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1. Introduction and main results

The BGK model is a relaxation model of the Boltzmann equation describing the evolution of a gas through a kinetic
theory, this means the state of the gas is represented by the density f(t,x, v) of particles which at time t > 0, at position
x € R move with the velocity v € R3. In the presence of an external force E(t,x,v), f is governed by the BGK equation
[4,25]

af
E+V'fo+E(t7X,V)'va:M[f]_f, (11)

fQ0,x,v) = fo(x, v),

where fo(x, v) is the initial state of gas. The nonlinear term M[f], called a local Maxwellian, is implicitly defined through
the moments of f

P 1
( pu )(t,x):/( v )f(t,x, v)dv (1.2)
plul? +3p0 2 \[vP?

v

by the formula

M[fI(t, x,v) =

_ 2
o(t, x) . (_lv u(t, x| ) (1.3)

mo(t, x))3/2 26(t, x)

It is well known that the BGK equation (1.1) is an important relaxation model of the Boltzmann equation. In the ab-
sence of the external force, the Cauchy problem and the initial-boundary value problem for the BGK equation have been
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extensively studied, see [3,6,18-22,26-28]. We only mention some works related to the problems considered in this paper.
Assuming that the total mass, inertia, kinetic energy and entropy of the initial datum are finite, Perthame [20] built an L!
theory and proved that the classical BGK equation has a positive solution in the distributional sense in 1989. Moreover this
solution was proved to propagate the initial higher order moments in [27]. On the other hand, Perthame and Pulvirenti
[21] also developed an L*° method and showed that there exists a unique polynomially decaying solution for x in a pe-
riodic domain; later this result was generalized to the Cauchy problem of BGK equation in [19]. The main ingredient of
this method is the L*° estimates of the macroscopic quantities and the local Maxwellians obtained in [21]. Recently, by
establishing weighted LP estimates of the hydrodynamical quantities and local Maxwellians, an LP existence theorem and
certain regularity results were developed in [28] by means of weakly compact argument.

Recently, some authors have paid their attention to investigating BGK equations with given force terms as well as self
induced electrostatic fields. Rejeb [23] gave an existence result of a classical solution to the Vlasov-Poisson-BGK equation
in one dimension. Zhang [29] proved the global existence of weak solutions in L? (p > 9) space to the Cauchy problem of
the three dimensional Vlasov-Poisson-BGK system. For the BGK equation with a given confining potential @ (x) (namely,
E = —Vy®), Bosi and Ciceres [5] studied the global existence in L! space and the long time behavior by the method of
Perthame [20].

Here, we should mention that the Boltzmann equations with external forces were also extensively studied. For example,
local existence theorems were given by Asano [1] and Glikson [12,13]. Bellomo, Lachowicz, Palczewski and Toscani [2] gave
the global existence of mild solutions, see also the recent result [8,9]. Global existence of classical solutions with small
amplitude was obtained by Guo [15] for the soft potential and by Duan, Yang and Zhu [10] for the general potential. For
solutions near a global Maxwellian, Ukai, Yang and Zhao [24] proved the stability of stationary Maxwellian solutions to the
Boltzmann equation with external forces through the energy method (see also related results in [16,17]).

In this paper, we study the Cauchy problem for the BGK equation with a general external force which depends on t, x
and v. Specially, we assume throughout this paper that the external force E(t, x, v) satisfies the following condition:

(A) Vy - E=0 on RT x R} x R} in distributional sense. Furthermore, E(-, - ,-) € L .((0,00), L (R} x R3)), i.e. for any
T < 0o, there exists a constant Er > 0 such that

T
/||E(t)||oodt<ET. (14)
0

Remark 1.1. (A) is technical assumption. For understanding the hypotheses, we list two special examples: (1) Constant
field: E(t,x, v) = Eg, where Eg is constant vector; (2) E(t,x,v) = P(t) = (p1(t), p2(t), p3(t)), where p;(t) (i=1,2,3) could
be a power function t* (« > 0), exponential function e’ and trigonometric function sin(t) or cos(t). These examples are
obviously suitable for the assumption (A). Even so, some important examples are not included. For example, gravitational
field or repulsive field: E(t,x,v) = i#: Lorentz field: E(t,x, v) = Eq(t,X) + v x Bg(t, x), where Eq(t,x) and Bg(t,x) are

given electric intensity and magnetic intensity respectively. These are still unknown problem for the BGK equation. We will
consider these problems in the future.

Remark 1.2. The assumption that V, - E =0 is standard, which is to ensure the mapping (x, v) — (X(s), V(s)) and (x, v) —
(Xt(x,v), Vi(x,v)) for any s, t > 0 preserves the measure. Under this condition, for any 1 < p < oo and f(t, x, v), we have

|6 XE e v), VI W) | o i mzy = 1F 6% W) o a3y
[ £t X(s). V() ”Lp(R;xRa) =|fe '*')”LP(R,%xRﬁ)'

For the sake of simplicity, we denote positive constants by C, C; and C(a1, o2, ..., @) depending on o1, oz, ..., on. And
for any function f(t, x, v), we use notation:

Hf(t) ”p = Hf(tv ) HLIJ(RixRﬁ)'
Then the main results of this paper can be described by the following theorems.
Theorem 1.1. Suppose that the external force satisfies (A), and the initial datum fo(x, v) is a nonnegative function such that
/ (14 % + |v[* + | log fo(x, v)|) fo(x, v) dxdv = Co < cc. (15)
R3 xR3
Then there exists a distributional solution f(t, x, v) € C([0, o), L' (Ri X R3)+) to the BGK equation (1.1), (1.2) and (1.3) such that

/ (1+|x|2+|v|2+{logf(t,x,v)|)f(t,x,v)dxdng(T,fo,ET), Vt<T. (1.6)

R3 xR3
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Remark 1.3. Although Bosi and Caceres [5] also gave the existence of L! solutions to the BGK equation, the external force
considered by them is induced by a confining potential which depends only on the position variable x. Here, we consider
external forces which not only depend on x but also on t and v. Our strategy of proving Theorem 1.1 relies on the L*° result
established in Theorem 3.1 (which follows from the method introduced in [21]), while the result in [5] was obtained by
the method established in [20]. Furthermore, the force term generated by the confining potential @ (x) in [5] and the one
considered in this paper belong to different classes.

Next, we describe our second result which do not require the assumption of finite initial entropy, but some LP regularity
is assumed.

Theorem 1.2. Suppose that the external force satisfies (A), and the initial datum fo(x, v) is a nonnegative function verifying

foel'NIP(RIxR}) (1<p<oo), |vI*foel' (R} xR}). (1.7)
Then there exists a global solution f (t, x, v) € L®([0, 00), L' (R3 x R3) ) in the distributional sense such that
sup [ (1+IVR) € xv)dedy < CCT. o B (18)
0<t<T
R3 xR3
su<pT||f(t) |, <C(T.p. fo, Er). (19)
\t\

Furthermore, if

(IXI9+ [v|7) fo € LP (R} x R}) (1.10)
forsomeq e (1,3/p") U (3/p’ + 2, 00), then we have the following propagation:
sup [ (Ix19+1vI9) f(t. )|, <Cp.gq. fo, T, Er). (111)
0<t<T

Remark 1.4. Zhang [29] considered self-consistent force E(t,x) given by a potential equation and proved the existence of
LP solutions to a coupled system for p > 9. For the force term satisfying assumption (A), we obtain in Theorem 1.2 similar
results under much weaker condition p > 1 for the initial datum fy. Moreover, the total energy is conservative in [29] (at
least for approximate solutions), which can be used to establish uniform estimate of kinetic energy. Nevertheless, the model
considered in this paper does not have conservation law for energy, so we need to prove some uniform estimates for kinetic
energy with different methods (see Lemma 4.3).

The rest of this paper is organized as follows. In Section 2, some preliminary lemmas are given for later use. Section 3
is devoted to establishing existence and uniqueness of solutions in weighted L* space, which is the starting point for
proving our main theorems. The main tools in this section include the Banach fixed point theorem and some weighted L*°
estimates which will result in uniform estimates for the second velocity moment as well as uniform estimates for entropy
and LP norm. In Section 4, by means of the regularizing effects to the initial datum and the theorem of Section 3, we
construct the approximate solutions and obtain some uniform estimates of the approximate solutions. Then we prove the
existence theorem of the L! solutions by using compactness method and passing to the limit. Finally, in Section 5, combining
the idea in Section 4 and the asymptotic method in [28], we prove the existence theorem of the LP solutions and establish
the propagation properties of some LP moments.

2. Preliminaries

As usual, we will rewrite the BGK equation along the characteristics. Suppose that E(t, x, v) € C([0, c0), C; (Ri X Rﬁ)),
then for any fixed point (x, v) in Ri X R?,. the forward bi-characteristics [X{(x, v), V!(x, v)] generated by the external force
E(t,x,v) is defined by

dX'x,v) ., dvix,v)
Ta VeV Ty =
(X % v), VIR V)|, = & V).

Notice that the Cauchy-Lipschitz theorem ensures the global existence and uniqueness of solutions to the above ODE system.
Then the mild form of the BGK equation (1.1) becomes

E(t, X'(x,v), VI, x, v)), (2.1)

t

fEt, x,v) = fo(x, v)e—f+/e<s—f>1\/1[f]ﬁ(s, x, v)ds, (2.2)
0
where fE(t,x, v) = f(t, XE(x, v), Vi(x, v)), MLf1E(E, x, v) = ML F1(E, XE(x, v), VEx, v)).
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On the other hand, for any fixed point (t,x,v) in Rt x ]R?( X ]Rﬁ, we define the backward bi-characteristics
[X(s;t,x,v), V(s;t,x,v)] by solutions to the ODE system

dX(sit,x, v) =V(s;t,x,v), Vistxv) =E(s, X(s:t,x,v), V(s; £, x, V),
ds ds (2.3)
(X(s:6,%,v), V(s t, %, )| _, = (X, V).
Due to the backward bi-characteristics, we obtain another representation of the BGK equation (1.1), namely
t
f&,x,v) = fo(X(0;t,x,v), V(0;t,x, v))e’t+/e(s’t)M[f](s,X(s; t,x,v), V(s;t,x,v))ds. (2.4)

0

For the sake of simplicity, we will use the short hands X(s) = X(s;t, x, v), V(s) = V(s; t, x, v). Notice that bi-characteristics
equation (2.3) can be rewritten as the following integral form:

t

Vis)=v — / E(t, X(7), V(1))dr,

s

t t
X(S)=X—V(f—S)+//E(T,X(7:),V(t))dtd9.
s 0

Thanks to this integral form, it is easy to prove the following estimates for characteristics (for details, see, e.g.: [15]).

Lemma 2.1. Suppose that E(t,x, v) € C([0, 00), CL(R3 x R3)) and satisfies (1.4), then we have that for any (t, x, v) in [0, T) x
R3 x R3,

V() —v|<Er,  |X(s)=[x—v(t—9)]|<It—s|ET.
Moreover, we have

[V(s) = V()| <Er, |X(s)— X(0) — vs| < Is|Er.

Let f(v) be a spatially homogeneous kinetic density and let p,u and 6 be the mass density, bulk velocity and tempera-
ture of f. The following two lemmas on LP estimates for local Maxwellians were obtained in Refs. [19,21,28] by interpolation
method.

Lemma 2.2. Suppose that f(v) € LP(R})NLY(R3);, 1 <p <ooand1/p+1/p’ =1, thenforq=00r1<q<3/p orq>3/p +2,

[vITmMIA, <. [lvief],. (2.6)

Lemma 2.3. Suppose that f(v) € LP(R®) NLY(R3)4, 1 < p<ooand1/p+1/p’=1.Then, forq>3/p'+2and e € [0,q—3/p’],
P62 < Cp.q. )| (1+ V1) f| - (2.7)
Forq>3/p'+2,8€[0,1]anda €[0,q —3/p'(1 - B)],

% <Cp.q.o, B[ (1 + 1) f] - (2.8)

In order to prove our main results, we also need two technical results—the velocity moments lemma and the velocity
averaging lemma.

Lemma 2.4. Let E(t, x, v) € C([0, 00), C} (R x R3)) and V, - E = 0. Suppose that f € C([0, T), L' (R x R3)) is the unique distri-
butional solution of the following Cauchy problem

%J"V'V)(f“rE(t,x,v)'vazg_f,
FO0,%,v) = fo(x,v) (2.9)

with g > 0, fo > 0. Assume that there exists a positive constant C(T) such that
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/ (1+1vI?) (g, xv) + folx, v))dxdv < C(T), tel0,TI.
R3xR3

Then, for any bounded Ky € R3 we have

T

/dt / V2 f(t,x, v)dxdv < C(T, diam(Ky)),
0 KyxR3

where diam(Ky) is the diameter of the set K.

Proof. To shorten the presentation of the paper, we omit the proof (for the details, we refer the readers to [5]). We only

mention that the constant C(T, diam(Ky)) can be exactly computed, namely

T
C(T, diam(Ky)) = (1 -|—diam(1<x)2)3/2C(T)(2+/ HE(t)Hoodt),
0

which will be used in Sections 4 and 5. O
Similar to the proof of Refs. [5,7,14], the velocity averaging lemma can be written as follows:

Lemma 2.5. Let E (t, x, v) € C([0, 00), C} (R} x R3)) and V, - E, = 0. Suppose that the sequence f,(t, x,v) € L'((0, T) x R} x R3)
is weakly compact, and the sequence gy (t, x, v) € L1 ((0, T) x ]Rf( X R?,) is also locally weakly compact such that

fa+ofa+ v -Vafo+En(t, X, v)-Vy fn=gn (2.10)

in the distributional sense. Then for any bounded sequence Y, (t, x, v) € L°°([0, T] x Ri X Rﬁ) that converges almost everywhere, the
sequence [ps fa(t, X, V)Yn(t, x, v)dv is compact in L'((0, T) x R?).

Corollary 2.1. Let Ex(t, x, v) € C([0, 00), C} (R} x R3)) and V, - E, = 0. Suppose that the sequence fu(t,x, v) € L'((0, T) x R x R3)
is weakly compact in L'((0, T) x Ky x R?) for any compact set K, € R?, and the sequence gy(t,x,v) € L, ((0,T) x R} x R3) is
also locally weakly compact such that

Sn+oefa+v-Vafa+En(t,x,v) - Vy fn=gn

in the distributional sense. Then for any bounded sequence vy, (t, x, v) € L*°([0, T] x R?( X Rﬁ) that converges almost everywhere and
for any compact set Ky € ]R?(, the sequence fR3 fn(t, %, V)Y (t, x, v)dv is compact in L1((0, T) x Ky).

3. Weighted L* bounds

In this section, we will prove the existence and uniqueness of the solutions by the contraction mapping principle
in the weighted L°° space, and obtain some weighted L*° estimates. Throughout this section, we assume E(t,x,V) €
C([0,00), C} (R} x R3)) satisfies (1.4) and V, - E =0.

Firstly, we introduce some norms. Let m, k > 0. We define the weighted L® norm as follows:

Nn(H@® = sup  (1+[v|™)|f(t.x,v)
(x,v)eR3 xR3

Nak(H)® = sup (14 v[™)(1+Ix*)|f &, x,v)

(x,v)eR3 xR3

NLHO = sup  (1+[VO[™)|fE,xv)

(x,v)eR3 xR3

N (HO= sup (14 [vO[™) 1+ [XO[)|fE.xv)|.

(x,v)eR3 xR3

)

)

)

Obviously,

Nm(fo) = Ny, (fo), Nk (fo) = Nm .k (fo)-
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Then, we have

Lemma 3.1. For any T < oo, we have

Nm(H)® <C, Nmi(H)®) <C, te[0,T]
if and only if

Ny (OO <C, Ny (H)<C, telo,T],
where constant C is only depending on T, m, Et and k.

Proof. By the definitions, we have

mk(HN=sup (1+]V(0)

(x.v)eR3 xR3

< sup (l+(|V|+ET)m+k)|f(t,X, V)|

(x.v)eR3 xR3

< sup Cmk Ep)(1+ [v[™)| f (£, x, v)| = C(m. k. ET) Nk ().

(x.v)eR3 xR3

m+k)

|ft. x,v)]

Similarly,
wiH="sup  (1+|VO")(1+[XO)|fE.x )]

(x,v)eR3xR3

< sup (T4 (IvI+En)™) (14 (Ix = vel + TCD) )| f €, x,v)|

x,v)eR3 xR3

< sup Cmk Ep)(1+ [v™) (1 + Ix¥) | (& %, v)| + Cam,k, T, Ep) (1 + [vI™H) | £ e, x, v)|

x,v)eR3 xR3
= C(mv k’ Tv ET)(Nm,k(f) + Nm+l<(f))
We have the same kind of estimates by inversion of characteristics. Then, the proof of Lemma 3.1 is completed. O

In this section, we assume that the initial datum fo(x, v) satisfies the following two conditions:
(A1) There exist m > 5, k > 3 such that

Nk (fo) < oo, N,k (fo) < oo. (3.1)
(A2) There exist a function ¢(v) € L'(R?) and a constant § > 0 such that |@(v)| > 8 for |v| <1, and (1+ |x[¥) fo(x, v) = @(v)
for any (x,v) e R3 x R3,

Obviously, the condition (A1) ensures that (14 [v|%) fo(x, v) € LI(R3 x R3). Therefore, we can define the initial mass
density p(0, x), the mean velocity u(0, x), the temperature 6(0,x) and the Maxwell distribution M[fp]. With the above
notations and assumptions, the main results of this section can be described by follows.

Theorem 3.1. Suppose that the external force E(t, x,v) € C([0,00), C} (R} x R3)), V, - E = 0 and satisfies (1.4). Let the initial
datum fo(x, v) be a nonnegative function and satisfies conditions (A1) and (A2). Then there exists one and only one mild solution
ft,x,v) € C([0,00), L' (R x R3, (1 + |v|?)dxdv)) to the initial value problem (1.1), (1.2) and (1.3). Moreover, there exist two
nonnegative functions Cq(t), Co(t) such that
p(t,x), [u(t,x)],0(t,x) < C1(t) < oo,
>

(14 1x[¥) o, %), 6(t, %) > C2(t) > 0. (34)

Proof. A nonnegative function f(t, x, v) € C([0, 00), L!(R3 x R3, (14 |v|?)dxdv)) is a mild solution if and only if f satisfies
the integral equation

t

ft,x,v) = fo(X(0), V(O))e*f/e“*‘)lvl[f](s,X(s), V(s))ds.

0
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We define a nonlinear operator F by
t
Ff = fo(X(0), V(O))e—f+[e<s—f>1\/1[f](s,x<s), V(s))ds.

0

(3.5)

Then, we only need to show that the operator F has a unique fixed point in the function space C([0, T], Ll(Rﬁ X Rﬁ, 1+

[v|®)dxdv)) and satisfies (3.2), (3.3) and (3.4). Now, we consider the function space X:
ft,x,v) €C([0, T], L' (R} x Ry, (14 [v[*)dxdv))4,
N (F () < "Ny i (fo),

Np () < e INmyr(fo) + N i (o)),
(A + |x[*)p(t,x) = C(T,k, ET) > 0,6(t,x) > 0

where C is sufficiently large. Define metric in X as follows

. 1= sup exp(—Go / |F16.x,v) — falt.x v)|(1 + [vI?) dxdv,
tel0,
R3 xR3

where G is sufficiently large. Then the function space X with the metric d is a complete metric space.
Firstly, we will show that Ff satisfies the following for f € X,

ek (FH(®) < e Ninie(fo).
i (F© < e [Niniie(fo) + N e(f0)].
(1+1x%)p(Ff)(t, %) > C(T. k, Er) > 0,
O(Ff)(t,x) >C(T,k,ET) > 0.
Multiplying both sides of (3.5) by 1+ |V (0)|™+¥, we obtain

0< (1+ VO™ )ENEx vy =~ (1+ VO™ fo(X(0). V(0)
t

+ / e (14 [VO)" ™ )MLFI(s, X(5), V(s5)) ds.
0
By Lemmas 2.1, 2.2 and 3.1, we have
t
Nst EO < e N + [ €741+ (v (0] + C1)
0

"HYMLF1(s, Xn (), Van(s)) ds

t
<& N o)+ €k Er) [ €Ny (MIF1)
0
t
< W)+ Cm ke E) [ €N (£(6) s
0

t
< e 'Nmik(fo) + C(m, k, ET)Nmik(fo) f es e ds
0

C(m,k, Er)
C+1
Taking C > C(m, k, Et), the above inequalities imply that

ek (FH(®) < e Ny (fo).

Multiplying both sides of (3.5) by (1 + |V (0)|™)(1 + |X(0)|¥) and computing in the same way, we can get

Ny (EO®) < e (Nmyr(fo) + Nk (f0)).-

=e 'Npyk(fo) + Nmk(fo)(e<F —e™).

(3.6)

(3.7)
(3.8)
(3.9)
(3.10)
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Next, we show (3.9). For any t € [0, T] and x € R3,

f ¢(Va(0))

_t -t | _PVniH)
p(F)(E,%) > e [ﬁ’(x"(o)’ Va@)dv=e™ [ T o
R

R}

)
>et / ———dv
1+ [Xq(0)]
[Va(0)|<1

>et f 8 dv
[1+ (|x] + |tv]| + CET)¥]

VI<[1—Ex|
5
>C(k, E e T / dv
(k. Er) 26(1 + (1 + %)
VI<I1—Er|
Ck,T,ET)
A+

Then we obtain (3.9).
By Lemma 2.3 and (3.9), 6(Ff) can be estimated as follows:

1 23(F 1

_(1+ |x|")2/3'0 (Ff) ' -
O(Ff) O(Ff) (1 +|x[)p(Ff))?/
Then, (3.10) holds. Consequently, the operator F maps X into itself.

Secondly, we will show that the operator F is a contraction from X to itself. By Lemma 2.3, it has been proved in [21]
that there exists a positive constant L such that for any f1, f € X

<SCk, T, Er).

[ ts Mgl P dxav <t [ 1= i1+ vP) dxay.
R3xR3 R3 xR3
Then for any f1, f2 € X, we obtain
L

d(Ff1,Ff2) < G——Hd(f]’h)’

Taking G > L, we obtain that the operator F is a contraction. According to the contraction mapping theorem, the operator
F has a unique fixed point in X. Obviously, the fixed point is the unique solution to the BGK equation verifying (3.7), (3.8),
(3.9) and (3.10). O

Remark 3.1. By Lemma 3.1, Theorem 3.2 implies that
Nk (f(©), Nmk(f(©) < C1(t) <00, Vte[0,T].
4. Proof of Theorem 1.1
In this section, we will prove the existence theorem of the L! solutions by using compactness method. So we are in

a position to construct approximate solutions to (1.1)-(1.3). We always assume that the initial datum fy satisfies (1.5).
Following the method in [7], we have

Lemma 4.1. Suppose that the initial datum fo satisfies (1.5), k > 5, then there exist sequences fl € C®(R3 x R3), f € C2°(R3 xR3)
and positive constant Cq such that

_exp(—|v[?) S exp(—|v|?)

g n+ = 5 41
Jo=Jo 305 W~ nt 1 ) b
lim / (1+ x>+ [v[*)| f§ = fo|dxdv =0, (4.2)
n—oo
R3xR3
/ |log f§| f§ dxdv < Co, (4.3)
R3xR3

lim H(f) =H(fo). (44)
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We also assume that E,(t,x,v) = E(t,x, v) * J,, where J,(t,x, v) are mollifying functions. Then we have E,(t,x,Vv) €
C*°([0, 00) x Ri X Rﬁ), fOT IEn(t)|lodt < ET and V,, - E,(t,x, v) = 0. So E, ensures the existence of characteristics equations

(21), (2.3) and satisfies all assumptions of Lemmas 2.1-2.5. And it is obvious that for n=1,2,..., fJl and E, satisfy all
assumptions of Theorem 3.1. Hence, the approximate BGK equation

8_fn + V- Vxfa+ En(t,x,v) - Vy fn = M[ fal — fn,

at (4.5)

fl‘l(07 X, V) = f(r)](xa V)7

has a unique global solution f;(t, x, v), where

Pn 1
( Pnln )(t,x):/( v )fn(t,x, v)dv, (4.6)
2 \Jvp?

/0|un|2 + 30n6hn

v

and

M[fﬂ](tvxv V) =

_ 2
0 <_IV Un(t, X)| ) (4.7)

(27O (t, x))3/2 260, (t, X)

By Theorem 3.1 and Remark 3.1, the solution satisfies

Nm,k(fn)(t) < C(T)(Nm-&-k(f(’}) + Nm,k(f(’}))- (4.8)

Obviously, for m, k > 5, we have
/ (14 X1 + [v[?) fa(t, x, v)dxdv < C(n, T, fo. Er), Vt<T,
R3xR3
and

| fa®], <CO, T, fo,Er), Vt<T.

Then for any t < T, we have
/ (1+ %1% + [v[* + | log fa(t, x, V)|) fa(t, x, v)dxdv < C(n, T, fo, E7). (4.9)
R3xR3

Notice that since Ny (f) and Np(f§) are dependent on n, (4.9) is not a uniform estimate. In fact, we will show that
the constant in (4.9) is not dependent on n, for that we need the following lemma.

Lemma 4.2. (See [5].) Suppose that f,, € C([0, 00), L'(R3 x R3)) is a solution of the BGK equation (4.5), (4.6) and (4.7) in distribu-
tional sense and satisfies condition (4.9), then we have

ot (fnlog fn) + v - Vx(fnlog fn) + En - Vv (fnlog fn) = (M[fn] - fn)(1 +log fn)

in the distributional sense. Moreover, for any 0 < t1 < t, we have

t
H(f) (@) — H(u)(E) = / / (fa = MLfy]) log f dxdvdt

0 R3IxR3
t
[ [ (= Mi) (108 fu ~ log M) dxavae >,
0 RIxR3
Now, we give the uniform estimate of the approximate solutions.

Lemma 4.3. Suppose that f, € C([0, 00), L' (R3 x R3)) is a distribution solution of the BGK equation (4.5), (4.6), (4.7) with condition
(1.5) and satisfies condition (4.9), then we have

/ (14 X? + [v[* + | log fu(t, X, V)|) fu(t. X, v)dxdv < C(T, fo, Er), Vt<T.

R3 xR3
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Proof. Using the characteristics flow (2.1), the BGK equation can be rewritten as

2 fi
a—ft = MIful* - fi, (4.10)

where fi(t,x,v) = f(t, XL(x, v), VEx, v)), M[falf(t, x,v) = M[ful(t, X5 (x, v), VE(x, v)). Integrating both hand sides in
R3 x R3, we have

/fn(t,x,v)dxdv: / f§x, v)ydxdv < C(fo). (411)
R3 xR3 RExR3

We multiply both sides by |V{(x, v)|%, and integrate in R3 x R3,

3 fn )
/ %Wﬁ(x, v)|* dxdv = / Ve, [ (MLfal? — f2) dxdv.
RixRY R3xR3

Obviously, the right-hand side can be easily computed by

/ [VEx )P (MIfalf — ) dxdv = / VI (ML fal = fa)(t.x, v)dxdv =0,
R3xR3 RExR}

the left-hand side can be computed by

#
/ %"wg(x,v)fdxdv: [ %(f,ﬂv,ﬁ(x,v)f)dxdv—z / (En(t, X4, VE) - Vi, v)) fi dxdv.
R3 xR3 R: xR3 R xR3

Therefore, we get

0 0
P / |v|2fn(t,x,v)dxdv:& / |V,§(x,v)|2fnﬁdxdv

R3xR3 R3xR3

<2 / |En(t, X4, VE) - Vi, )| fi dxdy

R3xR3

<||En(t)||oo< / fidxdv + / |v,§(x,v)|2f,§dxdv>
R3 xR3 R3xR3

<HE"(t)Hoo< / fa(t,x, v)dxdv + / |v|2fn(t,x,v)dxdv>
R3 xR3 RExR3

<\|En(t)|loo<C(fo)+ / |v|2fn(r,x,v)dxdv>.

R3 xR3
Applying Gronwall type estimates, we have
T
/ V[ fa(t. X, v) dxdv < efo “E"“)”"df(afo) + / vI? £ (x, v)dde> <C(T, fo, Er). (4.12)
R3xR3 R3xR3

Analogously,

ad d
P / |x|2fn(t,x,v)dxdv:5 / |X,§(x,v)|2f,fdxdv

R:xR3 R3 xR3

<2 / [VE®, v) - XE(x, v)| fi dxdv
R3 xR3
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< / |Xf1(x,v)|2f,§dxdv+ / |V,f,(x,v)]2f,§dxdv

R3xR3 R3 xR}
< / |x|2fndxdv+ / |v|2fndxdv
RIxR3 R? xR}
< C(T, fo, ET) + / X fa(t, x, v) dxdv.
R3 xR3
Then
/ |x|? fu(t, x, v) dxdv < C(T, fo, ET). (4.13)
R3xR3

Thanks to Lemma 4.1 and Lemma 4.2, we obtain

/ fnlog fu(t, x, v)dxdv < / f§ log f§ (x, v)dxdv < Co.
R3xR3 R3 xR3

On the other hand, due to the above inequalities (4.12) and (4.13), we have

- / fnlog fa(t,x, v)dxdv
frn<1
=— / fnlog fa(t,x, v)dxdv — / fnlog fa(t,x, v)dxdv

exp(—(IxI2+v[) fn<1 fa<exp(=(Ix12+|v|2)

< / (|x|2+|v|2)fn(t,x, v)dxdv + / ,1]/2(t,x, v)dxdv

R3xR3 fa<exp(—(Ix12+]v[?))
< C(T, fo, ET).

Here, we use the inequality f'/2log f~! <1 for f < 1. Therefore,

/ fullog fal(t,x, v)dxdv = / fnlogfn(t,x,V)dde—/fnlogfn(t,x,V)dxdv<C(T,fo,Er).
R3xR3 R3 xR3 fr<1

Then the proof of Lemma 4.3 is completed. O

Proof of Theorem 1.1. It follows from Lemma 4.3 and the Dunford-Pettis theorem [11] that {f,(t,x,v): n=1,2,...} is
weakly compact in L1((0, T) x R3 x R3) for any T > 0. Hence, there exists a nonnegative function f(t,x, v) € L1((0, T) x
R3 x R3) such that

fat,x,v) = f(t,x,v) (n— 00)

in L1((0, T) x Ri X R‘%) (choosing a subsequence if necessary), we will show that the weak limit f is the distribution
solution of the BGK equation. Here and below in this paper, we use the symbols —, — and — to represent the weak
convergence, weak™ convergence, and strong convergence.

For any t > 0, denote

(Pn. Patin, Paltnl? + 30n6h) (t, X) =/(1,v, [VI?) falt, X, v)dv, (414)
R}
(0. pu, plul* +3p0)(t, x) z/(l, v, [vI?) ft, %, v)dv. (415)
R}

By Lemmas 2.4, 2.5 and the standard procedure developed in [20], we can show that for any T > 0 and Ky € Ri,
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Pn—> P, inL'((0,T) x R3),
Ontin — P, inL'((0,T) x R}), (4.16)
Pultnl* + 30060 — plul® +3p6, inL'((0,T) x Ky).

Hence, we have for almost all (t,x) € (0, T) x Ri (choosing a subsequence if necessary)
1im (pn. pntin. Pulunl® +3pn6h) = (0. pu. pluf® +3p8) (¢, »).

Let G={(t,x) € (0, T) x Ri: p(t,x) = ng f(t, x,v)dv # 0}, then we have
lim (on, Un, 6p) (€, %) = (0, u, O)(t, %), O(t, %) >0

for almost all (t, x) € G. Consequently,

M[ fnl(t, x,v) = M[f1(t, x, V) inGxR?,, a.e. (417)
On the other hand, it is easy to prove that
/ (14 [xI” + [vI* + [log ML fu] )M ful(¢, x, v)dxdv < C(T, fo, Er), Ve<T, (418)
R3xR3

This implies that {M[f,]: n=1,2,...} is weakly compact in L'((0, T) x R3 x R3). By the Dunford-Pettis theorem, we have

M[ fnl(t, X, v) = m(t, X, v) (4.19)

in L((0, T) x R} x R3) (choosing subsequence if necessary), where m(t, x, v) € L'((0, T) x R x R3). Then, p, = [gs M[faldv
converges weakly to fzs mdv in L1((0, T) x R2). Noting that p, converges strongly to p in L1((0, T) x R3), we obtain

/M[fn]dv =pn— fmdv =p inL'((0,T) xRY).

R3 R3
Since p(t,x) =0 for almost all (t,x) € G, we get [ps M[fy]dv — 0 in L'(G°). So, M[f,] — 0 in L'(G® x R3). This implies
that (choosing a subsequence if necessary)

M[fal = 0 inG° xR3, ae. (4.20)
By (4.17) and (4.20), we obtain

M[fa]l = M[f] in(0,T) x R3 xR3, ae. (4.21)

It follows from (4.19) and (4.21) that m(t, x, v) = M[f]1(t, x, v) and M[f,1(t, x, v) — M[f1(t,x, v) in L1((0, T) x ]R?( X R;’;).
Now, by passing to the limit in the BGK equation (4.5)-(4.7), we know that f(t,x, v) is a solution to (1.1)-(1.3) in the
distributional sense. 0O

5. Proof of Theorem 1.2

In this section, we will prove the existence theorem of the LP solutions and establish the propagation properties of some
LP moments. Let fo satisfies the assumption of Theorem 1.2. Following the method in [28], we cutoff the initial datum fy
and obtain a sequence f[ of the cutoff initial data as follows:
exp(—|vI*) _ exp(=|v})
n(1+x19) = n(1 4+ xk)

where p, is any cutoff function such that 0 < p, <1 and p,; = 0 for |x|? + |v|? > n?, furthermore, lim,_, o, fn(x, v) =1 and

£ = a6, vymax{ fo(x, v),n} + (51)

. 2\| en _ — i n_ =
Jim [ (1 ) [fg = fo|x v)dxdv =0, lim |fg - fol,, =0. (52)
R3 xR3
We also assume that E,(t,x,v) = E(t,x, v) * Jo, where Ju(t,x, v) are mollifying functions. Then forn=1,2,..., f§ and Ep
satisfy all assumptions of Theorem 3.1. Hence, the approximate BGK equation
Lfn + V- Vefo+En(t,x,v) - Vy fn =M[fn] — fn,
at (5.3)

fﬂ(O’X7 V)zfg(x» V)
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has a unique global positive solution f,(t, x, v). From Lemma 4.3,

f (1+ 1x1% + [v[?) fa(t, x, v)dxdv < C(T, fo, E7), Vt<T. (5.4)

R3xR3
Proof of Theorem 1.2. Firstly, we will prove that

| fa®], <C(T. fo.p), VE<T. (5.5)

In fact, we notice that the mild solution form of the BGK equation can be written as
t
fat.x,v) = fg(Xa(0), Vn(0))e™ + / eCTOMLfal(s, Xa (), Va(s)) ds. (5.6)
0
Taking LP norms on both sides of (5.6), we have
¢
| f2©], <exp=0 3], + / exp(s — O | MIful(s)|, ds,
0

where we use that the mapping (x,v) — (X;(s), Vn(s)) preserves the measure for any s,t > 0. Using the LP estimate
IMLfal)Nlp < CP)Ifa(s)llp by Lemma 2.2, we further obtain

t
| fa®], <exp=0] f], +C @) f exp(s — )| fa(s) , ds.
0

Then, the Gronwall Lemma implies that

| 0], <exp((Cp) = 1)0)| 73] ,- o
On the other hand, from the definition of fJ}, we have
1551, < C@(Ifollp +1). (5.8)

Thus, combining (5.7) and (5.8), we get the estimate of (5.5).

Following from the estimates of (5.4) and (5.5), we can obtain some important conclusions. Firstly, for any T > 0, if
1<p<oo, LP((0,T) x Ri X Rﬁ) is reflexive, (5.5) obviously implies that {f,(t,x,v): n=1,2,...} is weakly compact in
LP((0, T) x R x R3); if p = oo, it follows from the Banach-Alauglu theorem [11] and (5.5) that {f(t,x,v): n=1,2,...} is
relatively compact in L*°((0, T) x Ri X ]R?,) in the weak* topology. Hence, there exists a nonnegative function f(t,x,v) €
LP((0, T) x R3 x R3) such that for 1 < p < oo,

fa€,x,v) = f(t,x,v), inLP((0,T) x R} x R}),
and for p = oo,
fat,%,v) — f(£,x,v), inL®((0,T) x R} x R3).

Secondly, it follows from (5.4) and (5.5) that for any given Ky € R?(. {fat,x,v): n=1,2,...} is weakly compact in
L'((0, T) x Ky x R3). Then we can obtain that for any Ky € R}

Pn(t, X)|un(t, x)\2 +30n(t, X)0a (t, X) = p(t, X)|u, x)]2 +3p(t, x)0(t, x)

in L1((0, T) x Ky).
On the other hand, by Lemma 2.2 and (5.5), we get

IMURIO], <C@|fa®], <CP. T, fo), tel0.TI. (5.9)
Then, Lemma 4.3 and the inequalities (5.9) imply that for any Ky € Ri, {M[fal(t,x,v): n=1,2,...} is weakly com-

pact in L'((0, T) x Ky x R3). By Corollary 2.1, we obtain that for any ¥ (t,x,v) € L%([0, T] x R x R3), the sequence
ng fa(t, x, V)Y (t, x, v)dv is compact in L1((0, T) x Kx). Furthermore, we have that for any Ky € ]R?(

Pn(t, X)|un(t, x)|2 +30n(t, X)0n (t, x) — p(t, x)|ut, x)|2 +3p(t, 0)0(t, x)
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in L1((0, T) x Ky). Similar to Section 4, we can get

ML fal = M1 inL'((0.T) x Ky x R®).

Passing to the limit in the BGK equation (5.3) for n — oo, we know that f(t, x, v) is a distributional solution to (1.1)-(1.3).
The inequalities (1.8) and (1.9) are obvious. In fact, by the definition of mild solution of BGK equation and inequalities
(5.4) and (5.5) for any t1,t; €[0,T] and 1 < p < o0,

| fa(t1.x,v) = fultz. X, V)||p <C(T, fo, ED)lti —t2], n=1,2,... (5.10)
then we have
fat,%,v) = (or —) f(t,x,v) inLP(R: xR3), vt >0. (5.11)

By (5.11), (5.4) and (5.5), we get

f (1+ V) f(t,x, v)dxdv = limf f (1+ V%) fa(t, x, v)dxdv < C(T, fo, Et),
n—oo
R2 [VI<R R2 [VI<R

and for any g(x,v) e LP' (R3 x R3) (1/p+1/p’ =1),

/ f(t.x.v)gx v)dxdv = lim / fa(t.x. v)g(x, v)dxdv < lim [ fi@)],lglly <C(T.p. fo. ED)liglly-

R3xR3 R3xR3

Thus,
sup /(1+IVI2)f(t,x,V)dxdv<C(T,fo,Er),
0<t<T

R3 xR3
sup [ f®)], <C(T.p, fo. Er).
0T
Now, we will prove the inequalities (1.11). Firstly, we establish the weighted LP estimates of the approximate solu-
tions f,. By the mild form (2.2) of the BGK equation, we have

t

fat, %, v) = f§(Xn(0), Vn(O))e_t+/e(3_t)M[fn](s, Xn(s), Vn(s)) ds. (5.12)
0

Multiplying both sides of (5.12) by |v|? and taking LP norms in ]Rﬁ X R%,, we obtain

t
[P @, < 11755 (Xa(0). Vo (@), + / [1VITMLfal(s. Xn(s). Va(s)) |, ds.
0

It follows from Lemma 2.1 and Ref. [28] (||(|v|? 4 |x|9) f§ (x, V)|, < C(p.q, fo, E7)) that

[1v19£8 (Xa(0), Va@) [, < [([Va(®] + E7)" 3 (Xa(0), Va (@) |,
<C@ ED|([Va@] +1)" 3 (Xa(0), Va (@),
=C@. ED|(IvI+1)" i |, <Cp.q. fo. En),

and it follows from Lemma 2.1 and Lemma 2.2 that

t
/ [IVITMLFa1(5. X (). Va(®))]] , ds
0]
t

< / [(Va(©)] + Er) MLl (5. Xa(5). Va(9)) | ds

0
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t
<C(@q. Er) f [(IVa®| + 1) MLfal(s. Xu(s). Va(s) [, ds
0

t t
=C(g. Er>f [(lvl+ 1) ML), ds < C(p, g, T,Er)/ [(lvl+1)7 fus) |, ds.
0 0

Combining the above two equalities and using the Gronwall Lemma, we have

[ v fa®] , < Cp.q. T, fo, Er). (5.13)

Similarly, multiplying both sides of (5.12) by |x|9 and taking LP? norms in Ri X R?,, we obtain

t
[1x1 fa O[], < [ 1%17 5 (Xa(0), Va (@), + f |11 MLfal(s, Xn(5), Va(s)) [, ds.
0

It follows from Lemma 2.1 and Ref. [28] that for t € [0, T]
[X1£5 (Xa(0), Va @), < [(|X O] + tEr +tIvI) £ (Xa(0), Va(@®) ],
<C@ T, ED[((|[Va@] + )T+ X @) £ (Xa(0), Va(®)) |,

=C@. T.ED|((IvI+ 1)+ x%) ffx )|, <C(p.q. T, fo. Er).

and

t

t
/}||x|‘IM[fn](s,xn<s>,vn(s>)||pds<f||(|xn(s)|+|t—s|ET+|(r—s)v|)qM[fn](s,xn<s>,vn(s))npds
0 0

t
<C@.T, ET)/ [(([Xa )]+ 1)+ [Va® ) MLl (s, Xa(5), Va(s)) |, ds
0
t
=C@.T, ET)/ [ (1% +1)* + Vi) MLfal(5) |, ds
0

t
<C(p,q,T,ET)f (%14 1)+ 1vI%) fa(s) |, ds.
0

Combining the above two equalities and (5.13), we have

[1x19 fa®], < C(p.q, T, fo, Er). (5.14)
Hence,

[ (%1% + 1vI9) fa® ], < C(p.q. T. fo, E7). (5.15)

The proof of [|(Ix|7+ [vID) f(D)ll, < C(p,q, T, fo, ET) is the same to the proof of || f(t)||, < C(p, T, fo, ET). Thus, the proof
of Theorem 1.2 is completed. O
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