JOURNAL OF ALGEBRA 147, 176-244 (1992)

Differential Operators on Rational Projective Curves*

M. P. HoLLAND

Department of Pure Mathematics, Sheffield University, Sheffield S3 7RH, England

AND

J. T. STAFFORD

Department of Mathematics, University of Michigan, Ann Arbor, Michigan 48109
Communicated by the Editors

Received July 17, 1990

Fix a singular, projective, rational curve " over an algebraically closed field & of
characteristic zero with normalisation map n: P! » 2, and write 2(¥)=I(%, 24)
for its ring of global differential operators. We prove

THEOREM 1. The ring 2(X) is a Noetherian domain, finitely generated as a
k-algebra, with a unique minimal non-zero ideal J(Z'). Moreover, F(')= 2(Z)/J(X)
is finite-dimensional over k.

In the case when = is injective we give complete description of the structure of
T).

THEOREM 2. If m is injective then Z(X) is contained in a unique equivalent
maximal order, S, and J(¥') is the unique non-zero ideal of S. Moreover,

Mk) k™
F(ff);( E)() k)cM,H(k);S/J(jT).

Here, 1 is the arithmetic genus of X. Finally, H(X, () is a simple 2(X )-module.

It follows from Theorem 2 that, unlike the analogous result for affine curves,
2(%) is not Morita equivalent to 2(P'). However, 2(Z) is Morita equivalent to
2(#) for any singular, projective curve % with injective normalisation map
p: P!> % We also show that the map I'(%, _): Z,-mod — 2(Z )-med is not exact.
However, every other aspect of the Beilinson-Bernstein equivalence of categories
between Z-mod and Z(P')-med does have an analogue for Z. For example,
2, ® _ is exact, quasi-coherent 2,-modules are generated by global sections, and
2,-mod is a quotient category of 2(¥')-mod. T 1992. Academic Press, Inc.
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0. INTRODUCTION

0.1. Fix once and for all an algebraically closed field k of characteristic
zero. All varieties will be irreducible, algebraic varieties over k. The ring of
differential operators 2(%') defined over an affine curve ¥ was studied in
[SS] and was shown to have many pleasant properties. In particular, it is
a Noetherian domain, finitely generated as a k-algebra, and has a unique
minimal non-zero ideal, J(Z'). Moreover, the factor 2(%)/J(Z) is a finite-
dimensional k-algebra. The situation is particularly pleasant when the nor-
malisation map n: & — & is injective, as in this case 2(&) is a simple ring
and is even Morita equivalent to 2(&). (Note that & is smooth and so, as
is well known, 2(¥) is a simple Noetherian ring.) The basic technique in
[SS] is to transfer ring-theoretic properties from 2(&F) to 2(&) via the
D(X)-2(Z )-bimodule NF, X)= {0 D(X):0-0(F)<O(X)}. Here, o
denotes the action of the differential operator 8 on O(Z). (We use o rather
than *, as was used in [SS], since * will be used frequently to denote a
dual object.)

0.2. The basic aim of this paper is to study the analogous questions
when Z is a projective curve and Z(¥) is the ring of globally defined
differential operators over Z.

Let us begin by formally defining the relevant objects for projective
curves. Thus, let Z be a projective curve with sheaf of regular functions 0,
Then, following Grothendieck [EGA], we first define &,, the sheaf of
rings of differential operators on &. If U is an open affine subset of & set
25(U)=0(U) and, inductively define

P"(U) = {0 End(0,(U)): 0a— ab € 2~ (U) for all a € O,(U)}.

Then 2,(U)=1),2%(U) with multiplication given by composition of
operators. Of course 0, (U)< Z,(U) and 2, is defined to be the unique
quasi-coherent ¢,-module with sections Z,(U) on an open affine subset U.
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We denote by 2(X) the global sections, I'(¥, Z,), of this sheaf, and call
it simply the ring of differential operators on Z. The category of sheaves of
(left) 2,-modules which are quasi-coherent as (',-modules will be denoted
by Z,-mod, while the category of left #(Z)-modules is denoted by
2(% )-mod.

If # has normalisation 7, with normalisation map n:  — &, then, as in
[SS1], a basic technique in studying 2(%) will be to relate it to () via
the 2(Z)-2(Z)-bimodule Z(&, 7). Roughly speaking, this is defined to be
the global sections of the sheaf of differential operators from # to #. More
precisely, take an open affine cover {U,} of Z and let U;=n~"(U,). We
write

Q(Uh U)= {06@;((7,-): 9"(9?((7:')9@1(Ui)}
and
‘@(f&g):m *@(UU Ul)

The sheaf-theoretic definition of 2(¥, &) is independent of the choice of
open affine cover. The 2(¥)-2 (¥ )-bimodule 2(%, &) is defined similarly
and the details may be found in Section 2.

0.3. Any attempt to generalise the methods of [SS] to an arbitrary pro-
jective curve & soon runs into difficulties. The problem is that 25 may not
have many global sections; indeed if # is a smooth projective curve of
genus at least two then it is an easy consequence of the Riemann-Roch
Theorem that 2(&') consists merely of the constant functions k, while if &
has genus one then 9(4 )= k[6]. It follows from [Mn]—see in particular
[Mn, Theorem D and Corollary 1.11 ]—that 2(¥') is similarly small when
Z has genus at least one.

0.4. Thus in this paper we shall restrict attention to a singular, rational,
projective curve &' ; so £ now has normalisation the projective line P! with
normalisation map n: P' — Z. In this case the problems mentioned above
do not arise since 2(P') is an infinite-dimensional, primitive k-algebra.
Indeed, it is an easy exercise to show that 2(P') = U(sl,(k))/(£2), where 2
is the Casimir element. Furthermore, it is not difficult to show that
2(P', &) is a non-zero one-sided ideal of both 2(P!) and 2(&), and this
allows one to transfer basic properties of 2(P') to 2(&). In this way, one
proves the following result (see Theorem 2.4).

THEOREM A. Let & be a rational projective curve. Then

(2) D(X) is a Noetherian domain of left and right (Gabriel-
Rentschler) Krull dimension one.
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(b) D(&) is a finitely generated k-algebra.

(¢) Endg 4, M is a finite-dimensional k-vector space for every 2(¥')-
module M of finite length.

(d) 2(X) has a unique, minimal non-zero ideal J(¥). Moreover
F(Z)=2(X)/J(X) is a finite-dimensional k-vector space.

0.5. If % is an affine curve then one of the significant results from
[SS] is that @(%) is simple and Morita equivalent to 2(%) if (and only
if) the normalisation map n: % — % is injective. For a rational projective
curve no such result is possible as one has the following result (see
Proposition 2.10 and Theorem 3.19(a)).

PrROPOSITION B. Let & be a singular, rational projective curve. Then
D(X) is not Morita equivalent to 2(P").

If m: & > & is not injective then this proposition follows fairly easily
from the analogous result for affine curves (see Section 2). However, if n is
injective the reason is much more subtle and is intimately related to the
next result (see Proposition 3.4).

ProposiTiON B'.  If & is a singular, rational projective curve, then the
global sections functor I'(¥, —): D,-mod — Z(X )-meod is not exact.

0.6. For the rest of this introduction (and for the bulk of the paper)
assume that the normalisation map n:P' > & is injective. In order to
explain the connection between Propositions B and B’, we need to recall
the famous equivalence of categories of Beilinson and Bernstein [BB].
In the very special case of P!, this theorem states that every sheaf in
9p1-mod is generated by its global sections and that the global sections
functor I'(P',_): Dpi-mod » P(P')-mod is exact. In other words the
functor I'(P', _) makes the categories 2,.-mod and 2(P')-mod equivalent.
The inverse functor is sheafification: 2, ® _.

In order to relate this result to the structure of 2(% )-mod, we use the
fact that the categories Z,.-mod and 2,-mod are equivalent via the natural
functors (see Section 3 or [SS, Sect. 6]). These two results imply that the
following diagram is commutative.

Dy-mod D pi-mod
Dy ® — I .@pl®_I (T)
(& ymod — 222, 5(Pt)-mod

Heuristically, if 2(%) were Morita equivalent to 2(P'), then that
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equivalence would have to be via the module (%, P'). But, by (1), this
would imply an equivalence of categories between Z(Z )-mod and & ,-mod,
contradicting Proposition B’.

In order to justify this heuristic argument, one needs a detailed under-
standing of the bimodules P= (¥, P!) and Q@ =2(P', ) and this is
given in Sections 3 and 4 of this paper. It is shown there that Q is
a progenerator as a right 2(P')-module and that Q =~ P* =
Hom i (P, 2(P')). On the other hand,

P(Z)=End 1, P< S(Z)=End Q.

Thus, if 2(Z) were Morita equivalent to Z(P'), then it would be a
maximal order and so equal to S(Z). Thus, any Morita equivalence would
indeed have to be via Q and P.

0.7. These detailed results about P and Q allow one to turn (1) into an
effective dictionary between modules and sheaves. This dictionary easily
implies the first four parts of the following result proved in 3.15 (the final
part of the theorem is rather more subtle and we will discuss its proof later
in the Introduction).

THEOREM C. (a) The localisation functor 2, ® _ is exact (equivalently,
P is a projective right 2(X )-module).
(b) Every sheaf in @,-mod is generated by its global sections (equiv-
alently, ,pi\P is a generator).

(c) The funcior 2, ®_ makes 9,-mod into a quotient category of
2(¥ )-mod.

(d) If U is an open affine subset of &, then Z,(U) is a flat right
D(X )-module.

(e) H'Z.C,) is a simple left D(X)-module. Moreover, the only
(I y-modules killed by 9, ® _ are direct sums of copies of H'(Z, Oy).

This theorem should be regarded as saying that the only part of the
Beilinson—Bernstein equivalence of categories that fails to hold for % is the
exactness of I'(Z, ).

0.8. The second consequence of the detailed description of P and Q is
that it allows one to give a complete description of the structure of 2(%').
For, it is easy to see that the minimal non-zero ideal J(¥') of 2(%) is
nothing more than the unique non-zero ideal of S(2') = End ;1,(Q). Thus,
if m is the non-zero ideal of 2(P"'), then

DX)/J(X)= F= {0 End Q*/mQ*: 6(P/mQ*)< P/mQ*)}
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and this provides 2(&') with the structure of a pull-back:
2T)—— SF)
j | ®)
F  —— S(I)/IT)

This allows us to almost completely characterise the properties of 2(%')
(see Subsections 4.4-4.10 and Corollary 7.13).

THEOREM D. (a) Let t be the aithmetic genus of . Then

Mk) k®

SZ(E{)/J(B%”);( 0 X

)C M, (k)= S(Z)I(X).

(b) IfIand L are the ideals of 9(X') defined by

M (k) k©
0o o)

0 KW

I/J(E[)=<0 f

) and LIJ(¥)= (
then H'(Z, Cy) is a simple left 2(Z)/I-module, while H(Z, C,) is a simple
left 2(X)/L-module.

(c) 2(Z) has global dimension two.
(d) K{2(Z)N)=K.(k)® K (k)® K(k) for all i=0.

In Theorem 7.10 we prove that, ironically, one cannot replace P', in
Proposition B, by any other curve with injective normalisation P'.

TueorReM E. If & and % are singular, projective, rational curves with
injective normalisation maps then 2(X) and (%) are Morita equivalent.
This equivalence is via the natural functor X%, ¥)® _ and sends H'(Z, O;)
to H'(%, 0,).

0.9. The proof that H'(Z, 0, ) is simple is rather roundabout but in out-
line is as follows. First, we show in Section 6 that any two pull-backs of the
form described in (}) are Morita equivalent. In Section 7, we use this to
prove Theorem E. Finally, as is observed in Section 5, H'(%), Oy,) is
one-dimensional for the plane cuspidal cubic curve, Z,. Thus Theorem E
implies that H'(%, ¢,) is simple for any curve Z. This then allows one to
determine the kernel of 2, ® _ in Theorem C and to show that the value
of the integer ¢ in Theorem D (which is the only part of that resuit that
does not follow easily from (})) is actually the arithmetic genus.

It is perhaps worth remarking that Section 5 also gives a direct, elemen-
tary description of the various objects 2(%), 2(P', ), S(¥), etc., in the
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case when & =%|. Thus the reader may prefer to read this section before
studying the gencral results of Sections 2—4.

0.10. Section 8 is devoted to the study of the associated graded ring of
P(Z'). The main result is:

THEOREM F. (a) gr 2(X)<gr 2(P') when Z(X) and 2(P') are given
the natural filtration by order of differential operator.
(b) gr 2(P')/gr 2(X) is a finite-dimensional k-vector space.
(c) gr (&) is an affine, Noetherian, commutative domain.

In Section 9 some twisted rings of differential operators on Z are studied.
If & is an invertible sheaf on Z then one defines the sheaf of differential
operators with coefficients in ¥ to be 2, =¥ ® 2, ® £ '. Denote by
2,(Z) the global sections of this sheaf It is shown in Section9 that
Theorem A also holds for Z.(%). However, the main result is:

THEOREM G. (a) 2,(X) is Morita equivalent to one of the rings 2(P"),
G(X), or U(sl,)/(2 + 1). Moreover, all these possibilities can occur.

(b) If & is generated by global sections and H' (¥, £)=0 then
D X)) is Morita equivalent to D(P'). Further, the global sections functor
provides an equivalence of categories between 2 ,-mod and 9 (% )-mod, and
(%, Z) is a simple D (X )-module.

0.11. This research was conducted as part of the SERC Grant
GR/E25511 and the first author thanks the SERC for financial support via
a Research Assistantship.

1. OrDERS EQUIVALENT TO 2(P!)

L.1. In [RS] the authors show that orders equivalent to the first Weyl
algebra A4, inherit many of the nice properties of A, in particular they are
finitely generated Noetherian domains. This formed one of the main steps
of the proof given in [SS, Mu] that 2(Z), for & an affine curve, is a
finitely generated Noetherian domain. When & is a rational projective
curve the role of 4, is taken by the ring 2(P') and so one needs to under-
stand the structure of orders equivalent to this ring. That is the aim of this
section. In effect the results and proofs of this section are very similar to
those of [RS] except that one continually has to cope with the extra com-
plications arising from the fact that 2(P') has a finite-dimensional module
and that this module has homological dimension greater than 1.



DIFFERENTIAL OPERATORS ON CURVES 183

1.2. Given an Ore domain R, write Quot(R) for its quotient division
ring. A second subring S of Quot(R) is an order equivalent to R if there
exist non-zero elements a, b, ¢, d€ Quot(R) such that aRb< S and ¢Sd< R.
The ring R is a maximal order in Quot(R) if it is equivalent to no order
S with Rg S. A finitely generated (right) R-submodule of Quot(R) is called
a fractional (right) R-ideal. Given a fractional right (left) R-ideal I we will
identify Hom 4(Z, R) with

I* =(Ig)*={6eQuot(R): I R}
respectively
(rD)* = {0€Quot(R): I8 < R}.

The module I is called reflexive if I=I**. Similarly, End(I;) will be iden-
tified with O(Iz)= {6 e Quot(R): #I<I}. As usual, the subscript will be
dropped if it is clear from the context. Note that O([) is a natural example
of an order equivalent to R.

1.3. There are a number of elementary properties of orders that will be
used frequently, usually without comment, in the sequel. For the reader’s
convenience we now state the ones that will be used most frequently.
Throughout R will denote an Ore domain with quotient division ring
Quot(R) and I will be a fractional right R-ideal.

(@) (Ir)* = (gnanD*

(b) If I, is projective then [ is certainly reflexive. The converse holds
if R has global dimension <2, written gldim R<2 (see [Ba, Proposi-
tion 5.27).

(c) If I is projective then, by the dual basis lemma, 1eI/* and
hence g4/ 1s @ generator; that is, End(J) = I(g,q40)*-

(d) If Ris a maximal order and [ is reflexive, then End() is also a
maximal order (see [ MR, Proposition 5.1.11, p. 136]).

(e) Suppose that R is a maximal order and that .S is an order equiv-
alent to R If I is a fractional left S-ideal such that R= O( /) then
R=0(I). In particular, if J is a fractional right R-ideal, then R=End
(O(.I)J) and (Jz)* = (gnand)*.

(f) If Ris a maximal order and ¢,/ is a generator then I is projec-
tive. (Use (e).)

(g) If R has a unique minimal non-zero ideal m and [/ is projective
then O(I) has a unique minimal non-zero ideal /m/*. If R has only finitely
many non-zero ideals then O(/) has no more ideals than R and one has
equality if and only if I, is a progenerator. (Use the fact that II* = O(]).
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Thus X+ I*XT gives an injective map from the lattice of ideals of O(/) to
the lattice of ideals of R contained in Trace(/)=T7*I)

We leave the (routine) verification of the results stated above as an
exercise to the reader.

1.4. The properties of a ring that interest us are the following:

l4(a) R is a Noetherian domain of left and right
(Gabriel-Rentschler) Krull dimension one.

1.4(b) R contains a central subfield & and is a finitely generated
k-algebra.

1.4(c) Endg(M) is a finite-dimensional k-vector space for every
R-module M of finite length.

1.4(d) For every non-zero (left or right) ideal J of R, J**/J is finite-
dimensional over k.

1.4(e) R has a unique, minimal non-zero ideal K. Moreover R/K is
finite-dimensional.

1.5. The point behind the properties given in (1.4) is, of course, that we
intend to show that they are satisfied whenever R=2(Z') for a rational,
projective curve 2. We begin by showing that these properties are satisfied
by 2(P'). As remarked in the Introduction, 2(P') is isomorphic to an
appropriate factor ring of the enveloping algebra U(sl,(k)) and so the
desired result follows from the next lemma.

LEMMA. Let R be an infinite-dimensional, primitive factor ring of
U(sly(k)). Then R satisfies the properties (1.4) and, moreover, is a maximal
order.

Proof. That R has Krull dimension one is proved in [Sm], while the
rest of 1.4(a),(b), (c), and (e¢) are standard (see, for example, [Di] or
[St, Sect. 1]). That R is a maximal order is proved in [St, Lemma 3.1].
Thus it remains to prove 1.4(d). Since this fact is presumably well known
(and the proof closely resembles that of [St, Theorem 2.6]) some of the
details will be left to the reader.

Let
0 1 1 0 00
(o 0) *=lo-1) 7=(i o)
be the standard basis elements for sl, and write 2 = A(h—2) + 4ef for the

Casimir element. We will identify e, f, and k& with their images in R; thus
2—-2=0in R, for some Aeck. Let J be a right ideal of R such that J**/J
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is infinite-dimensional and set K=J** Set ¥ ={¢"} and ¥ ={f"} <R
Since e and f act ad-nilpotently on U(sl,) it follows easily that € and &
are Ore sets in R. Moreover, R, and R, are both isomorphic to localisa-
tions of 4, and hence are hereditary. Now an elementary exercise shows
that (J*), = (J,)* and hence that K= (J,)**. Since R, is hereditary this
forces K, =J, and, similarly, K, =J,. Now, by 1.4(a), there exist right
ideals J=J,gJ, =K such that J,/J, is an infinite-dimensional simple
module. Thus (J,)4 = (J,),. Thus we may pick xe€ J,\J, such that xee J,.
However, one also has xf"eJ, for some integer n and, as Q—Ai=0,
x(h(h—2)—2)e J,. It follows that J,/J, = xR+ J,/J, is finite-dimensional,
a contradiction.

Remark. Combined with [St, Proposition 3.5], the above lemma shows
that U= U(sl,)/(2+ 1) is a simple ring of infinite global homological
dimension in which every right ideal is reflexive. It is amusing to note that
every right ideal of U is either projective or has infinite homological dimen-
sion.

1.6. The following observation will be used repeatedly and without par-
ticular comment. Let 4 be a k-algebra, I = J right ideals of 4 such that J/I
is finite-dimensional and X a finitely generated left A-module. Then JK/IK
is a homomorphic image of J/I® , A", for some integer n, and hence is
finite-dimensional.

LEMMA. Let R be a ring satisfying properties (1.4) and assume that R is
a maximal order in Quot(R). Let P be a projective, fractional right ideal of
R. Then S =End(P) is also a maximal order satisfying (1.4).

Proof. The fact that S is a maximal order follows from 1.3(d) while S
is finitely generated over k by [MS, Corollary 1]. By the dual basis lemma,
S'=PP* and so _® P provides an injective map from the lattice of right
ideals of S to the lattice of R-submodules of P. This immediately shows
that property 1.4(a) holds for S while 1.4(¢) follows from 1.3(g). If M is a
right S-module of finite length then M ® P is torsion and hence of finite
length as a right R-module. If 8 € End (M), with 6 #0, then 6 induces an
endomorphism f® 1 € End ,(M ® P). Tensoring again with P* shows that
0 ® 1 is non-zero. Thus

dim, End (M) <dim, End x(M ® P) < 0.

Finally, suppose that J is a right ideal of S for which J**/J is infinite-
dimensional. Since J**/J=J**PP*/JPP*, the R-module J**P/JP must
also be infinite-dimensional. Therefore, by 1.4(d), there exists 8 € Quot(R)
such that 8JP< R but 6J**P & R Equivalently, 6J<(P)* but
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0J** ¢ P* Since (Pg)* = (sP)* by 1.3(e), this in turn forces P8J < S but
POJ** ¢ S. Since J*=J*** this is absurd. Thus (1.4) holds for right
S-modules. Interchanging the roles of P and P* shows that it also holds for
left S-modules.

1.7. We now combine the earlier results and prove

THEOREM. Let R be a primitive, infinite-dimensional factor ring of
U(sly(k)), Q a non-zero right ideal of R and T a ring for which
Q € T<End(Qg). Then T satisfies properties (1.4).

Proof. We begin with two simplifications. There is one primitive factor
ring, call it R,, of U(sl,) that has infinite homological dimension (see [St,
Proposition 3.5]). In this case R, =End(P) where S is a second primitive
factor ring of U(sl,) and P is a projective right ideal of S. If R= R, then
P<c R and so

QPcQcT<End Q= {0cQuot(R): QP < QP}=End(QPy).

Thus replacing Q by QP and R by S, if necessary, we may assume that R
has finite homological dimension, gldim R =d < c0. By [St, Theorem 2.6],
again, this implies that d<2.

Secondly, let m be the minimal non-zero ideal of R. By Lemma 1.5,
Q**/Q is finite-dimensional and so Q**m = Qm < Q. Also, End 0** <
End Q**m. But, by 1.3(d), End Q** is a maximal order and so End Q** =
End Q**m. Thus, replacing Q@ by Om, we may assume that End Q=
End Q**. Since gldim R<2, the significance of these reductions is that
Q** is projective (see 1.3(b)) and so Lemmas 1.5 and 1.6 imply that
E=End Q does satisfy (1.4).

We may now apply [RS, Proposition 1]. This implies that T is a left
Noetherian ring of left Krull dimension one and that 1.4(c) holds for left
T-modules. Let M = QT. Then

TSI (M)={0cE: MO M},

Since I(M)/M = End(E/M), this implies that 7/M is finite-dimensional.
Thus, by [RS, Proposition 2], T is a finitely generated k-algebra. Since
Q%* is projective it is clear that the minimal non-zero ideal of E is
V=0**mQ*=0mQ* Thus, if / is an ideal of T, then

I2MIM =(EQTIE)QT2VQT=VM.

Thus VM is the unique minimal non-zero ideal of 7. Moreover since E/V
and T/M are finite-dimensional, so is 7/VM. Since we will not need 1.4(d)
in the future, we leave it as an easy exercise to the reader.
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Thus the properties of (1.4) do hold for left T-modules and in order to
complete the proof, we need to show that 1.4(a) and 1.4(c) hold on the
right. To do this we use an idea from [RS]. Let M = ( _M)**. By 1.3(d),
F=End(;M) is a maximal order and so, by 1.3(e), F=End oX where
X=r[(Qg)*M]**. Thus by Lemma 1.6, F satisfies (1.4). Moreover,
VM=VM<T<End VM=F. Since VM is therefore a right ideal of F,
the earlier part of the proof may be used to show that T satisfies (1.4) on
the right.

2. GENERAL STRUCTURE OF DIFFERENTIAL OPERATORS

2.1. Let # be an affine algebraic curve with normalisation %. The basic
technique used in [SS] was to study the structure of 2(#) via the object

DY, Y)={0eD(F):0-0F)cOF)).

Now suppose that & is a singular rational projective curve, so ¥ has nor-
malisation P'. In this section we introduce and give the elementary proper-
ties of the analogous objects 2(P!, ) and 2(%, P'). These will, however,
be sufficient to prove a number of results about the general structure of
2(%); in particular to show that it is a finitely generated Noetherian
k-algebra.

2.2. We begin by fixing some notation. Unless otherwise stated & will
denote a rational, projective curve (and, as mentioned in the Introduction,
all varieties are assumed to be algebraic and irreducibie). Since & is
rational it has normalisation P' and there is a canonical morphism
n:P'> . If U is a non-empty, open, affine subset of & then U'=n"!(U)
is defined to be the open affine subset of P! with the property that ¢(T)
is the integral closure of O(U) in its field of fractions K(P')= K(¥). In this
paper U will always denote the set defined in this way. A useful fact, and
one that we will use without further reference, is that any (non-empty)
open subset U of &, with U#%, is affine (see [Ha, Exercise 1V.1.4,
p. 2981]).

Given an open affine subset U of %, define

2(0,Uy={0e2(0):0-0(0)= €(U)}

and
2(U, U)= {0e 2(K(P")): 8- 0(U) < (D)},

Observe that 9(U, U) is naturally a 2(U)-2(¥)-bimodule while 2(U, U)
is a 2(U)-2(U)-bimodule. The direct image functor n,, defined by
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(7, G )(U) = Zi U), makes T, Zpi into a sheaf of rings, quasi-coherent
as an (",-module, the (',-module action coming from the inclusion
CAU)S (M 0o U)=Cp(U). Denote by n, Z,-mod the category of
sheaves of left n, Z,-modules which are quasi-coherent ¢,-modules. The
argument of [Ha, Exercise I1.5.17] shows that n_: Z,-mod — 7, Z,.-mod
is an equivalence of categories. Denote by Z(n,0p., ¢,) the sheaf of
Z -1, Dpi-bimodules with sections 2(T, U) over U. Define the sheaf of
right Zpi-modules Z(Cp, n'0,) by 7, 2(Cp, 17 'C,)=D(n,Cpi, Oy).
Similarly 2(¢,., n,(p.) is the sheaf of n, Z,-2,-bimodules with sections
(U, U) over U and 2(n~'C,, Cy) is the sheaf of left Z,,,-modules defined
by n, Z(n 'Oy, Op) = D(Cy, 1,Cp1). We write

2(P', ¥)= (%, 2(n,Cpi, O))
and

X, PY=T(Z, (0, 1,Cp)).

Notice that 2(P!, Z) is a 2(¥)-2(P')-bimodule and that 2(Z, P') is a
2(P')-2 (% )-bimodule.
Given any open affine cover {U,} of Z, then it is easy to see that

0=2(P, )= 20, U)

i

and
P=9(Z,PYy=N2(U,, U)).
In this paper, P and Q will only be used to denote these objects.

2.3. The structure of 2(P"') is easy to determine. For, pick two points on
P!, which we may as well assume to be at 0 and oo, and take the affine
cover U, =P'"\{oc0} and U,=P'\{0}. Thus each U, is isomorphic to the
affine line A'. Taking ¢ to be a coordinate function on A'= U, we have

2(U,)=k[1, 2] for d=20o/ot
while
DU, =k[t ', 0/0(t ")) =k[t ', 1?0].
An easy computation shows that

2(PHY=2(U,)n2(U,)=k[0, 19, 1?0].
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However, it tends to be rather difficult to describe 2(Z') explicitly in this
manner and so one of the basic techniques of this paper will be to use P
and Q to transfer properties of Z(P') to 2(Z'). Their basic structure is
described by the next few results.

PROPOSITION. Z(P', &) is a non-zero right ideal of 2(P') and a left
ideal of 2(¥).

Proof. By its construction, 2(P', ¥) is a right ideal of Z(P') and a left
ideal of 2(Z) and so it only remains to prove that 2(P', Z)#0. Let
{U,, .., U,} be an open affine cover of Z and, as usual, write {U, , .., U,,}
for the corresponding cover of P!, where U,=n~'(U,) for each i. Now,
2(PL, )=, 2(U,, U,). Since 2(P"') is an Ore domain, in order to prove
that (P!, ) #0, it suffices to prove 2(U,, U)n 2(P")#£0, for each i.
Fix U= U, for some i. Observe that I = A'\ H, for some finite set of points
H, in affine 1-space A'. Thus, if 7 is a coordinate on A, then O(0U)=k[1],,
where 0 # f e k[t] defines H. As indicated earlier, 2(P"') is just the subring
k[0, 1, r?0] of 2(A')=k[t,8]. Now 2(U, U) contains the conductor
ann,,,(0(0)/0(U)) and so there exists ge k[1]n 2(U, U) with g #0. The
identity

P oPTT = (1P 0F) 0'=<p1_[l (tﬁ—i)> e 2(P'),

i=0

for _any integers p and r, ensures that gé"e 2(P') for r=deg g. Thus
(U, Uyn 2(P') #0; as required.

2.4. The first main result is an easy consequence of Proposition 2.3.

THEOREM A. Let X be a rational, projective curve. Then
(1) 2(%) is a Noetherian domain of left and right Krull dimension
one.
(b) 2(&) is a finitely generated k-algebra.

(c) If M is a D(Z)-module of finite length, then End 4, M is a finite-
dimensional k-vector space.

(d) 2(X) has a unique, minimal non-zero ideal, J=J(Z ). Moreover
F(X)=2(X)/J(X) is finite-dimensional over k.

Proof. By Proposition 2.3, 2(P!, &) is a non-zero right ideal of 2(P!)
for which

2(P', ¥) S 2(X) SEnd 5 p1, D(P, T).

Now apply Theorem 1.7.
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One question raised by Theorem A is: What is the structure of
Z(X)/J(Z)? In Sections 4 and 7 we will completely answer this question in
the case when the normalisation map n: P! — 7 is injective.

2.5. COROLLARY. Let & be a rational, projective curve. Then

(i) 2(P',Z) is a finitely generated, non-zero right ideal of 2(P")
and a finitely generated left ideal of Z(X).
(i) 2(Z, P') is a finitely generated, non-zero, fractional right G(X)-
ideal and a finitely generated, fractional left Z(P')-ideal.
(i) 2(P,, X)<S (g2, PHY]* N [2(X, PYY ) 1* and

DX, PYS [0 2P, )] A [2(PY, ) o 1%

Proof. Since 2(¥) and Z(P') are Noetherian, part (i) is immediate
from Proposition 2.3. Pick an open affine cover {U,,.., U, } of & with
corresponding cover {U,, .., U,,} for P'. Then

X, PYZP, )\ 2U,T) 20, U)c N\ 2(T)=2(P"). (2.5.1)

Similarly, Z2(P', Z) 2(Z, P')< 2(Z). Thus, if g is any non-zero element
of (P!, &), then as left modules

X, PY=2(Z, PYgcs 2(P").
Thus 2(Z, P') is a finitely generated left 2(P')-module. Similarly,
DX, P )= qd (X, Py 2(X)

and so, by Theorem 2.4, 2(Z,P') is a finitely generated right 2(Z)-
module. Finally, as 2(Z, P')22(Z)+ 2(P'), it is certainly non-zero.
This proves part (ii). Part (iii) is an immediate consequence of (2.5.1) and
the sentence thereafter.

2.6. In [SS] the module Z(#, %) for % an affine curve with normalisa-
tion ¥, was used extensively to understand the structure of 2D (¥). For a
rational, projective curve &, the corresponding module 2(P!, &) will again
play a significant role, but its properties are much more subtle and so we
will also need to use 2(&, P') far more than @(%, %) was used in [SS].
The reason for this is that Z(P') is no longer hereditary and so the ques-
tion of when 2(P', ) and 2(Z, P') are projective becomes subtle and
important. For example, the main theorem of the next section shows that
when n is injective (but % is singular) 2(Z, P') is not projective yet

2(¥)=End g, (%, P') g End o1, D(P', T).
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In contrast, if % is an affine curve for wl}jch > is injective then
9(@)=Endgw~)g(@,@):Endg(@, DY, %).

2.7. Consider 2(P"'). As has been seen in this, and the last, section there
are two convenient representations of 2(P'), either as

D(PYY=k[d, 3, P8 = A, =k[¢, 8] (2.7.1)

with maximal ideal m=02(P') + t02(P') + 202(P"), or as the factor
U(sl,(k))/(82) of the enveloping algebra of sl,. If e, f, & are the generators
of sl, described in (1.5) then the equivalence of the two representations is
obtained by setting

e=0, h= —210, and  f=—+1%.

In this paper we will have occasion to consider various specific right ideals
of 2(P"). The basic facts we require are contained in the next lemma.

LEMMA. Write 2(P') as in (2.7.1), and set
W=(6—1)D(P)+202(P") and V=109(P")+ FoD(P").
Then

(i) M=2(PYW is a simple right 2(P')-module.

(i) As a right 2(P')-module, N=A,/tA,=2(P')/V is a non-split
module of length two. It has socle N,=(02(P')+1tA4,)/tA,=M while
N/N, = 9(P")/m.

(i) (224, + (10— 1)4,)n D(PY) = W.

(iv) t4,n2(PYHY=V.

Proof. We begin with (iv). Certainly t4, n 2(P')2 V. Now, by (2.7.1)
Z(PY)Y=k[0]® (102(P") + 202(P')) (2.7.2)

and so, if the above containment is strict, 14, N Z(P)~k[d] #0. This is
clearly absurd and so (iv) is proven. Now consider part (ii). Since
A JtA, =14+ k[0]/tA,=D(P')+tA[tA, certainly as right P(P')-
modules A4,/t4, = 2(P')/V. By (2.7.2), 2(P')/V=k[d], as a right k[3]-
module. Thus any proper factor module of Z(P!)/V (over either 2(P') or
k[8]) must be finite-dimensional. But the only finite-dimensional factor of
2(P') is 2(P')/m=k. Since m2 V, this forces 2(P')/V to have length
two, corresponding to the chain

Vem=02(P')+ V< 2(P).
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Clearly m +1A4,/t4, = N,. Moreover, if N were a split module, then it
would have to have a finite-dimensional submodule; a contradiction. Thus
N, =Soc(N).

Next, consider the simple module m/V=d2(P")/02(P')n V. Now
td—1)=1t3"eV and @&(+’6)=td(1¢+ 1)e V. Consequently, the right
annihilator, Z = r-ann(é + V/V) contains W = (10 — 1) @(P') + (£*¢) 2(P").
The argument of the last paragraph shows that every proper factor module
of 2(P')/W is finite-dimensional. Since m/V=2(P')/Z is an infinite-
dimensional, simple module, this therefore implies that W= Z. Thus W is
a maximal right ideal of 2(P'). This completes the proof of (ii) and (i).

Finally, X =14, + (¢t — 1) A, is a proper right ideal of 4, and certainly
XN 2(P')2 W. The maximality of W therefore forces X n 2(P')= W.

An alternative proof to part (ii) of the above lemma is to note that
2(P")/V is a Verma module for U(sl,(k)). Since this module is trans-
parently not simple, standard theory says that it has length two with socle
m/V. Similarly, M is a Verma module which, since W & m, must be the
simple Verma module. However, the details of this approach take almost
as long as the elementary proof given above.

2.8. For the rest of this section we will consider the case when the nor-
malisation map n: P' — % is not injective and show that, in this case,
2(X) is not a maximal order. Unfortunately this does not seem to follow
easily from the corresponding result proved in [SS, Theorem 3.7] for affine
curves; a point we will return to in Remark 2.11.

LEMMA. Let & be a rational, projective curve such that n: P' —» X is not
injective. Then, for an appropriate choice of coordinate function t, one has

(P, XY (1> — 1) 02(P') = D(P') = k[8, 10, £20].

Proof. By deleting one smooth point from Z and its (single) preimage
in P!, one obtains an open affine subset, U of %, such that
U=n"Y(U)=A'. By an appropriate choice of the coordinate function ¢,
we may assume that n(0)=rn(1). Thus,

O(U) Sk + (1 — 1)k[1] < O(T) = k[ 1].
By [SS, Proposition 4.4(a)], 2(U, U)< (£ — t)k[t, 8]. Thus, 2(P!, &)<
2(PY) (2 —t)k[t, 3] and it suffices to prove
29. SUBLEMMA. Z(P')n (2 —1)k[¢t, 8] = (1> —t) 0D(P").

Proof. Clearly Z=(1*—1)02(P')c X=2(P")n (£*—t)k[t, 0]. Now
certainly
X<so2(P')n(1—1)k[:,d]1=Y.
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Moreover (after the change of variable ¢+— ¢+ 1), Lemma 2.7(iv) implies
that Y=(t—1)02(P')+ (1—1)*02(P'). Since (t—1)0de Y\X, certainly
Y # X. Now consider Z. Then

Y/Z=(02(P')+ (t— 1) d2(P"))/102(P")
=(02(P") + t02(P"))/102(P")

and hence Y/Z is a homomorphic image of 2(P')/(t0—1)2(P') +
t?02(P')= M. But, by Lemma 2.7(i), M is simple. Since Y # X, this forces
X =Z, as required.

2.10. ProPOSITION. Let & be a rational, projective curve such that
n: P! > & is not injective. Then (%) is not a maximal order. In particular,
() is not a simple ring and is not Morita equivalent to 2(P").

Proof. Suppose that Z(Z’) is a maximal order and set Q = 2(P', &)
and P=2(Z, P'). Throughout the proof L* will stand for the dual of L,
as a 2(P!)-module. From the chain

Q**m c Q o= @(,%”) = Endg(pl) Q
€ Endp1,(Q**) = End(Q**m)

one obtains that 2(Z)=End Q =End(Q**). Since gldim 2(P')=2 (see
[St, Theorem 2.6]), Q** is a projective right ideal of 2(P'). Thus
2(X)=End Q**=Q**Q* by the dual basis lemma. Moreover, by
(1.3)(g), the unique minimal, non-zero ideal of 2(¥) is just O**mQ*. Now
consider Q**P. Since this is an ideal of 2(¥'), certainly Q**P > @Q**mQ*.
Thus Q*Q**P 2 Q*Q**mQ*. Now Q*Q** is an ideal of Z(P'), and so
either Q*Q**=2(P') or Q*Q**=m. Since m>=m, both possibilities
force P2mP=mQ* By Lemma 2.8, Q = (£ —1) 02(P"'). Thus

PomQ*2o2m2(PY)o (> —t) 1200 (P —t) ' =(*—1)"L

But now let U be the open affine subset of 4 defined in Lemma 2.8. Then
P=9(%,P')c2(U, U) and so

k[t1=0(0)2P-0(U)a (P —t) " {(1)=(*=1)" Y

a contradiction.

2.11. Remark. Let & be as in Proposition 2.10 and U be the open affine
subset defined by Lemma 2.8. Then [SS, Theorem 3.7] proves that Z(U) is
not a maximal order and it is tempting to suppose that this fact should
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quickly imply that 2(%) is not a maximal order. This seems not to be the
case. For example, consider the idealizer

R=I(k[t,d]¢)=k+ k[, 2]0,

which is certainly not a maximal order. Then, clearly R contains the maxi-
mal order Z2(P'). Note that this example is very similar to the situation
that occurs for the simple node. Indeed, if  is the nodal curve in P?, then
(with U as above) O(U) =k + (1> — 0)k{t] < k[t]= O(T). Thus

QU)=k +(1* —t)k[t,8] < 1((£2 — t)k[1, 2])
(see [SS, Proposition 4.4(b)]). It follows easily from Sublemma 2.9 that
DX)=k+ 2P, X)=k+(*—1)0D(P")=2(U)n 2(P").

The description of 2(¥'), for the plane nodal curve, was first obtained by
I. Musson. We would like to thank him for communicating his computa-
tions to us as they suggested the approach of Lemma 2.8.

3. CURVES WITH INJECTIVE NORMALISATION MAP

3.1. In this section & will always stand for a projective curve with nor-
malisation map n:P' > %. The aims of this section are to complete the
proof of Proposition B of the Introduction, by showing that Z(&) is not
Morita equivalent to 2(P'), and to investigate the relationship between
the categories Z,-mod and 2(Z )-med. To do this will require a detailed
analysis of the modules 2(Z, P') and 2(P!, ). As in Section 2, we will
usually write P=2(%Z, P') and Q = 2(P!, ).

3.2. If U is an open affine subset of & and U =n~'(U) then, thanks to
[SS1, the structure of @(U) and (U, U), etc., is well understood. The
following special case of Beilinson and Bernstein’s famous theorem allows
us to pull some of this information down to 2(%).

THEOREM. (i) There is an equivalence of categories between 9-mod and
D(P')-mod, the category of left D(P')-modules. This is provided by the
mutually inverse functors

MoT(P, M) and M Z,Q0M

Jor M € Dpi-mod and M e D(P')-mod. Moreover, these functors restrict to
give an equivalence between the category of coherent Dpi-modules and that
of finitely generated 2(P')-modules.



DIFFERENTIAL OPERATORS ON CURVES 195

(i) Let {U,,..,T,)} be an open affine cover of P'. Then ®2(U,) is
a faithfully flat right 2(P')-module.

Proof. Part (i) is a special case of [BB]. That part (ii) is a consequence
of (i) is observed in [HS].

3.3. By construction, 2(Z, P')= (P!, 2(n 'O, Op\)). If U is an open
affine subset of Z and U =n"'(U) the corresponding subset of P!, then

N0, 2(n='0,, G))=[(U, 2(Cy, n,0:1))=2(U, ).

Thus our next result is an immediate consequence of Theorem 3.2.

COROLLARY. Let ¥ be a rational, projective curve with normalisation
map n:P' > . If U is an open affine subset of ¥ with 1= (U)= U then
20)2(x, P"Yy=2(U, D).

3.4. The structure of 2(Z’) would be easy to determine if Theorem 3.2
also held with P! replaced by Z. Unfortunately it is easy to see that this
cannot be the case.

PROPOSITION. Let % be any projective curve (not necessarily rational)
such that ¥ is not isomorphic to P'. Then I'(¥, _) is not an exact functor
from Z,-med to 2(%-mod.

Proof. The key point is that, by [Ha, Exercise IV.1.8 and Exercise
111.5.3], one has HY#%, @,) # 0. Now, (), is certainly a coherent
9,-module, while the constant sheaf K(%), of rational functions on %, is
a 9,-module which is quasi-coherent as an @p-module. Thus, as K(#) is
flasque, H'(%, K(%))=0. Therefore, on applying I'(#,_) to the exact
sequence in Z,-mod

0o 0, > K(%)—> K(¥)/0, — 0,
one obtains the exact sequence
0-k—>K®#)->T'%, K(Y)/0,) > H' (¥, 0y)— 0. (3.4.1)

Since HY(%, 0,) #0, this implies that I'(#¥, _) is not exact.

Remark. Observe that the sequence (3.4.1) gives H' (%, 0,) the
structure of a 2(#)-module. This module will play an important role in
understanding the structure of 2(%).

The following alternative description of the 2(% )-module structure on
HYZ, 0,) will prove useful. Let = {U,, U,} be an open affine cover of
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Z. Then it follows from the construction of [Ha, Lemma 4.4, p. 221] that
the natural isomorphism

H\U, C,)=0(U, nU)/CU,)+ (U, = HU(Z, €)

is a (¥ )-module map.

3.5. For the rest of this section, ¥ will denote a rational, projective curve
for which the normalisation map n:P' — X is injective.

Ironically, given this assumption, Proposition 3.4 gives the only signifi-
cant way in which Theorem 3.2 fails to hold for 2,-mod (see, in particular
Theorem 3.15). One reason for this is that, by [SS, Sect. 6], there is an
equivalence of categories between Z,-mod and Z,-mod. As a consequence,
one has the following method for factoring the functor 2, ®, 4, -

PROPOSITION. Let P = 2(Z, P') and write 2 = Z(n,0p, Uy) for
the sheaf defined in (2.2). Define a map n:n, Pp-mod — Zymod by
n=2Q,_ g@e._- Then the following diagram commutes

P@agix).

(X )-mod —  Z(P')-mod
@s @0 l l P (3.5.1)

@y-mod <T—7'E* @pl-mod 4—’[‘— @pl-mod
Moreover, the three maps Dp1® 41, » T, and n are all equivalences of

categories.

Proof. As usual, let U be an open affine subset of & and set
U=n"'(U). Then, as in (3.3),

70 (o1 ® oty P) =T D1 'O, Opt) = D(Op, T, Op1)

is the sheaf of left =, Z,-modules with sections 2(U, U) over U. Thus,
2@ 7, (P ® P) is the sheaf of left 9,-modules with sections

U, 20 7,(2p® P)=2(U, U)® 4, 2(U, U)=2(U),

where the final equality follows from [SS, Proposition 3.14]. Thus, as U
was an arbitrary, open affine subset of &, we have proved that

2 R, g Ty (D5 Qgpt) P)®oiz). =Dy Oaa)_»

as is required to show that (3.5.1) commutes.
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That the maps Zp: ® 51, and 7, are equivalences of categories, follows
from Theorem 3.2 and (2.2), respectively. Finally, [SS, Sect. 6.1] shows
that the mutually inverse functors 2(n,0p, Op) ® — and Z(Cy, 1,0, ) ® -
give an equivalence between 7, Z,,i-mod and 2,-mod.

3.6. It is clear from Proposition 3.5 that one needs to understand
2(%, P') in terms of the sheaf-theoretic data, and much of this section will
be devoted to obtaining such an understanding. The following abstract
result will prove useful.

LEMMA. Ler {R;: jeJ} be a finite set of Noetherian domains. Suppose
further that R=\,_, R; is Noetherian with Quot(R) = Quot(R;), for each j.

(a) If M is a fractional left R-ideal with M =(\,_, R; M then

jes &
End (M) = () Endg (R; M).
jeJ
(b) Suppose that each R; is flat as a right R-module. If N is a fractional
right R-ideal then R; N* = (NRjR,)*, for each j.

Proof. (a) As usual, identify Endgx M with O(M)= {gec Quot(R):
Mgc M} and Endg (R; M) with O(gR; M). Then, clearly End; M <
N End(R; M). Conversely, if g€ Quot(R) is such that R, Mg< R; M, for
each j, then Mg R, M =M.

(b) If A and B are fractional left R-ideals, then the obvious
homomorphisms make

0-ANB—-APB->A+B-0

into an exact sequence. Since R;® — is exact, R,(AnB)=R,AnR;B. In
particular, the obvious induction implies that R(N\;_, Ra;)=);_, R;q,
for any a,€ Quot(R) and jeJ. Now if N=3!_ | n;R for some n;€ Quot(R)
then N*=(\!_, Rn;'. Combined with the above observation, this implies
that

*
R;N*=(\Ryn;'= {Z niRj}R_= {NRIRJ}*'
i i J
3.7. The following results from [SS] will be used frequently.

PROPOSITION. Let U be an affine curve such that the normalisation map
n: U > U is injective. Then
(i) 2(U, U)=2(0, U)*, as a module over both 2(U) and 2(0).
(it) Similarly, 2(U, U)y=2(U, U)* as a module over either ring.
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(i) 2(U) = Endg ., 2(U,U) and 2(U) = End 2(U, U) ¢,
Moreover 2(U ) and 2(U) are Morita equivalent.

(iv) Let V be a second affine curve ( possibly V = U), such that V has
injective normalisation map p: U — V, and set

2(U, V)= {0e D(K(U)): 8- C(U) S O(V)}.

Then 2(U, V)=2(U, V) 2(U, O). Thus [ g, 2(U, V)1*=2(V, U).
(v) 2, V)®CU)=2(U, V)-0(U)=0(V).

Proof. Only parts (iv) and (v) are not explicitly in [SS]. Certainly,
U, Vy=22(0, vy2(U, U). Conversely, 2V, 0)a(U, V)yc 2(U, )
and so, by pre-multiplying by 2(U, V), one obtains Z(U, V) =
(0, vyaV, U)2(U, V)= 2(0, V) 2(U, U). In order to prove (v), recall
from [SS, Remark 4.2 and Proposition 3.3] that ¢(U) is a simple left
2(U)-module and Z(U, V) O(U)=@(V). Since 2(U, V) is a projective
right 2(U)-module, 2(U, V)® ¢(U) is also simple. Since the multiplica-
tion map u:2(U, V)®O(U)—- 2Z(U, V) (U) is certainly onto, this
implies that g must be an isomorphism.

3.8. COROLLARY. Let & be a rational, projective curve such that the
normalisation map n: P' —» X is injective. Then

(i) 2(Z)=End,p, 2(Z, P").

(i) 2(P, &)= Low) 2(Z, P')]1* and is a projective right ideal of
2(P').

Proof. As usual, write P=2(Z, P') and Q =2(P', Z). Pick an open
affine cover {U;} for & and set U;=n""(U,), for each i. Then Lemma 3.6
and Corollary 3.3 combine to prove that

Endg g, P=()Endg g, 2(0)P=)Endyy, 2(U,, U).

But for each i m|; is injective, and so, by Proposition 3.7,
Endg, g, 2(U,, U,)=2(U,). Thus End P=92(Z) and part (i) is proven.

By Corollary 2.5(iii), Q< (yp)P)* Conversely, if geP* then
Pgc 9(P') and so 2(U,)Pq<2(U,), for each i. Thus, Corollary 3.3
implies that 2(U,, U,)q< 2(U,) and so qe 2(U,, U,), by Proposition 3.7
again. Thus, ge () 2(U,, U;)=Q; thereby proving that Q= P* Thus,
Q is reflexive as a right 2(P')-module which, since gldim 2(P')=2, is
equivalent to @, 1, being projective.

Remark. Variants of this result will be used elsewhere in the paper.
Unfortunately, any result, sufficiently general that it covers all the applica-
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tions, is too cumbersome to be useful. Thus we will content ourselves with
the (somewhat vague) comment that, whenever P and Q are the global
sections of sheaves, for which the local results of Proposition 3.7 and
Corollary 3.3 hold, then the conclusion of Corollary 3.8 will also hold.

39. The aim of the next few results is to continue the study of
Q=2(P', %) and P=2(Z, P') by showing that , P is a generator and
that @, is actually a progenerator—and hence that End Q is Morita
equivalent to 2(P'). To prove these statements it will certainly suffice to
prove that Q & m, the unique, non-zero ideal of 2(P!), and this in
turn is proved through an understanding of the 2(P')-modules
2(0,, U)n 2(P"). We begin with some preparatory lemmas.

LEMMA. Write D(P')=k[0d, 8, P0] = A, =k[t, 0] for some choice of
coordinate function t. Let I be a maximal right ideal of A, such that t"€ I,
for some integer n. Then, as D(P')-modules, either Z(P')/In2(P')=
A JtA, or

DPYIND(PHY=M=2(PY)/(t0—1) Z2(P"') + 1?62(P").
Moreover, M is a simple, infinite-dimensional 2(P*)-module.
Proof. Since A,/I=~A,/tA,, one sees that
DPHYIND(PY=2(P")+ II=xD(P')+ t4,/t4,,

for some xe A,. Thus 2(P')/In 2(P') is isomorphic to a submodule of
A,/tA, and the result follows from Lemma 2.7(ii).

3.10. LeMMA. Let D(P'yc A, be as in Lemma 3.9. Suppose that J is a
right ideal of A, such that:

(a) t*eld, for some n>=1, and
(b) (t0—1)---(td—r)eJ, for some r=1.

Then 2(PY)/J A 2(P") has no subfactor isomorphic to 2(P')/m.

Proof. Recall that, by Lemma 1.5, 2(2')/K has finite length for every
non-zero right ideal K, of @(#!). Thus if K, and K, are right ideals of
PD(2") such that neither 2(2')/K, nor 2(2')/K, has 2(#')/m as a sub-
factor, then nor does 2(2')/K, n K,. But, for example, by [SS, Proposi-
tion 4.15], 4,/t"4,=(A,/tA,)"™ and A4,/tA, is a simple 4,-module. Thus,
as t"eJ, one has J=\7_, J;, for some maximal right ideals J; of 4, such
that 4,/J,~ A,/t4,, for each i. Combining these two observations means
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that we may, in proving the lemma, assume that J=J, is a maximal right
ideal of 4,. But now [/ (1@ —i)e Jn 2(#') and so Jn Z(P') £ m. Thus,
Lemma 3.9 implies that Z(2')Jn2(2')=M, an infinite-dimensional,
simple 2(2')-module.

3.11. Remark. Let 2(#')c A, be as in Lemma 3.9. Then Theorem 3.2
implies that A4, is flat as a right 2(P"')-module. However, flatness of
ey A fails in a rather dramatic way. Indeed let M be as in Lemma 3.9
and N=A,/tA,. Then 0> M — N is exact, M , .\, has length one, and
N piy has length two. In contrast, M® A, BAN®A, -0 is exact,
M® A, has length two, vet N® A, is simple.

The first sentence of the above claim is just Lemma 2.7(ii). An easy
exercise shows that M® A, =A,/(16 —1)A, + 1?04, has length two, the
proper factor module being 4,/(t6 — 1) 4, + t*4,. Similarly,

N®A = A /t0A,+P0A;=A,[tA,
is simple.

3.12. Let & be a singular, projective curve with injective normalisation
map n: P! > Z. In order to apply Lemma 3.10 to 2(P!, Z) we need to be
careful about the open affine cover that we choose for . We do it as
follows. Fix an open affine cover {U,, .., U, } of ¥ such that each U, is
either smooth or has exactly one singular point, say x,. (If U, is smooth,
set x; to be any point of U,.) As usual, set U,==n~'(U,), for 1 <i<m, and
write y, =7 '(x,). Now let ,: U, = A"\ H,, for some finite set of points H,.
We choose this isomorphism so that y,— 0. Thus, we can take a coor-
dinate ¢, on A! such that, with §,=9/dt,, one has

(i) 0(U,)=k[t],, where 0+ f;ek[1], defines H,.
(ii) me;'(0)=x;, the only possible singular point of U.,.
(iii) As 7|, is injective, O(U,) > t70(T,), for some n. It follows that

n—1
20, U)21r2(0)+ [] (1:6,—)) 2(0))

J=1
(see the proof o‘f [SS, Thcore.r_n 34]). Obierve that if U, is not singular
then @(U,;,)=0O(U,) and so 2(U,, U,)=2(U,).
3.13. LeMMA. Keep the notation of (3.12). Then 2(P')/2(P')n
(U, U,) has no subfactor isomorphic to 2(P')/m.

Proof. Since 2(PYn2(U;, U))=2(P")n (4, 2(U;, Uy,)), the propo-
sition follows immediately from Lemma 3.10 and 3.12(iii).
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3.14. We can now complete the description of the properties of P and Q
that we began in 3.8.

PROPOSITION. Let & be a singular, projective curve with injective
normalisation n: P' - . Then

(@) 5@, 2(%,P') is a generator and Z(X,P')gy, Is projective.
Indeed, 2(T, PY) 2(P', ) = D(PY).

(b) D(P', X) is a progenerative right ideal of 2(P*).

(€) DP, )= {D(X, P") g5 }*

Proof. By Corollary 3.8, Q is a projective right ideal of 2(P') while by
Corollary 2.5(iii), Q < P* and P< Q*, as modules over both 2(P') and
2(Z). Thus, to prove parts (a) and (b) of the Proposition, it suffices to
show that PQ = 2(P!).

Retain the notation of (3.12). Now,

0=N20, U=\ 2(U, U)n2(P").

Thus Lemma 3.13 and the first two sentences of the proof of Lemma 3.10
combine to show that 2(P')/Q has no subfactor isomorphic to Z(P')/m.
Therefore Q ¢ m and 2(P')Q = 2(P'). Since 2(P')< P, this suffices to
show that PQ = 9(P"').

In order to prove part (c) of the proposition, it remains to show that
Q2{Pg, }* Let ge Quot D(Z) be such that gP = P(Z). Then, by the
last paragraph, g2(P')=qPQ < Q, and so ge Q; as required.

3.15. The significance of Proposition 3.14 is that, when combined with
Proposition 3.5, it shows that “half” of the Beilinson—Bernstein equivalence
of categories (Theorem 3.2) still holds for 2(%).

THEOREM. Let & be a projective curve such that the normalisation map
n: P' > & is injective. Then:
(a) Every sheaf # € 9,-mod is generated over D, by global sections.
(b) The functor Dy ® 5y, : (X )-mod — P4 -mod is exact.
(c) 2,-mod is a quotient category of 2(%)-mod.

(d) The modules Ae D(X)mod with Dy ® 54, A=0 are precisely
those (& )-modules annihilated by 2(P', ) 2(%, P').

(€) If U is an open affine subset of &, then 2(U) is flat as a right
(X )-module.
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Remark. This proves the first four parts of Theorem C of the Intro-
duction.

Proof. Consider P, ,,. By Proposition 3.14(a), it is projective and
hence P®,, is exact. By Proposition 3.14(a), (c), and the dual basis
lemma, End,,, P=P{P 4, }*=PQ=2%(P'). Now if R is a ring and T is
a finitely generated, projective right R-module then the exact functor T®
makes End; 7-med into a quotient category of R-mod. The associated tor-
sion category consists of those R-modules annihilated by Trace(T)=T*T
(see [S, Proposition X1.8.6]). Thus, in our situation, P® _ makes 2(P')-
mod a quotient category of Z(%)-mod. Now consider the commutative
diagram (3.5.1). Since the three maps at the bottom and right of that
diagram are equivalences, we conclude that 2, ® ., is exact and that
2,-mod is a quotient category of 2(Z )-mod. This proves (b) and (c) while
(e) is an immediate consequence of (b). Part (a) is equivalent to proving
that &, is a generator in Z,-mod. (To see this, use the fact that .# is
generated by sections if and only if .# is a homomorphic image of a free
sheaf 2.) But, by Proposition 3.14(a), .1, P is a generator, and hence so
is Zy 2 2@ n,(Zpi @ P). Thus part (a) is proved. Finally, (d) follows from
observing that, by (3.5.1), 2,®.,,A=0 if and only if P®,,,4=0.
But, as we observed above, this last condition is equivalent to
Trace(P)4 =0, and Trace(P)= [P, 4 ]*P=QP.

3.16. Remark. There are now two methods of proving that 2(Z) and
2(P') are not Morita equivalent. The first is by an analysis of the 2(%)-
module H'(Z, ¢,) and will be given shortly as it contains other useful
information. The second is more direct and is, in outline, as follows.

Since 2(Z)=End, 1) P and )P is a generator, any Morita equiv-
alence forces 1, P to be projective (count ideals!). Then, by going round
the diagram (3.5.1), one finds that 2, > 2® 7, (2, ® P) is a projective
object of Z,-mod and hence Hom, (2,, )= I(Z, ) is exact. But this
contradicts Proposition 3.4.

The above argument also shows that 2(Z') is not a maximal order (use
1.3(¢) and the fact that End,,,(Q) is Morita equivalent to 2(P')).

3.17. CoROLLARY. Let & be a projective curve with injective normalisa-
tion w: P!> Z. Suppose that U is an open affine subset of ¥ and set
U=n—"Y(U). Then 2(%, P') 2(U)=2(U, ).

Remark. This result is quite surprising in view of the fact that
2(P', &) 2(U)# 2(0, U), when U is singular. The proof of this statement
is not required later (and, in any case, is proved similarly to the corollary)
and so we leave it to the reader.
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Proof. Let P=2(%,P') and suppose that P2(U)g 2(U, U). Now,
2(U) is hereditary by [SS, Corollary3.5] and so {PP(U)yy,)}* 2
2(U, U)*. Thus

2(U)Q=2(U)Pgyq4)* by Proposition 3.14(c)

={P2(U)}* by Theorem 3.15(¢) and Lemma 3.6(b)
22U, O)*

=9(U, U) by Lemma 3.7(ii)

=2(U)Q by Theorem 3.15(a);

a contradiction.

3.18. CorOLLARY. Let & be a projective curve with injective normalisa-
tion n: P! - Z. Then XX, P)® ooy H'(Z, 0,)=0.

Proof. By deleting two points on Z, we may take an open affine cover
{Ui, Uy} for Z. As usual, set U,=n~'(U,); thus {U,, U,} is an open
affine cover of P'. Corollary 3.17 implies that P2(U,) = 2(U,, U,) for each
i. Moreover, P4, is projective, by Proposition 3.14(a). Thus

P®9(g) (O(Ux) = P®9(1) Q(Ui)®9(u,) @(Uz)
2 (U, U)® 1y OU) = 0(T)),

where the final isomorphism comes from 3.7(v). A Cech cohomology
computation (see [Ha, pp. 218-2227) implies that

HYZ, 0)=O0(U, nUy)/(O(U,)+ O(U,)).
Finally, by combining the last two displayed equations, one finds that
P® g H\(X, 0)= 0T, n T,)/(0(T,) + 0(T,))
= HY(P, 0p1)=0;
as required.

3.19. THEOREM. Let ¥ be a singular, rational curve with injective
normalisation map n:P' —» X. Then

(@) 2(X) is not a maximal order and hence is not Morita equivalent
to B(P').

(b) D(Z, P') is not projective as a left D(P')-module and not a gener-
ator as a right 2(% )-module. Thus (X, P')# {D(P', )5, }*

481°147'1-14
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(c) The left annihilator anng, ., H(Z, C,) 2 2(P', ¥) (¥, P') and
hence 2(P!, ) 2(X, P')# ().

(d) Z(Z)=End,pi, Z(Z, PYGEnd(Z(P', ), ).

Remark. Part (a) of the above theorem, combined with Proposi-
tion 2.10, proves Proposition B of the Introduction.

Proof. (a) Suppose that £(¥) is a maximal order. Since
2(Z)< End Q,p, this implies that 2(Z)= End Q. Since @ ,p1) is @
progenerator, by Proposition 3.14, %(Z) is Morita equivalent to 2(P').
Now consider P. Since P, ,, is projective with End PQ(I)=9({P‘) (see
Proposition 3.14, again), the Morita equivalence forces P, to be a
progenerator. But, as H'(Z, ¢,) #0, this contradicts Corollary 3.18.

(b) Recall, from Proposition 3.14 and Corollary 3.8, that P, is
projective, o1, P is a generator, End P, ,,=2(P'), and End,p, P=
2(%). Thus, if either P, is a generator or 1 P is projective, then this
would force 2(Z) and 2(P') to be Morita equivalent, a contradiction.
Finally, by Corollary 3.8, Q is a projective 2(P')-module and hence so is
its dual. Thus P # Q*.

(c) This is immediate from Corollary 3.18.

(d) By Corollary 3.8, 2(Z)=End P<End Q. But Qg p, is a
progenerator and so End Q is Morita equivalent to 2(P'). Thus part (d)
follows from part (a).

Remark. Note the curious lack of symmetry between P and Q, as
evidenced by Corollary 3.8(ii), Remark 3.17, and part (b) of the theorem.
Of course, it is this lack of symmetry that has caused most of the complica-
tions in the proofs in this paper.

4. THE IDEAL STRUCTURE OF Z(%)

4.1. Throughout this section we fix a projective, singular curve & with
injective normalisation n: P! = & and, as before, write P=2(%Z, P') and
Q=2(P., &). The aim of this section is to give an almost complete
description of the ideal structure of 2(%) (this description will be
completed in Section 7). Throughout the section W* will denote the dual
of W considered as a 2(P')-module.

4.2. Recall that, from Proposition 3.14 and Theorem 3.19, Qi is a
progenerator and that 2(Z')=End(gp, P)& End(Q,pt)). Moreover,
P, is projective while ;.1 P is a generator. Since 2(P') has a unique
non-zero ideal m, the ring S=End @, 1, has a unique non-zero ideal
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OmQ* =QmP**. Similarly, by Theorem 2.4, 2(¥)=End,pi, P has a
unique minimal, non-zero ideal J(Z'). In fact slightly more is true:

LEMMA. One has mP** = mP and hence S and Z(¥) share the
common minimal non-zero ideal J(¥')= QmQ* = QmP. Moreover, J(¥)=
Hom,p1,(P**, mP**).

Proof. By Lemma 1.5, P**/P is a finite-dimensional 2(P')-module and
so mP** < P. Thus mP** = m’P** < mP and mP** =mP. Next consider
JZ). Clearly, OmQ* = QmP** = QmP is an ideal of 2(¥). Conversely, if
W is any non-zero ideal of 2(%’), then W2 Q(mPWQm)P=QmP. Thus
J(Z)=0mP=0mP**

Now, consider V' =Hom(P** mP**) which we identify with

{6 € Quot(R): P**§ = mP**}.

Now P**J(Z)= P**P*mP** = 2(P')mP**=mP** and so J(ZX)=V.
Conversely, if 8¢V, then Proposition 3.14 implies that S0 =P*P**0c
P*mP**=J(&). Thus J(I)=V.

4.3. Since J(Z) is the unique non-zero ideal of S, clearly S/J(¥) is
isomorphic to a full matrix ring, M,(k), for some integer n. Thus, in order
to determine the ideal structure of 2(%Z), we need only consider the
structure of Z(Z')/J(¥') as a subring of M, (k).

THEOREM. Let & be a projective, singular curve with injective normalisa-
tion m: P! > &. Then, in the above notation,

M(k) M, (k)

FZ)=2(%)/NX) E( 0 Mk

)cM,+s(k)=S/J<zr)

for some positive integers t and s.

Proof. First note that, as i, P** is projective, Lemma 4.2 implies that
End(P**/mP**) = End(P**)/P*mP** = M (k)
(and hence that n=dim, P**/mP**). Consider
H={0eEnd(P**/mP**): §(P/mP**)< P/mP**} c S/J(¥).

We claim that H =End(P)/J(Z). For, suppose that §e H. Since ;1 P**
is projective, we may pick a preimage 0eEnd P** that induces 6.
Observe that mP**¢ =mP** for any ¢eEnd P**. Thus 0eEnd(P),
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and H < End(P)/J(¥). Conversely, if ¢ € End(P) then mP**y =
mPy S mP =mP** Thus, modulo J(Z'), ¥ does induce an eclement of H,
as is required to prove the claim.

Finally, write P**/mP** = K @ P/mP** as left modules over
k>~ 2(P')/m. Then

SMZ) = End(P**/mP**)z( End(K) = Hom(k. P/mp**’)

Hom(P/mP** K)  End(P/mP**)

Under this identification

End(P)/J(¥)= H;_(End(K) Hom(X, P/mP**))

0 End(P/mP**)
_(M,(k> M,,S(k)>
N0 Mk))

where r =dim, K and s=dim, P/mP**,

4.4. COROLLARY. Keep the notation of (4.3) and (4.4). Then 2(¥') has
exactly four non-zero ideals

AX)

KT) L)

LX) (¥ = L(T) KX

) L(X)=J(X)=JZ)

Here
IZ)=2(P', Z) 2(Z, P')=r-ann(S/2(X)) = l-ann(H (¥, O, ))
while
LX) =l-ann(I"(Z, 0y)) =1-ann(S/2(ZX)).

In each case, annihilators are taken as those of 2(% )-modules.
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Proof. Let y denote the image in S/J(Z') of ye S and consider the
structure of 2(Z) given by Theorem 4.3. This shows that 2(%') has exactly
four non-zero ideals, say I(¥'), L(X), T(Z), and J(Z') defined by

=~ (0 M, (k) ——  (Mk) M, (k)
“"‘(0 Ms<k)> L "( 0o 0 )

and

as subrings of

gy~ (M) M)

0 Myk)

Certainly, this implies that I(%)=r-ann(S/2(Z)) and L(¥)=Il-ann(S/2(Z)).
Next consider QP. Since S=End(Q, 1)), certainly SQP< QP, and so
QP < I(¥). Conversely, using Proposition 3.14(a),

QPS=QPQQO*=Q2(P')Q*=00*=S.

By inspection, these two properties of QP force QP = I(¥). Since I(Z) is
maximal, and QPcl-ann,, H Y&, ¢,), by Corollary 3.19(c), this also
implies that QP =l-ann H'(Z, O,).

Finally, consider k= I'(%, ¢,). This is evidently a simple left 2(Z)-
module and its annihilator must be a maximal ideal of 2(%). Now, by
Theorem 3.15(a), [I(Z,0,) generates the sheaf ¢, and so, by
Theorem 3.15(d), l-ann I'(¥, ¢,) # QP. Thus, the only possibility is for
L(Z) to equal l-ann I'(Z, O,).

4.5. COROLLARY. In the notation of (4.3), s=1, that is,

M k) kY

@(%)/J(%’)E( 0 X

)cM,+1(k)=S/J(5r)

for some integer t.

Proof. By Corollary 4.4, M(k)=2(¥)/L(¥) has a l-dimensional
representation k=~ [(Z, 0,). Thus s=1.

Remark. We will show later that H'(Z, ¢,) is also a simple 2(%)-
module, and hence that t=dim, H'(Z, @) is the arithmetic genus of %"

4.6. For the rest of this section we examine the ring-theoretic conse-
quences of Theorem 4.4. In particular, with the exception of determining
the value of ¢, this is enough to prove Theorem D of the Introduction.
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COROLLARY. (X)) has global homological dimension two.

Proof. Let pd(W) stand for the projective dimension of a module W.
We apply [RS2, Theorem 5(ii)], with R=%(¥) and A= L(Z). Since
SA =S, this implies that
sup{gldim S, gldim Z(Z)/L(¥)}

<gldim 2(F) <sup{gldim S+ pd, ., S, | +gldim Z(X)/L(X)}. (4.6.1)
Now, as S is Morita equivalent to 2(P"), [St, Theorem 2.6] implies that
gldim S = gldim 2(P') = 2. Clearly gldim %(¥)/L(¥)=0. Thus it remains
to consider , ,,S. Now, by Corollary 4.4, (,S)* = r-ann(S/Z2(¥ ) ) =
I(#Z). But, I()S=S31 and so the dual basis lemma implies that
pd(,4)S)=0. Substituting these numbers back into (4.6.1) yields
gldim 2(%)=2.

4.7. Consider rings and ring homomorphisms

H-=S U
U
(where = is surjective). Then the pull-back R= (U, H, U) is defined to be
R={(u,heUDH:n(u)y=0(h)}

and will often be denoted by the diagram

H->S U
N
.
|
R— U

Another immediate consequence of Corollary 4.5 is
COROLLARY. [In the notation of 4.3, 2(X) is the pull-back

(Ml(k) Ml,l(k)>= H Ca—;S/J(.%P)=M:+1(k)
0 k 1
l n
]
X)) — S

4.8. COROLLARY. Keep the notation of Theorem 4.3. Then S is the unique
maximal order containing and equivalent to 2(%').
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Proof. By Corollary 3.8, 0=2(P!, Z) is a projective 2(P"')-module
and hence S =End Q) is a maximal order. Since S and 2(%') have the
same minimal, non-zero ideal J=J(Z'), they are certainly equivalent
orders. Moreover, as J>=J, certainly End(J5)=(Js)*2S. Since S is a
maximal order, S = (Js)* = (J)*.

Now suppose that T is a second maximal order containing and
equivalent to 2(Z’). Then aTh < Z(X) for some a, be Z(X)\{0}. Thus

JTJ = (JaJ) T(JbJ) < JaThJ < D(X) < S.

In particular, JT < (J5)* = S. Thus T<(J)* = S; and the maximality of T
forces T=S.

49. The description of 2(¥) in Theorem 4.3 is sufficient to give a
complete description of the K-groups of 2(%).

THEOREM. Let & be a singular curve with injective normalisation
n:P' - &. Then for any i =0,

K(2(¥))=K,(k)® K,(k)® K, (k).

Proof. Keep the notation of Corollary44. Then I(Z)S=S but
SIZ)=I(Z). Thus S is a finitely generated projective left 2(% )-module.
Similarly, as L(Z)S = L(Z), S, 1s finitely generated projective. There-
fore, if B= {Me 2(Z)-mod: S®_,, M=0}, then [Ho, Proposition 3.1]
implies that K (2(%)) = K;(S)® K;(B), for i>0. Now, B is equivalent to
(X )/ L(Z)mod = k-mod, as in (4.5). Thus K,(B)=K,(k), for each i
Finally

K(S)=K,(2(P")

~K,(PY) by [Ho, Corollary 4.3]
=K, (k)D K;(k) by [Q, Theorem 8.3.1].

4.10. Recall from [S] some facts about torsion classes. Let R be a ring.
An hereditary torsion class is a class of (left) R-modules closed under
quotients, submodules, extensions, and direct sums. The associated filter is
F ={I a left ideal of R: R/IcJ }. If V is an R-module then the inter-
section of torsion classes containing V is a torsion class, denoted by (V.
A simple module is in (V") if and only if it is a subfactor of V.

Now let R be a prime Noetherian ring. Then we define the localisation
of R at the class 7 to be

R, ={xeQ(R): Ixc R, for some I ¥ }.

The next result is proved in [S, Proposition X1.2.4, p. 229].
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PROPOSITION. If Q(R)> S> R and Sy is flat then
T ={MeRmod: S®, M=0}
is an hereditary torsion class and R , = S.

4.11. COROLLARY. Let J be the torsion class
Ker{2(% )-mod e, Z,-mod }.

Then T is hereditary and I = (V> where V is the simple left D(X )/ (X )-
module.

Proof. By Theorem 3.15(b), 2, ® ;4 is exact and so its kernel does
form an hereditary torsion class. By Corollary 44, I(¥)=1-ann H'(Z, O,)
is a maximal ideal, and so the result follows immediately from
Theorem 3.15(d).

Remark. (i) In Section 7 we will prove that H'(Z, ¢,) is a simple
2(Z )-module and hence that .7 simply consists of direct sums of copies of
H\Z, O,).

(ii) The localisation Z(%), is uninteresting—% (%), =2(%). To
see this note that J < Ker{2(Z')-mod - 9(U)-mod} for any open affine
subset U< Z'. By Theorem 3.15(e) and Proposition 4.10, this implies that
2X) =N 2(U)=2(Z). Curiously, if one regards V=2(%)/(%Z) as a
right 2(& }-module, then it follows from Corollary 4.4 that 2(Z), = S(¥).

4.12. Given a curve & with injective normalisation P' and U =2\ p, for
some pointp, then Theorem 3.15(¢) and Proposition 4.10 imply that 2(U)
is the localisation of 2(%) at Z,, the torsion class of modules killed by
2(U)® _. We begin by showing that, for =P, it is easy to characterise
7, using cohomology with supports.

Let % be a variety, & a closed subset, and .# a sheaf of 2 ,-modules.
Then one defines the sections of .# with supports in Z by

T, %, M)y={sel(¥, M):s,#0=>peZ}.

It is easy to see that I',(%,_) is left exact with right derived functors
HY (%, _), the cohomology with supports in 2.

(4.12.1) [Iv, Proposition 11.9.2, p. 123]. If U=#\Z there is a long
exact sequence

o> HY W, M)>H (Y, M) H(U, M) > HF(H, M) -

It follows from the construction that this is a sequence of 2(% )-modules.
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(4.12.2) [Iv, I1.9.6, p. 125]. If V is an open subset of & with Z <V
then there is an excision isomorphism H',(%, # )= H',(V, #|,). Again, it
follows from the construction that it is a 2(%# )-module isomorphism.

4.13. ProPOSITION. Let peP'. Then H (P', Op) is a simple 2(P')-
module and F,= (H,(P', Gp1)).

Proof. Clearly, we may suppose that p=0. Now apply (4.12.1) and
(4.12.2) with ¥V some open affine neighbourhood of 0. Then
H(P, 0,) = O(V\0)/@(V). Thus D(V)® HYP", Gp1) = O(V\0)/0(V). But
if ¢#0 is another point of P' then 0, ® Hy(P', 0p)=0. It follows that
D@ HY(P', Op) is concentrated at 0. Thus Hy(P', 0p)e J,. On the
other hand, clearly I=2(P')(10 + 1)+ 2(P"') £ kills the generator 1" of
HYP', 0p)=k[t, t']/k[t]. By the left hand version of Lemma 2.7, [ is a
maximal left ideal of 2(P') and so H}(P', 0p) = 2(P')/I is simple. Now
let & =<HLP', Op)). It follows that t~'e2(P'), and hence that
2(PY),22(P'\0). Thus & = 7.

4.14, Remark. (a) The last result gives another proof that if p and ¢
are distinct points of P! then 7,1 7, =0 and so 2(P'\p)@ 2(P'\q) is a
faithfully flat right 2(P')-module.

(b) It follows from [BoB, Corollary 3.7] that H;(IP", Op1) is a Verma
module, for an appropriate choice of Borel subalgebra.

4.15. In order to investigate the analogue of Proposition 4.13 for singular
curves, we use K-theory.

LEMMA. Let p be a point of . Then 7,
isomorphic simple modules.

Proof. By [Ga, Corollaire V.2.2] and the first paragraph of 4.12, 2(U)-
mod is a quotient category of 2(Z )-mod. It is easy to see that this restricts
to the full sub-categories of finitely generated modules. The associated tor-
sion category is 7 ,, the full sub-category of 2(%)-mod with objects the
finitely generated modules in .7,. Thus Quillen’s localisation Theorem [Q,
Theorem 5.5, p. 113] yields a long exact sequence

contains precisely two non-

K(2(Z)) - K(2(V)) = Ko(T 7) = Ko(D(X)) = Ko(2(U)) - 0.

Since 2(U) is Morita equivalent to A4, and K (2(Z))=Z3 by
Theorem 4.9, this tells us that Ko(7,)=~Z> On the other hand, by
devissage [Q, Corollary 5.1, p. 1127, Ko(J,) is free with basis the non-
isomorphic simple modules of 7 ,. Thus J, contains precisely two non-
isomorphic simple modules.
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4.16. PROPOSITION. Let & be a singular projective curve with injective
normalisation n: P! — 2" and let p be a point of Z. Then T,= (H (T, Cy)).

Proof. By (4.12.1) and (4.12.2), if U is an open affine subset of ¥
containing p, then H (%, ¢,,)= O(U"\ p)/¢(U). Thus a similar argument to
the proof of Theorem 4.13 shows that if ¢ is a point of & then
2,® H\(Z, (,)#0 if and only if g= p. Thus (H (%, (,))<7,. In par-
ticular, (4.12.1) implies that H'(¥, @, ) is a factor of HI‘,(SZ", ¢,) and so
H\Z, Cy)eT,. Now, [(Z) H'(¥,6,)=0, yet 2, ® H (¥, C,)#0. Thus,
since every module in 7, is the direct limit of its finite length submodules,
by Theorem A, we have 7, = {H (¥, (;)).

Remark. In Section 7 it is shown that H (Z, () is a non-split exten-
sion of length two.

5. THE CusPiDAL PLANE CuBIiC CURVE

5.1. In this section we study 2(%,) where %, is the cubic curve with a
cusp at (0, 0, 1) defined by y?z=x* in P2 The main reason for this is that
various properties of 2(Z,) are easy to prove directly. In Section 7 we will
use Morita theory to show that these same properties then hold over
2(% ), for a more general curve %. However, this example may also serve
as an illustration of, or introduction to, the methods and results of this
paper and so as far as possible we have given direct proofs of the various
properties of 2(%)).

5.2. Regard P'=A'0U {co} and let 1 be a coordinate function on A'. Set
U,=A"and U, =P'\{0} for the standard open affine cover of P'. In this
notation it is clear that the normalisation map n: P' — &, is defined by the
embeddings

O(Uy) =k[ 1, ) ck[1]=0(T,) and OU)=k[t']1=0(0,).

As usual, we set 4, =2(U,)=k[1,0] and 2(U,)=k[t~", 1?0]. Observe
that K(&,)=k(¢). Clearly 2(U,)=2(U,) while the structure of 2(U,) is
easily determined.

LEMMA. In the above notation
(@) 2(Uy, Up)=12A,+ (186 —1)A, while D(Uy, Ug)=A,+ A,t'6;
(b) @(Uy)=k[1? 13,10, 1%0, 10 — 8,8* — 21719, 0° — 3t~ 0 + 31t =20].
Proof. That 2(U,, U,) and 2(U,) have the specified form follows from

[SS, (3;8) and (3.12)]. An easy_computation shows that 4, + 4,10
2(U,, Uy). Conversely, since 2(U,, U,) is a maximal right ideal of 4, and
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DUy, Uy) < DTy, Ug)*, 2(U,, Up)/A, can be at worst a simple left
A,-module. Thus @(U,, Uy)=A4,+ A, t7'@.

5.3. LEMMA. [In the notation of (5.2):
) (P A)=120D(PHY+ (18 —1)2(P');
) 2%, PHY=2(P")Y+2(P)t~'0;
() 2P, 2)*22(%, PH+2(PHY o 't +t )>92(Z,, P');
) X)) =k[10, 170, 10> — 8, 0> =2t 10, 8> —3t7'07 + 317 %0];
(e) End(2(P!, 32."1)9”)1,)2@(9"1)+k(6"t‘2—a+t“):@(!fl).
Proof. (a) This follows from the equation
2P, 2)=2(U,, Ug)n2(U,, U ) 2(P")
=(PA, + (10— 1)A) N D(P")=1?02(P")+ (10 — 1) 2(P"),
where the final equality is due to Lemma 2.7.

(b) 2@, P') = DUy, Uy) n 2(U,, U)) = (4,+4,17'9) n
k[t~ !, t?0]. Thus, certainly 2(Z,, P )22(P')+ 2(P'):t '¢. The other
inclusion can either be proved by a direct computation or by observing that,
as the elements 1 and ¢~ !0 generate the local sections 2(U,, U;), Theorem 3.2
can be used to show that 2(P')+ 2(P') t~'d = 2(%;, P").

(d) Recall that 2(Z,) = 2(U,) nk[¢~", 1?0]. Thus, by Lemma 5.2, the
asserted generators for 2(&,) do indeed lie in 2(%,). In order to prove the
other inclusion use a graded argument giving ¢ degree — 1 and ¢ degree + 1.

(c) and (e) Direct computations show that d ' t 2+~ 'e 2(P', Z))*
and that

O =0+t == (0= 1)@ 7t 2+t e 2(PL ) 2(P, 2)*
=S(gl)7

where S(Z;) = End(2(P', Z\),p1,)- Observe that neither of these ele-
ments lie in 2(K(%,)) = k(1)[é]. Thus 2(P', Z)* > 2(¥,, P') and
End 2(Z,, P') > 2(X,).

5.4. PROPOSITION. (a) H'(%, Cy,) = k is a simple left D(X,)-module.
(b) In the notation of Theorem 4.3, F(%,) = (%) J(F,) = (§ %)
Proof. Cech cohomology shows that
HY %\, 0y) = O(Uyn UL)/O(Up) + O(U)
=kt t "1/ {k+ k(] + k[ "]} =k



214 HOLLAND AND STAFFORD

Thus H'(&,, ¢ 7,) 1s necessarily a simple &(Z))-module. In the notation of
Corollary 4.4, [(#,) = ann , , , H'(Z,, () and hence 2(Z)/1(%,) = k. Butin
the notation of Corollary 4.5, Z(¥ )/ I(¥)=M,(k). Thus r=1 and
Corollary 4.5 implies that
k k
F)= ( )

0

5.5. PROPOSITION. Let pe #,. Then H (%, Cy,) is non-split of length two as
a D(X)ymodule. It has socle H(¥\p, Cy, p)/HO(HZ"l ,Cy) and factor
Hl('%‘l ’ @m )

Proof. Suppose that p #n(0). (The case when p = n(0) is easy and is left
to the reader.) Then we may identify p with an element « of & and by excision
(4.12.2) we have

HY&, Cp) =kl (17 o) Ik L 1=k y, y ' 1k 5],

where y=1""'—a. Let us write down some elements of 2(%)) in terms
of the coordinate y and 0= 0/dy. Clearly 6= —¢0 e 2(%,) and
0 = —td + at’d € D(Z,). Now,

DAYt~ (1010 — 2) = (¥ + «)°07 + 3(y + «)%6.

It follows that A,=y%0%+3a?y0%+ 3?0+ 3a(i+1)0ePD(%;). Now,
Aoy '=i(i—2)y~'*" and so either H (%), (y) is simple or is non-split
of length two with socle (%)< y~—2 The first possibility cannot occur,
either by appealing to Proposition 4.16, or by observing that the following
sequence is exact, by (4.12.1):

0> HUZ,, Og) = HUZ\P, Oy, ) = H (21, O)) > H'(Z,, O) > 0

Finally, this sequence also gives the factors of H (¥, Oy,).

6. MoRITA EQUIVALENCE OF PULL-BACKS

6.1. In this section we digress from our main aim and consider (Milnor)
pull-backs R = (U, H, U) of the form

H=ZX U
A
| T (6.1.1)
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with 7 surjective. Thus R= {(u, h)e U® H: n(u) = a(h)}. In this situation,
any finitely generated, projective R-module T is easily described in terms of
projective U- and H-modules. The main result of this section describes the
endomorphism ring of such a module T and, as a consequence, determines
when two such pull-backs are Morita equivalent.

The reason for our interest in this question is due to Corollary 4.7; if &
and # are projective, rational singular curves with injective normalisation
maps, then 2(¥) and Z(%#) can be described as pull-backs. It is then a
trivial consequence of Corollary 6.12, below, that 2(Z) and 2(%) will be
Morita equivalent.

6.2. Let R be as in (6.1.1). Then the projective, finitely generated
R-modules can be classified as follows. Let A and B be finitely generated,
projective right modules over U, respectively H, and suppose that there
exists a U-module isomorphism a: A®, U~ B®,, U. Then

T=(A4,B,a)={(a,b)e ADB: 2(a®, 1)=b®@ 1}

is a projective, finitely generated right R-module, and any finitely
generated, projective R-module may be obtained in this way (combine [Si,
Proposition 59, p.155] with [Si, Proposition 60, p.157]). We might
remark that these results do require that = be surjective and this is the
reason why we have required that hypothesis in (6.1.1).

6.3. Fix a pull-back R= (U, H, U) as in (6.1.1) and a finitely generated,
projective right R-module 7= (4, B,a), as in (6.2). We will shortly
describe End(T ) as a pull-back, but before doing so we need some nota-
tion. First, as 7 is surjective, it is routine to check that the induced map
n,:R—> H given by n,{u, h)=h, for (u, h)e Rec U@ H, is surjective.
Similarly, write ¢, for the induced map ¢,: R - U. By [Si, Proposition 61,
p.158], T®rU=A and T®, H= B. Thus, if p=ker n,, then B T/Tp.
Secondly, if m=ker n and 4 = A/Am, then the projectivity of 4, ensures
that the natural map y: End(4,) — End(A4y) is a surjection.

PROPOSITION. Keep the notation as above. Then S=End(Ty) identifies
naturally with the pull-back

End(B,) — End(d;)
t

| X
|
S -_— End(A U)

The map t will be described in the course of the proof.
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Remark. The analogous result describing the endomorphism ring of an
injective R-module E has been proved in [FV, Lemma 11] and our proof
is essentially the dual of theirs.

Proof. Regard H and U as R-modules via the homomorphisms 7, and
o,. This gives U two natural structures as an R-module, via the
homomorphisms ¢ and x, but as (6.1.1) is a commutative diagram, they are
identical. Thus there are natural R-module maps 6: T > T®, U= A4 and
Y:T>T®H=~B and ¢: B—> B®, U2 4. Therefore, the following
diagram is commutative, with exact rows:

0— Tp—T-5 B—0

N
00— Am— 4 — 4 —0
Here 6, is the map induced from 6. Since T, is projective the functor

Homg(7, —) is exact. Thus applying this functor to the above diagram
yields the following commutative diagram, again with exact rows:

0—— Homg(7, Tp) — Endg(7) —— Homg(T,B)—> 0

| J l (63.1)

0— Homx(7, Am)—— Hom (T, A)— Homg(T, A)— 0

Now, one has natural isomorphisms

Homg(7T, A)2Homyx(T, T®z U)=Hom (T® s U, T®, U),

etc. Thus (6.3.1) can be rewritten as
0— Hom (T, Tp) — Endx(T) -5 End,(B) — 0

l l J (6.3.2)

0 —> Hom (T, Am) —> End (4) —> End y(4) — 0

It is easy to check that each of the maps in the right hand square of (6.3.2)
is a ring homomorphism. (The reason for this is that, for example, t is the
natural ring homomorphism End, B— Endgy(4) induced by the
isomorphism B®y U= A.) Since T< A @ B, certainly

End x(T) = Homg(T, A® B) = End ,(A4)® End ,(B).
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Thus the commutativity of (6.3.2) ensures that End(7) embeds into the
pull-back

End ,4(B) —— Endg(A)

! b
|
vV -5 Endy(4)

It remains to prove the reverse inclusion. First, note that, as R is a pull-
back,

p=kern,=(m,0)c R UPH.

Since T is the pull-back (A4, B, a), it follows that the induced map
0,:Tp—>Am is an isomorphism. Thus the map t,: Homg(7, Tp)—
Hom (T, Am) in (6.3.2) is also an isomorphism. Since y, is surjective, a
diagram chase ensures that V< End ¢(7T'); as required.

6.4. We now turn to the problem of determining when two pull-backs
are Morita equivalent. Given the description of End(7") in Proposition 6.3,
this amounts to determining when the projective module 7= (A4, B, a) is a
progenerator.

LemMa. Let R=(U, H, U) be a pull-back, as in (6.1.1) and suppose that
T= (A, B, a) is a finitely generated, projective right R-module. Then T is a
progenerator if and only if both A, and B are progenerators.

Proof. If T, is a progenerator, then a routine argument shows that
A=T®, U and B T® 4 H are progenerators over U, respectively H.

Conversely, suppose that both A, and B, are progenerators. Write
n=ker ¢ and m=ker #, in the notation of (6.1.1). Let 7,: R— U be the
induced map and set p=Xker n,, as in (6.3). Since 4, is a progenerator,
there exists a surjective U-module homomorphism ¢: A" —» m, for some
integer r. Since 4= T®; U, this induces an R-module homomorphism

YT —>TO®, U- m=(m,0)cR

Thus y(T") < T*T. Moreover, since Tp= Am (see the proof of Proposi-
tion 6.3) one has

Y(T"p) = $(A"'m) = (m?,0) < T*T. (64.1)

Next, since B, is a progenerator, there exists a surjection @: B*) — H.
As in (6.3), p=kern,=(m,0) and R/p=H, while B=2T®zU=T/Tp.
Since T, is projective, we may therefore pull @ back to a homomorphism
w: T™ — R satisfying w(T*) + p= R. Combined with (6.4.1), this implies
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that T*T2@(T"™')+ p>. This in turn implies that T*T2w(T“)p+p’>=p
whence T*T = R; as required.

6.5. Combining the last two results gives:

THEOREM. Let R be the pull-back

H—S U
1 Tﬂ
!
|
R— U

Set m=ker n and let S be a second ring. Then the following are equivalent:

(a) R and S are Morita equivalent;

(b) there exists a projective, finitely generated right R-module
T'= (A, B, «) with the following properties: (i) A, and B, are progenerators
and (ii) S is isomorphic to the following pull-back S,:

End, B—— End(4/4Am)

| )

S, -—— Endy4)

Here 1 is defined as in the proof of Proposition 6.3.

6.6. Remark. 1t is natural to ask whether one can obtain a criterion for
two pull-backs to be Morita equivalent in terms of their descriptions as
pull-backs. Unfortunately, it seems that this cannot be done in any sensible
way. The problem is that two pull-backs can easily be isomorphic as rings
without their being isomorphic as pull-backs. To take a simple example, let
S be the pull-back

HS U
1
| T
I
S§— U

Let V be any subring of U such that ker z = V and n(V) 2 ¢(H). Then one
may write S as the pull-back

H 2 (V)
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6.7. As an application of Theorem 6.5 we consider an example that will
be relevant to the study of rings of differential operators. For i=1, 2, fix
rings U; with maximal ideals m, = U; such that U,=U,/m;= M, (k) for
some integers n(i}=2. Write n(i)=a(i)+5b(i) for some integers
a(i), b(i{) = 1 and define

(Ma(i)(k) Ma(i).b(i)(k)

H, =
0 My iy(k)

i

) s M (k).

Here M, (k) denotes the set of all a x b matrices with entries from &, and
the ring structure of H, is that induced from M, (k). Let R; be the pull-
back (U;, H,, U,;). Thus, m,c R,c U, with R,/m,= H,. Next, suppose that
A is a progenerator, as a right U;-module, such that (i) U, =End 4 and
(ii) Am; A*=m,. (For example, one could take 4 = U, =U,.) Since 4 is
a progenerator,

End(4/Am,)=U,/Am A*=U,/m, =M, (k).

Equivalently, if S; is the unique, simple right U;/m-module, then
A/Am = S,

6.8. PROPOSITION. Keep the notation of (6.7). Assume further that:

(6.8.1) Every k-algebra automorphism of U,= M, \(k) is induced
from a ring automorphism of U,.

Then R, and R, are Morita equivalent.

Proof. We first need to construct an appropriate H,-module B. Let F
and G be the top row, respectively the bottom row of H,, regarded as right
H,-modules. Thus H,=F“"M@G®") and so certainly F and G are
projective right H,-modules. Thus

B = F“2) g G®2)

is a progenerator (this is where we need the a(i) and b(/) to be positive).
Routine computations show that:

(i) By U,=S"~4/Am, as right U,-modules. Denote this

isomorphism by o ..

End(F“’””) Hom(G""z” F(a(zn)>
) =~ H,.

(i) End, Bx (Hom(F“"l“, Gy End(G"*2”)

Now apply Theorem 6.5. Thus T= (4, B, «) is a progenerator as a right
R;-module and Endg(T) is isomorphic to the pull-back S=(End(4),

481°147 1-15
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End(B), End(4/4m,)). In more detail, and in the notation of (6.3) and
(6.7), S is the pull-back

]

Hz;r, 5
!

—

[
S —— (72

Unfortunately, S may not be equal to R,. The problem is that the
embeddings H, —— U,= M, (k) and H, <= U, M,, (k) could
depend upon different presentations of U, as an n(2)x n(2) matrix ring.
This is where the hypothesis (6.8.1) is used. Thus, let H;=1(H,} and
Hj =0,(H,). Then there exists a k-algebra isomorphism & of U, such that
@(H})= Hj. By hypothesis, & is induced from an automorphism w of U,.
In particular, w(m,)=m,. Thus

Sx{ueU,: [u+m,]eH;}
= {o(u)e Us: [o(u) +m,] e w(H}) = H; } =R,.

Therefore, R, is indeed Morita equivalent to R,.

6.9. Remark. The hypothesis (6.8.1) is unfortunate, but presumably
necessary. To see this, suppose that U, is a Noetherian domain that is a
maximal order in its quotient division ring, for which only the identity
automorphism of U, is induced from an automorphism of U,. Next, con-
struct two pull-backs R, and R; inside U,, as in (6.7), but corresponding
to different presentations of U, as an n(2) x n(2) matrix ring. Then it is easy
to prove that R, and R} cannot be isomorphic and so, presumably, they
will not be Morita equivalent.

6.10. A weaker version of Proposition 6.8 does hold without (6.8.1).
Indeed, the proof of that result also proves

COROLLARY. Keep the notation of (6.7), and let R, be the pull-back
(U, H,,U\). Then for some choice of the presentation of U, as an
n(2)xn(2) matrix ring, R, will be Morita equivalent to the ring R,=
(U21 H 2 UZ)

6.11. One situation where the hypothesis (6.8.1) is trivially satisfied is the
following. Let V be a k-algebra, and I a maximal ideal of V such that
Vil=k. Set U=M,(V) and m=M,(I). Then any automorphism of
Umz= M, (k) is certainly induced from one of U~ M, (k)®, V. A more
interesting example is provided by the following result.
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LEMMA. Let U be the enveloping algebra U(sl,(k)), where k is now an
algebraically closed field of characteristic zero. Then U has a unique ideal q
such that U/q= M,(k). Moreover, any k-algebra automorphism of M,(k) is
induced from a k-algebra automorphism of U.

Remark. This lemma can obviously be considerably generalised, but it
sufficient to illustrate Proposition 6.8.

Proof. That q is unique follows immediately from [Di, Corollary 1.8.5,
p. 33]. Indeed, q is the annihilator of the natural two dimensional represen-
tation of sl(k). Thus one presentation of U/q= M,(k) is given by identify-
ing the images in U/q of the generators e, f, and & of U with the generators
of sl(k) < gly(k)= M,(k).

Now let & be a k-algebra automorphism of M,(k). By the Skolem—
Noether Theorem, @ is an inner automorphism; say @(4)=gAg~" for
some ge GL,(k). Thus, if 4esl,(k), then trace ®(4)=trace 4 =0 and so
o induces a (Lie algebra) automorphism w, of sl,(k). By the universality
of U(sl,(k)), w, induces a k-algebra automorphism w of U(sl,(k)). The
uniqueness of q implies that w(q)=q and so we may consider the
automorphism w’ of U/q induced from w. The construction of w clearly
forces w' = @; as required.

6.12. Using Lemma 6.11, one can show that a surprising number of pull-
backs are Morita equivalent.

COROLLARY. Let k be an algebraically closed field of characteristic zero
and, for i=1,2, let V, be a primitive factor ring of U(sly(k)) that is not
simple. Let U, be any ring Morita equivalent to V. Then U, has a unique,
minimal non-zero ideal, say m;, and U;,/m;=M, (k) for some integer
n(i)= 1. Assume that n(i)>1 for i=1,2, and write n(i)=a(i)+ b(i) for
some strictly positive integers a(i) and b(i). Consider the pull-backs

M, o(k) M, (k)
H,-= a(i) a(i),b(i) > U, miEMni k)
(" Moy ) 7 Uifm= Mol

1
]

|

R, — U,
as in (6.7). Then R, is Morita equivalent to R,.

Remark. An analogous result may be obtained by starting with
V,= U(sl,(k)), but it is the given formulation of the corollary that will be
relevant to the study of differential operators.
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Proof. We begin with a number of simplifications. Let 2 be the Casimir
element of U = U(sl,(k)). Then the primitive, non-simple factor rings of U
are precisely the rings W,, ,= U/(Q —r’ —2r)U. for re N. Moreover, for
each r, W, has exactly one non-zero ideal, say mn,, and W,/m, =M, (k).
These facts may all be found in [Di] and are summarised in [St].
Furthermore, by [St, Corollary 3.3], the rings W, for re N are all Morita
equivalent. Thus, in the statement of the corollary, we may assume
that V,=V,=U,=W, and that m,=n,. Next, observe that any
automorphism o of U must fix m,. As (Q —3)U is the unique minimal
primitive ideal of U contained in m,, ® must also fix (2—3)U. Thus
Lemma 6.11 implies that any automorphism of U,/m, is induced from an
automorphism of W, = U/(2 — 3)U. Thus, the corollary is indeed a special
case of Proposition 6.8.

7. MorITA EQUIVALENCE OF RINGS OF DIFFERENTIAL OPERATORS

7.1. We now return to the study of rings of differential operators.
Throughout this section Z and # will denote singular, projective curves for
which the normalisation maps, n: P' > % and p: P' > %, are injective,
while #| is the plane, cuspidal, curve of Section 5, with (injective) nor-
malisation map =,: P' — ;. It follows easily from the results of Section 4,
combined with Corollary 6.12, that 2(Z') and Z(%#) are actually Morita
equivalent (see Lemma 7.2, below). This raises the question of whether that
Morita equivalence is obtained through the bimodule Z(Z, %), defined in
the natural way. The main aim of this section is to show that this is indeed
the case. As a corollary, we show that the Morita equivalence carries
H'(Z, ¢,) to H'(%, (,) and hence that these modules are simple. This
will, in turn, be used to prove that the integer ¢, of Corollary 4.5, is equal
to dim, H'(Z, C,).

7.2. LeMMA. Let & and % be as in (7.1). Then 2(X) is Morita equivalent
to 2Y).

Proof. Corollary 4.7 proves that 2(Z') is a pull-back. Moreover, the
ring S=End, i, 2(P', &), of Corollary4.7, is Morita equivalent to
P(P') = U(sl,(k))/(2). Thus 2(Z) and 2(%) are pull-backs of precisely
the form considered in Corollary 6.12 and hence, by that result, (&) and
(%) are Morita equivalent.

7.3. Let  and % be as in (7.1). In order to define 2(Z, ¥), we need to
choose “compatible” open affine covers of & and %, which is achieved as
follows. Given an open affine subset {U,} of %, set U=n"U,) and
Uy= p(0). U » 15 an open affine subset of % and, as = and p are injective,
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the process is symmetric. Such a pair (U,, U,) will be called compatible
and we will always denote n~'(U,)=p '(U,) by U. Given a compatible
pair (U,, U,), set

DU, Uy) = {0 D(K(X)):0-0(U,)SO(U,))}.

This is a 2(U,)-2(U,)-bimodule and, by Proposition 3.7(iv), is non-zero
since it is equal to 2(U, U, ) 2(U ,, U). Thus, in the notation of Section 2,
if we form the sheaves

P=p {2 Cp1, p7'O0y)® gy D(n 'O, Cp)}
and
2=1,{2(0p, p_l(g?y)®9pl D(n 0y, Cp1)}

of left 2,-modules (respectively of right 2,-modules), the sections over U,
(respectively U, ) are

U, 2Yy=92(U,,U,)=I'(U,, 2).
Finally, set
X, Yy=[¥, Py=1(X, 2).

Once again, this is clearly a 2(%)-2(Z )-bimodle and is non-zero, since it
contains Z(P!, #) 2(¥, P')2 2(P', %).

7.4. Given the Morita equivalence of 2(%) and 2(%), it is natural to
ask whether this equivalence can be obtained via 2(%’, %) in the following
sense: Is 2(Z, %) a progenerative right 2(¥ )-module with endomorphism
ring isomorphic to Z(%)?

In order to study 2(%, %), we begin with the special case when ¥ =
is the plane cuspidal curve of Section 5. The reason for this is that now,
P factors through m,, in the sense that p is the composition
P! 2, —% @, for an appropriate map . To show this, observe that
one may assume that # is smooth at p(o0) and has a singularity at p(0).
Let U,=P! \{oo}, U,=pP' \{0} be the standard, open affine cover of P,
and let Uy=n,(0,), U, ==,(0,), and {V,= p(U,)} be the corresponding
covers of Z; and # (note that they are compatible). Let 7 be the coordinate
function at zero on U,. Then, it follows easily from the fact that p is
injective that

OVo)S O(Uy)=k[ 1% 1?1 O(T,) = k[ ] (74.1)

and O(V,)< O(U,)=0(T,)=k[¢~']. These containments therefore define
v.
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In order to simplify the notation, set Q(#)=%(P', %), P(#)=
2(%, P, and S(#)=End,, ., Q(#), with the corresponding definitions
over # and %,.

7.5. LEMMA. In the notation of (1.4), Q(Z,)- C((U,)=C(U)), fori=1,2.

Proof. By Lemma 53, Q(#)2t0—1, where ¢&=7/dt. Clearly,
(t6—1)ot"=(n—1)1"#0, whenever n# 1. Since (U,)=k+ r*k[t] and
¢(U,)=k[t~'], this suffices to prove the lemma.

7.6. Keep the notation of (7.4). In attempting to identify Z(%¥,, #), one
obvious object to try is Z=2(P', %) 2(Z,, P'). Unfortunately, this can-
not be a progenerator. For, End(Z,, ,,,) contains (and hence is equal to)
End(Q(¥)o@p1) = S(#). Thus, by Theorem 3.19, Z_,( ry 18 not a
progenerator. Instead, we begin by studying L=Q(#){Q(Z)) j(pl,}
By Proposition 3.14, Q(#), and Q(Z;)* are progenerators over 2(P'),
with endomorphism rings S(%), respectively S(%;). Thus L, , is a
progenerator with endomorphism ring S(#). (In the notation of
Theorem 6.5, S(4;) and L will play the role of U and A, and our aim will
be to prove that Z(%,, #) is a pull-back T= (A4, B, «) for some H-module
B. Here H=2(%,)/n where n=J(%,) is the (unique minimal) non-zero
ideal of S(Z)).)

LEMMA. Let K=K(%,) and M = L N 2(K). Then:

(i) S(#F)nS@)=2L2M>2Ln.
(i) M=LA2(,) and dim, L/M = 1.

Proof. (i) Since p factors through =n,, Q(%)< Q(%,) and P(%,)< P(%).
Thus P(Z})** = Q(%,)* < Q(#)*. Therefore,

L Q%) Q(#F)* n Q(Z) Q(Z)* = S(#) n S(Z)).
Similarly, as P(#,)**/P(%,) is finite-dimensional,
Ln=Q(¥)P(%,)**nc Q(¥) P(X,) = 2(K)

and so LnS Z(K)n L

(ii) Suppose that L = 2(K). By Proposition 3.14(a), P(%) Q(#) =
2(P'). Thus

2(K)2 P@)L=D(P') P(Z,)** = P(T,)**;

contradicting Lemma 5.3. Thus L & 2(K) and M # L. Now, by
Proposition 5.4(ii), S(%,)/2(%,) is 1-dimensional. Since LN (X)) M
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L = S(%4,), this implies that M =L n 2(Z;) and hence that L/M is
1-dimensional.

7.7. LEMMA. Keep the notation of (7.6). Then M = (%, #).
Proof. Observe that, in the notation of (7.4),
DX, Y)QH) o O(U)S D, ) O(U)S C(V),
for each i. Thus (%, %) Q(%,) < Q(¥). Therefore,
2%, )= D(2,,¥) S(X)=2(%, %) Q) {Q( X)),y } < L.

Thus 2(%,, #) < L n 2(K)= M. Conversely, for each i, Lemma 7.5 implies
that

M-0(U)=M-(Q(%)-0(0,))= MO(Z,)- O(U))
S LO(Z)-0(0) = 0(#) QF)*Q(%)-0(T))
=0®@) 2(P)-C(T)cO(V).
Thus M = 2(%,, ¥).

7.8. We now use the results of Section6 to prove that M, , is a
progenerator with endomorphism ring 2(%). Let & be any singular,
rational curve with injective normalisation map n:P'—>%. Then,
Theorem 4.3 implies that J(¥) = 2(Z) < S(¥) and

MJk) k©

F(:?”)=Q(%)/J(;@”);( 0 «

)EM,+1(K)=S(3?“)/J(Q’). (7.8.1)
In particular, 2(%) is a maximal subring of S(Z'). Write (&) for the
integer ¢ of (7.8.1). Thus #(Z') = | while, by Proposition 5.4, #(%,)= 1. Next,
consider the module L of (7.6). If n=J(%,) and C is the (unique) simple
right module over S(Z,)/n= M,(k), then L/Ln= C", for some integer r.
Since Lgg,, is a progenerator with endomorphism ring S(#), Morita
theory says that

S(#)/J(%) = End(L/Ln)s 4, = M,(k).

Thus r=#®%)+1>2. Now consider M. Note that F(%;)=(% ¥) is an
hereditary subring of S(%,)/n, with two uniform, projective right modules

k k 00
A=(0 0>=C and B=<O k>'
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Now, A is an extension of B by a simple F(.Z|)-module, not isomorphic to
B. Thus, counting composition factors proves that the only F(Z,)-sub-
modules of L/Ln= A" are those of the form A @® B"“), with x+ y<r.
Since dim L/M = 1, this forces M/Ln= A"~ " @ B. In particular, and in the
notation of Section 6, M is the pull-back M= (L, A"~V @® B, 1) over the
pull-back ring Z(#,)=(S(Z,), F(%), S(Z;)/m). Thus, by Theorem 6.5,
M, is a progenerator with endomorphism ring

End M=(End L, End M/Ln, End L/Ln)g S(#).

@(4)

Since 2(% )< End M and 2(%) is a maximal subring of S(%), this forces
2(%)=End M. Thus we have proved the first part of

THEOREM. Let % be a singular, projective, rational curve, with injective
normalisation map p:P' > %. Let %, be the cuspidal, plane, cubic curve.
Then

(i) DX\, ¥) gy, is a progenerator, with endomorphism ring Z(% ).

(i) 2, U)o, =2¥, Z)).

Proof. It remains to prove part (ii). Set Z=2(%\, %)% ,,,- Then, by
Morita theory, Z= ,,,2(Z,, #)*. Let the open affine covers {U,} and
{V,;} be defined as in (7.4). Then, by Theorem 3.15(a), 2(U,, V;)=
2V)DX,, %), for i=0, 1. Thus

U, VNZ=D(V) DX, UVZ=D(V,) D(H)=D(V)).
By Proposition 3.7, this implies that

ng {9(1’,)9(Uh Vi)*}=m @(V“ U)=2%, fl)-

Since the containment 2(#, Z,) < Z is a triviality, this completes the proof.

7.9. Remark. Consider what happens when one repeats the above
analysis, but with % replaced by P'. Then

L=2(P")2(P', 2))* = Q(Z))* > M = P(%)).

In this case, one still finds that M is a pull-back over 2(%,), with
endomorphism ring 2(P'). However, in the notation of (7.8), #(P')=1 and
so M/In=Bc A= L/Ln. Thus M/Ln is not a generator over F(Z,)—as it
cannot be, since 2(P')=End M is not Morita equivalent to @(Z,).

7.10. It is now easy to repeat Theorem 7.8 for an arbitrary pair of curves.



DIFFERENTIAL OPERATORS ON CURVES 227

THEOREM. Let & and % be two singular, rational, projective curves, with
injective normalisation maps. Define 2(¥,¥) as in (1.3). Then 2(X, ¥ ) 54,
is a progenerator with endomorphism ring D(¥). Moreover, D(¥,¥)* =
AW, X)), as a module over either 2(¥) or D(¥).

Proof. By Theorem 7.8, Z=9(%,, %) 2(¥, %,) is a progenerator as a
right 2(Z')-module with endomorphism ring isomorphic to Z(%).
Moreover, Z*=2(%,, ¥) 2(¥, %), as a module over either 2(Z) or
2(#%). Thus, in order to prove the theorem, one need only prove that
Z=(%,%). Certainly Zc 2(Z,%). If the containment is strict, then
Theorem 7.8 implies that

D2, 1) 22X, Y) DX, X)22Y, X)) Z2Z,, ) = D(T),
which is absurd.

7.11. One should regard Theorem 7.10 as showing that the Morita
equivalence between 2(%) and 2(%) is obtained via the “correct” functors.
As a consequence, many of the results proved for 2(%)), by direct com-
putation, in Section 5 will also hold for 2(%). The rest of this section will

be devoted to such consequences and will therby complete the proof of
Theorems B, C, and D of the Introduction.

COROLLARY. Let & and % be as in Theorem 1.10. Let {U;} and {U,}
be compatible open affine subsets of ¥ and ¥, as in (1.3), with U the corre-
sponding subset of P'. Then:

(i) 2, %) 2(Uy)=2(Uy, Uy);

Proof. (i) Use the proof of Corollary 3.17, but with Theorem 7.10
replacing Proposition 3.14(c).

(ii) One has
DE,Y)QCOWU)=DX, ¥)@DU)®0(Uy)

where the final steps follow from Theorem 7.10 and Proposition 3.7(v).

7.12. COROLLARY. Let & and % be as in Theorem 7.10. Then
DX, Y)® ) HY (X, C,)=H (¥, O,).

Moreover, H'(¥, C,) is a simple 2(% )-module.
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Proof. By deleting two points from # and proceeding as in (7.3), one
may choose a compatible pair of open affine covers {U,, U,} and
{V,V,} for £ and #. By a Cech cohomology calculation (see
[Ha, pp. 218-222])

HY(Z, €)= (U, A U,)/CU,) + EU,).

Since 2(Z, ¥ ) g is projective, Corollary 7.11 implies that

AL, HQH (X, Cy)
2T, Y)QCU NUNPZL, #)VQC(U )+ 2(X, ¥)®C(U,))
OV, A VL)OV )+ (V)= HYY, C,). (7.12.1)
Now set # = Z,. By Proposition 5.4, H'(%,, Cy,) is a simple Z(Z,)-module.

Since 2(%,, #) is a progenerator as a right 2(%))-module, (7.12.1) implies
that

DH, V) ®H' (X, €)= H'(#, ()

is also a simple module.

7.13. COROLLARY. Let % be any singular curve with injective normalisa-
tion map p: P' > % If J (¥ ) is the minimal non-zero ideal of 2(% ), then

M(k) kY
@(@/)/M);( A k),

where t =dim, H\(#, (,).

Proof. With the exception of showing that ¢=dim, H'(%, ¢,), this
follows from Corollary 4.5. However, by Corollary 7.12, and in the notation
of Corollary 4.4, H\(%, (,) is a simple module over 2(#)/I(¥)= M (k).
This is only possible if t=dim, H'(#, ¢,).

7.14. COROLLARY. Let % be any singular curve with injective normalisa-
tion map p:P' — . Then there exists a non-split, short exact sequence of
left 2(% )-modules:

0 H'#, 0,) » Z(P, ¥)® 1, HP', Cp) » HAH, €,) - 0.

Proof. H°P', G, ) is the unique, finite-dimensional, simple left
2(P')-module. Moreover, by Proposition3.14, Q(%)=2(P', %) is
a progenerator as a right 2(P')-module, with endomorphism ring S(%).
Thus Z = 2(P', ¥) ®gym, H(P', Op) is the unique, simple, finite-
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dimensional, left S(#% }-module. Therefore, Z has annihilator J(%#) and may
be identified with the right hand column Z,, of S(#)~ M, , (k). Finally,
Corollary 7.13 implies that, as a left 2(% )-module, Z, is a non-split extension
of H'(#, (¢,) by HY(#, C,).

7.15. COoROLLARY. Let % be any singular curve with injective normalisa-
tion map p:P' > . If K= K(¥), then (¥ )= S(¥) " 2(K).

Proof. Certainly Z(#)= S(¥)n 2(K), while by Theorem4.3 (or
Corollary 7.13) 2(%) is a maximal subring of S(%). Thus to prove the
corollary, we need only show that S(%) ¢ 2(K).

By Theorem 7.8, 2(%,, %) is a progenerator as a left (% )-module, with
endomorphism ring isomorphic to 2(%;). Now, S(#) is the unique maxi-
mal order containing and equivalent to Z(#) (see Corollary 4.9). Thus the
usual Morita theoretical argument implies that S(%\)=2(%, %)
S(#) 2(%,,%). But, if S()< 2(K), then this implies that S(Z}) = 2(K);
contradicting Lemma 5.3.

7.16. THEOREM. Let % be any singular curve with injective normalisation
p: P!> % and let p be a point of ¥. Then H;(@, 0, ) is a non-split 2(% )-
module of length two, with socle HY(#\p, O, MH ¥, 0,) and factor
HY ¥, 0y).

Proof. Let m:P'— %, be the normalisation map for the cuspidal
cubic curve %, and let g=n(p " '(p))eZ,. Then, by excision (4.12.2),
H (%, Cy)=C(U\g)/O(U), where U is an open affine neighbourhood of
q. Now, if V=p(n~'(U)) then 2(%;, ¥)® 44, O(U)=O(V). Thus, we
have

2%, ¥)® H (%1, Cr) = O(V\p)/O(V)= H (¥, Cy)

by excision, again. Thus the result follows from the Morita equivalence of
Theorem 7.8 combined with the Proposition 5.5.

8. ASSOCIATED GRADED RINGS

8.1. Let & be an affine curve with normalisation map p: % - %. In [SS]
it was shown that the associated graded ring gr 2(%)= @ ,., 2" (¥)/
9"~ (%) is naturally a subring of gr 2(%). Moreover gr 2(%) is an affine
commutative ring if (and only if) p is injective. In this section we show that
the same result holds for rational projective curves. The proof follows along
the same lines as that given in [SS] and so some of the details will be left
to the reader.
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8.2. Fix a rational curve # with normalisation map n:P'— Z. Note
that, if we identify 2(Z) with a subring of 2(K), for K= K(Z'), then
GUNE)=2(X)n 2"(K) for all n. In particular,

gV =P {(2"X)+2" (KT (K)} SgrZ(K). (8.2.1)

Throughout this section we will identify gr (') with its image in gr 2(K).

LEMMA. gr Z(Z)<gr 2(P') and gr Z2(P')=k[a, b, c]/(ac — b?).

Proof. Write P'=A'U {oc} with the corresponding open affine cover
{V,=A', 7,=P'\{0}} and set V,=n(¥,). Thus, if ¢ is a coordinate func-
tion on A' then, as usual, 2(P')=k[9, 14, 1?8]. It follows routinely that
gr 2(P')=k[a, b, c]/(ac — b*) where a, b, and c are the leading symbols of
d, 14, and *0. Finally,

gr 2(Z)sgr 2(Vy)ngr 2(Vy) gt 2(V ) ngr 2(V,) = gr 2(P),
where the second containment comes from [SS, Proposition 3.11].

8.3. The rest of the section is devoted to proving that, if Z is as in (8.2)
with 7 injective, then gr 2(P') is a finitely generated gr (% )-module. An
appeal to Eakin’s Theorem will then imply that gr (%) is an affine
Noetherian ring. If % is an affine curve for which p: % — % is injective then
the starting point in [SS], for proving that gr 2(%) is Noetherian, is the
observation that 2(#, %)~ O(F) #0. Of course, this is not true when &
is projective and so we need to find some other canonical element in 2(%).

Thus, fix a singular projective curve Z with an injective normalisation
map n:P'—>Z. Pick open affine covers {U,,.., U, U,} of ¥ and
{U,,..,0,, 0,)} of P' such that

(a) n(U;)=U, for each i,

(b) U, is smooth,

(c) for 1<i<r, U, has exactly one singularity, say at m(«,), and
(d) in the notation of (8.2), U,cV, for 1 <i<r.

As usual, set O(V,)=k[t]. Since = is injective, this implies that, for
1<ig<r, O(U;)>(t—a,)"@(U,) for some n, and hence that

20, U)s [] ((t—a)d—)). (83.1)

i=1

The next lemma shows how to use this to obtain a specific element in
P(Z y—indeed it even finds one in 2(P!, ).
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Lemma. 2(P', &)26 = g(x,, n,,0) g(ay, na, ny)--- glot,, n,, (0, +n,+
o+ +n,_,)) where g(a, B,y)=T1_, (t—a)d—j—7).

Proof. The key observation is that, for any a, fek and p e N one has

(t—a)0—p)N(t=B)d—p—-1)=(t—P)0—p)(t—a)d—p—1). (83.2)

Now @ has the form

O={r=B)o-1)((t—B;)0-2)---((t—B,) 2 —5)

for some fB,ek and integer s. Thus the obvious induction using (8.3.2)
allows one to swop terms in the expression for @. In particular, for any
I<u<r,

0=g(a,,n,0)P, forsome @, ek[1d,0]. (8.3.3)

By the construction of the U, for 1 <i<r, certaiPly 2(U,)2k[t,8]. Thus
(8.3.1) and (8.3.3) combine to show that @ e Z(U;, U,). Finally

2P )= 200, U)n2(T,.,U,.)n2(P")

i=1

=N\ 20, U)n2(P")>6.

8.4. Next, we relate the “size” of gr 2(P')/gr 2(P', Z) to that of
G(PY/2(PL, ) as this will give the required estimate for the size of
gr 9(P)/gr 2(&). The appropriate invariant is defined as follows. Given a
module M over a k-algebra R, define the long length of M, written lI(M),
to be the maximum integer n such that there exists a chain of submodules

M:MODMlD DMnZO,

such that each M, is infinite-dimensional (if no such integer exists, set
(M) = ). Note that /(M) is finite in two cases of interest; if M has finite
length over any k-algebra R or if M is a finitely generated module of Krull
dimension one over any affine commutative k-algebra.

8.5. LeMMa. Write 2(P')=k[0, 1, 1*0] as in (8.2). Then

(i) If X=2(PYHY/((t—a)d—r)2(P") for some ack and integer r,
then ll(X)=2.

(i) If R=gr 2(P')=k[a, b, c]/(ac—b?) then U(R/bR)=2.

Proof. By the change of variable ¢t - ¢ + a, we may suppose that =0
in part (i). Next, observe that, if X is given the induced filtration

X,=(2"(PY)+ (t8—r) 2(P")/(1d —r) 2(P"),
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then gr X=@ X,/X,_, = R/bR. Thus in order to prove the lemma it suf-
fices to show that //(X)}>2 and I(R/PR)< 2. Since R=bRD k[a] ® ck[c]
this latter requirement is obvious. Now consider X and suppose that r = 0.

Then
G(PY=(d—r) 2(PY@k[¢] @ k[2¢]. (8.5.1)

Set f=1¢*0 and write I=(t0—r)2(P)cJ=I+f"2(P'). Then it is
immediate from (8.5.1) that J/I is infinite-dimensional. Observe that
f(td+1)=1df and hence that ftd=(té—r)f". Similarly, fd=
ST 010 —1)= -+ =(té —r) f"~'10. Thus J/I is a homomorphic image of
(and hence by Lemma 2.7 equal to) 2(P')/(:02(P')+ 62 (P)). It follows
from (8.5.1) that 2(P')/J must be infinite-dimensional. If r < 0 then the
above argument still works, provided that one replaces f by e =¢.

8.6. If M is a finitely generated right (or left) Z(P')-submodule of Z(K)
filter M by {M,=Mn2"(K)} andset gr M =P M,/M,_,. As in (8.2) we
may identify gr M with @ (M, +2'~'(K))/2' '(K). In particular, if
N<c M then gr Ncgr M.

LEMMA. (i) Write 2(P')=k[0, 10, t*0] and suppose that @ € k[ 10, ] is
defined as in Lemma8.3. If V and W are right ideals of Z(P') such that
OP(PYS VWS 2(PY), then I(W/V)=Il(gr W/gr V).

(it) Let & be a singular projective curve such that the normalisation map
n:P' > 4 is injective. Then I(Z(P')/2(P*, X)) = ll(gr 2(P")/gr (P, I)).
(ii) Similarly, I(D(Z, P")/2(P')) < ll(gr 2(F, P')/gr 2(P')).

Proof. (i) Given right ideals /< J of Z(P') then it is an easy exercise
to show that J/I is infinite dimensional if and only if gr J/gr I is. Thus
H(J/Iy< ll(gr J/gr I). Since Lemma 8.5 implies that [/(Z(P')/O2(P!))=
Il(gr 2(P')/gr ©2(P')) and long length is additive on short exact sequen-
ces, the result follows easily.

(ii) This follows immediately from part (i) combined with
Lemma 8.3.

(iii) This is clear. (In fact the proof of part (ii) can be easily modified
to prove that one has equality here.)

8.7. THEOREM. Let & be a projective curve such that the normalisation
map n: P! > & is injective. Then, under the identifications of (8.2):
(i) graX)cer2(P'y
(i) gr2(PY)/gr 2(X) is a finite-dimensional k-vector space;
(iii) gr 2(Z') is an affine, Noetherian, commutative domain.
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Proof. Part (i) is just Lemma 8.2. Since gr 2(P') is affine, part (iii)
follows from part (ii) combined with Eakin’s Theorem [Ma, Theorem 3.7].
Thus it remains to prove part (ii). This is very similar to the proof of [SS,
Theorem 3.127, and so some of the details will be left to the reader.

By Corollary 3.6, 2(P',Z)={,p,2(%,P')}* and so Lemma 1.4
implies that 2(P', )*/2(%Z, P') is finite-dimensional. Also, if  and J are
right ideals of 2(P') such that 2(P', ) cI<J< 2(P') with J/I infinite-
dimensional, then Lemma 1.4 implies that I*/J* is also infinite-dimen-
sional. Thus if IT=T1* A 2(&Z, P'), etc., then I'/J' is infinite-dimensional.
Hence

m=I(D(Z, P")2(P")) = (Z(P")/Z(P', ¥)) (8.7.1)

(and by a dual argument one actually has equality).
By Lemma 8.6(iii) we may therefore choose a chain of gr 2(P')-modules

gr 2(PYy=I,cl,c --- cI,=gr 2(7, P")

such that I,/I,_, is infinite-dimensional for each i. But if J, < J, are non-
zero ideals of gr 2(P!) with J,/J, infinite-dimensional, then NJ,/NJ, is
also infinite-dimensional for any non-zero ideal N. Thus

gr2(P,¥)=gr2(P, Z) Iy --- cgr 2(P', Z) 1,
=gr 2(PL %) -gr 2(Z, PY)  (8.7.2)

is also a chain where each factor is infinite-dimensional. Now, (8.7.1) and
Lemma 8.6(ii) combine to prove that /U(gr 2(P")/gr 2(P!, Z))<m.
Therefore, (8.7.2) forces gr 2(P!)/gr (P!, ) -gr 2(&, P') to be finite-
dimensional. Finally, as

gr (P, ¥)-gr (&, PHYycgr(2(P', ) 2(X, P')) S gr 2(X) < gr 2(P),
this in turn implies that gr 2(P')/gr 2(%) is finite-dimensional.

8.8. COROLLARY. Let ¥ be a singular projective curve with injective nor-
malisation n: P' - & and write 2(P') = k[0, 19, ’0]. Then for some
integer nz1, D(&) contains an element of the form 0=0"+¢ where
pe 2" '(K).

Proof. Write gr 2(P')=k[a, b, c]/(ac — b*), where a is the image of &.
Then Theorem 8.7 implies that gr 2(4’) contains some polynomial
fla)e k[a] of degree, say n. Now take 6 to be any preimage in 2(%) of

fla).

Remark. We know of no direct way of computing the element 8§ given
by the above corollary.
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9. TwiSTED DIFFERENTIAL OPERATORS

9.1. In this section we investigate differential operators on rational, pro-
jective curves with coefficients in a line bundle. Some of the arguments are
only slightly more general than those used earlier, and so will be omitted.
If & is an invertible sheaf, over a rational, projective curve Z, then we
define &, the sheaf of differential operators with coefficients in %, by
Dy =R®c Py R, % ' Here L '=Hom (&L, (), is the dual sheaf of
2. 1f U is an open affine subset then Z(U)= £(U) 2(U) ¥ ~'(U) and so
2, is clearly a sheal of rings. Moreover, the obvious containment,
¢,c2,, makes &, a quasi-coherent (",-module and we denote by
2 ,-mod the category of sheaves of £, -modules quasi-coherent over Z.
Write 2,(%)=I(Z, 2.), for the ring of globally defined operators. Notice
that, since .¢ is naturally a & -module, I'(Z, £) is a left 2,(% )-module.
Moreover, the injection ¥ K(Z), shows that HYZ, ¥) is a left
2 (¥ )-module.

In this section it is shown that 2.(%) is Noetherian. When the nor-
malisation map, n: P' —» %, is injective the list of all Morita equivalence
classes in which (&) occurs is given and conditions on ¢ are found
under which Z (%) is Morita equivalent to 2(P"'). These conditions also
imply a Beilinson-Bernstein-type equivalence of categories and show that
¥, &) is a simple 2 (% )-module.

9.2. ExaMpLE. The invertible sheaves over P! are isomorphic to Cp.(n),
for ne Z (see [Ha, 11.6.17], for example). If W, W, is the usual cover of
P!, with O(Wy)=k[t], O(W,)=k[+~'], then

(W, O(n))=k[1], (W, Cn))=rt"k[t~"']
Thus, writing &, = %,,,,, we obtain
Z(Wo)=2(W,y)=k[1, 2]
and
D(W)=1"D(W )t "=k[t', (10 —n)].

An easy calculation shows that @,(P')=k[0, 10, t(10 —n)] and hence that
2,(P') is isomorphic to a primitive factor ring of U(sl,(k)), namely
U(sl,)/(Q2 — n? —2n), where Q is the Casimir element. We remark that all
these rings are Morita equivalent to %(P') except for 2_,(P!), which is
the simple ring of infinite global dimension in Remark 1.5 (see [St,
Proposition 3.57]). It is well known that H'(P!, O(n)) =0 and H°(P!, O(n))
is a simple 2,(P')-module, for n>0, whereas H°(P!, ®(n))=0 and
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H'Y(P', O(n)) is simple, for n < —2. Of course HP!, ¢(—1)) =
HY (P!, 0(—1))=0. See [Di] and [Ha, Theorem IIL.5.1].

9.3. For the remainder of this section fix a projective curve Z, with nor-
malisation n: P' - Z. Let % be an invertible sheaf over . The inverse
image sheaf n* ¥ = (0, ® £ is isomorphic to ¢(n), for some ne Z, and so,
by replacing .# with an isomorphic subsheaf of K(Z'), we may assume that
n*¥ = (@(n). Our first aim is to prove that Z,(%) is Noetherian. Just as
in the non-twisted case, our analysis of 2 (%) is carried out through cer-
tain bimodules, admitting a comparison between the structure of 2.(%)
and that of 2,(P"). The direct image functor, =, makes n,%, into a sheaf
of rings quasi-coherent over €. Now define Z.(n,0p, Oy), to be the
sheaf of 2,-n,%2,-bimodules with sections 2,0, U) = £(U)
2(0, Uy #~Y(U), on an open affine subset U of . Here U =n"Y(U), as
usual. Finally define

gg(lpl’ 3") =I(Z, gs’(n*@m" (91))

94. LEMMA. 2,(P', &) is a non-zero left ideal of 2,(X), and a right
ideal of 2,(P*).

Proof. Let U be an open affine subset of ¥ with the property that its
pre-image U is either contained in W, or W, (in the notation of Exam-
ple 9.2). By the argument at the beginning of the proof of Proposition 2.3,
it is enough to show that @_(,,(U, U)n2,(PY)#0. Let ¢ be the coordinate
function on W,,. Then U c W, (respectively, U< W,) and so ¢(0) =k[],,
for some 0+ fe k[_{] (respfctively, o0 )=k[t‘1]g).~Now there exists an
element 0 £he O(UYN 2(U, U), and hence he 2,(U, U). Moreover, we
may suppose that he k[t] (respectively, hek[¢~']). Finally, the identities

p—1
t T (10 +i—n)=(1(td—n))’
i=0

p—1
(respectively =P [] (wo+i)= 6")

i=0

make it clear that @y(f], U)n 2,(P!) #0, as required.

9.5. We can now prove the analogue of Theorem A for twisted differen-
tial operators.

THEOREM. Let & be a rational, projective curve and & an invertible sheaf
over I. Then

481 147-1-16
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(a) Z,(X) is a Noetherian domain of left and right Krull dimension
one.

(b)Y %,(F) is a finitely generated k-algebra.

(€) If M is a2, ,(X)module of finite length, then End,, ., M is a
finite-dimensional k-vector space.

(d) Z () has a unique, minimal non-zero ideal J (X'). Moreover
F (Z)=Z (X)) AX) is finite-dimensional over k.

Proof. By Lemma 9.4, 2(P', ) is a non-zero right ideal of Z,(P") for
which

TP, XS D () SEnd,, 1, Do (P, ¥).

Now apply Theorem 1.7.

9.6. For the remainder of this section we assume that the normalisation
map n: P! - Z is injective, and that & is an invertible sheaf on Z. For the
results below we shall need to compare 2.(Z') with 2(P"') and so, first, we
must define appropriate bimodules. Denote by 2(n, 0y, &) the sheaf of
D -1, Dpi-bimodules with sections L(U) Z( U, U) on an open affine subset
U of Z. Similarly, 2(%, n, (1) is a sheaf of n, Dp1-P ,-bimodules and has
sections @(U, U) &~ 1(U) over U. We write

2(P!, )=I(ZT, D(n, Op, £))
and
L, PYHY=(X, 9L, T Op)).

Notice that 2(P', &) is a 2,(7)-2(P')-bimodule and 2(%,P') is a
D(P")-2,(Z)-bimodule. In general neither of these modules will be
contained in 2(P'), which is why they were not used to prove
Theorem 9.5.

9.7. LeMMA. (a) 2(P', &) is a non-zero, finitely generated, fractional
right 2(P')-ideal and a finitely generated, fractional left D ,(¥ )-ideal.

(b) 2(Z,P'Y is a non-zero, finitely generated, fractional right
D (X )-ideal and a finitely generated, fractional left D(P')-ideal.

(C) @(gs PI)E [Q(Pl, y)g(p')]*-

(d) 2(P', £)=[zp,2(L, P')]* and so is a projective right D(P')-
module.

(€) Endgm, 2(&L, P')=2,(%).



DIFFERENTIAL OPERATORS ON CURVES 237

Proof. Write M=2(%,P') and N=2(P', £). If .4 is the unique
quasi-coherent Z,-module with n, 4 = 2(Z, n,Op), then

2L, PY=1Z, 2L, n,0))=T(P', #)#0,

where the non-equality follows from Theorem 3.2. Parts (a), (b), and (c) of
the lemma and the fact that 2(P!, )< 2(%, P')* follow routinely from
this observation combined with Theorem 9.5 (see, for example, the proof of
Corollary 2.5).

By Theorem 3.2, .# is generated by its global sections, 2(%, P'). Thus,
for any open affine subset U of ¥ with U = n~Y(U), one has
20) 2(¢, PY) = .#4(0) = 2(U, U) ¥ (U). Thus, by Proposition 3.7,
End, g #(0) = 2(U) 2(U) £ '(U) = D4,(U). The argument of
Corollary 3.8 can now be used to prove the rest of the lemma.

9.8. We can now determine the possibilities for the Morita equivalence
class of 2,(¥).

THEOREM. Let & be a curve with injective normalisation P! - ¥ and let
& be an invertible sheaf on ¥. Then 2 ,(¥X') is Morita equivalent to one of
the following three rings: 2(¥), 2(P"), or 2_(PY) = U(sl,)/(2 + 1).

Remark. The first of these possibilities occurs, of course, if ¥ =0,.
Later we will show that the other two possibilities also arise.

Proof. Put M=2(%,P')and N=2(P!, ). If Wis a 2(P')-module
then W* will denote the dual, Hom g (W, 2(P')). Thus, by the last
result, N = M* is a projective 2(P')-module and End, i, M=2,(Z). We
shall consider four cases.

Case A. N, is not a generator.

As N is not a generator, Trace(N)= N*N # @(P"). Thus, Trace(N)=m
which, since N is projective, implies that Nm=N. But, by 14(d),
mN*=mM**c Mc N*=mN* Thus M=N* and M=mM. It follows
that 2,(Z)=End_ i, M is simple and hence is Morita equivalent to
9_(PY).

Case B. Ngp is a generator and M = N*,
In this case N and M are progenerators and so End M is Morita equiv-
alent to 2(P").

Case C. N,p: is a generator and )M is not a generator.

In this case M=mN* As End N* is Morita equivalent to 2(P?),
it is a maximal order, and so End M =End mN*=End N* is Morita
equivalent to 2(P!).
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Case D. _ p1\ M is a generator and M # N*.
The proof of Theorem 4.3 shows that End M shares its unique minimal
ideal, J, with End N and hence is a pull-back

Mk} M, (k) _ - !
< A Mq(k))_ fTI < End N/J =M, (k)
]

|
End M ——— End N

for some positive integers p and g. Now Corollary 6.12 implies that End M
is Morita equivalent to 2(%).

A routine verification shows that Cases A-D exhaust all possibilities for
M and N and this completes the proof of the theorem.

9.9. By analogy with Example 9.2, one expects that the possibilities for
the Morita class of 2,(%) are characterised by (non-)vanishing of the
cohomology of .#, and this suggests the following conjecture.

Conjecture. (a) 24,(Z) is Morita equivalent to 2(%’) if and only if
HZ, %) and H\(¥, &) are non-zero.
(b) 2,(Z) is Morita equivalent to 2(P"') if and only if exactly one
of HY¥, #) and H'(¥, &) is non-zero
(€) 24,(¥) is Morita equivalent to Z_,(P') if and only if
HYZ, L)=H'\%, ¥)=0.
(d) Whenever H(Z, £} is non-zero, it is a simple 2,(Z )-module.

9.10. Next it is shown that “asymptotically” 2.(% )-mod is equivalent to
2(P')mod and hence Z,-mod. Firstly define

UL X)=T(¥,2,Q,, % ")

and
DX, L)=T(¥, £, 2,).

LEMMA. (a) 2(%, X) is a non-zero, finitely generated, fractional right
D (¥ )-ideal and a finitely generated, fractional left D(X )-ideal.
(b) X, L) is a non-zero, finitely generated, fractional right 2(¥)-
ideal and a finitely generated, fractional left 2 (¥ )-ideal.
() 2, &L)=[5u42(%Z,X)]* and hence is a projective right
D(X y-module.
(d) Endg, 4 2L, X) =D (X).
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Proof. By Theorem 3.15(a), 2(%, ¥) generates 2, ® £ ~'. Now use
the proof of Lemma 9.7.
9.11. LemMA. If & is generated by global sections then

(@) 2(%,2)=[92(Z, &) y)]* and hence is a projective left D(X)-
module.

(b) End (2(Z, g))g(f)) =D(X).
Proof. Since Z is generated by global sections, then so is ¥®,, 2.
Thus, once again, the proof is analogous to that of Lemma 9.7.

9.12. PROPOSITION. Let I(¥) be the ideal defined in Corollary 4.4.
If & is generated by global sections and HY X, ¥) =0 then
DL, X)), L)=1(X).

Proof. Let U be an open affine subset of Z. Then
X, L)® g CU)=Z DX, L)® g4y D2(U) ® 4, O(U)
= g(U)®@(U) ‘@(U)®_@(U) @(U)
since . is generated by its global sections
= Z(U).

Since 2(Z, £ )44 15 projective, the Cech cohomology argument used in
the proof of Corollary 7.12 shows that

LI, LY oy HUZ, O3) = HI(X, £)=0.
Thus, by Lemmas 9.10(c) and 9.11(a),
Trace(2(%, L)) =2(¥%, ) XX, L)< l-ann H\(Z, O,) = [X),
where the final equality is Corollary 4.4. A similar argument implies that
DX, L)® gy HNX, O) = HNX, L) #0

and so Trace(2(Z, L)) € L(X). Thus Corollary 4.4 forces Trace(2(Z, £))
= I(%'), as required.

9.13. THEOREM. Let & be a curve with injective normalisation P' - &
and suppose that ¥ is an invertible sheaf over ¥, generated by global sec-
tions, and with H\(Z, #)=0. Then 2,(%') is Morita equivalent to 2(P").

Proof. Put L =9(Z, &), L* = 9%, ¥), P= 2, P'), and
Q = 2(P', ¥). Now consider the fractional right 2(P')-ideal L*Q =
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L*® .., Q- Since L%, is projective, by Proposition 9.11(c), and Q1
is projective, by Corollary 3.8, then L*Q is a projective right Z(P')-
module. Moreover

(Q*L)L*Q)=Q*(¥)Q by Lemma 9.11 and Proposition 9.12

=Q0*Q since PQ = Z(P'), by Proposition 3.14
and I(Z)= QP, by Corollary 4.4
=2(P" by Proposition 3.14.

Thus L*Q 1, is a progenerator. Since L*QP = L*, by Proposition 9.12,
LX) End(L*Q,p)) SEnd(LE ) = 2,(X),

where the last equality is Proposition 9.11(b). Thus Z.,(%) is Morita
equivalent to Z(P").

9.14. As a consequence of Theorem 9.13 we can deduce an equivalence
of categories a la Beilinson-Bernstein.

COROLLARY. Let ¥ and ¥ be as in the theorem. Then the mutually
inverse functors (¥, _) and 2, ® ., ,,,— make Z,-mod and 2 ,(Z¥)-mod
equivalent categories.

Proof. Retain the notation of the previous proof. We must show that
the equivalence of categories of Theorem 3.14 is through the “correct”
functors. Firstly, observe that it is easy to modify the argument in [SS,
Sect. 6.1] to show that the mutually inverse functors Z(n, Op1, & )®n‘ apt_
and 2(¥,n,0p)®,, give an equivalence of categories between 7, Zp.-
mod and 2,-mod. Consider then, the chain of equivalences of categories:

D(n, (pl, L)@ _

@(Pl)_mod gﬂ’]@i Qpl_mod _L; n*gpl'mod Qy'mod-

A routine verification shows that 2(.%, P') in 2(P')-mod maps to 2, in
2 ,-mod. Thus we must show that 2(.#, P') is a progenerator to prove the
corollary. Now, in the notation of Theorem 9.13, we have

L, PHYD(L,PHY* =9(Z, P)2(P!, ¥) by Lemma 9.7
2(PL)YL*Q)=PI(X)Q by Proposition 9.12
= PQPQ by Corollary 4.4
=g(P" by Proposition 3.14(a).
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Thus 4, 2(Z, P') is a generator. But 24,(Z) and 2(P') are Morita
equivalent. Thus, by Lemma 9.7(¢) and 1.3, (%, P') is a progenerator; as
required.

9.15. By Theorem 9.13, 2,(%) has a unique finite-dimensional, simple
module (up to isomorphism). The last result allows us to identify it.

COROLLARY. Let X and & be as in the theorem. Then I'(¥, &) is the
finite-dimensional, simple 9 (¥ )-module.

Proof. The chain of equivalences at the beginning of the proof of
Corollary 9.14 maps I'(P',0,) to &. Thus & is a simple object of
9,mod. The equivalence of categories given by the statement of
Corollary 9.14 completes the proof.

9.16. We conclude this section with some examples to illustrate the
results above. Let 2 =%, be the rational projective curve obtained by
glueing

O(U)=k+1"*'k[1] and oV)=k[t ']

along O(Un V)=k[t,t™']. In particular, &, is the plane, cuspidal cubic
curve of Section5. For each integer m, define an invertible sheaf
O(m/2n+1), on Z,, by

(U, O(m/2n+ 1))=0(U)
and
W, 0m22n+1))=t"0(V)=1t"k[t~'].
The reason for this notation is that ¢'(1) is a very ample sheaf (embedding

Z, in Pt1),

9.17. PROPOSITION. Let ¥ =0(m/2n+1), for some integer m. If
0<m<n—1 then 2,(%,) is Morita equivalent to 2(%,). Otherwise 9, is
Morita equivalent to 2(P"'). Moreover, Conjecture 9.9(d) holds for &.

Proof. We only consider the case m>0. We leave m <0 to the reader.
It is easy to check that 1, "*23eP(%, #) and that, moreover, these
sections generate .¥ ® 2, . It follows, as in Lemma 9.11, that 2(%, ) =
DX, L)* is a projective 2(Z')-module. Hence, similarly to Corollary 7.12,

I, LYoy H(Z, O)=H'(Z, &) for i=0,1. (9.17.1)
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Now, in the notation of 4.4, the possibilities for the trace ideal of Z(Z, ¥)
are J(Z'), I(Z), L(X), or Z(¥). Since I(Z) annihilates H'(Z, C;), L(Z)
annihilates H°(Z, C,), and J(Z') annihilates both, we can see which
possibility occurs from an explicit Cech cohomology computation:

HZ, £)#0 m=0.

=0 mz=n.
HY\ A,
( g){;&O n>mz0.
It follows that

=P X) n>mz0.
x <
Trace(2(Z, Z)) { =IZ) mzn.
If Trace(2(%, £))=2(X), then, by 9.17.1, HYZ, ¥) and H'(Z, ¥) are
simple 2,(%)-modules. In the other case, the argument of Theorem 9.13
and Corollary 9.15 completes the proof.

9.18. We have already seen that @.,(¥) can be Morita equivalent to
@(¥) and 2(P'). We now show that the third possibility 2_,(P') can
occur.

Let Z, be the plane, cuspidal, cubic curve of Section 5 and fix 0 #aek.
Let {U, V} be the open affine cover of Z; defined by

oU)y=k[2, 2, (P —a?) '] and OV)=k[t ']

We consider the degree zero, invertible sheaf ¥ with sections

U, £)=(t—a)O(U) and I(V,L)=0(V)=k[1 '].

9.19. LEMMA. Z(P!, ¥)=120P(P') + (0d — 18 — td?) D(P").
Proof. Write A=k[1, 7] Then

(P, L)=(t—alPAp_ )+ (10— 1) A(2_2)) N D(P)
=(PA+ (t—a)(td —1)A)n D(P).

It is an easy exercise to show that W = 209(P') + (a0 — td — atd?)
2Py 2(P', #). Suppose, for a contradiction, that there exists
we Q(P!, \W. Using the explicit generators of W, an easy degree
argument allows one to assume that we k(r —a)d +k[0]. It is easy to see
that this leads to a contradiction.
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9.20. PROPOSITION. Let & be as in 9.18. Then 2,(%) is Morita equiv-
alent to @_,(P!).

Proof. We must show that Case A of Theorem 9.8 applies and, to show
this, it clearly suffices to prove that 2(P', £)m=2(P', #). This is a
straightforward exercise, using Lemma 9.19, and is left to the reader.
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