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Abstract

In this paper, we present an elementary proof of a theorem of Serre concerning the greatest eigenvalues of
k-regular graphs. We also prove an analogue of Serre’s theorem regarding the least eigenvalues of k-regular
graphs: given ¢ > 0, there exist a positive constant ¢ = c(¢, k) and a non-negative integer g = g(¢, k) such
that for any k-regular graph X with no odd cycles of length less than g, the number of eigenvalues u of X
such that u< — (2 — €)a/k — 1 is at least ¢|X|. This implies a result of Winnie Li.
© 2005 Elsevier Inc. All rights reserved.
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1. Preliminaries

Let X be a graph and let vy be a vertex of X. A closed walk in X of length r >0 starting at vg is a

sequence v, v1, . .., Uy of vertices of X such that v, = vy and v;_ is adjacent to v; for 1 <i <r.
For r >0, let @, (X) denote the number of closed walks of length r in X. A cycle of length rin X
is a subgraph of X whose vertices can be labeled vy, . .., v, such that vy, . .., v, is a closed walk

in X and v; # v; forall i, j with 0<i < j <r. The girth, denoted girth(X), of X is the length of
a smallest cycle in X if such a cycle exists and oo otherwise; the oddgirth, denoted oddg(X), of
X is the length of a smallest odd cycle in X if such a cycle exists and oo otherwise. The adjacency
matrix of X is the matrix A = A(X) of order |X|, where the (u, v) entry is 1 if the vertices u
and v are adjacent and O otherwise. It is a well known fact that @, (X) = Tr(A"), for any r >0.
The eigenvalues of X are the eigenvalues of A. If X is k-regular, then it is easy to see that k is an
eigenvalue of X with multiplicity equal to the number of components of X and that any eigenvalue
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A of X satisfies || <k.For /> 1, we denote by 4;(X) the /th greatest eigenvalue of X and by 1, (X)
the /th least eigenvalue of X.

2. An elementary proof of Serre’s theorem

Serre has proved the following theorem (see [4,5,7,15]) using Chebyschev polynomials. See
also [2] for related results. In this section, we present an elementary proof of Serre’s result.

Theorem 1. For each ¢ > 0, there exists a positive constant ¢ = c(¢, k) such that for any
k-regular graph X, the number of eigenvalues /. of X with 1> (2 — e)x/k — 1 is at least c| X]|.

For the proof of this theorem we require the next lemma which can be deduced from McKay’s
work [11, Lemma 2.1]. For the sake of completeness, we include a short proof here.

Lemma 2. Let vg be a vertex of a k-regular graph X. Then the number of closed walks of length

2s in X starting at v is greater than or equal to s-+1 (zss)k(k — 1)L

Proof. The number of closed walks of length 25 in X starting at v is at least the number of closed

walks of length 2s starting at a vertex ug in the infinite k-regular tree. To each closed walk in the

infinite k-regular tree, there corresponds a sequence of non-negative integers Jy, . .., dos, where

0; is the distance from u after i steps. The number of such sequences is the sth Catalan number
1 (2S). For each sequence of distances, there are at least k(k — 1)* —1 closed walks of length 2s

sHI\s
since for each step away from uq there are k — 1 choices (k if the walk is at ug). O

45
s+1°

By Stirling’s bound on s! or by a simple induction argument it is easy to see that (255) >
for any s > 1. Hence, for any k-regular graph X and for any s > 1, we have by Lemma 2

1 /2 1
Tr(A%)> |X|s+—1<:>k(k — ) > x| TP vk — )%, (1)

Proof of Theorem 1. Let X be k-regular graph of order n with eigenvaluesk = 41> --- >4, >
— k. Given ¢ > 0, let m be the number of eigenvalues A of X with A > (2 — e)a/k — 1. Thenn —m
of the eigenvalues of X are less than (2 — ¢)a/k — 1. Thus

Tr(kI + A)> = Z k + 1)
i=1
<m—mk+Q2=-evk -1 +m@2k)*
=m(2)* — (k+ Q2 — vk — D*) +nk + 2 — e)vk — D.

On the other hand, the binomial expansion and relation (1) give
2s

Trkl + A" =) <2,S>k"Tr(A25—f )
1

i=0



S.M. Cioabd / Journal of Combinatorial Theory, Series B 96 (2006) 367—373 369

/Z( >k2JTr(A2_S‘ 2/)

n > (2s 2j — 252
>(s+1>2.z<21>k @Vl
2(+1)2(<k+2¢ D> + (k —2vk — D)

— 1\2s
> —2(S o Wk =1,

Thus,
m z(slTﬂ(k +2Vk=DF —k+ Q2 —-e)Vk= D>
n (2k)% — (k+ Q2 — o)Wk — 1%

for any s > 1. Since

1
T 1\25 \ =5
lim w —k+2Vk—1
5§00 2(s + 1)2

1
Sk+Q—oVk—1= lim (2(k L2k 1)%‘) »
§—> 00
it follows that there exists so = so (¢, k) such that for all s > s
k+2Vk — 1D
ktovk—D7 hk+Q2—-evk—D¥ > (k+2—evk - D*.
2(s + 1)2
Hence, if
(k + (2 — &)k — 1)%0
(2k)250 — (k + (2 — &)k — 1)2s0
then c(e, k) > 0and m > c(e, k)n. [

c(e k) =

The proofs of Serre’s theorem given in [4,5,7] do not allow an easy estimation of the constant
c(¢, k) in terms of ¢ and k. We relegate the detailed analysis of the constant obtained by those
arguments to a future work [3]. We should mention that Serre’s theorem can be also deduced from

logk
o(*%)

the work of Friedman [6] or Nilli [13]. Friedman’s results imply an estimate of (%) (

for

the proportion of the eigenvalues that are at least (2 — ¢)+/k — 1. Nilli’s work provides a bound
log k

of (%) (it ) Their methods provide better bounds on c(e, k) than ours. From our proof of
5 1 5)

o
Serre’s theorem, we obtain that a proportion of (l) ( of the eigenvalues are at least

(2 — &)a/k — 1. This is because in Theorem 1 we pick s such that log o = =0 (\/T];)

Theorem 1 has the following consequence regarding the asymptotics of the greatest eigenvalues
of k-regular graphs.
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Corollary 3. Let (X;)i >0 be a sequence of k-regular graphs such that lim |X;| = co. Then for
1—> 00
eachl>1,

liminf 4;(X;) >2vk — 1.
i—00

This corollary has also been proved directly by Serre in an appendix to [8] using the eigenvalue
distribution theorem in [16]. When ! = 2, we obtain the asymptotic version of the Alon-Boppana
theorem (see [1,10,12,14] for more details).

3. Analogous theorems for the least eigenvalues of regular graphs

The analogous result to Theorem 1 for the least eigenvalues of a k-regular graph is not true.
For example, the eigenvalues of line graphs are all at least —2. However, by adding an extra
condition to the hypothesis of Theorem 1, we can prove an analogue of Serre’s theorem for the
least eigenvalues of a k-regular graph.

Theorem 4. Forany ¢ > 0, there exist a positive constant ¢ = c(¢, k) and a non-negative integer
g = g(&, k) such that for any k-regular graph X with oddg(X) > g, the number of eigenvalues
of X with u< — (2 — ¢)/k — 1 is at least c|X]|.

Proof. LetX be a k-regular graph of order n with eigenvalues —k < g <, < - - - <, = k. Given

& > 0, let m be the number of eigenvalues u of X with u< — (2 — ¢)/k — 1. Then n — m of the
eigenvalues of X are greater than —(2 — ¢)«/k — 1. Thus

Tkl — A =) "k — )™ < (n—m)(k+ 2 — vk — D> + mQ2k)>
i=1

=m(QRk)* —k+ Q2 —evk — D¥) +ntk+ 2 —e)vk — D).

In the previous section, we proved that there exists so = so(¢, k) such that for all s > 59

T — 1\2s
% —(k+ Q2 —evk— D> > (k+ 2 — e)vk — 1)>0.
0

Let g(e, k) = 2s9. If oddg(X) > 2s¢, then for 0< j <9 — 1, the number of closed walks of length
250 — 2j — 1 in X is 0. Hence, Tr(A%0=2/=1) = 0, for 0< j <so — 1. Using also 1, we obtain

S0 so—1
Tr(kI — A)>0 = Z (22s9)k21Tr(A2sozj) _ Z ( ?SO )k2j+lTr(A2s02jl)
J

i i 2j+1
250 50 250
k2]T A2S0 2j > ( >k2] 2\/_ 2s0—2j
Z ( ) " . (so + 1)2 Z ( b

ARG
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From the previous inequalities, it follows that if
(k+ 2 — &)k — )20
(2k)Z0 — (k + (2 — &)k — 1)2%0

then c(e, k) > 0and m > c(e, k)n. [

cle, k) =

The next result is an immediate consequence of Theorem 4.

Corollary 5. Let (X;); >0 be a sequence of k-regular graphs such that 1im;_, o, oddg(X;) = oo.
Then for each 1 > 1

limsup 1y (X;) < — 24k — 1.

i— 00

When [ = 1, we get the main result from [8]. Also, Corollary 5 holds when [ = 1 and
lim;_, o girth(X;) = oo. This special case of Corollary 5 was proved directly in [9] using or-
thogonal polynomials and is also a consequence of the eigenvalue distribution theorem from
[11].

A theorem stronger than Corollary 5 has been proved by Serre in [8] using the eigenvalue
distribution results from [16]. We now present an elementary proof of this theorem. For » >0, let
¢r(X) be the number of cycles of length r in a graph X.

Theorem 6. Let (X;); >0 be a sequence of k-regular graphs such that lim |X;| = oo. If lim
1—> 00

11— 00
c X;
%('l) = 0 for eachr > 1, then for each [ > 1

i

limsup 1y (X;) < — 24k — 1.

i— 00

Proof. Let /> 1. For a graph X and r > 1, let ny,41(X) denote the number of vertices vy in the
graph X such that the subgraph of X induced by the vertices at distance at most r from vg is
bipartite. Thus, |X| — n2,41(X) is the number of vertices uy of X such that the subgraph of X
induced by the vertices at distance at most r from u( contains at least one odd cycle. Since each
such vertex is no further than r from each of the vertices of an odd cycle of length at most 2r + 1,
it follows that

r—1

X =21 ()< Yoy reargn (X),
=1

where 0< oy » <3(2[ 4+ 1)(k — 1)". Thus, we have the following inequalities

1
X =

r—1
41(X;) _ norp1(X))
1— Z o, r < |X,~|
I=1

forall r >1,i >0. Hence, foreachr > 1

X4
im "2t XD )

imoo | Xi]



372 S.M. Cioabd / Journal of Combinatorial Theory, Series B 96 (2006) 367—373

Fori>0,let A; = A(X;). Then, fori >0 and r > 1, we have

Tr(A;™) = nor 1 (Xi) - 0+ (1Xi| — nor1 (X)) 0241 (X0), 3)
where 0< 0,41 (X;) < k?+1 From 2 and 3, we obtain that for each r > 1
) TI‘(A-2r+1)
lim ——~ =0. )
i—00 | Xi|

By using relation 1, it follows that for each r > 1

L TeAP) _evE=D
lim inf > .
i—-oo | X (r+ 12

&)

Now for each i >0, we have
| X
Trkl — A)™ =) (k= 4; (X)) > <(IXi| = Dk — 1y (X)) +12k)>.
j=1
Once again, the binomial expansion gives us

2s
TI'(kI — A,‘)zx = Z (2S>k] (_I)ZA*JTI-(A?V_I)
J

J=0

From the previous two relations, we get that

o & 2\ -
(k — (X)) + X117 > (J.)kf(—l)z* /
14 =0

Te(A7 ™)
IXil—1

Using relations 4 and 5, it follows that

1
> (3) QvE=D> )"

k — lim su X)) > ) -
A 2j)" T2

i—00 =0

1
2s

1 —~ (2 2 ST 1\25—2]
(S+1)2j2:(:)<2j>k GvE=D

1
1 25
>(m) (k+2vk=1

for any s > 1. By taking the limit as s — 0o, we get

k —Tlimsup p;(X;) >k +2vk — 1,

i—00
which implies the inequality stated in the theorem. [
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