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Abstract—TFor the delay-difference equation, z(n+1) = f(n, z(n), z(n —¢(n))), satisfying z(j) =
7(j), j belonging to an initial segment, smooth dependence of a solution, z(n, 7), with respect to 7,
is considered.

KeyWDrdS—Difference equation, Delay, Initial data.

1. INTRODUCTION

Let R denote the real numbers, Z the integers, and Z* the nonnegative integers. Given a < b
in Z, let [a,b] = {a,a+1,...,b},[a,b) ={a,...,b—1}, with (—o0,a), [a, +00), etc., denoting the
analogous discrete sets.

For finite difference equations, recent attention has been given to smoothness of solutions (i.e.,
continuity and differentiability), with respect to initial and boundary data specified; for example
see [1-5], among others. In this paper, we consider the dependence of solutions of delay-difference
equations upon initial data. That is, for the finite delay-difference equation,

2(n+1) = f(n,z(n),a(n - p(n)), e, (1)

satisfying the initial conditions,

1:(.7) = T(j)1 J€ [—T,O.], (2)
where f(n,uy,u2) : Zt x R? - R and fy,(n,us,u2) : Zt x R?2 — R,i = 1,2, are continuous,
reZt,¢:Z* —[0,7], and 7 : [-1,0] — R, we wish to determine the smoothness dependence of
a solution, x, upon the initial function 7.

For this analysis, given a solution z(n) of (1), we will make use of the variational equation
along x(n) given by

z(n+1) = fu,(n, z(n), z(n — @(n)))z(n) + fu,(n, z(n),z(n — p(n)))z(n — p(n)).  (3)
The results obtained in this work can be considered as analogues of theorems on the continuous
dependence of solutions, with respect to initial conditions, for functional differential equations
by Driver [6], Hale [7], Lakshmikantham and Leela [8], and Melvin [9], as well as theorems on
smooth dependence for solutions of functional differential equations by Hale [7]. In fact, the
main motivations for this paper are the recent result by Hale and Ladeira [10] on differentiability
of solutions, with respect to delays, for delay-differential equations, and the generalizations in
[11,12] to differentiability of solutions, with respect to delays and boundary data, for boundary
value problems for functional differential equations.
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2. SMOOTHNESS OF SOLUTIONS

Given 1 : [-7,0] — R, let z(n,7) denote a solution of (1), (2) corresponding to 7. It follows
immediately from the equation that x(n,r) is the unique solution of (1), (2) on [~7, 00), in the
obvious sense. Moreover, from the continuity of f and this uniqueness of solutions “to the right,”
we readily obtain our first result on the continuity of z(n, 7) with respect to 7; see [4] for a typical
argument.

THEOREM 1. Let 7 : [-r,0] — R. Given ¢ > 0 and k € Z%, there exists a (e, 7,k) > 0 such
that, if o : [-7,0] — R and
IT(5) —o()I <8, je[-n0],
then the unique solution, z(n,o), of (1), (2) corresponding to o satisfies
[z(n, ) —z(n,0)| < ¢ on [—r,k].

For the main theorem of the paper, given an initial function 7 : {-r,0] — R, we shall identify
it with its values by

T=(7r(—7)...,7(0)) = (7=, ..., T0).

inuous r]pnenr‘pqm: of 'rffn 'r\ with res pect to T, we now show tha
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THEOREM 2. Let z(n) = z(n,7) denote the solution of (1), (2) on Z* corresponding to T
Oz T

[~r,0] » R. Then, for —r < i <0, p exists on [—r,00), and z;(n) = 5——( n) is the solution of
T; T;

the variational equation (3) along x(n,7) on Z* and satisfies the initial value,

() _ [0 Fel-n0\{s},
Zi\J )} 1 g

PROOF. For —r <1 < 0, let e; = (8_rs,...,00:), where 6, denotes the Kronecker delta. Let
e > 0 and k € N be given, and let § > 0 be as in Theorem 1. For 0 < |h| < 6, consider the
difference quotient,
1
zin(n) = -E[a:(n,T + he;) - z(n, 7)), n € [—-rk].
Note at first that, )
. 0, je[—T,O]\{i ’
zih(]) = { ) . .
L1, j=i
Next, we consider the delay-difference equation satisfied by z;,(n) on [0, k]. Using a telescoping
sum, we have

(4)

zin(n 1) = £ [£(n, 20,7 + hes),a(n — @), 7 + her)) = f(n,(n, ), 2(n — (), 7))]

f(n,2(n, + hes), 2(n = @(n), 7+ hey)) — £(n,2(n,7), 2(n — (), T + hey)

[
[

S =

+ fn,2(n,7),3(0 = 9(n), 7 + hei)) = f(n, 2(n, ), 2(n - p(n), 7))].
Applying the Mean Value Theorem, we obtain

1
zin(n+1) = J/ fua (n, sz(n, 7 + he;) + (1 — s)x(n, 1), z{n — p(n), 7 + hei)) ds
0

X (—,1- [z(n, T + he;) — :c(n,*r)]\
\ 7t /

+ J{ Sua (n,x(n, T),8z(n — p(n), 7 + he;) + (1 — s)z(n — Lp(ﬂ),T)) ds ()
x(%[m(n—-cp()‘r+hez)~zn— )
\ /

= Ajp(n, 7)zin(n) + A2p(n, 7)2in(n — @(n)),
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where Ay, and Ayp represent the first and second integrals, respectively, in (5). The continuity
of fu,,€=1,2, implies that,

’ll% A[h('n, T)w = ful (n, a:(n, T), ‘T(n - ‘p(n)7 T))w’

uniformly on compact subsets of [0, k] x R.
In conjunction with (4), if we mimic continuous dependence arguments for initial value problems
for functional differential equations, as in [7], we obtain that

}lli_r% zin(n) = z(n)
on [—r, k], where z;(n) is the solution of
zi(n +1) = fu, (n,2(n,7),2(n — 9(n), 7))zi(n) + fu, (n, (1, 7), (1 — @(n), 7))zi(n — ¢(n)),

on [0, k], and satisfies
. 0, jel[-no\{i}
zi(J) = { 1, j=i

a
From the definition of zy(n), we conclude %(n) exists, and z;(n) = g—;(n) on [-r,k]. But
i i
k € N was arbitrary, and so 6_:(n) exists on [—7, 00) and is the solution of the asserted problem.
i

0

The proof is complete.
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