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Abstract

A new solution has been presented for the spherically symmetric space—time describing wormholes with phantom energy. The model sugg
that the existence of wormhole is supported by arbitrarily small quantity of phantom energy.
0 2005 Elsevier B.VOpen access under CC BY license.

PACS: 04.20.Gz; 04.50.+h; 04.20.Jb

Wormholes are geometrical structures connecting two disthe physical properties and characteristics of traversable worm-
tinct space—times. Itis very interesting object in modern sciencholes by taking phantom energy as soUyR2-34]
as because if traversable wormhole exists, the time machine Recently, Zaslavskij35] have found a particular exact so-
can be constructefll]. Wormhole is the solution of Einstein lution describing wormhole with a linear equation of state,
equation and shared by the violation of null energy conditionp;, < —p <0, py > 0 (pr and py are radial and transverse pres-
The matter that characterized the above stress energy tensorsisres, respectively). In this Letter, we try to carry out the most
known as exotic matter. There has been a fairly large amount afeneral study of the existence of possible static spherical sym-
discussiong2—-12] on wormholes beginning with the work of metric solution describing wormholes with phantom energy as
Morris and Thrond13]. Several authors have discussed worm-source.
holes in scalar tensor theory of gravity in which scalar field may A static spherically symmetric Lorentzian wormhole can be
play the role of exotic mattgfl4—19] Recently, researcher are described by a manifol#?X S? endowed with the general met-
interested to know how much exotic matter is needed to get &c in Schwarzschild coordinatés, r, 6, ¢) as
traversable wormhol@0-23] Recent astrophysical observa- .
tions indicate that the Universe at present is accelerating. Therts? = —e?/ D dr® + Y
are different ways of evading these unexpected behavior. Most [1-=71
of these attempts focus on alternative gravity theories or thehere,re(—oo, +00).
supposition of existence of a hypothetical dark energy with a To represent a wormhole, one must impose the following
positive energy density and a negative pres§dde-31] The  conditions on the metri€l) as[1]:
matter with the property, energy density,> O but pressure
p < —p < 0is known as phantom energy. The phantom energy (1) The redshift functionf (r) must be finite for all values
violates the null energy condition what is needed to supporof r. This means no horizon exists in the space-time.
traversable wormhole. Several authors have recently discussed (2) The shape functiorh(r) must obey the following con-

ditions at the throat = rq: b(rg) = ro andd’(rg) < 1 (these are
known as Flare-out conditions).
3 @ < 1forr > ro, i.e., out of throat.

* Corresponding author. (4) The space-time is asymptotically flat, i.8% — 0 as
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Using the Einstein field equatiors,,, = 87T}, in ortho-
normal reference frame (with= G = 1), we obtain the fol-
lowing stress energy scenario,

P(”)=W, 2
I B APV P
p<r)_87'[|: r3+2r (1 r>j|’ 3
_ L (O[O =b)
ptr(r)_&'( (1 r>|: 2r(r—b)f +f
f' @'r—b)
=] “

wherep (r) is the energy densityi(r) is the radial pressure and

pir(r) is the transverse pressure.
Using the conservation of stress energy teﬂ§§)"r =0, one
can obtain the following equation

, 2 2
p’+fp+<f’+;>p—;ptr=0. (5)
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From now on, we assume that our source is characterized by 87 [ ré " 2Ar5  4Ar®
the phantom energy with equation of state that contains a radial

pressure
we suppose also that pressures are isotropic and
prr=kp (7)

(herek is either> 1 or < —1).
Since only two equations of the systé&)—(4)are indepen-
dent, it is convenient to represent them as follows:

b =8rrp(r), (8)
,_ Brpr®+b)
A S ®)

From(5) by using(6) and (7) one can obtain
,O(r)e(l_%)f = p—g, (20)
r

wherepg is an integration constant.
Taking into account EqY8)—(10) we have the following
equation containingy’ as

2Ab"r? — 2AbD"r + 4r Ab' — 4AbY' + krb'* — bb' =0,
(11)

k_ _
Wherem = A.

Now to investigate whether there exists physically meaning-
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since?” — 0 asr — oo, Eq.(12)is consistent only when all

theb,’s in b(r) vanish, i.e.,

e a
m
m=0

(13)

Plugging this in Eq(11)and matching the coefficients of equal
powers ofr from both sides, we get, fok'# 0’

air  apay
b(r)= — -
(=a0+ r 4Ar2

1 1
+ 1243 |:aga1<ﬂ — 1) — (k+ 1)a%i|

1 7, (1 1
- — _1)(1- =
2444 [aoal(zA )( 4A)

Thus we get two parameters family of solutions.
Now the expression fgs can be obtained from E@8) as

1 1
doa1 [a%al(ﬂ — 1) —(k+ 1)a%]

+ } (14)

Sincek is either> 1 or < —1, soA lies in (—1, —%). Thus
o > 0 impliesa; should be negative.
Eq. (10) gives the following expression forf* as

2k
k-1

2f _ [ PO ]
e - _ apa; 1 2 1 _ 2 A
8r[—a1 + 24r  2A72 [aoal(gA i (k+l)a1]+" ]

(15)

The throat of the wormhole occurs at= rg whererg is the

solution of the equatiob(r) =r. Supposér =y, thenb(r)=r

implies
aopay 3

2
= -—= ..—1=0.
g(y) =apy + a1y R +

This is a polynomial equation with negative last term. Then this
equation must have at least one positive root, gay,%. Since

% is a root of Eq(16), then by standard theorem of algebra, ei-
therg(y) > 0 fory > % andg(y) <O fory < % org(y) <0
fory > % andg(y) > Ofory < % Let us take the first possibil-

ity and one can note that for= % < % i.e.,r>rg, g(y) <0,

in other words,p(r) < r. But wheny =1 > L je,r <r,

g(y) > 0, this meansb(r) > r, which violaters the wormhole
structure given in Eq(1).

One can note that the redshift functigi(r) always finite

(16)

ful solutions consistent with the boundary requirements (condif©" 7 = 7o > 0, i.e., no horizon exists in the space-time. Thus

tions(1) to (4)), we take a general functional form bfr). We
can generally express it in the form

o0 o0
br) = bur"+ Y anr ™" (12)
n=1 m=0

our solution describing a static spherically symmetric worm-
hole supported by the phantom energy.
The asymptotical wormhole mass reads

.1 ag
M= lim Eb(r) =5 (17)
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