between 0.7 and 0.8,
sing four reduction methods.



Table 7 ORTHOG using Guyan reduction.

Mode No. 1 2 3 4 5

1 1.00 0.14 0.12 0.09 �0.13
2 0.14 1.00 �0.08 0.33 0

3 0.12 �0.08 1.00 �0.04 0

4 0.09 0.33 �0.04 1.00 �0.10
5 �0.13 0 0 �0.10 1.00

Table 8 ORTHOG using IRS.

Mode No. 1 2 3 4 5

1 1.00 0.13 0.14 0.09 �0.19
2 0.13 1.00 �0.15 0.38 0.03

3 0.14 �0.15 1.00 �0.10 �0.10
4 0.09 0.38 �0.10 1.00 �0.08
5 �0.19 0.03 �0.10 �0.08 1.00

Table 9 ORTHOG using SEREP.

Mode No. 1 2 3 4 5

1 1.00 0.19 0.07 0.13 �0.05
2 0.19 1.00 0.02 0.19 0.06

3 0.07 0.02 1.00 0.10 0.09

4 0.13 0.19 0.10 1.00 �0.13
5 �0.05 0.06 0.09 �0.13 1.00

Table 10 ORTHOG using Hybrid reduction.

Mode No. 1 2 3 4 5

1 1.00 0.14 0.12 0.09 �0.13
2 0.14 1.00 �0.10 0.33 0

3 0.12 �0.10 1.00 �0.04 0

4 0.09 0.33 �0.04 1.00 �0.10
5 �0.13 0 0 �0.10 1.00

Table 11 MAC for the first five test modes and FEM modes

(9 DOF).

Mode No. Test 1 Test 2 Test 3 Test 4 Test 5

FEM 1 0.98 0.04 0.02 0.01 0

FEM 2 0 0.74 0.05 0 0.03

FEM 3 0 0 0.77 0.05 0.06

FEM 4 0 0.01 0.15 0.70 0

FEM 5 0 0 0 0.01 0.78

Table 12 POC for the first five test modes and FEM modes

(9 DOF).

Mode No. FEM 1 FEM 2 FEM 3 FEM 4 FEM 5

Test 1 1.00 0.03 0.02 0.05 0

Test 2 0.26 0.98 �0.19 0.13 0.13

Test 3 0.12 0.10 0.95 0.27 0.07

Test 4 0.13 0.09 �0.39 0.89 �0.16
Test 5 �0.06 �0.15 0.33 0 0.93

Table 6 Frequency accuracy for the 35 DOF TAM.

Mode No. Natural frequency (Hz) TAM frequency error (%)

Original FEM Guyan IRS SEREP Hybrid

1 139.77 0.3 0 0 0

2 260.44 0.4 0 0 0

3 359.49 2.0 0 0 0

4 385.58 1.6 0 0 0

5 454.63 3.0 0 0 0
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and the (4, 3) term is obviously larger than that in Table 4
(using 35 master DOF). POC is calculated and shown in
Table 12 to show the independence of these modes. Thus,

the MAC results indicate that insufficient master DOF leads
to bad correlation.

CoMAC is calculated and shown in Fig. 10 to show poorly

measured data. From Fig. 10 we can see Point 5 is badly corre-
lated. This bad correlation comes from poorly measured data of
these bad correlated points again. Improvement of test data

quality is needed. From Table 12 we can see that all diagonal
terms are close to 1, but the (4, 3) term is much larger than 0.
Comparison is made between Tables 5 and 12, and the results
indicate that fewer master DOF tends to degrade the POC. In

order to identify how each individual DOF contributes to this
POC terms, CORTHOG is calculated and shown in Fig. 11.
The FEM mass and stiffness matrices are reduced to the 9

DOF using the SEREP reduction methods. The reduced mass
matrix (consistent mass matrix) is shown in Fig. 12.
Fig. 10 CoMAC of each DOF.

Fig. 11 CORTHOG of each DOF.



Fig. 12 Reduced mass matrix using four reduction methods.

Table 13 Frequency accuracy for the 9 DOF TAM.

Mode No. Natural frequency (Hz) TAM frequency error (%)

Original FEM Guyan IRS SEREP Hybrid

1 139.77 0.9 0 0 0

2 260.44 0.9 0 0 0

3 359.49 8.0 0 0 0

4 385.58 2.5 0 0 0

5 454.63 10.4 0 0 0

Table 14 ORTHOG using Guyan reduction.

Mode No. 1 2 3 4 5

1 1.00 0.22 0.16 0.07 �0.05
2 0.22 1.00 0.16 0.46 �0.04
3 0.16 0.16 1.00 0.05 0.30

4 0.07 0.46 0.05 1.00 �0.19
5 �0.05 �0.04 0.30 �0.19 1.00

Table 15 ORTHOG using IRS.

Mode No. 1 2 3 4 5

1 1.00 0.22 0.15 0.07 �0.05
2 0.22 1.00 0.11 0.46 �0.04
3 0.15 0.11 1.00 0 0.29

4 0.07 0.46 0 1.00 �0.21
5 �0.05 �0.04 0.29 �0.21 1.00
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From Fig. 11 we can see that Points 1, 3, 7 and 9 have the
largest CORTHOG value. These points are all corner points.
As explained in Case 1, since these CORTHOG value are also

calculated for POC (4, 3), some errors are included in the
fourth test mode shape. Thus, some additional errors which
are not identified by using CoMAC are found again by using

CORTHOG.
POC is calculated using the first five test modes and FEM

modes and shown in Table 12.

The second TAM is designed to have insufficient DOF to
enable the Guyan reduction method to accurately predict the
FEM frequencies. The Guyan TAM predicted the FEM fre-

quencies up to 10.4 percent error. The IRS TAM still predicted
the FEM frequencies exactly. As expected, the SEREP and
Hybrid TAMs predicted the frequencies exactly. These results
are summarized in Table 13.
The robustness of the 9 DOF TAM is checked by orthogo-
nality analysis. The reduced mass matrices are shown in Fig. 12.

The ORTHOG is calculated using the first three experimen-
tal modes and shown in Tables 14–17. All diagonal terms are
normalized to unit for easier comparison between off-diagonal

terms. As we can see from Tables 14–17, none of the 9 DOF
TAM’s robustness is clearly superior to the others. However,



Table 17 ORTHOG using Hybrid reduction.

Mode No. 1 2 3 4 5

1 1.00 0.22 0.15 0.07 �0.05
2 0.22 1.00 0.09 0.46 �0.04
3 0.15 0.09 1.00 �0.01 0.31

4 0.07 0.46 �0.01 1.00 �0.22
5 �0.05 �0.04 0.31 �0.22 1.00

Table 16 ORTHOG using SEREP.

Mode No. 1 2 3 4 5

1 1.00 0.29 0.15 0.17 �0.06
2 0.29 1.00 �0.02 0.29 �0.10
3 0.15 �0.02 1.00 �0.11 0.36

4 0.17 0.29 0.11 1.00 �0.30
5 �0.06 �0.10 0.36 �0.30 1.00
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the IRS method has a slight improvement over the Guyan
reduction and the Hybrid reduction has a slight improvement
over the SEREP.

5. Conclusion

(1) The new presented criterion based on MMP can provide
more accurate information for selecting the best excita-

tion point than the old criterion does in a modal test.
(2) CORTHOG can be used to find some additional errors

which are ignored by CoMAC.

(3) For 35measurement points, all TAMspredict the first five
non-zero FEM frequencies accurately. None of the 35
DOF TAM’s robustness is clearly superior to the others.

(4) For 9 testing points, the Guyan TAM predicts the first

five non-zero FEM frequencies up to 10.4 percent error.
The IRS, SEREP and Hybrid TAMs predict the FEM
frequencies exactly. None of the 9 DOF TAM’s robust-

ness is clearly superior to the others. However, the IRS
method has a slight improvement over the Guyan reduc-
tion and the Hybrid reduction has a slight improvement

over the SEREP.
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