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Abstract

We give new weighted decompositions for simple polytopes, generalizing previous results of Lawrence—
Varchenko and Brianchon—Gram. We start with Witten’s non-abelian localization principle in equivariant
cohomology for the norm-square of the moment map in the context of toric varieties to obtain a decompo-
sition for Delzant polytopes. Then, by a purely combinatorial argument, we show that this formula holds
for any simple polytope. As an application, we study Euler—Maclaurin formulas.
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1. Introduction

The interplay between symplectic geometry and combinatorics through the study of mo-
ment maps and the use of equivariant cohomology and the geometry of toric varieties is a
well known and fertile theme in mathematics. See for example the work of Brion—Vergne [10],
Cappell-Shaneson [12,13], Ginzburg—Guillemin—Karshon [21], Guillemin [18,19], Morelli [32],
and Pommersheim and Thomas [34,35].

In this paper we use Witten’s non-abelian localization principle in equivariant cohomology
for the norm-square of the moment map [40], described by Paradan in [33], to motivate several
new weighted polytope decomposition formulas. Indeed, applying this principle to the case of
toric manifolds, we obtain weighted polytope decompositions for Delzant polytopes [14] (see
Example 17 in Section 3). Then, by a purely combinatorial argument, we show, in Section 4.4,
that they are in fact valid for any simple polytope not necessarily the moment map image of a
toric manifold (recall that a polytope in R? is called simple if each vertex is the intersection of
exactly d facets). In Section 4.5, following the idea behind these decompositions, we construct
new ones that generalize the Lawrence—Varchenko decomposition (see [39] and [29]) and, in
some cases, the Brianchon—Gram formula (see [9,16,17,37]) (cf. Remark 37).

The well-known classical polytope decomposition formula of Brianchon—Gram expresses the
characteristic function 1p of a convex polytope P as the alternating sum of the characteristic
functions of all tangent cones to the faces of P. By flipping the edge vectors emanating from each
vertex of P in a systematic way using a polarizing vector, we obtain the Lawrence—Varchenko
decomposition also known as the polar decomposition. This formula expresses the characteristic
function of a convex simple polytope (only) in terms of the characteristic functions of polarized
cones supported at the vertices. Karshon, Sternberg and Weitsman [23] and Agapito [1] gave
weighted versions of this decomposition by assigning weights to the faces of the polytope and
of the cones in a consistent way. Our polytope decompositions combine the above two formulas.
Like Brianchon—Gram they express 1p in terms of characteristic functions of cones with apices
the different faces of the polytope. However, these cones may no longer be the ordinary tangent
cones to the polytope. In our formulas we assign a different polarizing vector to each face and we
flip the edges of the tangent cones accordingly. In the first decomposition presented, Theorem 4.1,
these polarizing vectors are obtained by choosing a suitable starting point ¢ (the same for all
vectors) and taking as end points its orthogonal projections B(e, F)) onto the faces F of the
polytope, whenever these projections are nonempty (cf. Fig. 3). In the second decomposition
formula, Theorem 4.2, we take the vectors ¢ — B (g, F) as polarizing vectors (instead of B(e, F) —
& as above). Choosing ¢ appropriately we obtain the Lawrence—Varchenko and, in some cases,
the Brianchon—Gram relations.

As an application, in Section 5 we use our decompositions to give new Euler—Maclaurin
formulas with remainder similar to those of Karshon—Sternberg—Weitsman [23] and Agapito—
Weitsman [3]. The classical Euler—Maclaurin formula computes the sum of the values of a
function f over the integer points of an interval in terms of the integral of f over variations
of that interval. This formula was generalized by Khovanskii and Pukhlikov (see [24] and [25])
to a formula for the sum of the values of an exponential or polynomial function on the lattice
points of a regular integral polytope. In addition, Cappell and Shaneson [12,13,36], Guillemin
[19] and Brion and Vergne [10] generalized it to simple integral polytopes, and Berline, Brion,
Szenes and Vergne [6,11,38], to any rational polytope. Note that all these formulas are exact and
valid for sums of values of exponential or polynomial functions. Moreover, the formula in [6]
has the additional feature that it is local, in the sense that it is given as a sum of integrals over the



J. Agapito, L. Godinho / Advances in Mathematics 214 (2007) 379-416 381

faces of the polytope of maps D(F) - p, for operators D(F) depending only on a neighborhood of
a generic point of the face F'. In [23], Karshon, Sternberg and Weitsman prove a formula with re-
mainder for the sum of an arbitrary smooth function f of compact support, on the integer points
of a simple polytope. There, the remainder is given as a sum over the vertices of the polytope,
of integrals over cones with those vertices, of bounded periodic functions times several partial
derivatives of f. In our formulation (Theorem 5.1) both the Euler—Maclaurin formula and the
remainder are given as a sum over all faces of the polytope (not only over vertices) of integrals
over cones with apex the affine spaces generated by those faces. Since our formula generalizes to
symbols (in the sense of Hormander [22]), we show that, in the case of a polynomial function p,
we also obtain an exact Euler—-Maclaurin formula for the sum of the values of p over the integer
points of the polytope. This relation is a weighted version of the exact Euler—Maclaurin formulas
obtained in [10] and in [23].

2. Critical set of the function ||, ||

Let (M, w) be a compact connected symplectic manifold equipped with a Hamiltonian action
of a torus 7. Denoting by t the Lie algebra of T and by t* its dual space, we consider the
moment map u: M — t* associated to this action. This T-equivariant map is determined, up to
a constant, by the equation d (i, X) = (X )w for all X € t. Since the action of T on t is trivial,
the perturbed map . := p — ¢ for ¢ € t* is also a moment map for the action of 7'.

Hereafter we will choose a scalar product on t* (inducing a linear isomorphism j : t — t*) and
consider two kinds of orthogonality on t*: the orthogonality resulting from the duality between
t and t* and the j-orthogonality defined by the scalar product. We will begin by reviewing the
structure of the critical points of the moment map and then define an index set B which will
enable us to define a partition of the set of critical points of the function | 1, ||°.

Following Paradan in [33], we will consider a modified definition of critical point. Usually,
for a smooth map f: M — N, a critical point x is defined to be a point where the derivative
dfy:TyM — TN is not surjective. In the case of the moment map, d i, is not surjective if it
exists X € t\ {0} such that (du,, X) = 0. This is the case when X 7(x) = 0. Hence, a point x is
a critical point of the moment map u if and only if its stabilizer, Stab(x), contains a subtorus of
dimension 1. However, if the action is not effective, all points of M will be critical points of .
To avoid this situation we take the subgroup Sy := ﬂx em Stab(x), called the generic stabilizer,
and make the following definition:

Definition 1. The critical points of the moment map p: M — t* are the points x € M for which
Stab(x) /Sy is not finite.

These are the critical points (by the usual definition) of the restriction pu: M — Ay, where
Ay is an affine subspace with the direction of

()t ={Eet’ (£, X)=0, VX esy},

where s is the Lie algebra of Sy,.

Let 7’ be a subtorus of 7 containing Sy such that 7’/ is not finite. Every connected com-
ponent F’ of M T isa symplectic submanifold of M. Its image P := u(F") is a convex polytope
in t* equal to the convex hull of the image of the fixed points of T contained in F’ (cf. [4,20]).
Moreover, the Lie algebra of T’ is contained in Pt (the set of vectors of t orthogonal to P),
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and, denoting by Tp the subtorus of T generated by exp(P~), we have that ¢p, the Lie algebra
of Tp, is equal to P. Hence, F’ is a connected component of M7 where T/Tp acts quasi-
effectively, meaning that the generic stabilizer of F’ is a subgroup of T with identity component
equal to Tp. Knowing this and denoting by Ap the affine subspace of t* generated by P, we
consider the following sets:

B = {convex polytopes P C t* for which there exists a connected

component F' of M7 with u(F') = P}; )

B:={Ap|PeBY); 3)

B = {P eB \ P C A and dim(P) < dim(A)}, for A € B, “4)

te=t"\ |J P Ag=a\ P )

PeB\u(M) PeB),

Wp = A + jta), forAeh; (6)

W= Wa. )
AeB

Here, for A € B, we denoted by T the subtorus of T generated by exp(A+) and by t4 its Lie
algebra. Note that the set B’ contains all the faces of the polytope (M) and that, if P is a
polytope in /', all its faces are also in B’. Moreover, note that in (5) the set t}“eg C t* is the set of
regular points of the moment map and that, in (6), j(ta) is the j-orthogonal complement of A
in t*.

With this notation we have the following proposition which characterizes the critical set of
ll e % (cf. [26] and [33] for details):
Proposition 8 (Kirwan). For every € € t*, the critical set of ||ju¢||? is given by
Cr(lleel?) = [ M™ np=' (Be, 2)),

AeB

where, for an affine subspace A of t*, B(g, A) is the orthogonal projection of € on A. Moreover,
(i) for every e € W, the set
Ch =M npu" (e, 4)) ©)

is a submanifold of M on which T / Tx acts locally freely;
(ii) the set W is dense in t* and, for every ¢ € W, the submanifolds C%,, for A € B, form a
partition of Cr(|| e ||?).

Since the group T /T, acts locally freely on the manifold C%, we can define the quotient
M?, = C% /(T /T,) which will be an orbifold. Moreover, for each connected component F of
C*,, we will consider the subgroup SA(F) = (,cr Stab(x) and the map F |S4(F)| (defining
a locally constant function on M?) which will be denoted by |S 4|,
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Remark 10. Note that, if dim(7) = ldim(M) (i.e. if M 1is a toric manifold), then M =
w=Y(B(e, A))/T is either empty or a point.

From now on we will consider ¢ € W.
3. Localization formulas
3.1. Equivariant cohomology

Let us begin by reviewing the different T-equivariant de Rham complexes on M (a compact
connected symplectic 7T -manifold). We have three spaces of equivariant differential forms on M,
.Q; M) C .Q%O(M ) C $2p °(M), respectively with polynomial, smooth and generalized coef-
ficients. The model for £27 (M) is due to Cartan while the other two were studied by Berline,
Duflo, Kumar and Vergne (see [5,7,15,28]). Let us recall their definition.

Let C*(t, £2(M)) be the algebra of forms «(X) on M which depend smoothly on X € t. We
will denote by £29°(M) the sub-algebra formed by its T-invariant elements (called equivariant
forms). Let S(t*) be the space of polynomials on t and denote by 27 (M) := (S(t*) ® 2(M ))T
the subalgebra of £22°(M) of equivariant forms with polynomial coefficients. On 22°(M) we
have the differential dr defined by

(dre)(X) = (d — (X)) (¢(X))

for every a € 27°(M) and X e t. The cohomologies associated to (£27°(M),d7) and
(£27(M), dr) are called the T -equivariant cohomology with C* and polynomial coefficients
and denoted by H7°(M) and H}.(M).

Let C~°°(t, £2(M)) be the space of generalized functions on t with values on £2(M). This
is, by definition, the space of continuous R-linear maps Hom(D(t), £2(M)) from the space of
smooth compactly supported densities on t to the space £2(M), where D(t) and §2 (M) are both
endowed with the C°°-topologies. An element @ € C~°°(t, £2(M)) is denoted by «(X) although
the value at X € t may not be defined. By definition, it is always defined in the distributional
sense: if ¢(X) is a C* function on t with compact support (a test function) then (&, ¢ dX) is a
well-defined differential form on M denoted by f (a(X)p(X)dX. Let 2, (M) be the subspace
of T-invariant elements of C~°°(t, £2(M)). We have a canonical inclusion £22°(M) C 2, (M)
and the differential d7 defined on £29°(M) extends to £2.°°(M). The cohomology of the com-
plex (£2,7°°(M), dr) is called the T-equivariant cohomology on M with generalized coefficients
and is denoted by H °°(M). We can also consider the sub-algebras .Q%fcpt(M ) and Q;i;t(M )
of T-equivariant forms of compact support. These are stable with respect to dr and the coho-
mologies associated to the corresponding complexes (£22° _ (M), dy) and (827 5 (M), dr) are

T,cpt ,(Z?)t
denoted by HPS, (M) and Hy, ‘Z;t(M ).
If M is oriented, integration over M defines a map |, p from 27 i;t(M) to the space of

T -invariant generalized functions on t:

</a,¢dX> ::/(a,qbdX),
M M
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for any test function ¢ on t. This map induces a map from H th(M ) to the space of T -invariant
generalized functions on t.

3.2. Equivariant Euler classes

Let p: E — M be a T-equivariant real vector bundle. The vector bundle is said to have
T -oriented fibers if the fibers are oriented with an orientation varying continuously and if the
T -action on M preserves the orientation of all the fibers. Let us fix a T'-orientation on the fibers
of E and let p,: .QT_ Cpt(E ) — .QT (M) be integration along the fibers (here QT ClDt(E ) denotes
the space of equivariant forms with compact support on the total space E). This operator induces
a map in cohomology (again denoted by px), p«: Hr. op oot (E) = Hp°°(M). This map is in fact an
isomorphism since we are fixing a T -orientation on E (cf Proposmon 11 in [28]).

Still fixing a T -orientation on the vector bundle p : E — M, there is a unique equivariant class
ue H}’?Cpt(E ) such that p,u = 17, where 1), is the constant function equal to 1 on M. This class
is called the equivariant Thom class of E and denoted by Thomr (E). The uniqueness of this form
for a T-oriented, T -equivariant vector bundle follows from [31]. Moreover, its restriction to M
is the equivariant Euler class of the bundle E, i.e. ey (E) := i* Thomy (E), where i : M — E is
the inclusion map.

Fixing a T-invariant pair of a scalar product on the fibers and an Euclidean connection V£,
Berline, Getzler and Vergne construct in [7] an explicit representative element of the equivariant
Euler class which, to simplify notation, we will also denote by er (E).

Let us assume now that there is an element § € t for which the zero set of the vector field on
E generated by 8 is equal to M. For every s > 0 and every X € t the form er (E)(X + isf) has
a 0-degree component which does not vanish on M and so we can take its inverse (e7(E)(X +
isp))~! in £2(M). Then, taking the limit

¢ (E) = lim (e (E)Y(X +isp)) .

we obtain an equivariant closed form on M that satisfies e7 (E) - eg(E) = 1y (see [33] for
details).

Example 11. Consider the trivial bundle £ := M x C equipped with a T-action which is trivial
on M and which, on C, is determined by the weight « € t* (that is, exp(X) - z := et X) 7 for
X et and z € C). Choosing B € t such that («, 8) # 0, we have er (E)(X) = —%(a, X) and,
“polarizing,” that is, taking ™ := ega with («*, ) > 0 and €g = £1, we have

o0
1 it
- _ S S (at,X)t
eﬁ (E)(X) 271 11m . @ X 1 ish) _aneﬂ/e dt
0

as generalized functions. Taking the Fourier transform we obtain the equality of measures on t*,
F (elg1 (E)) =2miegHy+, where H,+ is the Heaviside distribution associated to a™ defined by

Ha+¢=/¢
0

for every ¢ in the Schwartz space of rapidly decreasing functions on M.



J. Agapito, L. Godinho / Advances in Mathematics 214 (2007) 379-416 385

Example 12. If M = {F} is a single point, fixed by the action of 7', the bundle £ decomposes as
a sum of non-trivial 2-dimensional real representations of 7', E :=L| @ --- @ Ly — F, with the
action of 7' on each L; determined by a weight «; € t*. Following Paradan (cf. Proposition 4.8

in [33]) we obtain the expression for the Fourier transform of elgl (E):
]:(e_l(E)) =Qri)egH « %% H +
B B wt

where we polarlze each o accordmg to some B €t (such that (a By #Ofor j=1,...,k),
obtaining aj = eﬂaj with 6,3 = =+1, and we take eg := ]_[]; 1 eﬂ Note that * denotes the con-
volution product. This measure, supported on the cone ]R*oz+ 4+ 4 R*ak , is defined by

o o0
<H°‘1+ *-~-*Ha:,¢):/~~-/¢(2u a; )dul .dug,
0o 0 i=1
for every rapidly decreasing function ¢ on M.
3.3. Localization

Using the sets B, W and C¢, defined in (3), (7) and (9) of Section 2, and the orbifold M =
C% /(T /Tx), Paradan proves the following localization theorem:

Theorem 3.1 (Paradan). Let e € W and let n € $2;°(M) be a closed form. Then, on C~°(t) we
have

/n =I5,
M AeBB

where 1% (n) is the generalized function supported on t5 defined by
I;(n) (X1 + X2)

= (2ni)®ma / rsaTka (DX (Ea)(X1) 03X = wa). (13)

Here,

(i) the variables X, Xy are respectively in to and t/ta (note that, for each A € B, t decom-
poses as a sum of vector spaces ta and t/ta, where t, is the Lie algebra of the subtorus
T generated by exp(AJ-));
(i) Ba:=j ' (B(e, A) — €), where B(e, A) is the orthogonal projection of € on A;
(iil)) EA:=Na/(T/Ta), where N 4 is the normal bundle of MT4 jnside M, restricted to CZ;
(iv) the operator ©:

$27,7°(C4) x 2777, (C2) = 277(C)

m,vV)—>nov
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is defined by
(nov,p(X)dX):=(n, (v, p(X1 + X2)dX5)d X))

for every density ¢ (X) dX of compact support on t, with the Lebesgue measure d X decom-
posed as a product dX1dX» of two Lebesgue measures on tx and t/tp;

(V) wa is the curvature of the principal orbibundle C§ — M¥;

(Vi) ka: HPP(M) — H"O (M%) is the map defined by Kirwan in [26] as the composition
of the restriction morphlsm iN:HP (M) — H OO(M ) and the Chern—Weil isomorphism
Wa:HP*(CY) — H°°(M ) determined by w (see [28] for details);

(vii) the equivariant form §(X, —wp) € .QT/T (M ) is defined by

(8(X2 —wa), p(X2)dX2) = §p(wa) vol(T/Ta, dX2),

for every function ¢ € C°(t/ta), where vol(T / Tx, dX?) is the volume of the group T/ T
with respect to the Haar measure compatible with the Euclidean measure® on t/ta, d X».

For every compactly supported function ¢ € C*°(t) we have
</ 77,¢>dX> = /(Ti,tﬁdx) = / n(X)¢(X)dX
M M Mxt

Y [ |SA|kA<n )(X1ez) (Ex) (X)) dXy,

AeB ngtA

with cp = Qi) ™A vol(T/Tx,dX5) and dX = d X, dX5.

Example 14. If A = {p} is a vertex of the polytope (M), then C%, = u~!(p) is a connected
component F of M7 and

I, (D (X) = f i (N (X)ep! (NPY(X),

F

where N is the normal bundle of F inside M and B, = j —I( p— ). If, in addition, the action
of T is toric, then F is an isolated point. Moreover, taking n = ¢!“", where " is the equivariant
symplectic form on M defined by w®(X) := w + (i, X), we obtain

dim()/2 %
1) (@) 00 =X T / &N ar, (15)
j=1 9

3 Givena Lebesgue measure d X on the Lie algebra g of a compact Lie group G we can construct a translation-invariant
measure on a neighborhood of G at e, and then extend this by translation in G to a Haar measure on G. For a general
formula on how to compute the volume of G relative to this measure see, for instance, [30].
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B(e.a)

Fig. 1.

where the a7 ’s are the weights of the action of T on the normal bundle of F polarized with
respect to B, (i.e. the polarized edge vectors at p) and €, is the sign obtained by polarization.
Taking its Fourier transform we get

f(pr}(e"“’ﬁ)):epSp*H;>|<~-~>|<Ho;:, (16)

where 8, is the Dirac measure on p € t*. Moreover, the measure (16) is supported on the polar-
ized cone C?p} =p+Rta) +- - +Rfe,.

Example 17. For a toric manifold M>" with moment map y and for n = eiwu, where again o is
the equivariant symplectic form on M (cf. Example 14), the reduced space M¢ for ¢ € t* is either
empty or a single point {x}. Moreover, T4 acts (toricaly) on the manifold Ex := Na/(T/Ta),
where N, is the normal bundle of M74 inside M restricted to C*,. The moment map image for
this Tx-action can be identified with a neighborhood of B(e, A) inside the “slice” of the moment
map polytope w(M) that passes through B(e, A) and is perpendicular to A (represented by the
shaded region in Fig. 1).

Denoting by B (g, A) and & the orthogonal projections of B(g, A) and ¢ onto t¥, formula
(13) becomes

I3 (X1 + X2)
ra

00
: : ot
:(Zﬂi)dlmAEA (ez(ﬁl(s,A),Xl) l—[/et(aAvf’X])tdt> ©80(X2), (18)
0

j=1
whenever (g, A) N w(M) is nonempty. Here,
(i) ra is the codimension of A;

(i) the Otz j’s are the weights of the Tx-action on the manifold E 4 restricted to the normal
bundle of the fixed point x, polarized with respect to

i (Bie, A) —e1);

vee _ rA J . + _ J o . . . .
(iii)) €a = Hj:] €, with o) ;= €45, 18 the sign obtained by polarization.
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Taking the Fourier transform of (18) we obtain

(ZJTZ')nEA((aﬂI(&A) * HD‘X] Kook H"‘Zr) <o l(t/tA)*), (19)

which is supported on the polarized cone C/nSl(s.,A) = Bi(e, A) + R+O‘I,1 + -+ R*‘a‘g“.
Moreover, changing variables, we obtain

o o0 A
<H¢¥X1*'”*HO‘L ’¢):/.../‘(p(Zu,-az’i)dul...dum
) LA 0 o i—1
1 1
= ¥ ¢= I
det(a 5 ;)i g det () ;)i
CO

gz, &),

for any rapidly decreasing function ¢, where 1 . is the characteristic function of the cone
0

Lot +,+
Ci=R*a}  + - +R'a}, .

However, since the o4 ; ’s are the weights of the action of T4 on the toric manifold E 4 at the fixed

point, we have |det (ozZr )il =1and so (19) becomes (2i)" €4 IC” ¢ 1¢/t,4)*- On the other hand,
’ .8 0

since the Fourier transform of f M €'’ is the direct image w(dmy) of the Liouville measure

dmp := " /n! on M (which is supported on w(M)), we obtain (up to a factor of (27i)")

Luony = ) ole. Mealg, (20)
AeB

almost everywhere on the polytope w(M), where ¢(e, A) is equal to 1 when (e, A) N (M) is
nonempty, and zero otherwise.

4. Polytope decompositions

In this section we will show that the polytope decomposition for Delzant polytopes that was
obtained in (20), remains valid for any compact convex simple polytope. Moreover, we will give
a weighted version of this decomposition that also holds on the boundary of the polytope.

Hereafter, we will consider the usual Euclidean inner product (,) of R?. Let P be a compact
convex simple polytope in R? and let B’ be the set of faces of P. For each F € B’ we write Ap
for the affine subspace of R? generated by F. Then, just as in Section 2, we have the following
sets:

B:={Ar|FeBY}; 21
w:={F€B | FC Aand dim(F) <dim(4)}, for AeB; (22)
Ag =4\ ] F: (23)

FeB),
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Ra

Fig. 2. Paradan regions for a triangle.

Wp = Areg + AT for A € B; (24)
W= () Wa. (25)
AeB

The set W is a disjoint union of open sets which we will call Paradan regions (see Fig. 2 for an
illustration). In fact, W is the complement in R9 of a finite set of walls of codimension 1, W¢ =
E1U---UEg U{facets of P}, where each wall E; is contained in a hyperplane perpendicular to
an element of 3. Note that, in the case of a moment polytope (M) of a toric manifold, the set
W is the same as in (7).

4.1. Tangent cones
For each A € 3, we define the tangent cone of P at A by
Ca ;:{y+r(x—y)’r>0, yeA, xeP}.

It is a full-dimensional cone with apex A (i.e. A is the maximal affine space contained in C,).
Taking ¢ in R, we denote by B(e, A) its orthogonal projection onto the affine space A, and we
take the intersection of B(e, A) + AL (the orthogonal space of A at §(e, A)) with the tangent
cone of A:

Ci, = (Ble, 4) + AT)NCa.

This is now a pointed cone (i.e. a cone with a single point as apex) with vertex (e, A). Note that
C, is the direct product of the affine space A and the pointed cone C,. .. Then, considering
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Fig. 3. Projections and generating vectors for some faces of a triangle.

vectors ap j € R¢ along the edges of C,1 ., pointing away from the vertex (j =1,...,74,
where rp =dimC,1 , = codim A), the tangent cone C, can be written as

ra
Ca=A+Cy,=A+) Rtau;. (26)
j=1

Hence, C, is the cone along A which contains P and is bounded by the affine spaces in 3 which
contain A. The vectors a4, j, which are only determined up to a positive scalar, will be called the
generators of C4 (see Fig. 3 for an illustration).

4.2. Polarization

We will now “polarize” the tangent cones defined in the previous section. For that, let us
first fix a point ¢ € W and denote by (g, A) the orthogonal projection of ¢ onto A € B. By
the definition of W, for each A € B for which B(e, A) € P, we have (Ba,aa ;) # 0 for all
j=1,...,ra, where B4 := B(e, A) — ¢. Indeed, if codim A = 1, then S, is perpendicular to A
and consequently parallel to a4 1, the generator of C 4. If, on the other hand, codim A # 1, then,
taking a generator a4 ; of Ca, we have that (84, a4, ;) =0 implies B4 L A~, where A € B is the
affine space

A=A+ spanaa,
(note that dimA = dim A + 1 and that Ba L A and Ba L an ;). Then, since B(g, A) € A,

¢ would be in the hyperplane H, ; through A that is perpendicular to the face F € B’ that
generates A, which is impossible by the definition of W (H, ; C Wg).
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Fig. 4. Weighted characteristic function for a triangle with weights (g1, g2, g3).

Polarizing the vectors a4, ; according to B4, that is, taking the vectors O‘I i= eéAa A,j with

(O‘Z,j’ Ba) >0 and eéA = +1, we define Cti , the polarized tangent cone of P at A as

ra
Cy=A+) Rfaj . Q7
j=1

4.3. Weighted characteristic functions

Let us now see how to assign weights to each affine space in 3 in order to obtain our polytope
decomposition. Take A1, ..., Ay, the codimension-1 elements of B, that is, the affine subspaces
generated by the facets of P. Each A € B that is generated by a non-trivial face of P (i.e.
A # , R?) can be described as an intersection

ﬂ A;,

ieJa

where J4 denotes the index set of the hyperplanes A; that contain A. Note that, since P is
simple, the number of elements of J4 is equal to r4, the codimension of A. To each A; we
assign an arbitrary complex number ¢; and to each affine space A € B\ {RY} we assign the
value [ ;. 7, 4i- Finally, to A = R? we assign the value 1. With this, we define a weight function
w:P — C,givenby w(x) =[], Ja, 9> where Ay is the smallest-dimensional element of 53 that
contains x. Using this function, we define the weighted characteristic function

,;i(x):{w(x), ifx e P, 28)

0, otherwise

(see Fig. 4 for an illustration).

Similarly, for each A € B, we define a weighted characteristic function for the tangent cone
C . For polarized tangent cones CﬁA the weighted characteristic function is defined as follows.
To each hyperplane A; that contains a facet of CuA and whose tangent cone C4; (a half-space)
intersects CﬁA \ 4;, we assign the weight ¢;. If, on the other hand, the tangent cone C 4, does not
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Fig. 5. Weighted characteristic functions for two polarized tangent cones with weights (¢, g2, g3)-

intersect CuA \ A; we assign the weight 1 — g; to A;. Then, we define the set BﬁA of affine spaces

generated by faces of CﬁA and we proceed as we did for polytopes. To each A € BﬁA \ {R?} we
assign the value

[ «aa-ap.

lGJA~,]€JA~

where JAf is the index set of hyperplanes A; containing A whose tangent cone does not intersect
CﬁA \ 4;, and J;f =J;\ JA?. To A = R? we assign the value 1. Finally, we define the weight

function and the weighted characteristic function as before: w: CnA — C is such that

w)= ][ a-gp,

ielf .jely,
where A, is the smallest-dimensional element of BﬁA that contains x, and

: ft

f

lgn (x) = {w(x), i xecA, (29)
A 0, otherwise

(see Fig. 5 for an example).
4.4. Decomposition formulas
Finally, defining (g, A) as

(p(e,A)z{l’ if B(e, A)YN P #D, (30)

0, otherwise,
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Decomposition corresponding to ¢ in region R; of Figure 2.

Fig. 6. Polytope decomposition for a triangle.

we obtain, for each ¢ € W, the following polytope decomposition formula (see Fig. 6 for an
illustration). Note that, by the definition of ¢, this formula only takes into account the polarized
cones CﬁA for which B(e, A) N P # @, that is, those for which the orthogonal projection of ¢ onto
Aisin P.

Theorem 4.1. Let P be a compact convex simple polytope of dimension d in R?. For any choice
of ¢ in W, we have

p=2_(D"ele ML, 31

AeB

where the sum is taken over the set BB of affine spaces generated by the faces of P, where Cc? s

the polarized tangent cone of P at A € B with respect to the vector B(g, A) — e (Where B(¢g, A) is

the orthogonal projection of € onto A), where m 4 is the number of generators of the tangent cone

C4 whose signs change by polarization, and where 1} and lzﬁ are the weighted characteristic
A

functions of the polytope and of the polarized cones, respectively.

Proof. We will prove this formula in two steps. First, we will find an ¢ in a Paradan region for
which formula (31) holds. Then, we will show that the right-hand side is independent of the
choice of ¢.
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Step 1. Let us choose an ¢ such that ¢(g, A) = 0 for every A € B with dimA > 0, i.e. we
choose

ee () (F+a4p)

F a facet of P

Then (31) becomes

IVEEEDY (—1)"“135. (32)

v a vertex of P

Choosing a vector & € R? such that, for every vertex v of P, (§,ay j) > 0 whenever (v — ¢,
ay,j) > 0, where the «,_ ;’s are the edge vectors at v, formula (32) becomes a weighted version
of the Lawrence—Varchenko polytope decomposition (see [1,23,29,39]), where the tangent cones
at vertices are polarized according to &, and the result follows. Note that this weighted version
of the Lawrence—Varchenko relation is different from the ones in [1,23] because here we may
assign different weights ¢; € C to the faces of the polytope, instead of a fixed complex number.
Nevertheless, the proof of this decomposition formula follows easily from the ones in [1,23].
Indeed, if x is in the boundary of P, then the left-hand side of (32) is

o= []a

ieJa,

while, taking a vertex in A, and a polarizing vector such that C% = C, (see [23]), the right-hand
side becomes equal to

150 = [T a-

i€,

Note that, for every other vertex, v/, the cone Ci, is disjoint from the relative interior of the face
that generates A, and so it does not contain x.

This choice of polarizing vector £ for which (32) becomes a weighted version of the
Lawrence—Varchenko polytope decomposition can be done in the following way. First, we con-
sider the vertex v of P thatis closest to ¢. Clearly, for vgp we have C,, = Cgo (where this cone is
polarized with respect to the vector vg — ¢). Then, for any other vertex v and for each edge vector
ay, j satisfying (v — &, ay, j) > 0, we take the hyperplane H; through ¢ which is perpendicular
to ay, ;. These hyperplanes intersect at ¢ and each of them separates the whole space R into two
open regions. Let us denote by (H; | j )+ those regions that contain vy and take a vector £ starting
at ¢ and ending somewhere on the intersection

N N ()"

v a vertex of P J st
(v—e,ay,;)>0

(we can take for instance § = vg — ¢). Then clearly (£, ;) > O for all edge vectors o, ; satis-
fying (v — ¢, ay j) > 0 (see Fig. 7).
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Fig. 7.

Step 2. Recall that the complement W€ of W is a finite family of walls of codimension 1, W¢ =
E1U---UEg U {facets of P}, where each wall E; is contained in a hyperplane perpendicular to
an element of 5. Let €] and &; be in two contiguous Paradan regions R and R, respectively,
and let E be its common “wall” (either one of the E;’s or a facet of P). Let &; be any path in R4
from g1 to g7 that crosses a single wall (i.e. E) once. When ¢; crosses E, the sign of

(Ber, A) — &1, 00 k) (33)

(for A € B\ R? and for a generator « Ak of the tangent cone at A) flips exactly when A N9 P is
contained in E and a4  is perpendicular to E. Hence, if dim A # d — 1, this sign flips iff A is
contained in (exactly) one affine space A perpendicular to E with dim A = dim A + 1 (see Fig. 8
for an illustration). Indeed, we can take

A=A + spanaa i

and unicity follows from dimensional reasons. On the other hand, if dim A =d — 1, the sign of
(33) flips iff AN P C E. In this case, we define A to be the entire space R?.

Let us assume without loss of generality that the sign of (33) flips from negative to positive as
& crosses E. In this case, the polarized tangent cones at A before and after &; crosses the wall
are

( _A+ZR+01AJ ozA,k and ( —A+ZR+(xA]+R+aAk
JF#k JF#k
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Fig. 8. Generators of some polarized tangent cones CﬁA for a cube, with ¢1 and &, in two contiguous Paradan regions.

Hence, the corresponding contributions of A to the right-hand side of (31) are

w

and F l(an)Z'

Note that the union of the two cones (CnA)1 and (CﬁA)2 is the polarized tangent cone at A, Cuj,
for both ¢ and &; (cf. Fig. 9), and so
w w _qw
AT 1<c§\)2 - IC”AJ
On the other hand, we llave By, A) N P # @, while B(e, A~) N P = ¢. Hence, the corre-
sponding contributions of A to the right-hand side of (31) are

:Flgn and O.

A

Indeed, B(E,A)NIP = ANJP and B(B(ei, A), A) — B, A) = ricax for i = 1,2, with
r1 <0 and rp > 0 (cf. Figs. 8§ and 9).
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g5 - polarized cones €1 - polarized cones £1, €9 - polarized cones

g2 a3,

Fig. 9. Polarized tangent cones CnA at the affine subspaces Ap, Apy, Apa and Aaggp for the cube in Fig. 8.

Consequently, the differences of the contributions of A to the formula in (31) before and after
g; crosses the wall, and those of A~, sum to zero.

Moreover, for a given Ae B, if ¢(e, A~) changes when crossing E, the intersection of A
with E contains A N P for (exactly) one element A of B with dim A = dim A — 1 and the result
follows. O

Remark 34. This new polytope decompositions (31) generalize the weighted version of the
Lawrence—Varchenko relation for a simple polytope presented in [1]. There, the edge vectors
emanating from each vertex are flipped in a systematic way using a polarizing vector, and the
weighted characteristic function of the polytope is expressed (only) in terms of the weighted
characteristic functions of the polarized cones supported at the vertices. In (31), not only the
polarization is carried out differently, but, for some values of ¢, we consider the weighted char-
acteristic functions of polarized tangent cones to faces other than vertices. Indeed, given ¢ € W,
we obtain a different polarizing vector for each face of the polytope by taking ¢ as starting point,
and its projections onto the faces of the polytope as end points, whenever these projections are
nonempty. Then we polarize the tangent cones of the corresponding faces accordingly.

4.5. Other decomposition formulas

If we polarize the generators of tangent cones with respect to & — (e, A) instead of
B(e, A) — e, and multiply each term on the right-hand side of (31) by a factor (—1)4m4, we
obtain new polytope decompositions, under the same hypotheses and statements of Theorem 4.1.
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Theorem 4.2. Let P be a compact convex simple polytope of dimension d in RY. For any choice
of e € W, we have

1p =2 (D", g, (35)
AeB

where the sum is taken over the set BB of affine spaces generated by the faces of P, where CnA is
the polarized tangent cone of P at A € B with respect to the vector ¢ — (g, A) (where B(g, A)
is the orthogonal projection of € onto A), where m p is the number of generators of the cone

C4 whose sign changes by polarization, and where 1 and lgu are the weighted characteristic
A
functions of the polytope P and of the polarized cones, respectively.

Proof. The fact that the right-hand side of (35) does not depend on ¢ can be proved as in the
proof of Theorem 4.1. Hence, we just have to show that we can find an ¢ in some Paradan region
for which (35) holds.

For that, we again choose an ¢ such that ¢ (e, A) = 0 for every A € B with dim A > 0, i.e. we
choose

g€ m (F + A#)C.
F a facet of P

Then (35) becomes

= > (=11, (36)

v a vertex of P

Choosing a vector & € R4 such that, for every vertex v of P, (§,a, j) > 0 whenever (¢ — v,
ay,j) > 0, where the «,_ ;’s are the edge vectors at v, formula (36) becomes a weighted version
of the Lawrence—Varchenko polytope decomposition (see [1,23,29,39]), where the tangent cones
at vertices are polarized according to &, and the result follows.

This choice of polarizing vector £ can be done in the following way. First we consider the
vertex vo of P that is furthest away from ¢. Clearly, for vy we have C,, = C?,O (where this
cone is polarized with respect to the vector ¢ — vg). Then, for any other vertex v and for each
edge vector «,_ ; satisfying (¢ — v, @y, ;) > 0, we take the hyperplane HS’ F through vy which is
perpendicular to «,, ;. These hyperplanes intersect at vy and each of them separates the whole
space R¥ into two open regions. Let us denote by (Hl?’ j)+ those regions that contain ¢ and take
a vector & starting at vp and ending somewhere on the intersection

N N @)

v a vertex of P J st
(e—v,00,j)>0

(we can take for instance § = & — vp). Then clearly (¢, a,, j) > O for all edge vectors a,_ ; satis-
fying (¢ — v, oy, j) > O (see Fig. 10). O

Remark 37. We have seen in the above proof that, choosing ¢ in an appropriate region, the
polytope decomposition formula (35) becomes the Lawrence—Varchenko relation. In addition, in
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Fig. 10.

some cases, we can also choose ¢ so that (35) becomes the weighted Brianchon—Gram formula
of [2]. Indeed, considering for each vertex v of P, the cone Cff generated by the inward normal
vectors to the facets through v, and taking the intersection

P; = m Cg,

v vertex of P

then, whenever int(P; N P) # @, we can take ¢ € int(P; N P),and obtainm, =0and (e, A) =1
for every A in B. Then, with this choice of &, (35) becomes the weighted Brianchon—Gram
formula:

h=> (-nimFrg (38)
F

where the sum is over all faces F of P.
5. The weighted Euler-Maclaurin formula

As an application of our polytope decompositions, we will give new weighted Euler—
Maclaurin formulas with remainder for the sum of the values of a smooth function f on the
integral points of a simple polytope P.
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5.1. Weighted Euler—Maclaurin for intervals

Let us first recall the weighted Euler—Maclaurin formula for this sum presented in [3] (see also
[23,27]). Let g be any complex number and let f be any C™ function on the real line (m > 1).
For integers a < b and k = |m /2], the weighted sum of the values of f on the integral points of
the interval [a, b] is defined as

Y ifi=qf@+ flat D4+ fb—1)+qf(b)

[a,b]
b+hy
= Q) (DNQK (D) / fx)dx + R (f), (39)
hi=hy=0
a—h
with
b
Ru(f) = (=)™ / Py (x) £ (x) dx, (40)
for
1
Py (x) ::%Bm({x})v 41)

where By, is the mth Bernoulli polynomial and {x} := x — |x] is the fractional part of x, where

ad ad
= T3 > D2 =,
doh dohy

and where Qék(S ) denotes the truncation at the even integer 2k of the power series
Qu(S) = (g — S+ Td(S) =1+ (q -+ S+Z bak 32’<

(g, 52
- (q 2) S anh(s/2)" (42)

Here Td is the classical Todd function defined by

b
Td(S) :=S/(1—e5)=1—b S+ Z (2:;'52’2

with by the kth Bernoulli number [8].
Moreover, P, (x) is given by

2sin(2nmx)
(2n7‘[)2k+1

Pop1(x) i= (=)'~ IZ (43)
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if m =2k + 1 is odd, and by

[e.e]

Po(x) := (=D ; % (44)
if m =2k is even.
Remark 45. The functions Qék satisfy the following symmetry property
Q (9 =Qi (-9 (46)

Indeed, Qék (S) is a polynomial with constant coefficients, 1 + (¢ — %)S + terms of even degree
independent of ¢q.

Equation (39), when applied to a C™ function of compact support, gives the weighted Euler—
Maclaurin formula for the half ray [a, 00):

Y ifi=qf@+ fla+ D+ fla+2)+-

[a,00)
=Q;} (D) / f@dx|  + Ru(f). (47)
ah; h1=0
where
T m

R (f) := (=11 / Py () f™ (x)dx and k= bJ (48)

Moreover, for the half ray (—o0, a], we have
Y if=af@+fla-D+fla—2)+ (49)

(=00,a]
and so, considering the function g defined by g(x) = f(a — x), we obtain

o0

Z af = Z 1g=Q} (D) / g(x)dx +(—1)m*1/Pm(x)g(’”)(X)dx
h1=0

(~c0.a] [0.00) i 0

a-+h

=Q¥m) [ sedx

—00

+ R (), (50)
=0
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where now

a

Ru(f) i= (=)™ / Poy(x) £ (x) dx 51)

—00

(here we used the parity and the 27 -periodicity of sin(x) and cos(x)). From (47) and (50) and
symmetry property (46), we obtain the Euler—Maclaurin formula for the whole real line R:

Yor=Yrm= Y r+ > ““”fzff(x)dx+(—1>m—1/Pm<x>f<’"><x)dx.
R R

x€Z (—00,0] [0,00)

R
(52)
5.2. Twisted weighted Euler—Maclaurin formulas for intervals
We will now consider the twisted weighted sum for a half ray
0
DD f)=qf O+ ) A" f(n), (53)

n=>0 n=1

where A # 1 is a K'th root of unity with K a positive integer. Let O, » be the distributions defined
recursively in [23] by

Q0. (x) ==Y A"8(x —n)

nez

and
d K
EQm,A(x)szfl,k(x) and /Qm,x(x)dxzo.
0

Moreover, let us consider the polynomials defined in [3] by

A
Ny (8) = (q + m)s + 02, (008 + 03,08 + -+ + Q42 (0)SF,

where A # 1 is a root of unity.
Since

d
A (1) =80 =) = 8(x = (0 £ 1)),

we have

d A—1 1—x
E(Z)‘nlln,nﬂ)(x)) = 21”5(?6 —n)= TQO,A(X),

nez nez
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implying that

A
Qi) =1— PV T

nez

Note that

K , kol
/ 01, (@) dx = == 3" 3" =0.
0 n=0

On the other hand, integrating by parts, we have

n+l1

i ’d—lmx"’d—)‘o,\lﬁz
fQu(x)f(x) x—mzof F@dx =" fO A1)+ 227 4
0 n=Yn

and so,

A T ,
af )+ Y A" f(n) = (q - m)f(m + / Q1.4 (0) f'(x)dx
0

n>1
A
= (q + m)fm) — 02,30 F(0) + 03.,(0) f(0) — - - + (=1 104 1 (0) ¥ 1 (0)

+ (= D! / Qs () f P (x) dx.
0
Then, since

)

h=0

aN" T
(=" tpem=bo) = (5) / f(x)dx
—h

we obtain the following twisted Euler—Maclaurin formula:

Proposition 54. (See [3,23].) Let k > 1 and let f € C*(R) be compactly supported. Then

h=

8 o0
> ant f(n) =N (8_}1) / F(x)dx
—h

n>=0

+ (=Dt / Qi) fPwdx. (55
0
0

Remark 56. If, for A # 1, we write A = e27'//K _then, by the Poisson formula, we have

Qoa() ==Y Ms(x—m) == 3T,

nez rez
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Hence, for m > 1, we obtain

o 1 Q2T+ 7
m,A X)=— . n )
Cri i o+
and so
Om,1(0) : !
A0)=— - :
" @riy™ & (r 4 Lym
is the (m — 1)th coefficient of the Taylor series expansion of
1 _ 1

1— e27‘[i%75‘ o 1—Ae™s
at s = 0. Note that the derivative of % with respect to s is equal to

l—e i =S

1 1 1
asi? (F =3 4 G 0+ f - 50)?
(since — ;gzm =Y,z m) and higher order derivatives are obtained differentiating this series
expansion. Consequently, considering the operators
T, S) = ———=
*.5) 1—2e=S
defined in [10], we have that N’;’A (S) is the truncation at the integer k of the power series
NAS) = (g 4+ )S— —> 1T 8) = (g — DS +T(. §)
q =149 1 Y 1 — A ) =g 5 .
From (57) it is clear that the operators NZ”)‘ satisfy the following symmetry property
-1
N, (9) =Ny (=), (58)

Remark 59. If, for A = 1, we define
21k/2
NEL(9) = Q% (8) and  Qp1 =Py,
then formula (55) becomes formula (47) and so it is still valid. Note that, if A # 1, N];’)‘(S) is a

multiple of S and that, if A = 1, then NI;’)‘(S) = 1 + a multiple of S. Moreover, still when A =1,
symmetry property (58) becomes property (46).
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5.3. Weighted Euler—Maclaurin formulas for cones

Forasubset J C {1,...,d},letS; be the standard J-sector S; := {x € R? |x; > 0forjeJ}.
Iterating Eqs. (47) and (52), we obtain an Euler—Maclaurin formula for S; (J # @) and a C™
function of compact support f. Indeed, considering J = {j, ..., j,} and lgj , the weighted char-
acteristic function for the J-sector defined in Section 4.3,

Z“’f:: Z g, f) @1, ... xa)

S,nzd x;€LT,jel
xX;€L,j&J
~[1Qw) [ rwix| &, (60)
Jed S,y ho=0

where Dj =0/0h;, where hy = (hj,, ..., hj,), where
Sy(hy)={xeR?|x; > —h;, for jeJ}

is the shifted J-sector, and where the remainder R,{f‘ (f) is given by

R (f)
— Z Z (—1)m=DURI=ITD l_[ng(Dl)
ICJ  R2J iel
RC{l,...,d}
R#£I
[1 Pt [] ( ) [0 dx
S, () 1ER\ JjeR\I hy=0
If J = ¢ then S is the whole space R? and so
YU =ff(x>dx + Ry (f), 1)

S;Nzd R
with

Rp(f)y= Y (=D DIk f []Pn (x,)]"[( )f(x)dx (62)

R#( pa i€k jeR
RS(l,....d)

Let us now consider a regular integral J-sector C;, the image of the standard J-sector by an
affine transformation

x+> A, x:=Mx+b, with M eSL(d,Z)andbeR?.

Moreover, let us denote by C;(h) the expanded sector, image of Sy (/) under this affine trans-
formation. For a C" function of compact support f, let us consider g := A% f = f o A;. Then,
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Z Yf = Z w8=HQ,2,f(Dj) / g(x)dx

C;NZ4 S;NZd jeJ S;(hy)

+ Rl (9),
hy=0

and we obtain the Euler—Maclaurin formula for a regular J-sector

+ RS (), (63)
hJ:()

> =Tl @y [ fwas

c,nzd jel Cy(hy)

where RS (f) = Ry (g).
5.4. Weighted Euler—-Maclaurin formula for regular simple integral polytopes

From (63) we can write an Euler—-Maclaurin formula for a regular integral polytope P with N
facets, by using a polytope decomposition from Theorem 4.1. First, we write P as an intersection
of N half spaces

N
P=(H.

J=1

where H; = {x € RY: (x,mi)+Xx; >0}, fori =1,..., N. The vector n; is an inward normal
vector to the ith facet of P. Since P is a regular integral polytope the polarized tangent cones
CI:A are regular integral sectors. Moreover, we can write each tangent cone as

Cuh= ﬂ H;,

J€JA

where Jo = {j1,..., ja} is the index set of half spaces that contain C, (n = codim A). Then,
using Theorem 4.1, we have

Dvf= ) 1pf=) (=DM 4) Y Uf

PNZ4 PNZ4 AeB CﬁAmZd
N Cﬁ
=Y (=), A)(]‘[Qéf(D,-) / fx)dx +RmA(f>)
i ha=0
AeB j=1 CﬁA(hA)
N
“[@on [ rwar +sio. (64)
j=1 P(hy.....hy) h=0
where
#
SE() =Y (~1)"g(e, ARG (f), (65)

AeB
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where hy = (hj,,..., hj,), and where the dilated polytope P(h1, ..., hy) is obtained by shift-
ing the ith facet outward by a “distance” h;. Here we used the fact that, when multiplying the
differential operator in the first term of the right-hand side of (63) by any operator of the form
Qéf(D i), with j ¢ J, all that will remain of QS’;(D./) is the constant term 1, not affecting the

final result. Note that both Y p,« ¥ f and

N
[@o) [ so

j=1 P(hy,shn)

h=0

do not depend on the choice of ¢ (that is, they do not depend on the Paradan region used).
Consequently, the remainder is also independent of this choice.

Remark 66. Alternatively, using the polytope decomposition of Theorem 4.2, we obtain a dif-
ferent expression for the remainder in (65). Indeed, we get

. i
SE(f) = 3 (=Dt Ag e ARy (), (67)
AeB

where now the tangent cones C 4 are polarized with respect to the vectors € — B (g, A).
5.5. Weighted Euler—Maclaurin formula for simple integral polytopes

To extend formula (64) to simple integral polytopes we need to obtain an Euler—Maclaurin
formula for simple J-sectors. We can describe a simple J-sector, C;, with J = {ji,..., j,} as
the intersection of n half spaces H; in general position

c, = H;. (68)

jedJ

where Hj := {x € R? | (x, nj) + A; = 0} for rational vectors n;. Clearly, C; is a polarized
tangent cone CﬁAJ along the affine space A defined by

A,:ﬂaH,-
jeJ

(see (26)). Clearing denominators we can assume the 7;’s to be integral and we impose the
normalizing condition that they are primitive elements of the dual lattice Z?*. Let Ty € R%* be
the subspace generated by the vectors n; and let 5 be the sublattice of Z¢* N T generated by
these vectors. Then, to C; we associate the finite abelian group

ry:=(z"nTy)/&,. (69)
Alternatively, we can consider the projection 77 : R — R‘i/ lin(Aj), where lin(A ;) is the vector

subspace of R4 parallel to A;. Then we take the cone C; := 7;(Cy) as well as the vectors
n; :=my(n;). Note that these vectors are inward normals to the facets of C;. Let {a,, ..., &},}
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be the dual basis in R" (that is, such that (ay, 7;) = i for k, [ € J). The a;’s are the projections
on R4 /1in(A ;) of the vectors «; defined in Section 4 (the generators of C,,) and generate a
lattice £ in R" which is a finite extension of Z” (this extension is trivial exactly when Cj is
regular). Then Iy is equal to

Iy =7"* ). (70)

This group is trivial exactly when Cj is regular, and its order is [I'y| = | det? |

Moreover, as it is shown in [23], y > eZ7i(V %) defines a character of I';, whenever X € 0,
which is trivial iff x € Z". Since, by a theorem of Frobenius, the average value of a character on
a finite group is equal to zero if the character is non-trivial, and equal to one otherwise, we have

1 e27”<)/,i>:{1’ 1fi€Zn’

ITal] .
| J|V€FJ 0, otherwise,

forall ¥ € . Consequently, for any compactly supported function f on R?,

Y V= ﬁ Y e (), (71)
JﬂZd I yely x
where we sum over all
x:y+zmjaj (72)
jeJ

with ye A;NZ4, jeJ and mj € Z*, and where ¥ := m;(x). Moreover, the cone C; is the
image of the standard J-sector S; under an affine map

t+ A,t:=Ujt+b, withbeR?, (73)

where, for j € J, Uy € GL(d, Z) carries the vectors e; of the standard basis of R into the basis
{a}}jes, and the remaining basis vectors to an orthonormal basis of the space (span({e;} ;< L.
Thus, |detUy| =1/| detf| = 1/|Iy|. On the other hand, since in (72) we have y € 74, we get

D = TTAT, with =20,
jeJ
and so the inner sum in (71) becomes

S ([T ) Somer)

JEJ yeANZ" m ;=0 leJ leJ

=22 2 Zq’(]_[/\}'”)g(mu-.-,md), (74)

jeJ 1<i<d meZ m;>0 e
i¢J
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where g = f o A. Iterating the twisted remainder formula for the half ray (55) and the Euler—
Maclaurin formula (52) for the whole real line, the sum in (74) can be written as

ka0
an,- i / gs(1)dt +RStdk()“]l""’)"jn;g)’ (75)
: dh; h=0
jeJ Sy(hjy ewesihjy)
where again Sy (hj,, ..., h;,) ={(1,...,tq) | t; = —h; for j € J} denotes the dilated standard
J-sector, and where, for q; :=(¢gj,,...,qj,), the remamder is given by
d .
RS Oy jis s hy s 8)
=Y Y (=p&haRI=D
IcJ  R2J
RC{T,....d}
R#£I
< TV (2 / [T 2, T (5 swd| . e
J i 3h,' v.J 0
iel Jjy sy jeR\I JER\I

with g = f o A. Let us now change variables by the inverse transformation of (73). Then, the
Euler—Maclaurin formula in (71) becomes

kA
S ovr= Y []M ( ) [ rewa  wrGn. o an
Cc/nzd yely jel Cy(hy) hy=0
where 1, ; 1= e2mir:8;)  \where, for hy = (hj,,...,hj,), C;j(hy) denotes the image of the

dilated standard J-sector S;(h;) under the affine transformation A; of (73), and where the
remainder R((;J’, «(f) is given by

R (H:=Y3 3 (~nEDR-ID TNy w(;;)

yelyICd  R2J iel
RC{1,...,d}
REI
< [ 1 e (@i -0) [] Dhseas| . as)
C,hy) JER jeR\I h=0

with (U, ik )k the Jjthrow of U, ! and with D; the directional derivative along the jth column

vector of U; . ! Note that, when J € J, this is the directional derivative along ;.
Let now P be a simple polytope and choose an ¢ on some Paradan region. Again we write P
as an intersection of half spaces

~

Il
L.

=
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For each affine space A generated by a face of P there is a Ja-sector, Cj, (Ja C{1,..., N}),
equal to the polarized tangent cone of A, CﬁA (cf. (27)), and so we can associate a finite group
' to A by simply taking the corresponding group I7;,. Let P(h) denote the dilated polytope
obtained by shifting the ith facet by a distance /;. Our decompositions of P (k) involve dilated
sectors but now, dilating the facets of P outward results in dilating some of the facets of CnA
inward and some outward. Explicitly, taking Ja = {ji, ..., jn,} such that CﬁA =Cy, (see (68)),
the inward normal vector to the jth facet of CﬁA (jeda)is

oo g
g Njs lfaAj:aA,ja
Na,j =

—nj, lfO[AJ —QA,j,

where 7; is the inward pointing primitive normal vector to the jth facet of P. Note that, consid-
ering the projection w4 : R? — R4 /lin(A), the vectors {7 s (aa,j)}jess, are the dual basis in R"4
to {ra(n;)}jes,- The dilated sectors that appear on the right side of the polytope decompositions
of P(h) are then c’ (hA e hﬁA Jn ), where

X

) el )
_ hj;, 1f°‘Aj—O‘A,Jn
Aji —

—hji, lfO‘A i %A

Moreover, the roots of unity that appear in the Euler—Maclaurin formula for CnA are

. ol = ,
N _62”1'(%5!2,]-)_ Ay.j.A, lfozAj_ozA,,,
v.J.A T -

)”V/A’ lfaA/ —0A,j,

where &ﬁA’j = JTA(DlﬁA)j).

Hence, for any compactly supported function in R? of type C4* (for an integer k > 1), the
decomposition formula of Theorem 4.1 applied to P (k) along with formula (77) give

DovF=) (=D)"ee A) Y Uf

)daV/l AeBB CnAﬂZ”
d
=3 e ) Y HNq (ahﬁ ) / Fydx| 4Ry (),
AeBB yel jela J A,j CnA(th) h-/A=O
(719)
where ht}A = (hf,l, e, hgm) and where
RD ()= (=", A)R - (80)

AeB
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Remark 81. Using the polytope decomposition of Theorem 4.2 we obtain

Z wf= Z(_l)mA+dimA¢(8v A) Z wf

PNz AeB ¢ nzr
kb
_Z( l)mA"rdlmAw(S A) Z HN VJA< : ) / f(x)dx n
AB yela jein qj oh’, A CA(h : hy, =0
+RY (), (82)
with k', = (hﬁ.] e, ht}M) and
RE ()= (=1yratdimag e, A)R € L, (83)
AeB ]A

where now the tangent cones C, are polarized by the vectors ¢ — B(¢g, A).

Let us now analyze some properties of the groups I'4. These generalize Claims 61, 62 and
65 in [23] to spaces A € B of arbitrary dimensions. Their proofs follow easily from the ones in
[23] but we will include them for completeness. For that, we will first introduce some necessary
notation. If A and A are two elements of B with A C A ,then J ; € J, and we have an inclusion
TJA~ C Ty,. Moreover, if 54 and & ; are the lattices in R?* generated by the vectors n; with
Jj € Ja and J ;, respectively, we have TJA~ N Zx = & ;. Hence, the natural map from I'; to I'p
is one-to-one and provides a natural inclusion map I'; C I'. Therefore, we can define a subset

FAb of I'x by

=rs\ U s

AeB|lACA

and then

s

(84)

-

ra= ||
AeB|ACA

Claim 85.If y € 'y and j € Ja, then A, j n is the same for all A" C A.
Claim86.If y e ', A" C Aand j € Jy \ Ja, then &, j o = 1.
Claim 87.If y € 'y and j € Ta, then Ay j a # 1.

Proof. Let y € I'4 be represented by

7= bili € 7"

ieJp
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for some b; € R (see (70)). Let A’ C A and let us identify RY /1in(A) with the orthogonal com-
plement (lin(A))* in R?/1lin(A). Since the a ;s are dual to the 77;’s for j € J/, we have

7.a ) bj, if jeJa,
YA )= e
V-S4 =0, it edu\ Ja.
Consequently,
{e2mbf, if j e Ja,
Ay = o
1, if jeda\Ja

is independent of A’ and is equal to 1if j € Ja'\ J4, and so Claims 85 and 86 follow.
Let j € Jo. If Ay j o :=€*™%i =1, then b; € Z and so

p= ) bl (88)
ieJa\{j}

also represents y. Let A O A be the element of B such that Ji=Ja\{j}. Then, by (88),y € I';,
and Claim 87 follows. O

With these propertles we can further simplify formula (79). First, note that either htI =hj,
Af/]A_)L,,jA andq —q],orhAj— —hj, )\.u]A—)\.y]A andqj_l q],andso,by
symmetry property (58) this gives

kA" 0 ke 0
N ”A(—) =N, 74 (—) (89)
g Nonhy ) \ohy

Moreover, from Claim 86, we have A, j o =1 for j ¢ J 4, implying that

: 9 d
NI;}A”’A <%> = 1 + powers of %

Since, still for j ¢ J4, the cone Ci\ (ht}A) is independent of %, (79) is equal to

t RE (), (90)

ma V.. 4 9
Y =)™, A)Z]‘[N“ <%> / fGx)dx

AeB yela j=1 .
ch 5

where N is the number of facets of P. Defining

yA_l—[Nk)”V’A( > fory € I'y 1)

we have, from Claim 85, that

Ny A= Nl; i whenever y € I'; and A C A. (92)
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Consequently, using (84), formula (90) can be written as

D (=DM, 4) YN / f(x)dx

AeB yela
C”A(h‘}A)

=D (D" d) Y Y N 4 / f(x)dx
’ h

AeB A b
eByeFA- CﬁA(hﬁjA)

=2 2 N';,A Y (=), A) / fx)dx

AeB b ACA g o8
S yeFA C CA(hJA)

+RY ()
h=0

+RY ()
=0

+RY (). (93)
h=0

In the interior summation on the left we can add similar terms that correspond to spaces A not
included in A. Indeed, these make a zero contribution for the following reason. If A is not a
subset of A there exists a j € J; \ Ja. Then, since j ¢ Ja, the cone C:IA (htjA) does not depend

on A . On the other hand, since y € FE and j € J;, we know, from Claim 87, that )LN.’A #1
kA .o
and so, by Remark 59, we have that Ny, ria (ﬁ) (one of the factors of N;C/ A) is a multiple of
J 5

(dh )-
Therefore (93) is equal to

) Z N ;D (D", 4) / Fydx|  +RE(f)
AeB yep AeB Cj (h h=0
=) 2 N, f Fydx|  +RE (), (94)
AEB)/EFE P(h) =

and we have our result:

Theorem 5.1. Let P be a simple polytope in R with N facets and let f € ka (R4) be a com-
pactly supported function on R? for k > 1. Choosing an & on a Paradan region determined by P,
we obtain

S =y ZN’;VA/f(x)dx B

PNZd AEBVEFZ P(h) -

+RY () (95)
0

where Ng‘/ A is the differential operator described in (91) and (92), and where the remainder

is given by (80). The operator Nk .4 is of order < k in each of the variables hi, ..., hy with
N the number of facets of P. The remainder is a sum of integrals over sectors, of bounded
periodic functions times several partial derivatives of f of order no less than k and no more
than kd. Moreover, this remainder is independent of the choice of Paradan region of €, and is a
distribution supported on the polytope P.
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Note that, even though the expression for the remainder (80) depends on ¢, its final value is
independent of the choice of ¢ since both the left-hand side and the first term on the right-hand
side of (95) are independent of ¢.

Remark 96. If we instead use the polytope decompositions of Theorem 4.2 the remainder in (95)
will be given by (83).

The Euler—Maclaurin formula (95) obtained in Theorem 5 1 is similar to the one presented

in [3]. However, in our formula, we allow the operators N by that define N¥ A and Nk to
have different weights ¢; € C while, in [3], the ¢;’s are all equal to some fixed complex number
(in [23] this fixed weight is 1/2). Moreover, we obtain a different expression for the remainder
RS, «(f) which is now given as a sum over the affine spaces generated by all the faces of the
polytope (not only over the vertices). In addition, the intermediate formulas that we obtain in (93)
(before adding terms with zero contribution in order to get an integral over the dilated polytope)
also involve sums of integrals over the polarized tangent cones to the polytope at the different
faces and not only at vertices.

Just as the Euler—Maclaurin formulas in [3,23] our formulas generalize to symbols that is, to
smooth functions f € C*°(R?) for which there is a positive integer N (called the order of the
symbol) such that, for every d-tuple of non-negative integers a := (ay, ..., aq) there is a constant
C, satisfying 97" -+~ 3¢ f(x)| < Ca(1 + |x|)V74. In particular, for a polynomial function p
in R9, we obtain the following exact formula

> = YN [ pws

PNZ4 AEBVEFZ P(h)

o7)

h=0

(where we choose k > degp + d + 1). From Remark 56 we see that this is a weighted version of
the exact Euler—Maclaurin formula obtained in [10], which is obtained from (97) by making all
the weights in w equal to 1.
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